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Loi néi dau (cho ban dich Tiéng Viét)

Pay la ban dich Tiéng Viét (phan 1) cia gido trinh Introductory Business Statistics 2e
(an OpenStax resource, access for free at openstax.org). Ban dich nay phuc vu yéu ciu
giang day va hoc tip mon hoc thong ké trong cac nganh kinh té - quan tri, chwong trinh
chuin quéc té, chwong trinh song ngit, chwong trinh chat lwong cao tai Truwong Pai hoc
Nguyén T4t Thanh.

Gido trinh Introductory Business Statistics 2e duwoc lwa chon str dung trong giang day,
hoc tip mén hoc théng ké, bén canh do béi wu diém cda gido trinh 1a mot tai liéu mé, mién
phi, con do mét s6 1y do nhw sau:

e Phin Iy thuyét théng ké cta Gido trinh dwoc trinh bay don gian, dé hiéu, khéng di
sau vao viéc chirng minh cong thirc todn, ma trong tam vao giai thich khai niém;

e Gido trinh c6 nhiéu vi du minh hoa, bai tAp vin dung gin lién véi cudc séng, hoat
ddéng kinh doanh, gidp ngwoi doc khong chi hiéu ré dwoc ly thuyét, ma con thay
dwoc rng dung ciia mén hoc;

e Gido trinh c6 nhiéu bai tip thwc hanh, giip ngwdi hoc vin dung ngay kién thirc vao
gidi quyét van de.

Gido trinh Introductory Business Statistics 2e dwoc cung cip trong khuén kho
OpenStax. OpenStax 12 mdt sang kién ctia Dai hoc Rice (M§), nham cung cip cho nguwoi
hoc cac gido trinh, hoc liéu mé. Theo thong tin tir trang web openstax.org (thang
11/2025), sang kién nay da cung cip hon 60 dau sich gido trinh dai hoc, dwgc st dung
b&i 7 triéu sinh vién tir 150 qudc gia; 70% trudng dai hoc, cao dang My c6 st dung gido
trinh ctia OpenStax.

Muc dich chinh khi bién dich Gido trinh nay la cung cip cho ngwdi hoc mét phién ban
Tiéng Viét d€ c6 thé sir dung song song v&i ban goc Tiéng Anh. Mot van dé quan trong khi
bién dich la lwa chon thuit ngit Tiéng Viét twong dwong véi cac thuat ngir thong ké Tiéng
Anh. Nhom bién dich da théng nhat st dung Tt dién Toan hoc Anh - Viét, xuit ban nim
1976 b&i NXB Khoa hoc va Ky thuat nhw 1a tai liéu tham chiéu thuat ngit chinh, dong thoi
c6 tham khdo thém Tir dién Tiéng Viét cua Vién Ngon ngir (thwong dwoc goi 1a tir dién
Hoang Phé, xuit ban béi NXB Pa Ndng nam 2003) va Tir dién khoa hoc - k§ thuat Anh -
Viét ciia NXB Thé gi¢i (ndm 2003). D& gidp ngudi hoc dé ddi chiéu thuat ngir thong ké
Anbh, Viét, thuit ngtr Tiéng Anh dwgc ghi kém véi thuat ngir Tiéng Viét khi thuit ngir nay
xudt hién l1an diu tién trong Gido trinh. Tuy vdy, do mot s6 thuit ngir hién nay chwa théng
nhat, hodc cé nhiéu tir khac nhau cho cing mét tir Tiéng Anh nén nhom bién dich s dung
cac ghi cht chin trang dé cung cip cho nguoi hoc thém théng tin vé cic thuit ngir khac
(néu co).

Do muc dich chinh la cung cip phién ban Tiéng Viét dung kém ban gdéc Tiéng Anh, nén
phan bai tip thwc hanh khéng dwoc dich. Ngwdi hoc sé dwoc yéu ciu str dung ban géc dé
thwc hanh van dung kién thirc.

Ban dich nay (so véi ban gbc Tiéng Anh) ciing b6 sung phin st dung cic ham cta phan
mém Excel va R d€ tinh toan c4c cong thirc thdng ké. Phan b6 sung nay khong nham huéng
dan ngwdi hoc toan dién cach stt dung phan mém Excel, R dé xtt Iy théng ké dir liéu, ma
chi ¢6 muc dich cung cip théng tin vé cic ham ma ngwoi hoc c6 thé st dung dé giai cac
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bai tip vin dung, thwc hanh trong Gido trinh, thay vi chi don thuin st dung ban toan.
Nhoém bién dich cling gi¢i han chi gi¢i thiéu cac ham built-in cia R va ham trong package
stats.

Trong qué trinh bién dich, Nhoém bién dich cling da diéu chinh mét s6 thuit ngit, cong
thtrc trong ban gdc. Viéc diéu chinh nay nham gitp ban dich dwgc chinh xac va ré nghia
hon. Tuy vay, moi sai sét cia Ban dich do nhém bién dich xin chiu trach nhiém. Nhém
bién dich rat mong nhin dwoc sw gop y cia nguoi doc. Moi gop y vé ban dich co6 thé givi
vé cho Trung tAm Thong tin - Thw vién Trwong Pai hoc Nguyén T4t Thanh.

Nhom bién dich
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Preface for Introductory Business Statistics 2e

Welcome to Introductory Business Statistics 2e, an OpenStax resource. This textbook
was written to increase student access to high-quality learning materials, maintaining
highest standards of academic rigor at little to no cost.

About OpenStax

OpenStax is a nonprofit based at Rice University, and it’s our mission to improve student
access to education. Our first openly licensed college textbook was published in 2012, and
our library has since scaled to over 25 books for college and AP® courses used by
hundreds of thousands of students. OpenStax Tutor, our low-cost personalized learning
tool, is being used in college courses throughout the country. Through our partnerships
with philanthropic foundations and our alliance with other educational resource
organizations, OpenStax is breaking down the most common barriers to learning and
empowering students and instructors to succeed.

About OpenStax resources
Customization

Introductory Business Statistics 2e is licensed under a Creative Commons Attribution 4.0
International (CC BY) license, which means that you can distribute, remix, and build upon
the content, as long as you provide attribution to OpenStax and its content contributors.

Because our books are openly licensed, you are free to use the entire book or pick and
choose the sections that are most relevant to the needs of your course. Feel free to remix
the content by assigning your students certain chapters and sections in your syllabus, in
the order that you prefer. You can even provide a direct link in your syllabus to the
sections in the web view of your book.

Instructors also have the option of creating a customized version of their OpenStax book.
The custom version can be made available to students in low-cost print or digital form
through their campus bookstore. Visit the Instructor Resources section of your book page
on OpenStax.org for more information.

Art Attribution

In Introductory Business Statistics 2e, most art contains attribution to its title, creator or
rights holder, host platform, and license within the caption. Because the art is openly
licensed, anyone may reuse the art as long as they provide the same attribution to its
original source.

To maximize readability and content flow, some art does not include attribution in the
text. If you reuse illustrations, graphs, or charts from this text that do not have attribution
provided, use the following attribution: Copyright Rice University, OpenStax, under CC
BY 4.0 license.
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Errata

All OpenStax textbooks undergo a rigorous review process. However, like any
professional-grade textbook, errors sometimes occur. Since our books are web based, we
can make updates periodically when deemed pedagogically necessary. If you have a
correction to suggest, submit it through the link on your book page on OpenStax.org.
Subject matter experts review all errata suggestions. OpenStax is committed to remaining
transparent about all updates, so you will also find a list of past errata changes on your
book page on OpenStax.org.

Format

You can access this textbook for free in web view or PDF through OpenStax.org, and for a
low cost in print.

About Introductory Business Statistics 2e

Introductory Business Statistics 2e is designed to meet the scope and sequence
requirements of the one-semester statistics course for business, economics, and related
majors. Core statistical concepts and skills have been augmented with practical business
examples, scenarios, and exercises. The result is a meaningful understanding of the
discipline which will serve students in their business careers and real-world experiences.

Coverage and scope

Introductory Business Statistics 2e began as a customized version of OpenStax
Introductory Statistics by Barbara Illowsky and Susan Dean. Statistics faculty at The
University of Oklahoma have used the business statistics adaptation for several years,
and the author has continually refined it based on student success and faculty feedback.

The book is structured in a similar manner to most traditional statistics textbooks. The
most significant topical changes occur in the latter chapters on regression analysis.
Discrete probability density functions have been reordered to provide a logical
progression from simple counting formulas to more complex continuous distributions.
Many additional homework assignments have been added, as well as new, more
mathematical examples.

Introductory Business Statistics 2e places a significant emphasis on the development and
practical application of formulas so that students have a deeper understanding of their
interpretation and application of data. To achieve this unique approach, the author
included a wealth of additional material and purposely de-emphasized the use of the
scientific calculator. Specific changes regarding formula use include:

e Expanded discussions of the combinatorial formulas, factorials, and sigma notation

e Adjustments to explanations of the acceptance/rejection rule for hypothesis testing,
as well as a focus on terminology regarding confidence intervals

» Deep reliance on statistical tables for the process of finding probabilities (which would
not be required if probabilities relied on scientific calculators)
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e Continual and emphasized links to the Central Limit Theorem throughout the book;
Introductory Business Statistics 2e consistently links each test statistic back to this
fundamental theorem in inferential statistics

Another fundamental focus of the book is the link between statistical inference and the
scientific method. Business and economics models are fundamentally grounded in
assumed relationships of cause and effect. They are developed to both test hypotheses
and to predict from such models. This comes from the belief that statistics is the
gatekeeper that allows some theories to remain and others to be cast aside for a new
perspective of the world around us. This philosophical view is presented in detail
throughout and informs the method of presenting the regression model, in particular.

The correlation and regression chapter includes confidence intervals for predictions,
alternative mathematical forms to allow for testing categorical variables, and the
presentation of the multiple regression model.

Pedagogical features

e Examples are placed strategically throughout the text to show students the step-by-
step process of interpreting and solving statistical problems. To keep the text relevant for
students, the examples are drawn from a broad spectrum

of practical topics; these include examples about college life and learning, health and
medicine, retail and business, and sports and entertainment.

e Practice, Homework, and Bringing It Together give the students problems at various
degrees of difficulty while also including real-world scenarios to engage students.

e Try It practice problems immediately follow many examples and give students the
opportunity to practice as they read the text.

Changes to the Second Edition

The revision of Introductory Business Statistics has been undertaken with the support of
many faculty adopters and student users. Most of the edits are focused on currency,
clarity, accuracy, and belonging. The author made a number of additions in order to
provide more support and practice opportunities for students; these include conceptual
explanations, introductory text, new Try It exercises, and more detailed example solution
steps. Also, dozens of examples and references have been changed in order to align with
contemporary contexts and uses. Accuracy checking and errata resolutions resulted in
corrections and clarifications, both in the main text and in the answers/solutions. Finally,
the second edition includes several hundred edits related to gender, race, ethnicity, age,
academic status, and societal issues, designed to present the most informed and inclusive
material.

OpenStax only undertakes revisions when pedagogically necessary, and we work to
ensure that the text maintains its organization in order to ease transition for instructors.
Many of the above changes have been made within problems and examples. However, in
nearly all cases, the problems retain their original numbering, so that instructors and
online homework providers can move to the new edition with minimal impact on their
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assignment structures. (This will not be the case for Try It exercises in many chapters,
due to the addition of new exercises.) A detailed transition guide is available on the
instructor resource page for this textbook.

Answers to Questions in the Book

Answers to Examples are provided directly under the question. Answers to Try it
Questions are provided at the Student Resources page. Answers to an assortment of
Practice, Homework, and Bringing it Together questions are available to students in the
solutions section at the end of each chapter. All other answers to these questions are
provided only to instructors in the Instructor Answer Guide via the Instructor Resources

page.
Additional resources
Student and instructor resources

We’ve compiled additional resources for both students and instructors, including Getting
Started Guides, an instructor solution manual, and PowerPoint slides. Instructor
resources require a verified instructor account, which you can apply for when you log in
or create your account on OpenStax.org. Take advantage of these resources to
supplement your OpenStax book.

Community Hubs

OpenStax partners with the Institute for the Study of Knowledge Management in
Education (ISKME) to offer Community Hubs on OER Commons - a platform for
instructors to share community-created resources that support OpenStax books, free of
charge. Through our Community Hubs, instructors can upload their own materials or
download resources to use in their own courses, including additional ancillaries, teaching
material, multimedia, and relevant course content. We encourage instructors to join the
hubs for the subjects most relevant to your teaching and research as an opportunity both
to enrich your courses and to engage with other faculty.

To reach the Community Hu

Technology partners

As allies in making high-quality learning materials accessible, our technology partners
offer optional low-cost tools that are integrated with OpenStax books. To access the
technology options for your text, visit your book page on OpenStax.org.

About the authors

Senior contributing authors

Alexander Holmes, The University of Oklahoma

Barbara Illowsky, DeAnza College

Susan Dean, DeAnza College

Contributing authors

Kevin Hadley, Analyst, Federal Reserve Bank of Kansas City

Access for free at openstax.org


https://www.oercommons.org/hubs/
https://www.oercommons.org/hubs/OpenStax

Reviewers

Birgit Aquilonius, West Valley College

Charles Ashbacher, Upper lowa University - Cedar Rapids
Abraham Biggs, Broward Community College
Daniel Birmajer, Nazareth College

Roberta Bloom, De Anza College

Bryan Blount, Kentucky Wesleyan College
Ernest Bonat, Portland Community College
Sarah Boslaugh, Kennesaw State University
David Bosworth, Hutchinson Community College
Sheri Boyd, Rollins College

George Bratton, University of Central Arkansas
Franny Chan, Mt. San Antonio College

Jing Chang, College of Saint Mary

Laurel Chiappetta, University of Pittsburgh
Lenore Desilets, De Anza College

Matthew Einsohn, Prescott College

Ann Flanigan, Kapiolani Community College
David French, Tidewater Community College
Mo Geraghty, De Anza College

Larry Green, Lake Tahoe Community College
Michael Greenwich, College of Southern Nevada
Inna Grushko, De Anza College

Valier Hauber, De Anza College

Janice Hector, De Anza College

Jim Helmreich, Marist College

Robert Henderson, Stephen F. Austin State University
Mel Jacobsen, Snow College

Mary Jo Kane, De Anza College

John Kagochi, University of Houston - Victoria
Lynette Kenyon, Collin County Community College
Charles Klein, De Anza College

Alexander Kolovos

Sheldon Lee, Viterbo University

Sara Lenhart, Christopher Newport University
Wendy Lightheart, Lane Community College
Vladimir Logvenenko, De Anza College

Jim Lucas, De Anza College

Suman Majumdar, University of Connecticut
Lisa Markus, De Anza College

Miriam Masullo, SUNY Purchase

Diane Mathios, De Anza College

Robert McDevitt, Germanna Community College
John Migliaccio, Fordham University

Mark Mills, Central College

Cindy Moss, Skyline College

Nydia Nelson, St. Petersburg College

Benjamin Ngwudike, Jackson State University
Jonathan Oaks, Macomb Community College

Access for free at openstax.org



Carol Olmstead, De Anza College

Barbara A. Osyk, The University of Akron

Adam Pennell, Greensboro College

Kathy Plum, De Anza College

Lisa Rosenberg, Elon University

Sudipta Roy, Kankakee Community College
Javier Rueda, De Anza College

Yvonne Sandoval, Pima Community College
Rupinder Sekhon, De Anza College

Travis Short, St. Petersburg College

Frank Snow, De Anza College

Abdulhamid Sukar, Cameron University

Jeffery Taub, Maine Maritime Academy

Mary Teegarden, San Diego Mesa College

John Thomas, College of Lake County

Philip J. Verrecchia, York College of Pennsylvania
Dennis Walsh, Middle Tennessee State University
Cheryl Wartman, University of Prince Edward Island
Carol Weideman, St. Petersburg College

Kyle S. Wells, Dixie State University

Andrew Wiesner, Pennsylvania State University

Access for free at openstax.org



1 L4y mau va dir liéu

Hinh 1.1 Chung ta tiép xtc v&i théng ké trong doi séng hang ngay nhiéu hon ching ta
van nghi, chiing dén tir v van ngudn khic nhau—ching han nhw cac ban tin. (nguon:
chinh stra tir tic phdm “New office” cua Phil Whitehouse, Flickr, CC BY 2.0)

Gii thiéu

Cé 1& ban dang tw hoi: “T6i sé can dung théng ké vao viéc gi, lic nao va & dau?” Chi can
doc bao, xem truyén hinh hay lw6t Internet, ban sé thiy théng tin thdng ké xuit hién khip
noi: tir téi pham, thé thao, gido duc, chinh tri dén bat déng san. Thong thwdng, khi doc
mot bai bdo hodc xem ban tin thoi sy, ban dwoc cung cip cac con s6 dua trén nhitng mau
dit liéu. Ttr 6, ban phai tw danh gia mic d6 chinh xac ciia mot tuyén b, khang dinh, hay
“sw that”. Cac phwong phap thong ké gitip ban dwa ra nhitng “phan doan c6 can ci tét
nhat”.

Chac chan trong cudc séng ban sé thwong xuyén gap dit liéu théng ké dwdi nhiéu hinh
thirc; nén viéc ndm virng mot s6 ky thuat phan tich 1a rat cin thiét. Hay nghi dén viéc mua
nha, quan ly ngan sach ca nhin hay nganh nghé ban lwa chon: kinh té, kinh doanh, tam ly
hoc, gido duc, sinh hoc, luat, khoa hoc may tinh, khoa hoc hinh s, phat trién tré nhé...—
tit ca déu yéu cau it nhat mot khéa hoc thong ké.

Chuwong nay sé gi¢i thiéu cac khai niém va thuit ngit co ban vé xac suat va thong ké. Ban
s& nhanh chong nhan ra rang hai linh vic nay ludén di kém nhau. Ban ciing sé hoc cach thu
thip dir liéu va phan biét gitra dir liéu “t6t” va dir liéu “kém chit lwong”.

1.1 Pinh nghia thong ké, xac suat va cac thuit ngir chinh

Théng ké hoc 1a nganh khoa hoc nghién ctru viéc thu thap, phan tich, dién giai va trinh
bay dir liéu. Trong doi s6ng hang ngay, ching ta thwong xuyén quan sat va st dung dir
liéu.
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1 L4y mau va dir liéu

Trong Gido trinh nay, ban sé hoc cach t6 chirc va tom tat dit liéu, hoat dong nay goi la
thong ké mé ta (descriptive statistics). Ban s& tim hi€u vé hai cach phd bién dé tom tit
dir liéu 1a bang cach 14p biéu d6 va bang cach sir dung cac con s6 (vi du, tim gia tri trung
binh). Ban sé nghién ctru vé xac suit (probability) va phan phéi xac suit (probability
distributions) trwéc khi ban ap dung cac phwong phap hinh thirc dé rat ra két luin tir div
liéu “tot”. Nhitng phwong phap hinh thirc nay dwoc goi 1a thong ké suy luin (inferential
statistics). Thong ké suy ludn st dung xac suat dé xac dinh mirc d6 tin ciy doi véi cac két
luan cua chuing ta.

Dién giai dir liéu hiéu qua (suy luan) cin dwa trén quy trinh thu thap dit liéu hop ly va
phan tich dit liéu mot cach thau dao. Ban sé gap kha nhiéu cong thirc toan hoc dung dé
dién giai dir liéu. Tuy nhién, muc tiéu ctia théng ké khong phai 1a thuwc hién vo s6 phép
tinh v&i nhitng cong thirc nay, ma 1a dat dwoc sw hiéu biét vé dir liéu ctia ban. Viéc tinh
toan c6 thé dwoc thwe hién biang may tinh cAm tay hodc phin mém may tinh, nhung su
hiéu biét phai dén tir chinh ban. N&éu ban c6 thé nam virng cic nguyén ly co ban clia théng
ké, ban sé tré nén ty tin hon khi dwa ra cac quyét dinh trong cudc séng.

Xac suat

X4c suit 1a mot cong cu toan hoc dung dé nghién ctiru sw ngiu nhién. N6 lién quan dén kha
ning (co hdi) xay ra ciia mdt sw kién. Vi du, néu ban tung mot dong xu céng bang bon lan
(ddng xu céng bang 1a dong xu co ty 1é x4p, nglra bang nhau), két qua cé thé khong phai
lic nao ciing 1a hai mit nglra va hai mat sap. Tuy nhién, néu ban tung déng xu d6 4.000
1an, két qua sé gan nhuw chia déu gitra mat ngira va mit sap. Xac suat ly thuyét ky vong cho
mit nglra trong moi Ian tung 1a 0,5. Mic du két qua cia mot s6 1an thir ban dau c6 thé
khong chic chdn, nhung khi s8 1an 1ap lai ting 1én, cac két qua sé tuin theo mot maiu két
qua c6 quy luit. Nha théng ké ngwoi Anh Karl Pearson — ngwoi da tung dong xu 24.000
lan va thu dwoc 12.012 14n mit nglra; mot trong cic tic gid cia quyén sach nay ciing da
th tung dong xu 2.000 lan va két qua thu dwoc la 996 1an mat nglra. Phan so % bang
0,498, rat gan véi gia tri ky vong 1a 0,5.

Ly thuyét x4ac suit khéi ngudn tlr viéc nghién ctiru cac tro choi may rai, chang han nhw
poker. Cac du doan dwoc biéu dién dwdi dang xac suit. D€ dw doan kha ning xay ra cia
mot tran dong dit, mwa, hodc kha nang ban sé dat diém A trong khéa hoc nay, ching ta
str dung x4c suit. Trong y hoc, cac bac si dung xac suit dé danh gia kha ndng mot loai vac-
xin c6 thé giy ra chinh cin bénh ma n6 dwoc thiét ké dé€ phong ngira. M6t nha moi gidi
chirng khoan st dung xac suit dé wéc lwgng ty suat sinh loi tir cic khoan dau tw ctia khach
hang. Tham chi, ban c6 thé dung xac suit d€ caAn nhic xem c6 nén mua vé sé hay khong.
Trong qua trinh hoc thong ké, ban sé van dung strc manh ctia toan hoc théng qua cac phép
tinh xac suit dé€ phan tich va dién gii dir liéu ctia minh.

Cac thuat ngir chinh

Trong théng ké, ching ta thwdng hwdéng dén viéc nghién ciru mot quan thé! (population).
Ban c6 thé hiéu quan thé 1a mot tap hop céc ca thé, sy vat hodc ddi twong ndm trong pham

vi nghién cttu. D& nghién ciru quan thé, ching ta sé chon ra mot mau (sample). Y twéng
cda viéc 1y mau (sampling) 1a chon mét phan (hodc mot tip con) tir quin thé 1é6n hon va

1Con goi la ddm dong.
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1 L4y mau va dir liéu

nghién ctru phan dé (tirc 1a mau) nham thu thap théng tin dai dién cho toan bd quan thé.
Dit liéu chinh 12 két qua ctia viéc 14y mau tir quan thé.

Vi viéc kiém tra toan b quan thé thwdng tiéu tén rit nhiéu thoi gian va chi phi, nén 1ay
mau tré thanh mot k§ thuat cwc ky thiét thwce. Vi dy, néu ban mudn tinh diém trung binh
chung (overall grade point average) cta trwedng minh, thi khi chon mdt mau nhirng sinh
vién dang theo hoc tai trudng sé hop Iy hon. Dit liéu thu thip tir mau dé chinh 1a diém
trung binh chung cua cac sinh vién trong mau. Vi dy, trong cac cudc bau ctr téng thong tai
MY, cac cudc thim do y kién (opinion poll) thwong 14y mau tir 1.000 dén 2.000 ngudri. Cac
cudc thim do y kién nay nham dai dién cho quan diém clia toan thé dan s6 ca nudc My.
Twong tw, cAc nha san xult nwéc gidi khat c6 ga dong lon sé& 14y mau dé kiém tra xem mot
lon 330 ml c6 thuc sw chira du 330 ml nwéc hay khong.

T dit liéu mau, ching ta c6 thé tinh todn mot thong sd théng ké. Thong sé théng ké
(statistic) 12 mot con s8 dai dién cho mot dic tinh cia mau. Vi du, néu ching ta coi mot
16p toan 1a mau dai dién cho quan thé tat ca cac 1¢p toan, thi s6 diém binh quan ma sinh
vién trong 1&p dé dat dwoc vao cudi ky 1a mot vi du vé thong s6 théng ké. Thong s6 théng
ké nay déng vai tro 1a wéc lwong diém (point estimate) cho mot tham s6 ctia quan thé,
trong trwrong hop nay la binh quan sé hoc (mean). Tham sd (parameter) 1a mot dac tinh
s6 hoc cta toan b6 quan thé va c6 thé dwoc wéc lwong thong qua thong sé théng ké. Vi
chiing ta coi tat ca cac 1&p todn la quén thé, nén s6 diém binh quin ma sinh vién dat dwoc
trong tit ca cac 1&p todn chinh 1a mot vi du vé tham sé.

Mot trong nhitng méi quan tdm chinh trong linh vic thong ké 1a mirc d6 chinh xac khi mot
thong s6 théng ké wéc lwgng mot tham so6. PO chinh xac nay phu thudc vao mirc d6 ma
mau phan 4nh dung dic diém ctia quan thé. P& mau cé thé dwoc xem 1a mot mau dai dién
(representative sample), né phai chira cac dac diém tiéu biéu clia quin thé. Trong théng
ké suy luan, chiing ta quan tim dén ca thong s6 thong ké mau va tham sé quin thé. ¢ cac
chwong sau, ching ta sé& sir dung thong s6 thong ké mau dé kiém dinh tinh hop 1é cta
tham s6 da dworc thiét 14p cho quin thé.

Mot bién (variable), hay bién ngiu nhién (random variable), thwong dwoc ky hiéu bing
cac chir cai in hoa nhw X va Y, 1a mét dac tinh hodc phép do c6 thé xac dinh dwgc cho tirng
phan ti ciia quan thé. Bién c6 thé 12 bién s6 tri (numerical variable) hodc bién phin loai
(categorical variable). Bién s6 tri nhdn céac gia tri c6 don vi giong nhau nhu trong luwgng
tinh bang kilogram va thoi gian tinh bang gio. Bién phan loai dit ca thé hoic vat thé vao
cac nhém nhat dinh. Néu dit X 1a s6 diém ma mot sinh vién toan dat dwoc vao cudi ky, thi
X '1a mot bién s6 tri. Néu dat Y 1a dang phai chinh tri cia mot ca nhén, thi cac gia tri cta Y
c6 thé 1a Céng hoa, Dan chu hodc Poc 1ap. Khi d6, Y 1a mdt bién phan loai. Ching ta cé thé
thuc hién cac phép toan v&i cac gia tri ciia X (chang han tinh binh quan s diém dat duoc).
Tuy nhién, ching ta khong thé thwc hién cac phép toan véi cac gia tri cua Y (tinh binh
quan dang phai chinh tri khong c6 y nghia).

Dir liéu (data, sé it datum) la cac gia tri thwc té cua bién. Ching c6 thé 1a s6 hoic tir.

Hai thuat ngir thwong xuyén dwoc st dung trong thong ké 1a s6 binh quan (mean) va ty
1é (proportion). Néu ban thwc hién ba bai ki€ém tra trong 1&p toan va dat diém 86, 75 va
92, ban sé tinh diém binh quan bang cach cong ba diém sé d6 lai va chia cho ba (diém binh
quan cda ban sé la 84,3 lam tron dén mot chit s6 thap phan). Néu trong 1ép toan ctia ban
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1 L4y mau va dir liéu

. : A L \ LN e TA A S22 oA A
c6 40 sinh vién, trong d6 c6 22 nam va 18 nit, thi ty 1€ sinh vién nam la wovaty 1é sinh vién

nir 13 g. S6 binh quén va ty 1é sé dwgc trinh bay chi tiét hon & cac chwong tiép theo.

LUUY

Cac tir "s6 binh quin (mean)" va "trung binh (average)" thuwong dwoc sir dung thay
thé& cho nhau. Viéc thay thé nay 1a mot thuc tién phd bién. Vé mit thuat ngtt, "binh quan
s6 hoc” (arithmetic mean) la tham s6, con "trung binh” (average) la thong sé thong ké,
ca hai déu dé cip dén tinh hwdng tim cua di liéu. Tuy nhién, trong thuc té — dic biét
la d6i v&i nhitng ngwoi khong chuyén vé thong ké — "trung binh" thwong dwoc chip
nhin dé thay thé cho "binh quin sé hoc".

Vidu 1.1

Vén dé

Xac dinh cac thuat ngir chinh dé cip dén diéu gi trong nghién ctru sau. Ching ta mudn
biét s6 tién trung binh (s6 binh quin) ma sinh vién ndm nhit tai Trwong Cao diang ABC
chi tiéu cho dd dung hoc tip (khong bao gdm sach). Chiing ta da khao sat ngau nhién
100 sinh vién ndm nhit cda treong. Ba trong s6 nhirng sinh vién nay da chi tiéu lan lwot
150 do6 la, 200 do la va 225 dé la.

Loi gidi

Quin thé (population) 13 tit ca sinh vién nam nhit dang theo hoc tai Trwdmg Cao dang
ABC trong hoc ky nay.

MAu (sample) c6 thé 12 tat ca sinh vién ding ky hoc trong mdt 16p thong ké co ban tai
Trwong Cao ddng ABC (mac di mAu ndy c6 thé khong dai dién cho toan bd quin thé).
Tham s6 (parameter) la s6 tién trung binh (s6 binh quén) da chi tiéu (khéng bao gbm
tién sach) trong hoc ky nay cua sinh vién nim nhét tai trwong Cao dang ABC: s6 binh
quén cia quan thé.

Thong s6 thong ké (statistic) la sé tién trung binh (s6 binh quén) da chi tiéu (khong
bao goém sach) clia sinh vién nim nh4t trong mau.

Bién (variable) cé thé 1a s tién chi tiéu (khong bao gbm sach) cia mét sinh vién nam
nhit. Giad st X = s6 tién chi tiéu (khong bao gém sach) ctia mdt sinh vién nam nhat tai
Truwong Cao ding ABC.

Dik liéu (data) la so tién d6 la ma sinh vién ndm nht chi tiéu. Vi du vé dir liéu 1a 150 do
la, 200 d6 la va 225 4o la.

Bai tap van dung 1.1

Xac dinh cac thuat ngir chinh dé cip dén diéu gi trong nghién ctru sau. Ching ta mudn
biét s6 tién trung binh (s6 binh quian) ma cac gia dinh cé con hoc tai Hoc vién Knoll chi
tiéu cho dong phuc hoc sinh mdi nam. Chiing ta da khao sat ngiu nhién 100 gia dinh c6
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con dang theo hoc tai tredng. Ba trong so cac gia dinh di chi tiéu 1an lwot 12 65 d6 la, 75
do lava 95 do la.

Vidu1.2

Vin dé

Xac dinh cac thuit ngit chinh dé cip dén diéu gi trong nghién ctru sau.

Mot nghién ctru da dwoc tién hanh tai mot treong cao dang dia phwong nham phan tich
diém trung binh tich liiy (GPA) ctia cac sinh vién da t6t nghiép trong nam vira qua. Hay
dién chir cdi twong rng véi cum tir mé ta phu hop nhat cho tirng muc sau:

1. Quan thé__ 2. Thong s6 thongké __ 3. Thamsd__4.MAu__5.Bién___ 6. Dirliéu

a. tatcasinhvién da hoc tai tredng cao dang ndm vira qua.

b.  diém trung binh tich Itly (GPA) ctia mot sinh vién da t6t nghiép trwdng cao dang
hoc nam vira qua

c. 3,65;2,80;1,50;3,90.

d. mot nhém sinh vién di tét nghiép trwong cao dang trong ndm vira qua, dwoc
chon ngau nhién

e. diém trung binh tich liiy GPA cta céc sinh vién da tot nghiép truong cao dang
trong nam vira qua

f.  tAt ca sinh vién da tot nghiép trwong cao dang trong nim vira qua

g. diém trung binh tich liiy GPA ctia cac sinh vién trong nghién ctru da tot nghiép
tredng cao dang trong ndm vira qua

Loi gidi

1.f,2.g,3.e;4.d; 5. b; 6. ¢

Bai tap van dung 1.2

Xac dinh nhirng thuit ngtr chinh dwoc dé cip trong nghién ctru sau.

Mot cudc khdo sat doi véi cac van dong vién tai mot trweong dai hoc da dwoc thuce hién
nham nghién ctru chiéu cao cia ho (tinh bang mét). Hay dién chit cai twong rng véi cum
tlr m6 ta phu hop nhat cho tirng muc dwéi day:

Quén thé (population) ____

Thong s6 thong ké (statistic) ____

Tham s6 (parameter) ___

Mau (sample) ___

Bién (variable) ____

Dt liéu (data) ___

o1k Wi

a. chiéu cao trung binh ctia cic vin dong vién trong trweong dai hoc
b. chiéu cao trung binh ctia cac vin déng vién trong cudc khao sat
c. tatca cac vin dong vién trong tredrng dai hoc
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tat ca sinh vién trong trwdng dai hoc

chiéu cao ctia mét van dong vién

mot nhom van dong vién dwoc chon ngiu nhién
1,82; 1,76; 1,69; 1,93.

@ ™o o

Vidu1.3

Vin dé
Xac dinh cac thuit ngit chinh dé cip dén diéu gi trong nghién ctru sau.

La mét phan cda nghién ciru dwoc thiét ké dé€ kiém tra mirc d6 an toan cua 6 to dién, Uy
ban An toan Giao thong Qudc gia da thu thap va xem xét dir liéu vé tac dong cia mét vu
va cham 6 t6 doi véi cac ngudi ndm (dummies) trong thtr nghiém. Tiéu chi dwoc st dung
nhuw sau:

Bang 1.1

T6c d6 va cham | Vi tri cua “tai x&” (nguwdi ndm)

35 dam/gio Ghé truéec

Cac 6 t6 c6 nguwoi ndm & ghé trwdc dwoc cho va cham vao twong & téc do 35 dam/gio.
Muc tiéu la xac dinh ty 1é ngwdi ndm & vi tri tai xé c6 thé bi chin thwong & dau, gia dinh
rang ho 1a ngwdi that. Mot mau nglu nhién don gian gom 75 chiéc xe da dworc chon.

Lo gidi

Quan thé 1a tit ca cac 6 to c6 ngwdi ndm & ghé trwde.

MAu bao gom 75 chiéc xe dwoc chon bang phwong phap 14y mau ngiu nhién don gian.
Tham s0 la ty 1&é ngwdi ndm & vi tri tai x€ (néu la nguwoi that) bi chin thwong dau trong
quan thé.

Thong s6 thong ké 1a ty 1&€ ngwdi ndm & vi tri tai x€ (néu la ngwoi that) bi chin thwong
diu trong mau.

Bién X = Liéu mot ngwdi ndm (néu la nguoi thit) c6 bi chin thwong dau hay khong.

Dir liéu: C6 (bi chan thwong dau) hodac Khong (khong bi).

Bai tap van dung 1.3

Xac dinh cac thuit ngir chinh dé cip dén diéu gi trong nghién ciru sau.

Mot cudc khédo sat dwoc tién hanh nham kiém tra thoi gian sac pin ctia dién thoai di ddong
tir 50% dén 100%. Cac tiéu chi dwoc st dung dé thu thip dir liéu nhw sau:
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Bang 1.2
Cong sut sac Loai dién thoai di dong
30W Android

Chung ta mudn biét ty 1é dién thoai Android dwgc sac ddy 100% trong vong 30 phut.
Mot mau ngau nhién don gidn gdbm 200 dién thoai da dwoc chon.

Vidu 1.4

Vin dé
Xac dinh cac thuit ngit chinh dé cip dén diéu gi trong nghién ctru sau.

Mot cong ty bao hiém mudn xac dinh ty 1é cac bac si da tirng lién quan dén mot hoac
nhiéu vu kién vé sai sét y té. Cong ty da chon ngau nhién 500 bac si tir mot danh ba
chuyén mon va xac dinh s6 lwong bac si trong mau da tirng lién quan dén mot vu kién
sai sot y té.

Lo gidi
Quidn thé 1a tit ca cac bac si dwoc liét ké trong danh ba chuyén mén.

Tham s6 1a ty 1é cac bac si da tirng lién quan dén mét hodc nhiéu vu kién sai sot y té
trong quan thé.

MAu 13 500 bac si dwoc chon ngiu nhién tir danh ba chuyén mén.

Thong s6 thong ké 1a ty 1& bac si trong mAiu da tirng lién quan dén mot hodc nhiéu vu
kién sai sot y té.

Bién X = liéu mot bac si ¢ lién quan dén mot vu Kién sai sot y té€ hay khong.

Dir liéu: C6 (da tirng lién quan dén mot hodc nhiéu vu kién) hodc Khong (chwa tirng lién
quan).

Bai tap van dung 1.4

Xac dinh cac thuat ngir chinh dé cip dén diéu gi trong nghién ctru sau.

Mot nghién ctru sé dwgc thwe hién béi mot hiang thong tin dé tim ra ty 18 tit ca cac tai
x& xe tai khong cé diém phat nao trén gidy phép clia ho. Co quan nay chon ngiu nhién
1.000 tai xé xe tai tir danh ba tai x&€ va xac dinh s6 lwong tai x€& xe tai trong miu khong
c6 diém phat nao trén gidy phép.

Bai tap nhom

Thuwc hién bai tip sau theo nhém t6i da bén nguwdi. Hay xac dinh quan thé (population),
mau (sample), tham s6 (parameter), thong s6 thdng ké (statistic), bién (variable) va dir
liéu (data) cho nghién cru sau: Ban mudn xac dinh s lwgng trung binh (binh quéin) cac
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ly sita ma sinh vién dai hoc uéng mdi ngay. Gia sir ngady hém qua, trong gi¢ hoc tiéng
Anh, ban da héi ndm sinh vién vé s6 ly sita ho dd uéng vao ngay hém trwéc. Cac ciu tra
loi lan lwotla 1, 0, 1, 3 va 4 ly sira.

1.2 Di¥ liéu, 14y mau va bién thién trong dir liéu va 1y mau

Dit liéu c6 thé bat ngudn tir quan thé hodc tir mau. Cac chit cai viét thwong nhw x hodc y
thwong dwoc dung dé biéu dién cac gia tri dir liéu. Phan 16n dir liéu cé thé dwoc phén loai
vao cac nhém sau:

e Dinh tinh (Qualitative)
e Dinh lwrong (Quantitative)

Dir liéu dinh tinh 13 két qua cta viéc phan loai hodc mo ta cic thudc tinh cia mot quin
thé. D@ liéu dinh tinh ciing thwong dwoc goi la dir liéu phan loai. Mau téc, nhém mau,
nhém dan toc, loai xe ma mot ngwdi str dung, va tén con dwong noi ngwdi do sinh song la
cac vi du dién hinh cta dir liéu dinh tinh (dir liéu phan loai). Dit liéu dinh tinh (di liéu
phan loai) thwdng dwoc mé ta bang tir ngit hodc chir cai. Vi du, mau téc c6 thé 1a den, nu
sam, niu nhat, vang hoe, xdm hodc dé6. Nhém mau c6 thé 1a AB+, O- hoic B+. Cac nha
nghién cru thwong wu tién st dung dir liéu dinh lwong thay vi dit liéu dinh tinh (phan
loai) vi dit liéu dinh lwong dé dang 4p dung cac phwong phap phan tich toan hoc. Ching
han, viéc tinh gia tri trung binh ctia mau t6c hodc nhém mau la khéng cé y nghia.

Dir liéu dinh lwong dwoc thé hién dwéi dang s6. Pay 1a két qua cta viéc dém hoic do
lworng cac thudc tinh cia mot quan thé. S6 tién, nhip tim, trong lwong co thé, s6 nguwoi
séng trong mot thi tran, va s6 sinh vién theo hoc moén théng ké 1a nhirng vi du tiéu biéu
cda dit liéu dinh lwong. Dit liéu dinh lwong cé thé 1a réi rac hodc lién tuc.

Tat ca dir liéu thu dwoc tir viéc dém déu dwoc goi la div liéu dinh lwong roi rac. Loai di
liéu nay chi nhén gia tri s6 nhat dinh. Néu ban dém s6 cudc goi nhian dwgc moi ngay trong
tudn, ban c6 thé ghi nhin cac gia tri nhw 0, 1, 2 hodc 3.

Dit liéu khéng chi bao gbm cac s6 nguyén ma con c6 thé bao gobm phéan s6, s6 thip phén,
hodc s0 vo ti dwoc goi 1a dir liéu dinh lwong lién tuc. Dir liéu lién tuc thwong la két qua
clia cac phép do nhw dd dai, trong lwong hoic thoi gian. Danh sach do dai (tinh bang phut)
cda tit ca cac cudc goi ban thwc hién trong mot tudn — vé&i cac gia tri nhw 2,4, 7,5 hodc
11,0 — chinh la vi du cta dit liéu dinh lwong lién tuc.

Vidu 1.5

Mau dir liéu dinh lwong roi rac

Dit liéu thu thip la s6 lwong sach ma sinh vién mang theo trong ba 16 ctia ho. Ban 14y
mau nam sinh vién. Hai sinh vién mang theo ba quyén sich, mot sinh vién mang theo
bon quyén, mdt sinh vién mang theo hai quyén, va mot sinh vién mang theo mot quyén.
Cac con s6 vé so sach (ba, bdn, hai va mot) chinh la dit liéu dinh lwong roi rac.

Access for free at openstax.org
16



1 L4y mau va dir liéu

Bai tap van dung 1.5

Dit liéu 1a s6 lwong may tip trong mot phong gym. Ban 14y mau ndm phong gym. Mot
phong c6 12 may, mot phong cé 15 may, mot phong c6 10 may, mot phong cé 22 may,
va phong con lai c6 20 may. DPay la loai dit liéu gi?

Vidu 1.6

Mau dir liéu dinh lwong lién tuc

Dit liéu 1a trong lwgng clia ba 16 chira sach. Ban 14y mau ciing ndm sinh vién dé. Trong
lwong (tinh bang pound) ctia cacbald 1a: 6,2, 7, 6,8, 9,1 va 4,3. Lwu y rang cac ba 16 mang
cung ba quyén sach c6 thé cé trong lwong khac nhau. Trong lwong la dit liéu dinh lwgng
lién tuc.

Bai tap van dung 1.6

Dit liéu 1a dién tich bai c6 (tinh bang mét vudng). Ban 14y mau ndm ngdi nha. Dién tich
cac bai co6 1an lwot 1a: 144 mét vudéng, 160 mét vuéng, 190 mét vuéng, 180 mét vuéng va
210 mét vuong. bay la loai dir liéu gi?

Vidu 1.7

Ban di siéu thi va mua ba lon stp (562,9 ml sdp ca chua kem, 416,1 ml sip dau lang, va
562,9 ml stp Y), hai géi hat (6c ché va dau phdng), bon loai rau khac nhau (bong cai
xanh, sup lo tréng, rau chan vit va ca rot), va hai mén trang miéng (473,2 ml kem hat ho
tran va 946,3 ml banh quy hat s6 c6 la).

Vdn dé

Hay chi ra nhitng tap dit liéu nao thudc loai dinh lwong roi rac, dinh lwong lién tuc, va
dinh tinh (phéan loai).

Loi gidi
Mot 1o giai kha thi :
e Balon sup, hai goi hat, bon loai rau va hai moén trang miéng la dit liéu dinh lwong
roi rac vi chung 1a két qua cua viéc dém.

e Tronglwong cua caclon sup (562,9 ml, 416,1 ml, 562,9 ml) la dit liéu dinh lvong
lién tuc vi trong lwong dwoc do lwdong véi dd chinh xac cao nhat cé thé.

e Loaisup, loai hat, loai rau va loai mén trang miéng la dit liéu dinh tinh (phan loai)
vi ching dwoc phan theo danh muc.

Hay thir xc dinh thém cac tip dir liéu khac cé thé c6 trong vi du nay.
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Hay thiw 1.7

Danh sach sau la cac vat tw dwgc mot quan ly mua hang trong mét cong ty dat mua:
e Hailoai dinh (dinh hop 2 kg, dinh lgp mai 3 kg)
e Mbtloai dau (dau may 4 lit)
e Bdnloai 6c vit (8¢ gbd 3 kg, 6c may 5 kg, 6¢ dinh vi 1 kg, 6¢ dau 16 luc giac 2 kg)

Hay xac dinh cac tap dir liéu thudc loai dinh lwong roi rac, dinh lwong lién tuc va dinh
tinh.

Vidu 1.8

Dir liéu 1a mau sdc ctia ba 16. Ban tiép tuc 14y mau nam sinh vién truwdc d6. Mot sinh vién
c6 ba 10 mau do, hai sinh vién c6 ba 16 mau den, moét sinh vién c6 ba 16 mau xanh 13, va
modt sinh vién c6 ba 16 mau xam. Cadc mau sic: dd, den, den, xanh 14 va xam 1a dir liéu
dinh tinh (phan loai).

Bai tap van dung 1.8

Dt liéu 1a mau sic cla cac ngdi nha. Ban 14y mAu nidm ngdi nha. Mau sic cla cic ngdi
nha lan lwot 12 trang, vang, trang, d6 va trang. Day 1a loai dir liéu gi?

LUUY

Ban c6 thé thu thap dir liéu duwéi dang s6 nhwng trinh bay n6 theo cach phén loai. Vi du,
diém kiém tra cia mdi sinh vién dwoc ghi nhan trong suét hoc ky. Pén cudi hoc ky, diém
s6 dwoc bao cao dudi dang xép loai: A, B, C, D hoic F.

Vidu 1.9

Vén dé

Lam viéc theo nhom dé xac dinh dung loai dir liéu (dinh lwong hay dinh tinh). Néu la dir
liéu dinh lwong, hay chi ro do6 1a dir liéu lién tuc hay roi rac. Goi y: Di liéu roi rac thwong

N

bat dau bang cum tir “s6 lwong...”

s6 lwong doi giay ban s hiru

loai xe ban dang st dung

khoang cach tir nha ban dén ctra hang tap hda gan nhit

s6 16p hoc ban tham gia trong moi ndm hoc.

loai may tinh cAm tay ban st dung

trong lwong ctia nhirng chu ché tai mot tram ctru ho dong vat

meaD T
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g. s6 cau tra loi dung trong mot bai kiém tra
h.  chisé IQ (diéu nay c6 thé giy tranh luén)

Loi gidi

Cac muc a, d, va g la dit liéu dinh lwong roi rac; Cac muc ¢, f, va h 1a dit liéu dinh lwong
lién tuc; Cac muc b va e la dit liéu dinh tinh (phéan loai).

Bai tap van dung 1.9

Xac dinh ding loai dir liéu (dinh lwgng hay dinh tinh) cho s6 lwong xe hoi trong mot bai
dau xe. Néu la dir liéu dinh lwgng, hay chi ré do la roi rac hay lién tuc.

Vidu 1.10

Vén dé

Mot giang vién thong ké thu thip thong tin vé phan loai sinh vién trong 1&p cia minh
theo cdc nhom: sinh vién ndm nhat, sinh vién nam hai, sinh vién nam ba, hoic sinh vién
nam tw. Di liéu thu thap dwoc dwoc tém tat trong biéu do tron Hinh 1.2, Biéu do nay
hién thi loai dit liéu nao?

Nim nhéat
Nam hai
Nam ba

Nam tw

Hinh 1.2 Phan loai sinh vién 1&p thong ké
Loi gidi

Bi€u d6 tron nay thé hién s6 lwong sinh vién theo tirng ndm, diy 1a dir liéu dinh tinh
(phan loai).

Bai tap van dung 1.10

Phong dao tao tai Trwdng Pai hoc Tiéu bang lwu triv dir liéu vé sé tin chi sinh vién hoan
thanh moi hoc ky. Dit liéu thu thap s& dwoc tém tit trong biéu d6 tin suit dang cot
(histogram). Cac khoang gia tri phan nhém dwoc chia nhw sau:

- Tw 10 dén dwdi 13 tin chi
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- Tir 13 dén dwdi 16 tin chi
- Tlr 16 dén duwdi 19 tin chi
- Tir 19 dén dwdi 22 tin chi
- Tiwr 22 dén dwdi 25 tin chi

800 ~
700 -
600 -
500 -
400
300 -
200 -
100

0 -

So sinh vién

10 13 16 19 22 25

Sé tin chi hoan thanh

Hinh 1.3 S6 tin chi hoan thanh ctia méi sinh vién

Biéu d6 nay hién thi loai dir liéu nao?

Thao luin vé dir liéu dinh tinh

Duwéi day 1a cac bang so sanh s lwgng sinh vién ghi danh hoc ban thoi gian va toan thoi
gian tai Trwong Cao ding De Anza va Trudng Cao dang Foothill trong hoc ky muia xuin
gan nhit. Cac bang trinh bay s6 lwong sinh vién (tin suit) va ty 1é phan tram hoic ty
1€ (tin sudt twong déi). Cot ty 1&é phin tram giup viéc so sanh cing mot nhém sinh vién
gitra hai trudrng tré nén dé dang hon. Viéc hién thi ty 1&é phan tram cing v&i s6 lwong tuyét
doéi thwong rat hiru ich, dic biét quan trong khi so sanh cac bd dir liéu c6 téng s6 khac
nhau — nhuw téng s lwong ghi danh tai hai trwdng trong vi du ndy. Ta c6 thé thiy rang
rang ty 1& phan tram sinh vién hoc ban thoi gian tai Trudng Cao dang Foothill cao hon
nhiéu so v&i Truwdng Cao dang De Anza.

Bang 1.3 Hoc ky mua xuin gan nhit

Truwdng Cao dang De Anza Truwdng Cao dang Foothill
SO Ty 1é phan SO Ty 1é phan
lwong tram lwong tram
Toan thoigian| 9.200 40,9% Toan thoi gian 4.059 28,6%
Ban thoi gian | 13.296 59,1% Ban thoi gian 10.124 71,4%
Tong cong 22.496 100% Tong cong 14.183 100%

Bang s0 liéu 1a mot cach tot dé t6 chirc va trinh bay di liéu. Tuy nhién, biéu do c6 thé hiru
ich hon trong viéc gitip hiéu ro dit liéu. Khong c6 quy tic cieng nhic nao quy dinh phai st
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dung loai bi€éu d6 nao. Hai loai biéu d6 thwong dwoc str dung dé trinh bay dir liéu dinh
tinh (phén loai) la bi€u d6 tron (pie chart) va do thi thanh (bar graph).

Trong biéu do tron, cic nhém dit liéu dwoc bi€u dién bang cac hinh quat trong vong tron
va c6 kich thuwdce ty 1é thuln véi ty 1€ phan tram cia tirng nhoém trong tong thé.

Trong do thi thanh, do dai ciia mdi cot biéu thi s6 lwong hoidc ty 1& phan tram clia tirng
nhom dit liéu. Cac cot c6 thé dwoc sap x€p theo chiéu doc hodc chiéu ngang.

Bi€u d6 Pareto bao gom cac cot dwgc sap x€p theo thit tw gidm dAn theo kich thwéc nhém
(ttr 1é6n nhat dén nho nhat).

Hay quan sat Hinh 1.4 va Hinh 1.5 va xac dinh biéu d6 nao (biéu do tron hay biéu do cot)
giup ban so sanh dir liéu dé dang hon.

Ching ta nén xem xét nhiéu loai bi€éu d6 khac nhau dé tim ra cach trinh bay di liéu hiéu
qua nhat. Thé nao la biéu d6 "t6t nhat" tuy thudc vao ban chat dir liéu va boi cdnh st dung.
Lwa chon loai biéu d6 ciing phu thudc vao muc dich st dung di liéu.

Trwdng Cao ding De Anza Trwéng Cao diang Foothill

28,6%
Bén thoi gian Ban thei gian
59,1% 40,9% Toan thoi gian Toan thei gian
(a) (b)
Hinh 1.4
Tinh trang sinh vién
14000 13296
12000 +
10124
10000 + 9200
8000
6000
4059
4000
2000
0 T T
De Anza Foothill
Toan thoi gian Ban thoi gian
Hinh 1.5
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Téng ty 1é phdn trdm vwot qud (hodc thdp hon) 100%

Do6i khi, tong cac ty 1é phian tram c6 thé viegt qua 100% (hoac thap hon 100%). Trong do
thi di kém (Hinh 1.6), tdng ty 1é phan tram vt qua 100% la do mot sinh vién c6 thé thudc
nhiéu hon mot nhém dir liéu.

Do thi thanh la cdng cu phu hgp dé€ so sanh kich thwéc twong déi gitra cac nhém trong
truedng hop nay. Bi€u d6 tron khong thé sir dung dwoc, bdi vi biéu do tron yéu cau tong
ty 18 phan tram phai ding bang 100%. Diéu nay ciing 4p dung néu téng ty 1& phin tram
nho hon 100%.

Bang 1.4 Truwong Cao dang De Anza, Hoc ky mua xuin gin nhit

Pac diém/nhém Ty 1€ phan tram
Sinh vién hoc toan thoi gian 40,9%
Sinh vién c6 du dinh chuyén tiép l1én co sé gido duc 4 nam 48,6%
Sinh vién duwdi 25 tuoi 61,0%
TONG CONG 150,5%
100,0%
100% -
80%
61,0%
60% - 48,6%
' 40,9%
40% -
20% I
0% -
Dwéi25tusi  Dwdinh Toan thoigian Tatca
chuyén tiép sinh vién
Hinh 1.6

Sot danh muc/Thiéu dir liéu

Bang 1.5 trinh bay thong tin vé dan tdc ctia sinh vién, nhwng da thiéu nhém “Khac/Khong
xac dinh”. Nhém nay bao gobm nhirng ngudi cadm thay ho khong thudc bat ky nhém déan
tdc nao duwoc liét ké hodc tir chéi tra 1oi. C6 thé thiy rang téng tin suit khdng cong lai
bang tdng s6 sinh vién. Trong trwong hop nhw vy, nén tao do thi thanh, khong st dung
biéu d6 tron, vi biéu do tron yéu cau tong dir liéu phai diy du (tong 100%).
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Bang 1.5 Dan tdc cla sinh vién tai Trwong Cao dang De Anza trong hoc ky mua thu gan

nhat
Tan suat Ty 1é phan tram
Chau A 8.794 36,1%
Nguoi da den 1.412 5,8%
Nguwoi Philippines 1.298 5,3%
Nguoi goc Tay Ban 4.180 17,1%
Nha/Latinh
Thé dan chau My 146 0,6%
Nguwoi dao Thai Binh Dwong 236 1,0%
Nguwoi da trang 5.978 24,5%
TONG CONG 22.044 trén téng sb 90,4% trén tong sé
24.382 100%
Dan tdc cuaa sinh vién
40.0% - 36,1%
35.0% -
30.0% -
24,5%
25.0% -
20.0% A 17,1%
15.0% -
10.0%
5,8% 5,3%
>0% - - 06%  1,0%
0.0% - ==

ChauA  Ngwoi
da den

Ngwoi ~ Newoi gbc  Thédan Ngwsi dao

Ngwoi

Philippines 12Y Ban  chauMy ThiiBinh  datring

Nha/Latinh

Hinh 1.7

Dwong

Do thi sau day (Hinh 1.8) giéng v&i d6 thi trwede d6 (Hinh 1.7) nhwng da bo sung thém ty
1é phan tram cda nhém “Khac/Khéng xac dinh” (9,6%). Nhém “Khac/Khong xac dinh” ¢
quy mo kKha 1én so véi mot s6 nhém khac (Thé dan chdu My: 0,6%, Nguwdi ddo Thai Binh
Duwong: 1,0%). Diéu nay rit quan trong khi ching ta xem xét y nghia ma di liéu truyén

dat.

Do thi thanh trong Hinh 1.8 ¢6 thé kho hiéu khi quan sat trwc quan. D6 thi trong Hinh 1.9
12 biéu d6 Pareto. D6 thi Pareto sip x&p cac cot theo thit ty tir I¢n nh4t dé€n nho nhit, gitp

dé doc va dé dién giai hon.
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Dan tdc cha sinh vién
40.0% ~
35.0%
30.0% -
25.0% -
20.0% - 17,1%
15.0% -

10.0% - 5,8% 5,3%

5-0% . - - 0,6% 1]0%
0.0% : . p— Ny
ChauA  Nguwdi  Ngwoi  Ngwdigoc Thédin Nguwvidio Ngwdi  Khac/

daden  Philippines Eiyf*]fm_ . hauMy ThaiBinh  datrang Khong
a/Latin Duwong xdc dinh

36,1%

24,5%

9,6%

Hinh 1.8 D6 thi thanh v&i nhém Khac/Khong xac dinh

Dan tdc caa sinh vién

40.0% 36,1%

35.0%

30.0%

25 006 - 24,5%

20.0% - 17,1%

15.0% - oo

10.0% 7 l = 5,8% 5,3%
>.0% 7 . - - 1,0% 0,6%
0.0% e :

ChauA  Nguwoi Nguwoigée Khac/ Ngwoi Ngwoi Ngwoi dao Thé dan
datring Tay Ban Khéng daden Philippines ThaiBinh chau My
Nha/Latinh xic dinh Dwong

Hinh 1.9 P06 thi Pareto v&i cac cdt dwoc sdp xé€p theo kich thuéc
Biéu do tron: Khong cé dir liéu thiéu

Cac biéu d6 tron dwédi ddy da bao gom nhém “Khac/Khong xac dinh” (vi tong cac ty 1é
phan trdm phai cdng lai thanh 100%). Biéu do trong Hinh 1.10(b) dwoc sip x€p theo kich
thwéc cla tirng phan quat, gitp biéu dd truc quan va dé hiéu hon so véi biéu dd khong
sap x€p theo thi tw va sip x€p theo chir cai trong Hinh 1.10(a).
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Dan tdc ciia sinh vién Dan toc cua sinh vién
9,6%
Chau A Chau A
Ngudi da den Ngwdi da tring
@ Ngwoi Philippines [ Negwdigée Tay Ban
[0 Ngwdigde Tay Ban Nha/ Latinh
Nha/ Latinh Khéic
@ Thé din Chau My Newdi da den
o Thal B Ngwdi Philippines
) . Negwiri dao Thai
5 30/5-8% Ngwéi da trang = Binh Dwong
3% 2 :
Khac [ Thé dan Chau My
(a) (b)
Hinh 1.10

Liy mau?2

Viéc thu thip thong tin tir toan bd quan thé thwdong tén kém hodc gin nhw khong kha thi.
Thay vao d6, chiing ta sir dung mot mau dai dién cho quan thé. Mau nay can phan anh
dung cac dac diém ctua quan thé ma né dai dién. Phan 1&n cic nha théng ké ap dung
cac phwong phap 14y mau ngiu nhién dé€ dat dwgc muc tiéu ndy. Trong phan nay, ching
ta s& tim hiéu mdt s6 phwong phap 1y mau phé bién. C6 nhiéu phwong phap 1dy mau
ngau nhién (random sampling) khac nhau, va trong mdi phwong phap, méi thanh vién
clia quan thé ban dau c6 co hdi nhw nhau d€ dwoc chon vao mau. Méi phwong phap déu
c6 nhitng wu diém va han ché riéng. Phuwong phap co ban va dé hiéu nhat 12 1dy mau ngau
nhién don gian (simple random sample). Khi ap dung phwong phap nay, bat ky nhom n
ca thé nao cling c6 kha nang dwoc chon ngang nhau so véi bat ky nhém n ca thé nao khac.
N6i cach khac, moi mau cé cung kich thwéc déu c6 co hdi nhw nhau d€ dwoc chon.

Bén canh 14y mau ngau nhién don gidn, con c6 cic phwong phap 14y mau khac ciing st
dung quy trinh ngiu nhién dé chon mau. Cac phwong phap phd bién bao gom 1dy mau
phan tang, 1dy mau cum va 1y mau hé théong.

Dé& chon mot mau phan tang (stratified sample), dau tién, ta chia quan thé thanh cac
nhém goi 12 tAng (strata), sau d6 chon mot s§ phan tir mau ty 1é véi kich thwérc cia tirng
tang. Vi du, ban c6 thé chia quan thé sinh vién cla treong theo khoa (mdi khoa 1a mot
tang), roi chon mau ngau nhién don gian theo ty 1é tir mbi khoa dé tao thanh mau phan
tang. D€ thuc hién diéu nay, ban danh so cac thanh vién trong tirng khoa, sau dé st dung
phwong phap 14y mau ngiu nhién don gidn d€ chon sé phan tir mau phu hop véi ty 18 tir
mbi khoa. Cac thanh vién dwoc chon tir mdi khoa sé tao thanh mau phan ting.

P& chon mo6t mau cum (cluster sample), dau tién, ta chia quan thé thanh cic cum
(clusters), sau d6 ngau nhién chon mot sd cum. T4t ca cac ca thé trong cac cum dwgc chon
s& tao thanh mau cum. Vi du, gid sit ban mudn 14y mau tir quan thé sinh vién cla truomng
va quyét dinh chon ngau nhién b6n khoa. Qua trinh bat dau bing cach phan chia sinh vién

2 Con goi 1a “chon mau”.
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toan trudng theo khoa, véi mdi khoa 1a mot cum. Tiép theo, ban sé danh sé cac khoa va
st dung phwong phap 14y mau ngau nhién don gian dé chon ra bon sé khac nhau, moi s6
dai dién cho mot khoa. T4t ca sinh vién trong cac khoa dwoc chon sé tao thanh mau cum.

D& chon mot mau hé théng (systematic sample), ta can chon ngiu nhién mot diém bat
dau va sau d6 chon moi phan tir thit n tir danh sach quan thé. Vi duy, gia s ban phai thuc
hién mot cudc khao sat qua dién thoai. Danh ba dién thoai ctia ban cé chira 20.000 danh
sach nha . Ban cin chon 400 tén cho mAu. Panh s8 cac phin t trong quan thé tir 1 dén
20.000, roi stt dung phwong phap 14y miu ngau nhién don gidn dé chon mot s6 dai dién
cho tén dau tién trong mAiu. Sau do, ban chon méi tén thir 50 cho dén khi c6 tong cong
400 tén (c6 thé ban s& phai quay lai tlr ddu danh sach dién thoai). Phwong phap 14y mau
hé théng thwong dwoc str dung nho vao tinh don gian va dé dang 4p dung.

Mot loai phwong phap 14y miu khéng ngau nhién 1 14y mau thuin tién. LAy mau thuin
tién (convenience sampling) lién quan dén viéc str dung cac két qua c6 san. Vi dy, mot
clra hang phin mé&m mdy tinh tién hanh nghién ctu thi trudng bang cach phéng van
nhirng khach hang tiém ning dang c6 mat tai ctra hang va dang duyét qua cdc phan mém
c6 san. K&t qua tir phwong phap 14y mau thuin tién c6 thé rit chinh xac trong mot s
treong hop, nhung ciling cé thé rat thién 1éch (thién vé mot s6 két qua nhat dinh) trong
nhitng treong hop khac.

Viéc thu thip dir liéu can dwoc thwe hién rat can than. Thu thip di liéu mét cach ciu tha
c6 thé din dén nhirng hiu qué nghiém trong. Loai khao sat bang thw tin gitri dén cac ho gia
dinh dé ho tw tra 1o va gtri lai 1a loai khao sat c6 thé bi thién 1éch rit nhiéu (ching cé thé
thién vé m6t nhom nhat dinh). Tét hon 1a ngwoi thuwe hién khdo sat nén chu dong chon
nguoi tham gia mau khéo sat.

LAy mau ngau nhién thwc sw (true random sampling) can duwgc thwc hién véi sw thay
thé (with replacement). Nghia 13, sau khi mot thanh vién dwoc chon, thanh vién do6 sé
dwgec tra lai vao quin thé va cé thé dwoc chon lai nhiéu lan. Tuy nhién, vi ly do thuec té,
trong hau hét cac quan thé, 1dy mau ngiu nhién don gian thwong duoc thuce hién khong
c6 sw thay thé (without replacement). Cac cudc khao sat thwong dwoc thue hién theo
cach nay. Diéu nay c6 nghia l1a mét thanh vién cia quin thé chi c6 thé dwoc chon mot Ian.
HAu hét cdc mAu déu dugc 14y tir cic quan thé 16n va mau sé nho so véi quan thé. Vi vay,
1ay mau khéng cé su thay thé (sampling without replacement) thuc té twong tw nhu 1dy
mau co su thay thé (sampling with replacement) vi kha niang chon cting mot ca thé nhiéu
IAn trong 14y mAau c6 sw thay thé 1a rat thap.

Nhin chung, viéc 14y mau khong c6 sw thay thé thay vi 1y mau c6 su thay thé chi tré thanh
van dé khi quan thé nho.

Khi phan tich dir liéu, diéu quan trong 1a phai phan biét duoc sai s6 1dy mau (sampling
errors) va sai s6 ngoai ldy mau (nonsampling errors). Sai s6 14y mau c6 thé xuit hién
do qua trinh 14y mAu thuc té. Vi dy, mau c6 thé khong di 1én. Sai s6 ngoai 1dy mau xuat
hién do cac nhan t§ khong lién quan dén qua trinh 1y mau gay ra. Vi du, mot thiét bi dém
bi 16i c6 thé gay ra sai s6 ngoai 14y mau.

Trong thuic t&, mot mau sé khdng bao gior hoan toan dai dién cho quin thé, vi vay ludn cé
mot s sai s6 1dy mau. Theo quy tic chung, mau cang 16m, sai s6 14y mau cang nho.

Trong théng ké, thién léch 14y mau (sampling bias) xay ra khi mét mau duoc thu thap tir
mot quan thé ma mot s6 thanh vién cda quin thé khéng cé kha nang dwoc chon nhw cac
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thanh vién khac (nhé rang, méi thanh vién cta quan thé phai c6 co hdi dwoc chon nhw
nhau). Khi c6 thién 1éch 14y mau, két lun vé quén thé dang dwoc nghién ctiru cé thé bi sai
léch.

Ddnh gid phdn bién

Chung ta cin phai ddnh gia mot cach phan bién cac nghién cru théng ké ma chung ta doc
va phén tich chiing trwedc khi chdp nhén két qua cia cac nghién ctru d6. Mot s6 van dé pho
bién cin lwu y bao gom:

e VAn dé véi mau: Mot mau phai dai dién cho quan thé. Mau khéng dai dién cho
quan thé sé bi thién 1éch. Mau bi thién 1éch, khéng dai dién cho quén thé, s& cho
két qua khong chinh xac va khong hop 1é.

e  MAu tw chon: Nhitng phéan hdi chi dwoc dwa ra béi nhitng ngwoi tw nguyén tham
gia, chiang han nhw cac cudc khao sat qua dién thoai, thwdng khong dang tin cay.

e VAan dé vé kich thwé'c mau: Cac miu qua nho c6 thé khong dang tin cay. Néu cé
thé 14y cAc mau 16n sé tét hon. Trong mot s6 truwedng hop, viéc sir dung miu nho 1a
khong thé tranh khéi va van c6 thé stt dung d€ dwa ra két luan. Vi du: thir nghiém
va cham xe hoi hodc thi nghiém y té cho cac bénh hiém gap.

e Anh hwéng qua mirc: Thu thap dit liéu hodc dit cau héi theo cach c6 thé anh
hwdng dén phan hoi.

e Khong tra loi hoac tir chdi tham gia: Nhirng phan hoi thu dwoc cé thé khong con
dai dién cho quan thé. Thwong thi nhitng ngudi c6 quan diém manh mé (ca tich
cuwc va tiéu cuc) sé tra loi khao sat, diéu nay c6 thé lam anh hwéng dén két qua.

e Quan hé nhin qua: Mo6i quan hé twong quan gitra hai bién khong c6 nghia la mot
bién giy ra suw thay d6i ctia bién kia. Ching c6 thé cé lién quan (twong quan) vi mai
quan hé ctiia chung thong qua mot bién khéc.

e Nghién ciru tw tai tro' hoac vi lgi ich ca nhan: M6t nghién ctiru dwgc thyc hién
bdi mot ¢4 nhan hodc t6 chirc nham hd tro cho yéu cau cta ho. Liéu nghién ctru
nay cé khach quan khéng? Hay doc k§ nghién ctru dé€ danh gia cong trinh. Dirng tw
dong cho rang nghién ctru 12 t&t, nhwng cling dirng tw ddong cho rang nghién ctru 1a
té. Hay danh gia n6 dwa trén gia tri va cong trinh da thuc hién.

e Lam dung di¥ liéu: Biéu d6 dwoc trinh bay khong dang cach, dir liéu khong day
dd hodc thiéu ngir canh.

e  Trén lan: Khi anh hudéng ctia nhidu yéu t§ déi véi mot phan hoi khong thé tach
biét dwoc. Tron 1an 1am cho viéc rat ra két luan hgp 1é vé anh hwdng cla tirng yéu
td tré nén khé khan hodc khong thé thwc hién dworc.

Vidu 1.11

Vén dé

Mot nghién ctiru dwoc thuwe hién dé xac dinh mirc hoc phi trung binh ma sinh vién dai
hoc San Jose State phai trd moi hoc ky. Mdi sinh vién trong cdc mau duéi day duoc hoi
vé s tién hoc phi ho da tra trong hoc ky Muia Thu. Hay x4c dinh loai hinh 14y mau trong
trng treong hop duédi day:
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a. Mot mau gdbm 100 sinh vién dai hoc San Jose State dwoc chon bang cach phan
loai danh sach sinh vién theo nhém nam hoc (sinh vién ndm nhit, ndm hai, nam
ba, hodc ndm cudi), sau d6 lwa chon 25 sinh vién tir m6i nhom.

b. Mot bd phat s6 ngau nhién dwoc st dung d€ chon mdt sinh vién tir danh sach
theo thir tw chit cai cla tit ca sinh vién dai hoc trong hoc ky mua thu. Bat dau tw
sinh vién dwoc chon, c¥ moi sinh vién thir 50 s& dwgc chon cho dén khi cé téng
cong 75 sinh vién dwoc dwa vao mau.

c. Mot phwong phap hoan toan ngau nhién duoc st dung dé chon ra 75 sinh vién.
Maéi sinh vién dai hoc trong hoc ky Muia Thu ¢6 co hdi dwgc chon nhw nhau & bat
ky giai doan nao ctia qua trinh 14y mau.

d. Cac nam hoc (ndm nhit, ndm hai, ndm ba va ndm cu6i) dwgc danh sé lan lwot la
1, 2, 3 va 4. M6t bd sinh s8 ngau nhién dwoc sir dung dé€ chon ra hai trong sé cac
nam hoc dé. T4t ca sinh vién thudc hai ndm hoc dwoc chon sé tré thanh mau.

e. Mot tro Iy hanh chinh dwoc yéu ciu dirng trudc thw vién vao mot ngay thi Tw
va hoi 100 sinh vién dai hoc dau tién ma anh ta gdp vé hoc phi ho da tra trong
hoc ky Muia Thu. 100 sinh vién nay sé tao thanh mau

Lo gidi
a. LAy mau phan ting (Stratified); b. L&y mau hé théng (Systematic); c. LAy miu ngu

nhién don gian (Simple Random); d. L4y mAu cum (Cluster); e. LAy mAu thuin tién
(Convenience)

Bai tap van dung 1.11

Ban sé st dung bd phat s6 ngiu nhién dé tao ra cac loai mau khac nhau tir dit liéu. Duédi
day 1a bang hién thi sdu bd diém bai ki€ém tra (mdi bai kiém tra c6 téng diém 10) cla
mot 16p hoc thong ké co ban.

Bang 1.6
#1 | #2 | #3 | #4 | #5 | #6
5|17 1109 | 8] 3
10/ 519 (8|7 ]|6
9110 8 | 6 | 7| 9
9 (10 (10| 9 | 8 | 9
71819 |5]|7] 4
919 10 8 | 7
7 (7 101 9 | 8 | 8
8 | 8 10| 8 | 8
9 (7 (87|78
8 8 (109 | 8|7

Huwéng dan: St dung Excel d€ chon mau.
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1. Tao mau phan ting (Stratified Sampling)
Yéu cau: Chon ngiu nhién 3 diém bai ki€m tra tir moi cOt (tir cOt #1 dén #6).
Thwc hién:
Bwdérc 1: Danh s6 thir ty tir 1 dé€n 10 cho mbi hang trong bang (day 1a s& thi tw ctia cac
diém bai kiém tra trong tirng cot).
Bwdc 2: Nhiap vao mot 6 trong cua trang tinh Excel cong thirc: =RANDBETWEEN(1,10)
(Pay 1a ham tao s6 nguyén ngiu nhién tir 1 dén 10)
Bwérc 3: O cot 1, thue hién cac bwéce sau:
o Nhén phim F9 dé tinh lai ham Excel.
o Ghi lai s6 trong 6 chira cong thirc RANDBETWEEN(1,10).
o Lap lai thém 2 lan dé c6 3 con s6.
Bwdérc 4: Lap lai quy trinh bwée 3 cho 5 cot con lai.
Téng cong ban sé thu dwoc 3 diém x 6 cot = 18 diém — tao thanh mAu phan ting.

2. Tao mau cum (Cluster Sampling)

Yéu ciu: Chon ngiu nhién 2 trong 6 cot.

Thwc hién:

Bwdrc 1: Nhap vao mét 6 trong cla trang tinh Excel cong thirc: =RANDBETWEEN(1,6) (Pay la
ham tao s6 nguyén ngau nhién tir 1 dén 6)

Bwdc 2: Nhian phim F9 dé tinh lai ham Excel, ghi | phim F9 dé t chira cong thirc
RANDBETWEEN(1,6)

Bwdrc 3: Nhian phim F9 dé tinh lai ham Excel, ghi lai s6 trong 6 chira cong thirc
RANDBETWEEN(1,6). Néu s6 mé&i trung véi so cii, thi tiép tuc nhan F9 dé c6 con so6 khac
s6 ca.

Bwérc 4: Ly toan bd 10 diém tir mdi cOt twong tng véi con s6 da co.

3. Tao mau ngiu nhién don gian (Simple Random Sampling)

Yéu ciu: Chon ngiu nhién 15 diém bai kiém tra tir t6ng s6 60 diém.

Thwc hién:

Bwdrc 1: Danh s6 thit tw cho toan bé cac diém tir 1 dén 60 (vi du: di theo tirng hang tir
trai sang phai). Vi du: O A1 (cot #1, hang 1) 1as6 1, 0 B1 (cot #2, hang 1) 14 s6 2, .., O
F10 (cot #6, hang 10) 14 s6 60.

Bwdérc 2: Tao 15 6 tréng, moi 6 nhap céng thirc: =RANDBETWEEN(1,60)

Bwdrc 3: Copy — Paste Values dé c6 dinh

Bwéc 4: Kiém tra cac con s6 c6 trung lap (c6 thé dung “Remove Duplicates” trong
menu Data. Néu trung l4p thi tao con s6 m&i véi RANDBETWEEN)

Bwdrc 5: Liy diém tir 6 twong (ng.

4. Tao mau hé théng (Systematic Sampling)

Yéu ciu: Chon 12 diém trong 60 diém theo hé théng cach déu.

Thuwc hién:

Bwdérc 1: Tinh khoang cAich mau: k=60/12=5

Bwdéc 2: Chon mot s6 ngiu nhién tir 1 dén 5 1am vi tri bat dau (r) bang ham
RANDBETWEEN(1,5) trong Excel

Bwdére 3: Tao ddy s hé théng bang cach ti r, IAn lwot cong thém 5 cho dén khi da 12
sO:r, r+5, r+10, .., r+55

Bwdrc 4: Dung 12 s6 thit tw vira tao — tra ciru diém bai kiém tra twong (rng trong bang.
Danh sach 12 diém d6 1a mau hé théng.
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Vidu 1.12

Vén dé

X4c dinh loai phwong phap 14y mau duoc st dung (ngiu nhién don gian, phan ting, hé
théng, cum, hay thuén tién).

a. Mot huln luyén vién bong da chon sdu cau thl tir mét nhém céc bé trai tir tam
dén muoi tudi, bay cau thi tir mét nhém cac bé trai tir 11 dén 12 tudi va ba ciu
thi tlr mo6t nhom céc bé trai tir 13 dén 14 tudi dé thanh 1ap mot ddi bong da giai
tri.

b. Mot nguoi tham do y kién phdng van tat cd nhin vién nhan sy tai ndm céng ty
cong nghé cao khac nhau.

c. M6t nha nghién ctru gido duc treong trung hoc phdng vin 50 gido vién trueong
trung hoc cong lap va 50 gido vién truedng trung hoc tw thuc.

d. Mot nha nghién ctru y t€ phong vAn moi bénh nhan thi ba trong danh sach bénh
nhan ung thw tai mot bénh vién dia phwong.

e. Mot cd van tredng trung hoc str dung may tinh dé tao ra 50 s6 ngau nhién va sau
dé chon cac hoc sinh ¢6 tén twong ng véi cac sé do.

f. Mot sinh vién phdng van cac ban cung 1ép trong 1&p dai s6 ctia minh dé xac dinh
s6 lwgng trung binh cac bd quin jeans ma mot sinh vién s& hiru.

Loi gidi

a. Phan ting; b. Cum; c. Phan ting; d. Hé thdng; e. Ngau nhién don gian; f. Thuan tién

Bai tap van dung 1.12

X4c dinh loai phwong phap 14y mau duwoc st dung (ngiu nhién don gian, phan ting, hé
théng, cum, hay thuin tién).

Mot hiéu truedng trueong trung hoc tham do y kién 50 hoc sinh nam nhét, 50 hoc sinh
nam hai, 50 hoc sinh ndm ba va 50 hoc sinh ndm cudi vé nhirng thay déi chinh sach lién
quan dén cac hoat dong sau gio hoc.

Né&u chiing ta kiém tra hai mau dai dién cho cing mot quan thé, ngay ca khi st dung cac
phwong phap 14y miu ngiu nhién, ching s& khong hoan toan gidng nhau. Giéng nhw c6
bién thién trong dit liéu, cling c6 bién thién trong cidc mau. Khi ban quen dan véi viéc
14y mau, bién thién ndy s& bat dau tré nén tw nhién.

LUUY

Trong phan Khoang tin ciy (Confidence Intervals) cta gido trinh, cidc cong thirc tinh
kich thwéc mau dwoc cung cip dé xac dinh s8 lwgng mau khi 14y mAiu tir mot quan thé.
Kich thwéc mau sé phu thudc vao do chinh xac mong mudn thay vi vao kich thuéc quan
thé. Piéu nay c6 thé hoi ngwoc véi suy nghi thong thudong, vi ching ta c6 thé nghi rang
kich thwéc mAu phai ty 1é thuan véi kich thuwdc quan thé. Tuy nhién, thuc t& 1a mdt mau
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1.000 nguwoi c6 thé du dé dai dién cho quan thé 100.000 ngwoi cling nhw 1.000.000
nguwdi, néu yéu cau vé do chinh xac la giéng nhau. Khi 4p dung cong thikc tinh kich thwéc
mau trong phan Khoang tin ciy, ban sé& nhan thiy rang kich thuéc quan thé khong phai
12 yéu t6 quyét dinh trong viéc xac dinh kich thuéc mau.

Vidu 1.13

Gia st tredrng Cao dang ABC ¢6 10.000 sinh vién ban thi gian (quén thé). Ching ta quan
tAm dén s tién trung binh ma moi sinh vién ban thoi gian chi tiéu cho sach vé trong ky
hoc mua thu. Viéc khao sat tit cd 10.000 sinh vién 13 mdt nhiém vu gin nhw khong thé
thwc hién dworc.

Gia st chung ta thwc hién hai miu khac nhau:

DAu tién, chiing ta stt dung phwong phap 14y mau thuan tién va khdo sat muoi sinh vién
tr 16p Hoa hoc hitu co ky 1. Nhiéu sinh vién trong s6 nay dang hoc mén Giai tich ky 1
cung v&i 1ép Héa hoc hiru co. S6 tién ho chi tiéu cho sach vé nhw sau:

$128; $87; $173; $116; $130; $204; $147; $189; $93; $153

MaAu thit hai dwoc 14y tir danh sach nhirng ngudi cao tudi tham gia 16p thé duc va ta chon
moi nguwoi cao tudi thir nAm trong danh sich, téng cong 1a mwdi ngudi. SO tién ho chi
tiéu cho sach vé la:

$50; $40; $36; $15; $50; $100; $40; $53; $22; $22

Kha ning c6 ngudi hoc xuat hién trong ca hai mau nay 1a rit thap.

Vin dé

Ban c6 nghi rang mot trong hai mau nay dai dién cho (hodc dic trung cho) toan bd quan
thé 10.000 sinh vién ban thoi gian khéng?

Loi gidi

a. Khong. Mau dAu tién c6 thé chi yéu bao gom céc sinh vién thién vé khoa hoc. Ngoai
16p Héa hoc hiru co, mot s6 sinh vién con hoc mon Giai tich ky 1. Sdch cho cdc mon nay
thwong rat dat. Hau hét cac sinh vién nay, c6 kha ning, dang chi tiéu nhiéu hon mitc
trung binh ctda sinh vién ban thoi gian cho sach vé. Mau thit hai 12 mot nhém nhirng
nguoi cao tudi, c6 1é dang tham gia cac 16p hoc dé€ ning cao strc khoe hodc théa méan s
thich. So tién ho chi cho sach vé c6 1€ it hon nhiéu so vé&i sinh vién ban thoi gian trung
binh. C& hai mau déu c6 sw thién l1éch. Thém vao d6, trong ca hai treong hop, khong phai
tat ca sinh vién déu c6 co hdi dwoc chon vao mau.

Vdn dé

b. Vi cAc mAu nay khong dai dién cho toan bd quan thé, liéu cé hop 1y khi str dung két
qua ctia ching d€ mo ta toan bo quin thé khong?

Loi gidi
b. Khéng. V&i cdc mau nay, mdi thanh vién trong quan thé khong c6 co hdi chon lwa nhw
nhau.

Gia str bay gi¢ chiing ta 1y mot mau thit ba. Chiing ta sé chon 10 sinh vién ban thoi gian
tlr cac nganh hoc nhw héa hoc, todn hoc, ti€éng Anh, tdm ly hoc, xa hoi hoc, lich si, diéu

Access for free at openstax.org
31



1 L4y mau va dir liéu

dudng, gido duc thé chat, nghé thuat va phat trién tré nhé. (Gid dinh rang day la tit ca
cac nganh hoc ma sinh vién ban thoi gian tai Cao ding ABC tham gia va s6 lwong sinh
vién ding ky trong moi nganh hoc 1a nhw nhau.) Mdi sinh vién dwoc chon qua phwong
phap 14y mau ngiu nhién don gian. Cac s6 ngiu nhién dwoc tao ra bang may tinh va moi
sinh vién s& dwoc chon néu s6 ctia ho khép véi s6 ngau nhién dwoc tao ra. Cac sinh vién
trong mau chi tiéu cac khoan sau:

$180; $50; $150; $85; $260; $75; $180; $200; $200; $150.

Vin dé

c. MAu nay c6 bi thién Iéch khong?

Loi gidi

c. Mau nay khong bi thién 1éch, nhwng néu stt dung mét mau lén hon, kha ning miu nay

dai dién cho quén thé sé cao hon. Tuy nhién, d6i véi cAc phwong phap 14y mAau c6 thién
1éch, du mau c6 1é6n dén dau, van c6 nguy co mau khéng dai dién cho quén thé.

Sinh vién thwong thic mac liéu thay vi khdo sat toan bd quan thé viéc chi 14y mau cé “du
tot” khéng. Néu quy trinh khao sat dwoc thuwe hién didng cach, thi ciu tra 1o 1a co.

Bai tap van dung 1.13

Mot dai phat thanh dia phwong c6 20.000 thinh gid. Pai mudn biét liéu khan gia cla
minh sé thich nghe nhiéu nhac hon hay nhiéu chwong trinh tro chuyén hon. Viéc khao
sat tit ca 20.000 thinh gia 1a m6t nhiém vu gan nhw khéng thé.

Dai stt dung phwong phéap 14y mau thuin tién va khao sat 200 ngwdi dau tién ma ho gip
tai mot trong cac sw kién hoa nhac cida dai. 24 nguoi cho biét ho mudn nghe nhiéu
chwong trinh tro chuyén hon, trong khi 176 ngwoi cho biét ho muén nghe nhiéu nhac
hon.

Ban c6 nghi rang mau nay dai dién cho (hodc dic trung cho) toan bd quan thé 20.000
thinh gia khong?

Bién thién trong dir liéu

Bién thién (variation) ludn ton tai trong bat ky tap dir liéu ndo. Chang han, lon nuéc ngot
ghi 16 ounce c6 thé thuc té chira nhiéu hodc it hon con sé nay. Trong mot nghién ciru, tdm
lon 16 ounce dwoc do va cho ra lwgng nuwéce (tinh bang ounce) nhu sau:

15,8; 16,1; 15,2; 14,8; 15,8; 15,9; 16,0; 15,5

Sw sai khac nay c6 thé xuit phat tir viéc nhiéu ngwdi do lwdng khac nhau hodc do nha san
xuat khong rét chinh xac 16 ounce chat 16ng vao moi lon. Vi vy, cdc nha san xuit thuwong
xuyén kiém tra d€ ddm bao lwgng nwéc trong lon 16 ounce nam trong khoang cho phép.

Khi ban thu thip dir liéu, két qua ctia ban c6 thé hoi khac so véi két qua cia nguoi khac
du cung muc dich—d6 la diéu hoan toan tw nhién. Tuy nhién, néu hai hay nhiéu nguoi
cung do ma thu dwoc két qua chénh l1éch qua 16, da dén ldc tit ca can xem xét lai phwong
phap thu thap dit liéu va do chinh xac cia minh.
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Bién thién trong mau

Nhuw di dé cap, hai hoidc nhiéu mau dwoc 14y ngu nhién tir cing mot quan thé—du c6
dic diém gan giéng quin thé—van thwong khac nhau. Gia st Doreen va Jung ciing mudn
khao sat thoi gian ngl trung binh moi dém ctia sinh vién trong trweong. Ca hai déu 14y mau
500 sinh vién: Doreen dung 14y miu hé théng, con Jung dung 14y miu cum. Miu cla
Doreen chic chan sé khac mAau cta Jung. Ngay ca khi ho st dung ciing mot phwong phép,
kha nang cao cac mau van khac nhau—va diéu d6 hoan toan binh thuwdng, khéng c6 ai sai.

Hay suy nghi diéu gi khién mau ctia Doreen va Jung khac nhau.

Néu c4 hai ting kich thwéc miu (nghia 1a 14y nhiéu gia tri di liéu hon), két qua ciia mau
(thoi gian ngl trung binh cda sinh vién) c6 thé gan sat hon véi gia tri trung binh thét cta
quan thé. Tuy vay, gdn nhw chic chan mAiu cta ho vin khac nhau. Do d6, bién thién trong
mau 13 hién twong ludn ton tai.

Kich thwéc mau

Kich thwéc mau—thuwdng ky hiéu 1a n (s6 quan sat)—rat quan trong. Cac vi du trwdc day
trong sach déu dung mau nho. Vi nhiéu muc dich, mau chi vai trdm quan sat (tham chi it
hon) da du. Trong khao sat dw luan, c& miu khoang 1.200-1.500 quan sat dwgc xem 1a
du 16m va dang tin ciy, mién 1a qua trinh khao sat ngau nhién va dwoc tién hanh cin than.
Sau nay, ban sé thdy rang kich thwéc nho hon nita cling c6 thé cho két qua rat tét—ly do
sé ro khi ban hoc vé khoang tin ciy.

Can lwu y rang nhiéu mau 1é6n van c6 thé thién 1éch. Vi dy, khdo sat qua cac cudc goi tw
nguyén hau nhw ludn bi thién 1éch, vi ngwdi tham gia tw quyét dinh ¢ hoi dap hay khong.

1.3 Thang do

Khi da c6 mot tap dir liéu, ban cin sap xép ching dé€ phan tich tAn suit xuit hién cia
tirng gia tri. Tuy nhién, trong qua trinh tinh tin suit, ban cé thé phai lam tron két qua
nham dat dwoc dd chinh xac nhat c6 thé.

Cac thang do

Cach thirc do lwong mot tap dit liéu dwoc goi la thang do (level of measurement). Viéc ap
dung ding cac phwong phap théng ké phu thudc vao viéc nha nghién ctru nhin dién chinh
xac mirc thang do; khong phai phép todn thong ké nao ciing thich hop cho moi loai dir
liéu. Dt liéu dwoc chia thanh bon thang do, x€p tir thap dén cao nhw sau:

e Thang do dinh danh (Nominal scale level)
e Thang do thtr bdc (Ordinal scale level)

e Thang do khodng (Interval scale level)

e Thang do ty Ié (Ratio scale level)

Dir liéu do trén thang do dinh danh (nominal scale) 1a dir liéu dinh tinh (phan loai).
Cac hang muc, mau sic, tén nhan, mén dn wa thich cing v&i cau tra 101 “c6” hodc “khong”
12 vi du ctia di¥ liéu mic dinh danh. Thang do dinh danh khéng dwoc sp xép theo thi tu;
chang han, xép pizza trwéc sushi khong cé y nghia.
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Cac hing san xuit dién thoai thong minh ciing 1a mot vi du vé dir liéu thang do dinh danh.
O day, dir liu chi gdm tén cac hang san xuat dién thoai thong minh; gitta cac thwong hidu
nay khong tbn tai thit tw chung dwoc thira nhin, m3c di mdi ngudi c6 thé c6 s& thich
riéng. D@ liéu thang do dinh danh khong thé str dung trong tinh toan.

Di liéu duwgc do bang thang do thir bac (ordinal scale) giéng v&i dit liéu thang do dinh
danh, nhung c6 mot khac biét quan trong: dit liéu thang do thit bac c6 thé sip xép theo
thi tw. Vi du vé dir liéu thang do th bac la danh sadch ndm céng vién quéc gia hang dau &
Hoa Ky. Nam cong vién nay c6 thé dwoc xép hang tir mot dé€n nam, nhwng chiing ta khong
thé do lworng mirc chénh 1éch gitra cac hang.

Mot vi du khac vé viéc st dung thang do thi bic 1a khdo sat vé dich vu du thuyén, trong
do6 cac cau tra 101 cho cac cau héi vé chuyén du lich 1a “xuit sic”, “tot”, “dat yéu cau” va
“khong dat yéu cau”. Nhirng ciu tra 1oi nay dwoc x€p theo thi ty tir mirc mong muén nhat
dén mirc it mong muén nhit. Tuy nhién, khong thé do dwgc sw khac biét gitra hai dir liéu.
Giong nhw dit liéu thang do dinh danh, di¥ liéu thang do th& bic khong thé st dung trong
tinh toan.

Dit liéu do trén thang do khoang (interval scale) giong dir liéu thang do thir bac & chd
c6 thit tw rd rang, nhwng khac & cho khodng cach gitra cac gia tri c6 thé do dworc, du thang
do nay khéng c6 méc 0 tuyét doi.

Nhitng thang do nhiét @6 nhw Celsius (°C) va Fahrenheit (°F) 1a vi du dién hinh cta thang
do khoang. O’ ca hai thang do nhiét d6 nay, 40° dling bing 100° trir 60° - chénh léch nay
hoan toan c6 y nghia. Tuy nhién, 0° khong phai mtc “khdng con nhiét do”, b&i van ton tai
cac gia tri am nhw -10 °F hay -15 °C, va lanh hon 0°.

Dit liéu thang do khoang c6 thé tham gia cic phép cOng, trir, nhwng khéng thé so sanh
theo ty 1&. Chang han, 80 °C khéng “néng gip bén Ian” 20 °C, cling nhw 80 °F khong gip
bon Ian 20 °F; Ty 1é 80 trén 20 (hay bon trén mot) khong c6 y nghia.

Dir liéu do theo thang do ty 1é (ratio scale) khac phuc hoan toan van dé vé ty 1é va cung
cip lwong thong tin phong phd nhit. Dit liéu thang ty 1é giéng nhw dit liéu thang do
khoang, diém khac biét then chot 1a ¢6 moc 0 tuyét doi, nén ta cé thé tinh toan ty 1€ giira
cac gia tri. Vi du, b6n diém thi trac nghiém cudi ky mén thong ké 1a 80, 68, 20 va 92 (thang
diém tdi da 100). Cac bai thi dwoc chAm bang may. Ta c6 thé sip xép két qua tir thip dén
cao: 20, 68, 80, 92.

Khoang cach gitra cAc diém c6 y nghia: 92 cao hon 68 dung 24 diém. Dong thoi, vi c6 mdc
0 tuyét doi, phép so sanh ty 1é ciing c6 gia tri: diém thap nhit c6 thé 1a 0, nén 80 gip bén
lan 20; néi cach khac, 80 diém cao gip bon 14n 20 diém.

Tan suat

Hai muwoi sinh vién dwgc héi ho 1am viéc bao nhiéu gi¢r mdi ngay. Cau tréa 1¢i cta ho (tinh
theo gid) nhwsau: 5; 6; 3; 3; 2;4; 7; 5; 2;3; 5;6; 5;4; 4; 3; 5; 2; 5; 3.

Bang 1.7 liét ké cac gia tri dir liéu theo thi tw ting dan cung tin suit xuit hién cua tirng
gia tri.
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Bang 1.7 Bang tin suit gi¢r 1am viéc cta sinh vién

GIA TRI DU’ LIEU | TAN SUAT
2 3
3 5
4 3
5 6
6 2
7 1

Tan suat (frequency) la s6 1an mot gia tri xuit hién trong tap dit liéu. Theo Bang 1.7, c6
ba sinh vién lam viéc 2 gi®, ndm sinh vién lam viéc 3 gid, v.v. Tong cac gia tri trong cot tin
suit bang 20, dung bang téng s sinh vién trong mau.

T4an suit twong doi (relative frequency) la ty 1é—dwéi dang phén sé, phan tram hodc
s6 thap phin—gitra s6 1an mét gia tri xuit hién so v&i tong s6 quan sat. Bé tinh tin suit
twong doi, chia tAn suit ciia moi gia tri cho téng s6 sinh vién trong mau (& day l1a 20). Vi
du, gia tri 2 gior c6 tAn sudt 3, nén tan suit twong ddi 1a 3/20, bang 0,15 (15 %).

Bang 1.8 Bang tan suit gio [am viéc cla sinh vién véi tin suit twong doi

GIA TRI DU’ LIEU | TAN SUAT | TAN SUAT TWONG POI

2 3 2 ho#c 0,15
20

3 5 > hoidc 0,25
20

4 3 > ho#c 0,15
20

5 6 ° hoic 0,30
20

6 2 2 ho#c 0,10
20

7 1 < hoiic 0,05
20

Bang 1.8 cho thiy téng cac gia tri trong cot tin suit twong doi la %, hodc 1.

Tan suit twong dadi tich liy (Cumulative relative frequency) 1a gia tri cong don cua cac
tan suit twong doi cho dén hang hién tai. D€ tinh tan suit twong do6i tich liy cia mét hang,
ban 14y tin suit twong ddi ciia hang nay va cong v&i tat ca cac tan sult twong doi & cac
hang phia trén, nhw thé hién trong Bang 1.9.
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Bang 1.9 Bang tin sut gi® 1am viéc cla sinh vién v&i tin sult twong doi va tich liy

twong doi
GIA TRI DU TAN TAN SUAT TUONG | TAN SUAT TUONG DOI TICH
LIEU SUAT poI LOY
2 3 ~ hosic 0,15 0,15
3 5 — hodc 0,25 0,15 + 0,25 = 0,40
4 3 — hosic 0,15 0,40 + 0,15 = 0,55
5 6 — hoic 0,30 0,55 + 0,30 = 0,85
6 2 ~ hoic 0,10 0,85 +0,10 = 0,95
7 1 —hoc 0,05 0,95 + 0,05 = 1,00

Muc cudi cung trong cOt tan suit twong ddi tich liy co gia tri bang 1, cho thdy 100% di
liéu da dwoc quy gop.

LUUY

Do lam tron, téng cic gia tri trong c6t tin suit twong déi khong nhat thiét phai ding
bang 1, va gia tri cudi ciing trong cOt tan sudt twong ddi tich liy cling ¢ thé khéac 1. Tuy
nhién, ca hai déu nén x4p xi 1.

Bang 1.10 biéu thi chiéu cao (tinh bang inch) ctia mdt mau gém 100 cau thi bong d4 ban

chuyén nghiép.

Bang 1.10 Bang tin suat chiéu cao cta cau thi béng da

CH(IIEIé Ig;xo TAN SUAT TAN SUDA'(TjITUUNG TAN SL’ITAIg I_'II‘HI%{NG POI
59,95-61,95 5 —=0,05 0,05
61,95-63,95 3 lioo= 0,03 0,05 + 0,03 = 0,08
63,95-65,95 15 11—050= 0,15 0,08 + 0,15 = 0,23
65,95-67,95 40 1“—000= 0,40 0,23 + 0,40 = 0,63
67,95-69,95 17 11—070= 0,17 0,63 +0,17 = 0,80
69,95-71,95 12 11—020= 0,12 0,80 + 0,12 = 0,92
71,95-73,95 7 —-=0,07 0,92 + 0,07 = 0,99
73,95-75,95 1 1—30= 0,01 0,99 + 0,01 = 1,00

Tong cong = 100

Tong cong = 1,00

Dir liéu trong bang nay da dwgc phan nhém vao cac khoang sau:

e Twr59,95dén 61,95 inch
e Twr61,95dén 63,95 inch
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e Twr63,95dén 65,95 inch
e Twr6595dén 67,95 inch
e Twr67,95dén 69,95 inch
e Tw69,95dén 71,95 inch
e T 71,95 dén 73,95 inch
e T 73,95 dén 75,95 inch

Trong mau ndy, c6 ndm ciu thu cé chiéu cao thudc khoang 59,95-61,95 inch, ba cau thu
thudc khoang 61,95-63,95 inch, muwdi ldam ciu tha thudéc khoang 63,95-65,95 inch, bén
muoi cdu thu thudc khodng 65,95-67,95 inch, mwdi bay ciu thd thudéc khoang 67,95-
69,95 inch, mwoi hai cau thd thudc khodng 69,95-71,95 inch, bdy ciu thi thudc khoang
71,95-73,95 inch va moét cau thd thudc khoang 73,95-75,95 inch. Tat ca cac gia tri chiéu
cao déu nam gitra hai mat khoang, khong bang ding diém dau hay diém cudi.

Vidu 1.14

Vin dé

Tlr Bdng 1.10, hdy tim ty 1é phan tram sé cau thu cé chiéu cao thip hon 65,95 inch.

Lo gidi

Néu ban quan sat hang thir nhit, th hai va thir ba, ban sé thiy tit ca cac chiéu cao trong
cac khoang nay déu thap hon 65,95 inch. C6 tong cdng 5 + 3 + 15 = 23 ciu thi c6 chiéu
cao thip hon 65,95 inch. Do dé, ty 1é phin tram chiéu cao thip hon 65,95 inch la %

hodc 23%. Ty 1é phan tram nay chinh la gia tri tin suat twong déi tich lily trong hang
thir ba.

Bai tap van dung 1.14

Bang 1.11 hién thi lwgng mwa hang nam tinh bang inch tai mot sd thi tran.

Bang 1.11
Lwong mwa " x Tan suit twong | Tan suit twong doi tich
(Inch) Tan sudt d6i liiy
2,95-4,97 6 == 0,12 0,12
4,97-6,99 7 Z=0,14 0,12 + 0,14 = 0,26
6,99-9,01 15 ==0,30 0,26 + 0,30 = 0,56
9,01-11,03 8 ==0,16 0,56 + 0,16 = 0,72
11,03-13,05 9 —=0,18 0,72 + 0,18 = 0,90
13,05-15,07 5 ==0,10 0,90 + 0,10 = 1,00
Tong cong =50 | Téng cdng = 1,00

Twr Bang 1.11, hay tim phan tram lwgng mwa thap hon 9,01 inch.
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Vidu 1.15

Vén dé

T Bang 1.10, hdy tim phén tradm chiéu cao nam trong khoang tir 61,95 dén 65,95
inch.

Loi gidi

Cong cac tan suit twong d6i & hang th hai va thi ba: 0,03 + 0,15 = 0,18 hay 18%.

Bai tap van dung 1.15

T Bang 1.11, hiy tim phin trdm lwong mwa nam trong khoang tir 6,99 dén 13,05 inch.

Vidu 1.16

Vén dé

S dung dit liéu chiéu cao ctia 100 cau thd bong da ban chuyén nghiép trong Bang 1.10
. Dién vao chd tréng va kiém tra cau tra 1o ciia ban.

Ty 1é phan tram chiéu cao nam trong khoang 67,95 dén 71,95 inch la: __.
Ty 1& phan tram chiéu cao nam trong khodng 67,95 dén 73,95 inch 1a: ___.
Ty 1é phan tram chiéu cao 16n hon 65,95 inch la: __.

S6 lwong cAu thd trong mau c6 chiéu cao tir 61,95 dén 71,95 inch la: ___.
Chiéu cao thudc loai dit liéu nao?

Mo ta cach ban c6 thé thu thap dir liéu chiéu cao sao cho phan anh dic trung
cda toan bo ciu thu bong da ban chuyén.

Lwu y: Ban dém tin sudt. D€ tim tan suit twong doi, chia tin suit cho tong s6 quan sat.
Dé tim tan suit twong doi tich 1y, cOng tit ca cac tin suit twong déi trwedrc d6 voi tin
suat twong doi cia hang hién tai.

e a0 T

Loi gidi
a. 29%
b. 36%
c. 77%
d. 87
e. Dtirliéu lién tuc dinh lvong
f. Lay danh sach cau thu tir mdi ddi va chon mau ngau nhién don gian tir tirng

doi.

Bai tap van dung 1.16
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T Bang 1.11, hiy tim s6 lwong thi trdn c6 lwgng mwa nam trong khodng tir 2,95 dén
9,01 inch.

Bai tap nhom

Trong 16p hoc ctia ban, hiy ctr mot ban tién hanh khao sat s lwgng anh chi em ma moi
sinh vién trong 1&p c6. Hay 1ap mot bang tan suit tir dir liéu thu dwgc. Sau d6 bo sung
thém co6t tin suat twong doi va cot tin suit twong déi tich liy. Tra lod cac cau hoi sau:

1. C6 bao nhiéu phan tram sinh vién trong 1&p khdng c6 anh chi em?

2. C6 bao nhiéu phan tram sinh vién c6 tir mot dén ba anh chi em?

3. Co6 bao nhiéu phan tram sinh vién c6 dwdi ba anh chi em?

Vidu1.17

Muwdi chin ngudi dwgc héi vé quing dwong (lam tron dén didm gan nhat) ho di lam moi
ngay. Dit liéu thu dwoc nhw sau: 2; 5; 7; 3; 2; 10; 18; 15; 20; 7; 10; 18; 5; 12; 13; 12; 4; 5;
10. Bang 1.12 dwoc lap dwa trén tap dit liéu nay.

Bang 1.12 Tan suit quiang dwong di lam

. N ~ TAN SUAT TAN SUAT TUONG
DULIEU | TANSUAT | 1onG POI pOI TiCH LOY
3 3 3 0,1579
119

4 1 — 0,2105
139

5 3 = 0,1579
129

7 2 = 0,2632
149

10 3 — 0,4737
129

12 2 = 0,7895
119

13 1 — 0,8421
119

15 1 — 0,8948
119

18 1 — 0,9474
119

20 1 — 1,0000
19

Vdn dé

a. Bangnay c6 chinh xac khong? Néu khong, sai & dau?
b. Dung hay sai: 3% s6 ngwoi dwgce khao sat di lam quing dwong 3 dam. Néu sai,
cau dung 12 gi? Néu bang c6 16i, hay chinh stra.

Access for free at openstax.org
39



1 L4y mau va dir liéu

c. Cébao nhiéu nguwoi (dwédi dang phan s6) di lam quing dwong 5 hodc 7 dim?

d. Co bao nhiéu ngwoi (dwédi dang phan s6) di lam:
-ty 12 dam tré 1én?
- duwdi 12 dam?
- trong khoang tir 5 dén 13 dam (khong bao gobm 5 va 13)?

Loi gidi

a. Khong. Cot tan sudt trong bang chi cong lai dwoc 18 thay vi 19, nén thiéu dir liéu.
Ngoai ra, mot so gia tri trong cot tan suit twong déi tich liiy cling bi tinh sai.

b.  Sai. Tan suit cho quing dwong 3 dam la 1 nguoi, twong ng véi khodng 5,26%,
khong phai 3%. Ngoai ra, dit liéu cho quang duwdng 2 dam bi bo sét, trong khi cé
2 nguoi di quang dwong nay. Cot tin suit twong déi tich Ity ding phaila: 0,1052;
0,1579;0,2105; 0,3684; 0,4737; 0,6316; 0,7368; 0,7895; 0,8421; 0,9474; 1,0000.
5
19
7 12 7

d 27

19’ 19’ 19

Bai tap van dung 1.17

Bang 1.11 thé hién lwong mwa trung binh hang nam (tinh bang inch) tai mdt mau cac
thi trdn. Trong s cac thi tran dwoc khao sat, c6 bao nhiéu phan (dwéi dang phan so)
nhan duoc lwong mwa nam trong khoang tir 11,03 dén 13,05 inch m6i nim

Vidu 1.18

Bang 1.13 trinh bay dit liéu vé s6 ndm cong tac cua 70 nhan vién lién bang.

Bang 1.13

S6 ndm cong tac | SO lwgng nhan vién lién bang
24
25
26
27
28
29
30
31
32
33
34
35

= =
Slo®@ NG| o|w|-|

Vén dé

Tra l&i cac ciu hoi sau:
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a. Tan sudt tich lily cia s6 nam coéng tac trong khodng tir 30 dén 35 nam (bao gdbm
ca 30 va 35) la bao nhiéu?

b. Tén suat twong doi cia s6 ndm cdng tac dung 30 ndm la bao nhiéu?

c. Tan suit twong ddi clia s6 nidm cdng tac bang hodc nho hon 30 ndm 1a bao

nhiéu?
d. Tan suit twong ddi clia s6 ndm cdng tac bang hodc 1én hon 25 nam 1 bao
nhiéu?
Loi gidi

a. Tan sudttich lay la 54.

b. 11/70hodc 0,157 hoac 15,7%
c. 27/70hoac 0,386 hoac 38,6%
d. 68/70hoac 0,971 hoac97,1%

Bai tap van dung 1.18

Bang 1.14 téng hop s6 vu tai nan giao thong dwong bd dan dén ti vong tai Hoa Ky
trong su6t 18 nam.

Bang 1.14
Nim | Téng s6 vu tai nan Nam Tdong s6 vu tai nan

Nam 1 36.254 Nam 11 38.444
Nam 2 37.241 Nam 12 39.252
Nam 3 37.494 Nam 13 38.648
Nam 4 37.324 Nam 14 37.435
Nam 5 37.107 Nam 15 34.172
Nam 6 37.140 Nam 16 30.862
Nam 7 37.526 Nam 17 30.296
Nam 8 37.862 Nam 18 29.757
Nam 9 38.491 Tong cong 653.782
Nam 10 38.477

Tra loi cac cau hoi sau.

a. Tan sudtsé ca tir vong dwoc ghi nhin tir ndm thir 7 dén ndm thir 11 1a bao
nhiéu?

b. Ty lé phan tram so ca t& vong xay ra sau nam th 13 l1a bao nhiéu?

c. Tan sult twong déi ctia so ca tlr vong xay ra trong nam thi 7 tré vé tredc la bao
nhiéu?
Ty 1é phan tram s ca ti vong xay ra trong nam thi 18 la bao nhiéu?

e. Tan suit twong déi tich liiy dén nam thi 13 1a bao nhiéu? Giai thich y nghia cua
con s6 nay cho ban biét diéu gi vé dir liéu.
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1.4 Thiét ké thwc nghiém va dao dirc nghién ciru

Aspirin c6 thuc sw gitp giam nguy co dau tim khong? Liéu mot loai phan bén cé hiéu qua
hon loai khac trong viéc trong hoa hong? Mét méi c6 nguy hiém véi nguoi lai xe twong
dwong véi viéc lai xe khi say rwegu khong? Nhitng cau hoi nhw vay thuwong dwoc giai dap
thong qua cac thwe nghiém ngau nhién. Trong phan nay, ban sé tim hiéu nhirng khia canh
quan trong trong thiét ké thwc nghiém. Viéc thiét ké nghién ctru ding cach gitp ddm bao
thu thap dwoc dit liéu chinh xac va dang tin cay.

Muc tiéu cia mét thwe nghiém 1a nghién cru moi quan hé gitra hai bién. Khi mét bién gay
ra su thay déi & bién khac, bién dau tién dwoc goi la bién ddc 1ap (independent
variable) hoic bién giai thich (explanatory variable), con bién bi &nh hwdng goi la
bién phu thudc (dependent variable) hoidc bién dap rng (response variable) — tirc
12 m&i quan hé kich thich va phan &ng. Trong thwc nghiém ngiu nhién, nha nghién ctru sé
diéu chinh cac gia tri cia bién giai thich va do lwong su thay do6i twong &ng & bién dap
trng. Nhirng gia tri khdc nhau cia bién giai thich nay goi la cac “xir ly” (treatments). Pon
vi thwc nghiém (experimental unit) 1a tirng ddi twong hodc ca thé riéng biét dwoc do
lwong.

Gia str ban muo6n khao sat hiéu qua cta vitamin E trong viéc phong bénh. Ban tuyén mot
nhém déi twong va hoi ho cé thwdng xuyén str dung vitamin E hay khéng. Ban nhén thiy
nhom dung vitamin E c6 strc khoe trung binh tét hon so véi nhém khdng dung. Liéu diéu
nay cé chirng minh vitamin E thuc sw gitip phong bénh khong? Cau tra loi 1a khong. Béi
c6 nhiéu diém khac biét gitra hai nhdm so sanh ngoai viéc tiéu thu vitamin E. Nhitng nguoi
dung vitamin E thwdng kém theo nhiéu thdi quen tot cho strc khoe khac nhw tip thé duc,
an uong khoa hoc, b6 sung thém céc loai vitamin khac, va khong hit thuéc 14. Bat ky yéu
td nao trong s6 nay déu c6 thé anh hwdng dén strc khoe. Do dd, nghién ctru nhw vy khong
thé khang dinh vitamin E 12 yéu t8 quyét dinh trong viéc phong bénh.

Cac bién bd sung c6 thé 1am nhiéu két qua nghién ctru dwoc goi 1a bi€n ngdm 4an (lurking
variable). D€ khang dinh rang bién giai thich chinh I1a nguyén nhan gy ra s thay ddi &
bién dap &ng, cin phai tach biét bién gidi thich ra khoi cac nhén t6 khac. Nha nghién ciru
phai thiét ké thwc nghiém sao cho chi c6 mot diém khac biét duy nhit gitra cac nhém so
sanh, d6 chinh 1a cac xtt Iy (treatment) da dwgc dinh tredc. Viéc nay dwoc thue hién bang
cach gan ngau nhién (random assignment) cac don vi thuc nghiém vao cac nhém duoc
xtr ly (treatment groups). Khi cac d6i twong dwoc gdn mdot cdch ngau nhién, cac bién ngdm
an tiém nang sé dwoc phan bo déu gitva cic nhém. Khi d6, diém khac biét duy nhit gitra
cac nhém chinh 1a yéu t6 do nha nghién ctru 4p dat. Do vay, nhirng khac biét vé két qua
quan sat & bién dap &ng phai la hé qua truc tiép cta cac xtr ly khac nhau. Nho cach lam
nay, thwc nghiém cé thé chirng minh dwoc méi quan hé nhan qua giira bién giai thich va
phan dap trng.

Strc manh cla sw goi y c6 thé tic dong dang ké dén két qua cia mot thuwc nghiém. Nhiéu
nghién ctru cho thiy ky vong ctia ngudi tham gia c6 thé quan trong khong kém so véi tac
dung thuc té cta thudc. Trong mot nghién ctru vé cac loai thudc ting cworng hiéu suit, cac
nha nghién ctru nhan thay:

“Két qud cho thdy viéc tin rang minh da diing chdt dé tao ra hiéu sudt gdn twong dwong véi
viéc thuwce sw stv dung thudc. Ngwoc lai, st dung thuéc ma khéng nhdn thiec dwoc viée st
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dung thudc khéng mang lai sw cdi thién hidu sudt ddng ké.” (McClung, M. Collins, D. “Bé&i vi
toi biét n6 sé& nhw vay!”: Tac dung gid dwoc clia mot chat hd tro sinh lwc ddi véi hiéu suit
thé thao. Tap chi TAm ly Thé thao & Thé duc. 29 thang 6 nam 2007 (3):382-94. Truy cip
ngay 30 thang 4 nam 2013.)

Khi viéc tham gia nghién cttu gy ra phan &rng vé mat thé chat & ngwoi tham gia, rat kho
dé c6 1ap anh hudng cha bién giai thich. D& khic phuc tadc dong cia strc manh goi y, cac
nha nghién ctru thwong thiét lap mot nhém doi chirng (control group). Nhém nay dwoc
nhin mot liéu phap gia dworc (placebo) — mot xt Iy khdng thé dnh hwdng dén bién dap
trng. Nhom ddi chirng gitp can bang tac dong cua viéc tham gia thwc nghiém véi tic dong
cda cac xtr ly (treatment) thuwc té. TAt nhién, néu ban tham gia nghién ctru va biét rd minh
chi nhin dwoc vién thuéc khong chira hoat chét, thi strc manh cua sw goi y khdng con anh
hwéng nira. Trong cac thwe nghiém ngiu nhién, ky thuat mu héa (blinding) hoic ma héa
(maskKing) dwoc st dung dé tranh anh hwéng cia sw goi y. Khi mot ngwdi tham gia bi mu
héa, ho khéng biét minh thuéc nhém nhén x& ly thit hay nhém nhin gia dwoc. Thwe
nghiém mu do6i (double-blind experiment) 13 truong hop ca ngwoi tham gia 1an nha
nghién cru déu bi mu héa, khong biét ai nhan xtr ly that va ai nhin gia dwoc.

Vidu 1.19

Vin dé

Quy Nghién cttu va Diéu tri Mui va Vi da tién hanh mot nghién ctru nham khéo sat xem
liéu mui cé anh hwdng dén kha nang hoc tap hay khong. Cac d6i twong tham gia thuc
hién tro choi gidi mé cung nhiéu lan trong khi deo khiu trang. Ho hoan thanh mé cung
trén gidy but ba lan v&i khau trang c6 mui hoa va ba lan véi khau trang khong mui. Ngwori
tham gia dwoc gan ngau nhién dé deo khiu trang c6 mui hoa trong ba Ian thir dau hoic
trong ba lan thir cudi. O' mdi Ian thir, cAc nha nghién ctru ghi nhan thoi gian hoan thanh
gidi mé cung va danh gia cia ngwoi tham gia vé mui khiu trang: tich cuc, tiéu cwe hoac
trung lap.

a. Hiay mo ta bién giai thich va bién dap (rng trong nghién ctru nay.

b. Cac xtr ly trong nghién ctru la gi?

c. Xac dinh cac bién ngdm 4n c6 thé anh hwdng dén két qua nghién ciru.

d. C6 thé ap dung kj thuit mu héa (blinding) trong nghién cru nay khong?

Loi gidi

a. Bién giai thich 1a mui (scent), bién dap &ng la thoi gian hoan thanh gidi mé cung.

b. C6 hai xt¥ ly: khiu trang c6 mui hoa va khiu trang khong mui.

c. T4t ca cac d6i twong déu trai qua ca hai xt ly. Thit tw cac xtt ly dwoc gan ngiu nhién,

do d6 khong c6 sw khac biét gitra cAc nhém xt¥ ly. Viéc gan ngiu nhién nay loai trir anh
hwdng ctia cac bién ngdm an.

d. Ngwoi tham gia chic chin nhan biét dwoc liéu ho c6 nglri thdy mui hoa hay khéng,
nén khong thé 4p dung mu hoa d6i véi ngwdi tham gia. Tuy nhién, cic nha nghién ciru
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thwc hién do thoi gian c¢6 thé dwoc lam mu; vi ngudi quan sat sé khéng biét doi twong
dang str dung loai khau trang nao.

Bai tap van dung 1.19

Nhém Nghién ctiru Gid dwoc (Placebo Research Group) da tién hanh mét nghién ctru
nham xac dinh mc d6 4nh hwéng cla hiéu tng gid dwoc. Mot nhém nguwoi dwoc chon
ngiu nhién va dwoc yéu ciu 1am bai kiém tra truwdc va sau khi udng mot vién thudc gay
dau d4u nhe. 0’ mot ntra s6 ngwoi dwoc chon ngau nhién, vién thudc dé dwoc thay bang
vién thudc gia (placebo) cé hinh dang twong tw nhwng khong cé tac dung gi. 0 mdi lan
thi, cic nha nghién ctru ghi nhan sy thay d6i vé thoi gian hoan thanh bai kiém tra trwéc
va sau khi uong thudc.

a. Mo ta bién giai thich va bién dap &ng trong nghién ctru nay.
b. Cacxt ly trong nghién ctru la gi?
c.  Xac dinh cac bién ngdm 4n c6 thé anh huwdng dén nghién ciru.

d. Co thé ap dung ky thudt mu hoéa (blinding) trong nghién ctru nay khong?

Access for free at openstax.org
44



1 L4y mau va dir liéu

Thuat ngir chinh

Bién (Variable): Dic diém duwgc quan tAm clia mdi nguwdi hodc d6i twong trong quan thé.

Bién dap ng (Response Variable): Bién phu thudc trong thi nghiém; gia tri dwoc do
lwong su thay déi vao cu6i thi nghiém.

Bién giai thich (Explanatory Variable): Bién doc 14p trong thi nghiém; gia tri dwoc cac
nha nghién ctru kiém soat.

Bién ngiam an (Lurking Variable): Bién c6 anh hwdng dén nghién ctru mic du n6 khong
phai 1a bién giai thich hay bién dap rng.

Bién phin loai (Categorical Variable): La cac bién nhén gia tri dwéi dang tén goi hodc
nhan phan loai.

Bién s6 tri (Numerical Variable): Cac bién nhan gia tri dwoc biéu thi bang con s6.

Pon vi thye nghiém (Experimental Unit): Bat ky ca thé hodc vat thé nao dwgc do lwong
trong nghién ctru.

Dir liéu (Data): Mot tip hop cic quan sat (tAp hop cac két qua cé thé xay ra); hiu hét dir
liéu c6 thé chia thanh hai nhém: dinh tinh (mot thudc tinh ma gia tri dwgc biéu thi bang
nhin) hoic dinh Irrong (mot thudc tinh ma gia tri dwoc bi€u thi bang con s68). Dt liéu
dinh lwong lai dwoc chia thanh hai nhém nho: roi rac va lién tuc. D liéu roi rac la két
qua cta viéc dém (vi du: s6 hoc sinh cia mot dan tdc trong 1&p hodc s lwong sach trén
ké). Dit liéu lién tuc 1a két qua cta viéc do lwong (vi du: quang dwong di chuyén hodc cn
ndng hanh ly).

Dir liéu dinh lwong (Quantitative Data): Mot tip hop cac quan sat (tdp hop cac két qua
c6 thé xay ra); dir liéu dinh lwong c6 thudc tinh dwoc biéu thi bang con s8, dwoc chia thanh
hai nhém nhé: roi rac va lién tuc. Dit liéu roi rac 1a két qua cta viéc dém (vi du: s6 hoc
sinh thudc dan tdc nao do6 trong 1&p hodc s6 sach trén ké). Dir liéu lién tuc la két qua cua
viéc do lwong (vi du: quing dwong di chuyén hodc trong lwong hanh 1y).

Dir liéu dinh tinh (Qualitative Data): Mot tip hop cac quan sat (tap hop cac két qua céd
thé x4y ra); dir liéu dinh tinh c6 thudc tinh dwgc biéu thi bang nhan.

Gan ngau nhién (Random Assignment): Hanh dong phan chia cac don vi thuc nghiém
vao cac nhém x Iy bang phwong phap ngiu nhién.

Gia dworc (Placebo): M6t dang xt Iy khong c6 tac dong thwe sw dén bién giai thich.
Khao sat (Survey): Mot nghién ctru thu thap dit liéu do cac ca nhan bao cao.

Lay mau c6 thay thé (Sampling with Replacement): Khi mot thanh vién ctia quan thé
dwoc chon vao mau, thanh vién dé sé dwoc tra lai quan thé trwdc khi chon ca thé tiép theo.

Lay mau hé théng (Systematic Sampling): Phwong phap chon mau ngiu nhién; liét ké
cac thanh vién cta quan thé. Si dung 14y mau ngiu nhién don gian dé chon diém bt dau
trong danh sach. Goi k = (s6 thanh vién trong quéan thé) / (s6 thanh vién cin 1ay mau).
Chon mdi c4 thé thir k trong danh sach, bat dau tir diém da chon ngiu nhién. Néu can,
quay lai dau danh sach d& hoan thanh mau.
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LAy mau khong thay thé (Sampling without Replacement): M6t thanh vién cta quan
thé chi c6 thé duwgc chon vao miu mot IAn duy nhit. Néu da dwoc chon, thanh vién dé sé
khong dwoc tra lai vao quin thé trwde khi chon cac ca thé tiép theo.

L4y mau ngau nhién (Random Sampling): Phwong phap chon mau sao cho moi thanh
vién trong quan thé déu c6 co hdi bang nhau dwoc chon.

L4y miu ngau nhién don gian (Simple Random Sampling): Phwong phap don gian dé
chon mau ngiu nhién; moi thanh vién trong quan thé duwgc gdn mot sd. St dung bd phat
s6 ngau nhién dé chon mot tap cac nhan s8 ndy. Cac nhan dwoc chon ngau nhién chinh Ia
cac thanh vién thudéc mau.

L4y mau phan ting (Stratified Sampling): Phwong phap chon mau ngiu nhién nhim
dam bdo cac nhém con (phan ting) trong quan thé dwoc dai dién day dd; chia quan thé
thanh cic nhém (tAng). St dung 14y mau ngau nhién don gian d€ chon mot s6 ca thé theo
ty 18 tlr moi tAng.

Lay mau theo cum (Cluster Sampling): Phuong phap chon mau ngiu nhién bang cach
chia quan thé thanh cic nhém (cum), sau d6 sir dung phwong phéap 14y mau ngau nhién
don gidn dé chon mot s6 cum. Tat ca cac ca thé trong cadc cum dwoc chon déu dwoc dwa
vao mau khdo sat.

Lay mau thuan tién (Convenience Sampling): Phwong phap chon miu khéng ngiu
nhién, chon céc ca thé dé ti€p can nhit. Phwong phap nay c6 thé dan dén di liéu thién
léch.

MAu (Sample): Mot phan tir con clia quan thé dwoc nghién ctru.

MAiu dai dién (Representative Sample): Mot phan tir con clia quan thé c6 dic diém
twong tw dac diém cta quan thé.

Mo hinh toan hoc (Mathematical Models): M6 td mot hién twong bang cac khai niém
todn hoc nhw phwong trinh, bat phwong trinh, phan phéi, v.v.

Mu héa (Blinding): La phwong phap khéng cho ngwdi tham gia biét ho dang nhan loai
Xt ly nao trong qua trinh nghién ctru.

Nhém ddi chirng (Control Group): La nhém trong mot thi nghiém ngiu nhién, khong
nhan bat ky xtr ly (treatment) nao, nhung dwoc quan ly giéng hét cdc nhém khac.

Quin thé (Population): Toan bd cac ca thé, vat thé hoac phép do ma cac dic tinh cia
ching dang dwoc nghién ctru.

Sai s6 14y mau (Sampling Error): Sy bién thién tw nhién phat sinh khi chon mot mau dé
dai dién cho quan thé 16n hon; sw bién thién nay gidm khi kich thwé¢c mau ting, do dé
chon mau 16n hon sé giam sai s6 1dy mau.

Sai s8 ngoai 14y mau (Nonsampling Error): Vin dé anh hwéng dén dd tin cly caa dir
liéu 1dy mau ndm ngoai sw bién thién tw nhién; bao gdbm nhiéu 16i do con ngudi nhuw thiét
ké& nghién ctru kém, phwong phap 1y mau thién 1éch, théng tin khong chinh xac do nguwoi
tham gia cung c4p, 16i nhap liéu va phan tich kém.

Tan suit (Frequency): S6 1an mot gia tri dir liéu xuat hién.
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TAan suit twong doi (Relative Frequency): Ty so gitra s6 1an mot gia tri xuat hién trong
tp hop két qua va tdng sd két qua trong toan bd khong gian mau.

Tan suat twong déi tich lity (Cumulative Relative Frequency): Ap dung cho mot tap
hop cac quan sat duwoc sdp xép theo thir tw tir nhé dén 16n. Tan suit twong doi tich iy 1a
téng tan suit twong ddi cla tat ca cac gia tri nhé hon hodc bang gia tri da cho.

Tham s6 (Parameter): Mot con s6 dung dé dai dién cho dac diém ctia quan thé, thuwong
khong dé xac dinh truc tiép.

Thién 1éch 14y mau (Sampling Bias): Trudng hop khong phai tit ca thanh vién trong
quan thé déu c6 co hoi dwoc chon nhw nhau.

Thong s6 théng ké (Statistic): Dic trung s6 clia mau; mot thdng ké dung dé woc lwgng
tham s6 twong (rng cia quan thé.

Thwc nghiém mu déi (Double-blind experiment): M6t thi nghiém trong d6 ca doéi
twong tham gia 14n cac nha nghién ctru 1am viéc véi ddi twong déu khong biét thong tin
vé xtt ly (treatment) dwoc ap dung.

Trung binh (Average): Con dwoc goila mean (s6 binh quan) hodc arithmetic mean (binh
quén s6 hoc); 1a mot con s6 mo ta tinh hwéng tAm cda dir liéu.

Ty 1é (Proportion): La ty 1é, tirc phan tram sé trueong hgp thuéc nhém quan tim trén
téng s thudc mau.

Xac suit (Probability): Mot s6 nam trong khodng tir 0 dén 1, bao gdbm ca 0 va 1, thé hién
kha nang xay ra cia mot sw kién cu thé.

Xt ly (Treatments): Cac gia tri hodc thanh phan khac nhau ctia bién giai thich dwoc ap
dung trong thi nghiém.

T6m tat chwong

1.1 Pinh nghia vé thong ké, xac suit va thuit ngir chinh

Ly thuyét toan hoc vé thdng ké sé& dé hoc hon khi ban hiéu dwoc ngdn ngit chuyén nganh.
Phén nay trinh bay cac thuit ngir quan trong sé dwoc st dung xuyén sudt trong toan bo
tai liéu.

1.2 Dir liéu, LAy mAu va Bién thién trong Dir liéu va LAy mau

Dir liéu 1a cAc muc thong tin riéng 1é dwoc 14y tir quan thé hodc mau. Dit liéu c6 thé duoc
phan loai thanh dit liéu dinh tinh (phén loai), dit liéu dinh lwgng lién tuc hoac dit liéu dinh
lwong roi rac.

Do khéng thuc té khi do lwong toan bd quan thé trong mét nghién ciru, cic nha nghién
ctru stt dung mau dé dai dién cho quan thé. Mau ngau nhién 1a nhém dai dién dwoc chon
tir quan thé bang phwong phap dam bao moi ca thé trong quan thé déu c6 co hodi bang
nhau dé dwoc dwa vao mau. CAc phwong phap 1dy mau ngau nhién bao gom lay mau ngiu
nhién don gian, 1y mau phan ting, 1y miu theo cum va 14y mAu hé théng. L4y mAu thuin
tién 1a phwong phap khong ngiu nhién, thwong cho két qua dir liéu c6 thién 1éch.
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Cac mau khac nhau chira cac ca thé khac nhau sé cho ra dit liéu khac nhau, ngay ca khi cac
mau dwoc chon ky va dai dién cho quan thé. Khi dwoc lwa chon ding cach, mau lén hon
s& mo6 phong quan thé chinh xdc hon mau nhd. C6 nhiéu vin dé tiém 4n c6 thé anh hudng
dén do tin cAy clia mau. Dt liéu théng ké can dwoc phan tich mot cach phan bién, khong
chi don gidn la chip nhéan.

1.3 Thang do

Mot sé phép tinh c6 thé cho ra két qua chinh xac “gid tao”. Néu dir liéu ban dau chi do
dwoc dén mét chir s6 thip phan, thi khdng can thiét phai tinh todn két qua chinh xac dén
tam chit s6 thip phin. Théng thwong, két qua cudi cung nén dwoc lam tron sao cho cé
nhiéu hon mot chir s6 thap phén so véi div liéu goc. Vi du, néu di liéu do chinh xac dén
mot chit s6 thap phan, thi két qua théng ké cudi cuing nén lam tron dén hai chir s6 thap
phan.

Bén canh viéc lam tron két qua, ban c6 thé do lwong dir liéu ctia minh theo bén loai thang do sau
day:

e Thang do danh nghia (Nominal scale): D liéu khong thé dwoc sap xép thi tw va
khong thé dung dé tinh toan.

e Thang do thit bic (Ordinal scale): Dit liéu c6 thé sdp xép thit tw nhwng khong thé
do dwoc sy khac biét gitra cac gia tri.

e Thang do khoang (Interval scale): Dt liéu c6 thit tw ré rang nhwng khong cé diém
goc; khoang cach c6 thé do dwoc nhwng khong thé tinh ty so.

e Thang do ty 1é (Ratio scale): Dit liéu c6 diém gdc, c6 thé sip xép thit tw; khodng
cach va ty s6 déu c6 y nghia.

Khi to chirc dir liéu, viéc biét mot gia tri xuat hién bao nhiéu lan la rat quan trong. C6 bao
nhiéu sinh vién nganh théng ké hoc tir ndm gio tré 1én dé chuin bi cho ky thi? Bao nhiéu
phén tram gia dinh trong khu ph6 ctia chiing ta nuéi hai con thd cwng? Tan suit, tn suit
twong doi va tan sult twong doi tich lay 1a cac phép do dung dé tra loi nhitng ciu hoi nhw
vay.

1.4 Thiét ké thwc nghiém va dao dirc nghién ctru

Mot nghién ctru dwoc thiét ké kém sé khong tao ra dit liéu dang tin cy. Mot s6 thanh phan
then chot ludn cé trong moi thwe nghiém. D€ loai bd bién ngam 4n, cac don vi thwe nghiém
phai dwoc gan ngau nhién vao cac nhém xtr ly khac nhau. Mot trong cac nhom xt ly dé
phai 12 nhém ddi chirng, nham thé hién diéu gi xay ra khi khéng ap dung xt 1y thuec su.
Nguwoi tham gia trong nhém doi chirng nhin mot gid dwoc c6 hinh thirc giéng hét cac xir
ly thwc nhwng khéng anh hwdng dén bién dap ng. D€ dam bao tinh trung thuc cia gia
dwgec, ca nha nghién ctru va cac doi twong tham gia cé thé dwgec mu hda. Khi mot nghién
ctru dwoce thiét ké ding cach, diém khac biét duy nhit gitra cac nhom x 1y chinh 1a bién
giai thich do nha nghién ctru dat ra. Do do6, khi cAc nhém phan &ng khac nhau véi cac xt
ly khac nhau, sw khac biét d6 chac chan do anh hwéng ctia bién giai thich.

“Van dé dao dirc phat sinh khi ban cAn nhic mot hanh dong mang lai lgi ich cho ban hoic
mot muc dich ban Gng hé, nhwng lai giy ton hai hodc lam gidm lgi ich cia ngwdi khéc,
dong thoi vi pham mot sd quy tic.” (Andrew Gelman, “Open Data and Open Methods,”
Ethics and Statistics, http://www.stat.columbia.edu/~gelman/research/published/

Access for free at openstax.org
48


http://www.stat.columbia.edu/~gelman/research/published/%20ChanceEthics1.pdf

1 L4y mau va dir liéu

ChanceEthics1.pdf (truy cap ngay 1 thdng 5 ndm 2013).) Vi pham dao dirc trong théng ké
khong phai ldc nao ciing dé dang nhan ra. Cac hiép hoi chuyén mén va co quan lién bang
thwong cong bd cac hwdng dan vé hanh vi ing xir ddng dan. Viéc ban nidm vitng cac quy
trinh thong ké co ban 1a rat quan trong dé c6 thé nhén biét dwoc phén tich dir liéu ding
chuin.

Tai liéu tham khao
1.1 Pinh nghia thong ké, xac suat va cac thuat ngir chinh

The Data and Story Library, http://lib.stat.cmu.edu/DASL/Stories/ CrashTestDummies.
html (accessed May 1, 2013).

1.2 Dir liéu, 14y mau va bién thién trong dir liéu va 1y mau

Gallup-Healthways Well-Being Index. http://www.well-beingindex.com/default.asp
(accessed May 1, 2013).
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2 THONG KE MO TA

Hinh 2.1 Khi ban c6 mét lwong 1én dir liéu, ban sé can t6 chirc ching theo mot cach hop
ly. Trong Hinh 1a nhitng 14 phiéu bau ctr dwoc cudn lai theo sw giéng nhau ctia chung dé
gitt chiing ngan nap. (Nguon: William Greeson/ Wikimedia Commons)

Gii thiéu

Sau khi ban da thu thip dir liéu, ban sé lam gi véi chung? Dir liéu ¢ thé dwoc mo ta va
trinh bay bang nhiéu dinh dang khac nhau. Vi dy, gia st ban quan tAm dén viéc mua mot
cin nha trong mot khu vuc cu thé. Ban c6 thé khong c6 manh méi gi vé gia nha, vi vy ban
c6 thé yéu ciu dai ly bat dong san cung cip cho ban mot bd dir liéu mau vé gia ca. Viéc
xem xét tit ca cAc mirc gia trong mAu thwdng rat khé khan. Mot cach tét hon c6 thé 1a xem
xét gid trung vi va sw bién thién cla gia ca. Trung vi va sy bién thién chi Ia hai cach ma
ban sé dwoc hoc d€ mo ta dir liéu. Pai ly cia ban cling cé thé cung cdp cho ban mot biéu
do caa dir liéu.

Trong chwong nay, ban sé nghién ctru cac cach str dung cong cu sé hoc va do thi d€ mo ta
va hién thi dir liéu ctia minh. Linh vwc nay cia théng ké hoc dwoc goi 1a "Thong ké mo
ta". Ban sé& hoc cach tinh todn, va quan trong hon nita, cich dién giai cdc phép do va biéu
do6 nay.

Biéu d6 thong ké 1a mét cong cu giup ban tim hiéu vé hinh dang hodc phin phdéi ciia mét
mau hodc ddm ddng. So véi tAp 16m cac con s6, biéu dd 1a mot cach hiéu qua hon dé trinh
bay dir liéu vi ching ta c6 thé thiy & dau cac dir liéu tip trung va & dau chi c6 mét vai gia
tri dit liéu. Bdo chi va Internet str dung biéu d6 dé hién thi xu hwéng va cho phép doc gia
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so sanh cac su kién va con s6 mot cach nhanh chéng. Cac nha théng ké thwong vé biéu do
di liéu trudce tién dé co cai nhin tong quan vé dir liéu. Sau do, cac cong cu hinh thirc hon
c6 thé dwoc ap dung.

Mot s6 loai bi€u do dwoc st dung dé tom tat va té chive dir liéu 1a do thi chAm, do thi thanh,
d6 thi histogram, do thi than va 14, da giac tan suat (mot loai do thi dwong giy khuc), biéu
d6 tron va do thi hop. Trong chwong nay, ching ta cht trong vé do thi histogram va do thi
hop bén canh tim hiéu so lwgce vé d6 thi than va 13, d6 thi dwong, do thi thanh, da giac tin
sudt, va do thi chudi thoi gian. Trong tAm clia chwong sé 1a do thi histogram va do thi hop.

2.1 Trinh bay dir liéu
Po6 thi than-14a, do thi dwong va do thi thanh

Po thi than-1a (stem-and-leaf graph hay stemplot), mot loai do thi don gidn c6 nguon goc
twr linh vwc phéan tich dit liéu khdm pha (exploratory data analysis). S dung d6 thi than
vala1alwa chon t6t cho cac tip dit liéu nhé. P& tao do thi, chia mbi quan sat dir liéu thanh
than (stem) va 14 (leaf). L4 bao gom chi¥ sd c6 nghia cudi cung. Vi duy, diém dir liéu 23
cothidnla2valala3.S6 432 c6thinla43 valala 2. Twong tw, s6 5.432 c6 than la 543 va
la la 2. S6 thap phén 9,3 c¢6 than la 9 va la la 3. D€ vé do6 thi than va 14, dau tién viét cac s
than theo hang doc tir nhé nhat dén 1én nhat. Tiép theo vé mot dwong thang dirng & bén
phai cac than. Sau do viét cac so 1a theo thi tw ting dian bén canh thin twong &ng cta
chung.

Vidu 2.1

Sau day la diém cua bai kiém tra s6 1 ctia 1&p Toan tién gidi tich cla gido sw Dean (xép
theo thi tw tang dan):

33;42:49; 49; 53; 55; 55; 61; 63; 67; 68; 68; 69; 69; 72; 73; 74; 78; 80; 83; 88; 88; 88;
90; 92; 94; 94; 94; 94; 96; 100

Bang 2.1 D6 thi than-1a

Than La
3 3
4 299
5 355

6 1378899

7 2348

8 03888

9 0244446

10 0
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2 Thong ké mo ta

D4 thi than va 14 cho thdy hau hét diém s6 nam trong khoang 60, 70, 80 va 90. 8 trong
s6 31 diém s, hay khoang (38—1) = 26% nam trong khoang 90 hodc 100, mot s6 lwong
diém A kha cao.

Bai tap van dung 2.1

Sau day la diém s6 ctia 30 trdn dau gan nhit cta dodi bong ré Park City (xép tir theo thir
tw tang dan):

32; 32; 33; 34; 38; 40; 42; 42; 43; 44; 46; 47; 47; 48; 48; 48; 49; 50; 50; 51; 52; 52; 52;
53;54:56;57;57; 60; 61

Xay dung do thi than va 14 cho dir liéu.

Do thi than - 14 1a mot cach nhanh chong dé vé do thi dir liéu va cho mot hinh anh chinh
xac vé dit liéu. Khi xem xét do thi than va 14, ban nén tim ki€m mot mau hinh téng thé cta
dit liéu va cac diém ngoai vi (outlier). Piém ngoai vi 1a mot quan sat dir liéu khéng phu
hop véi phin con lai cia dir liéu. P6i khi né dwgc goi 1a tri cwe doan (extreme value). Khi
ban vé do thi, di€ém ngoai vi sé 1a diém xu4t hién khong phut hop véi mau hinh ctia do thi.
Mot s6 diém ngoai vi la két qua cta sai sot (vi du, viét 50 thay vi 500) trong khi nhitng
diém khac la chi diu c6 diéu gi d6 bat thuwong dang xay ra. D€ giai thich cac diém ngoai vi,
ching ta can thém thong tin, vi vdy ching ta sé dé cip dén ching chi tiét hon & phén sau.

Vi du 2.2

Dit liéu 1a khodng cach (tinh bang kildmét) tir nha dén cac siéu thi dia phwong. Tao d6 thi
than va la cho dir liéu:

1,1;1,5; 2,3; 2,5; 2,7; 3,2; 3,3; 3,3; 3,5; 3,8; 4,0; 4,2; 4,5; 4,5; 4,7; 4,8; 5,5; 5,6; 6,5; 6,7; 12,3
Vin dé

Dir liéu c6 vé nhw c6 sy tdp trung nao cda cac gia tri khong?

Loi gidi

Gia tri 12.3 c6 thé la mot gia tri ngoai vi. Cac gia tri dwong nhu tip trung & ba va bén kilomét.
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Bang 2.2
Than La

1 15
2 357
3 23358
4 1025578
5 56
6 57
7

8

9
10
11
12 3

Luwuy
Cac 14 & bén phai diu thap phan.

Bai tap van dung 2.2

Dir liéu sau day cho thiy khoang cach (tinh bang dim) tir nha ciia cac sinh vién 16p théng
ké (ngoai trd) dén tredng. Tao d6 thi than va 14 st dung dir liéu va xac dinh bat ky diém
ngoai vi nao:

0,5:07;1,1;1,2;1,2; 1,3;1,3; 1,5;: 1,5; 1,7; 1,7; 1,8; 1,9; 2,0; 2,2; 2,5; 2,6; 2,8; 2,8; 2,8;
3,5;3,8;4,4;4,8;4,9;5,2;5,5;5,7; 5,8; 8,0

Vidu 2.3

Vdn dé

Po thi thin va 1a song song cho phép so sanh hai tip dir liéu trong hai cot. Trong do
thi than va 14 song song, hai tap 14 chia sé cuing mot than. Cac 14 & bén trai va bén phai
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2 Thong ké mo ta

cda cac thin. Bang 2.3 va Bang 2.4 cho thiy tuodi cia cic tong théng My khi nham chirc
va khi qua doi. Xay dung biéu d6 than-la song song cho dit liéu nay.

Bang 2.3 Tudi cac tong théng My khi Nhdm chirc

Tong thong | Tudi | Tong théng | Tudi | Tong théng | Tudi
Washington 57 Lincoln 52 Hoover 54
J. Adams 61 A.Johnson 56 F. Roosevelt 51
Jefferson 57 Grant 46 Truman 60
Madison 57 Hayes 54 Eisenhower 62
Monroe 58 Garfield 49 Kennedy 43
J. Q. Adams 57 Arthur 51 L. Johnson 55
Jackson 61 Cleveland 47 Nixon 56
Van Buren 54 B. Harrison 55 Ford 61
W. H. Harrison 68 Cleveland 55 Carter 52
Tyler 51 McKinley 54 Reagan 69
Polk 49 | T.Roosevelt | 42 G.HW.Bush | 64
Taylor 64 Taft 51 Clinton 47
Fillmore 50 Wilson 56 G. W. Bush 54
Pierce 48 Harding 55 Obama 47

Buchanan 65 Coolidge 51
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2 Thong ké mo ta

Tong thong | Tudi | Tong thong | Tudi | Tong thong | Tudi
Washington 67 Lincoln 56 Hoover 90
J. Adams 90 A.Johnson 66 | F.Roosevelt | 63
Jefferson 83 Grant 63 Truman 88
Madison 85 Hayes 70 | Eisenhower | 78
Monroe 73 Garfield 49 Kennedy 46
J. Q. Adams 80 Arthur 56 L. Johnson 64
Jackson 78 Cleveland 71 Nixon 81
Van Buren 79 | B.Harrison | 67 Ford 93
W. H. Harrison | 68 Cleveland 71 Reagan 93
Tyler 71 McKinley 58
Polk 53 | T. Roosevelt | 60
Taylor 65 Taft 72
Fillmore 74 Wilson 67
Pierce 64 Harding 57
Buchanan 77 Coolidge 60
Loi gidi
Bang 2.5
Tuéi khi Nham chirc Tudéi khi Qua doi
998777632 4169
87777666555554444422111110|5|366778
9854421110 6/003344567778
7101112347889
8/01358
910033
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Bai tap van dung 2.3

Bang cho thiy s6 tran thing va thua cta doi Atlanta Hawks trong 42 mua giai. Tao do
thi than va la song song cho dit liéu nay.

Bang 2.6
Thua | Thang | Mua giai | Thua | Thang | Mua giai
34 48 1 41 41 22
34 48 2 39 43 23
46 36 3 44 38 24
46 36 4 39 43 25
36 46 5 25 57 26
47 35 6 40 42 27
51 31 7 36 46 28
53 29 8 26 56 29
51 31 9 32 50 30
41 41 10 19 31 31
36 46 11 54 28 32
32 50 12 57 25 33
51 31 13 49 33 34
40 42 14 47 35 35
39 43 15 54 28 36
42 40 16 69 13 37
48 34 17 56 26 38
32 50 18 52 30 39
25 57 19 45 37 40
32 50 20 35 47 41
30 52 21 29 53 42
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Mot loai d6 thi khac hiru ich cho cac gia tri di¥ liéu cu thé 1a d6 thi dwong (line graph). Vi
du 2.4 1a mét d6 thi dwong, truc x (truc hoanh) chira tri dir liéu va truc y (truc tung)
chira diém tan suit. Cac diém tin suit duoc két ndi bang cic doan thang.

Bai tap van dung 2.3

Béang sau cho thiy s6 tran thang va thua ctia doi Atlanta Hawks trong 42 mua giai. Tao
d6 thi than va 14 song song cho dit liéu nay.

Bang 2.6
Thua | Thing | Mua giai | Thua | Thang | Mua giai
34 48 1 41 41 22
34 48 2 39 43 23
46 36 3 44 38 24
46 36 4 39 43 25
36 46 5 25 57 26
47 35 6 40 42 27
51 31 7 36 46 28
53 29 8 26 56 29
51 31 9 32 50 30
41 41 10 19 31 31
36 46 11 54 28 32
32 50 12 57 25 33
51 31 13 49 33 34
40 42 14 47 35 35
39 43 15 54 28 36
42 40 16 69 13 37
48 34 17 56 26 38
32 50 18 52 30 39
25 57 19 45 37 40
32 50 20 35 47 41
30 52 21 29 53 42

Vidu 2.4

Trong mot cudc khao sat, 40 phu huynh dwoc héi mot thiéu nién dwgc nhic nhé 1am
viéc nha bao nhiéu 1an mdi tudn. K&t qua dwoc hién thi trong Bang 2.7 va trong Hinh 2.2.
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Bang 2.7
S$6 1an thiéu nién dwoc nhic nhé | Tan suit
0 2
1 5
2 8
3 14
4 7
5 4
16 -
14 -
12 -
\(‘C-é 10 =
5 8-
4 —
2 —
0 T T T T T T |

0 1 2 3 4 5 6
N S§14an thiéu nién dwoc nhiac nhé

Hinh 2.2

Bai tap van dung 2.4

Trong mot cudc khao sat, 40 ngudi duwoc hoi bao nhiéu Ian moi ndm ho dwa xe vao ctra
hang stra chira. K&t qua dwoc hién thi trong Bang 2.8. Xy dwng d6 thi duwong.

Bang 2.8
S6 1an vao ctra hang | Tan suit
0 7
1 10
2 14
3 9

Po6 thi thanh (Bar graphs) bao gobm cac thanh dwoc tich biét véi nhau. Cac thanh cé thé
la hinh chir nhit hodc c6 thé 1a hop chir nhat (dwoc st dung trong do6 thi ba chiéu), va
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2 Thong ké mo ta

ching c6 thé nam doc hodc ngang. P6 thi thanh dwoc hién thi trong Vi du 2.5 c6 nhém
tudi dwgc biéu dién trén truc x va ty 1é trén truc y.

Vidu 2.5

Vén dé

Ty 1& phan tram theo tudi cia ngwoi dung TikTok song tai My dwoc hién thi trong Bang
2.9. Xay dwng do thi thanh cho dit liéu nay.

Bang 2.9
Nhém tudi | Ty 1é (%) ngwai dung TikTok
10-19 32,5%
20-29 29,5%
30-39 16,4%
40-49 13,9%
50+ 7,1%
Loi gidi
Ty 1€ (%) ngwoi dung TikTok
s 35%
S 30%
2
—= 25%
P)Eo 20%
‘ﬁ;g 15%
: o m
1)
S 0% -
10-19 20-29 30-39 40-49 50+
Tudbi
Hinh 2.3

Bai tap van dung 2.5

Dén s6 & Park City dwoc théng ké theo nhom tré em, ngudi 1on trong do tudi lao dong
va ngwoi nghi hwu. Bang 2.10 cho thdy ba nhém tudi, s6 ngwoi trong thi tran tir moi
nhém tudi va ty 1& (%) ngudi trong méi nhém tudi. Xy dung do thi thanh hién thi cac
ty 18,
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Bang 2.10
Nhom tudi S6 ngwoi | Ty 1é dian s6
Tré em 67.059 19%
Nguwoi lom tudi lao déng | 152.198 43%
Nguwoi nghi huu 131.662 38%

Vidu 2.6

Vén dé

Cac cot trong Bang 2.11 cho thiy dir liéu dw bao cho ndm 2030 vé s6 lwong va ty 1€ phin
tram nguwoi dan tot nghiép trung hoc theo khu vwee dia ly & Hoa Ky. Tao d6 thi thanh cho
dit liéu nay theo khu vwc dia ly (dit liéu dinh tinh) trén truc x va ty 1€ phan tram dir liéu
tét nghiép trung hoc (dir liéu dinh lwong) trén trucy.

Bang 2.11
Khu vuc SO ngwoi tot nghiép | Ty 1é phan tram ngwai tét nghiép
bong Bic 517.720 16,1%
Trung Tay 695.170 21,6%
Nam 1.253.540 39,0%
Tay 749.400 23,3%
Loi gidi
Ty 1 phin tram theo khu vwc dia ly
& Hoa Ky

45% —

40%

E 350

£ .5 30% -

= = i

& 5, 25%

5 20% A

28 15%

E’ 10% -

5%

0% -

Nc¢ Pong Bdc Trung Tay

Khu vwc dia ly

Hinh 2.4
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Bai tap van dung 2.6

Park city dwoc chia thanh sdu khu vic bau ct. Bang sau cho thay ty 1é phan tram cda
téng s6 ct tri ding ky s6ng & mdi khu v, cling nhw ty 1& phan tram cda téng sd dan
s6ng & moi khu vuc. Xay dung do thi thanh hién thi s& c tri ding ky theo khu vuc.

Bang 2.12
Khu vire | SO cwr tri dworc dang Ky | Tong s6 dan thanh phé
1 15,5% 19,4%
2 12,2% 15,6%
3 9,0%
4 17,4% 18,5%
5 22,8% 20,7%
6 22,3% 16,8%

Vidu 2.7

Vén dé

Duwéi day 1a bang hai chiéu hién thi cac loai thu cwng dwgc nudi béi nam va ni:

Bang 2.13
Ché Meéo Ca Tong
Nam 4 2 2 8
Nir 4 6 2 12
Tong 8 8 4 20

Dua trén dix liéu nay, hay tinh phin phoi cé diéu kién cho nhém nam giéi nuéi tirng loai

thu cung.

Loi gidi

=/ = A 7 4
Nam gi¢i nudi cho = 5=

Nam gi¢i nudi meo =

Nam gi¢i s& hitu ca =

in ®IN

0,5
=0,25

=0,25

Luweu y: Tong cla tat ca cac phan phdi c6 diéu kién phai bang mot. Trong trwdng hop nay,
0,5+ 0,25+ 0,25 = 1; do d9, 1oi giai "dung".
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Bai tap van dung 2.7

Dwa trén dir liéu trong Bang 2.13, hdy tinh phéin phoi c¢6 diéu kién cho nhém phu nir
nuoi tirng loai thu cung.

Po6 thi histogram, da giac tin suit va do thi chudi thoi gian

Dai vdi hiu hét cong viéc ban thue hién trong cudn sach nay, ban sé str dung do thi histogram dé
hién thi dit liéu. M6t wu diém ctia do thi histogram 1a n6 cé thé dé dang hién thi cac tap dit liéu
16m. C6 mot quy tac 1a ta nén str dung do thi histogram khi tap dit liéu c6 100 diém tri tré 1én.

Do thi histogram (histogram) bao gom cac hop xép lién ké nhau (tiép giap). N6 c6 ca truc
hoanh va truc tung. Trén truc hoanh c6 cac nhan tén cho nhirng gi dit liéu dai dién (vi duy,
khoang cach tir nha dén trwong). Truc tung dwgc ghi nhan véi tan suat (frequency) hodc
tan suit twong doi (relative frequency), hodc phan tram tan suat (percent frequency)
hodc xac suit (probability). Do thi sé c6 cung hinh dang véi ca hai loai nhin (tin suit hay
tan suat twong doi). PO thi histogram (giéng nhw stemplot) c6 thé cung cip cho ta hinh
dang ctia dit liéu, tam va do phan tan cua dir liéu.

TAan suit twong d6i bang tAn suit ciia mot gi tri quan sat ctia dit liéu chia cho téng sd cac
gia tri dir liéu trong mau. (Nhé rang: tan suit duwoc dinh nghia 1a s6 1an mot cau tra 1oi
xuat hién.) Néu:

e f=tinsuat
e n=tbng sb cac gia tri dir liéu (hodc tong clia cac tin sult riéng 1é), va
e RF =tan suit twong déi,

thi: RF=1L
n

Vi du, giad s 1&p tiéng Anh c6 40 hoc sinh, trong d6 3 hoc sinh ¢6 diém tir 90% dén 100%,
thi f= 3, n =40, va RF = r_3_ 0,075. 7,5% hoc sinh nhan dwoc 90-100%. 90-100% la

n_ 40
cac so do dinh lwgng.

Pé xay dwng d6 thi histogram, trwéc tién ta cin quyét dinh trén do6 thi sé c¢6 bao nhiéu
thanh (bar) hodac khoang (interval), con dwoc goi la 1&'p (class), dai dién cho dir liéu.
Nhiéu d6 thi histogram c6 tir 5 dén 15 thanh/1ép dé ro rang. SO lwong thanh can dwoc
chon. Hay chon diém bat dau cho khoang d4u tién nho hon gia tri dit liéu nho nhit. Diém
bat dau thuln tién (convenient starting point) nén 1a mot gia tri nhé hon tri dit liéu nhé
nhit, v&i sO chir s6 thip phan nhiéu hon so véi tri dit liéu cé nhiéu chit s6 thip phin nhit.
Vi duy, néu tri dit liéu c6 nhiéu chir s6 thip phin nhatla 6,1 va diy la gia tri nho6 nhit, diém
bat d4u thuan tién 12 6,05 (6,1 - 0,05 = 6,05). Ching ta noi rang 6,05 c6 dd chinh xac cao
hon. Néu tri dit liéu c6 nhiéu chir s6 thap phan nhatla 2,23 va tri dir liéu nhé nhitl1a 1,5,
diém bt dau thuan tién1a 1,495 (1,5 - 0,005 = 1,495). Néu tri dit liéu c6 nhiéu chit s6 thap
phan nhit 12 3,234 va tri dit liéu nhé nhit 14 1,0, diém bat dau thuan tién 12 0,9995 (1,0 -
0,0005 = 0,9995). Néu tat ca dir liéu tinh c& 1a s6 nguyén va gia tri nho nhit la 2, thi diém
bat dau thuin tién 12 1,5 (2 - 0,5 = 1,5). Ngoai ra, véi viéc diém bat dau va cac diém bién
khac ctia khoang c6 nhiéu hon mét chir s6 thip phan, sé khéng cé gia tri dit liéu nao sé roi
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trung diém bién. Hai vi du tiép theo di vao chi tiét vé cdch xdy dwng do thi histogram st
dung dir liéu lién tuc va cach tao do6 thi histogram st dung dir liéu roi rac.

Vidu2.8

Dt liéu sau day 1a chiéu cao (tinh bang inch dén ntra inch gan nhit) cta 100 ciu thu
béng da ban chuyén nghiép. Chiéu cao la dir liéu lién tuc, vi chiéu cao do lwong dwoc.
60; 60,5; 61; 61; 61.5;

63,5; 63,5; 63,5;

64; 64; 64; 64; 64; 64; 64; 64,5; 64,5; 64,5; 64,5; 64,5; 64,5; 64,5; 64,5;

66; 66; 66; 66; 66; 66; 66; 66; 66; 66; 66,5; 66,5; 66,5; 66,5; 66,5; 66,5; 66,5; 66,5; 66,5;
66,5;
66,5;67;67;67;67;67;67;67;67;:67;67;67;67;67,5;67,5;67,5;,67,5;67,5;67,5;67,5;
68; 68; 69; 69; 69; 69; 69; 69; 69; 69; 69; 69; 69,5; 69,5; 69,5; 69,5; 69,5;
70; 70; 70; 70; 70; 70; 70,5; 70,5; 70,5; 71; 71; 71;
72:72;72;72,5;72,5;73;73,5;
74
Gia tri dir liéu nho nhat 1a 60. Vi dit liéu c6 nhiéu chir s6 thip phin nhat c6 mot chir s6
thap phan (vi dy, 61,5), ching ta mudn diém bit d4u ciia minh c6 hai chir s6 thip phan.
Vi cac s0 0,5; 0,05; 0,005; v.v. 1a nhitng sé thuin tién, ta sit dung 0,05 va trir no tir 60,
gia tri nho nhat, cho diém bat dau thuan tién.
60 - 0,05 = 59,95 c6 dd chinh x4c cao hon, chang han nhw 61,5 bang mot chit s§ thap
phan. Diém bat dau 1a 59,95.
Gia tri lon nhatla 74, vay 74 + 0,05 = 74,05 la gia tri két thuc.
Tiép theo, tinh chiéu rong ctia moi thanh hoic khoang lép. D€ tinh chiéu rong nay, trir
diém bat dau tir gia tri két thic va chia cho s thanh (ban phai chon s thanh ban mong
mudn). Gia st ban chon tam thanh.
74,05 —-59,95 =14,1
14,1+8=1,76 > 2

Luwu y: O day Chiing ta sé 1am tron 1én thanh 2 va lam cho mdi thanh (khoang) rong 2
don vi. Lam tron 1én thanh 2 1a mét cdch dé ngdn chidn mot gia tri roi tring bién cia
thanh. Lam tron dén con sd tiép theo thwdng 1a can thiét cho du nd trai cac quy tic lam
tron tiéu chuin. Péi véi vi du nay, viéc sit dung 1,76 lam chiéu rong ciing cé thé thuc
hién. Mot huéng dan ta c6 thé st dung dé tinh sd lwong thanh cho d6 thi histogram 1a
14y cdn bac hai cta s6 diém dir liéu va sau d6 1am tron dén s6 nguyén gan nhit (néu cin
thiét). Vi du, néu ta c6 150 gia tri dir liéu, 1dy cdn bac hai ctia 150 (dwoc 12,24) va lam
tron thanh 12; ta can 12 thanh.
Cac diém bién cia khoang:

e 5995

e 5995+2=6195

e 6195+2=6395
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63,95 + 2 = 65,95
65,95 + 2 =67,95
67,95 + 2 =69,95
e 6995+2=7195
e 7195+2=7395
e 7395+2=7595

Chiéu cao tir 60 dén 61,5 inch nam trong khodng 59,95-61,95. Chiéu cao 63,5 nim trong
khoang 61,95-63,95. Chiéu cao tir 64 dén 64,5 nam trong khoang 63,95-65,95. Chiéu cao ti
66 dén 67,5 nam trong khodng 65,95-67,95. Chiéu cao tir 68 dén 69,5 ndm trong khoang
67,95-69,95. Chiéu cao tir 70 dén 71 nam trong khoang 69,95-71,95. Chiéu cao tir 72 dén
73,5 nam trong khoang 71,95-73,95. Chiéu cao 74 nam trong khoang 73,95-75,95.

Do thi histogram sau day hién thi chiéu cao trén truc x va tan suat twong doi trén trucy.

_ 0,4 - 0,4
S 0,35
=] a
g 0,3
0,25 A
b r
=1 0,2
= 0,15 0,17
a 0,1 5 0’1 2
% 0,1 0.05 0.03 0,07
% 0,05 L
= [ 0,01
0 ; }

Chiéu cao
Hinh 2.5

Bai tap van dung 2.8

Dir liéu sau day la kich thwéc giay ctia 50 hoc sinh. Kich thwéc giay 1a dit liéu lién tuc vi
kich thwéc duwgc do. Xay dung do thi histogram va tinh chiéu rong ctia méi thanh (hoic
khoang, 1¢p). Gia st ban chon sau thanh.

9:;9;9,5;9,5;10; 10; 10; 10; 10; 10; 10,5; 10,5; 10,5; 10,5; 10,5; 10,5; 10,5; 10,5;
11;11;11;11;11;11;11;11;11;11;11;11;11;11,5;11,5; 11,5; 11,5; 11,5; 11,5; 11,5;
12;12;12;12;12;12;12;12,5;12,5;12,5; 12,5; 14

Vidu 2.9

Tao do thi histogram cho dir liéu sau: s6 sich dwoc mua bdi 50 sinh vién ban thoi gian
tai Pai hoc ABC. S6 sach la dir liéu roi rac (discrete data), vi s6 lwong sach dwgc dém.
1;1;1;1;1;1;1; 1; 1; 1; 1;

2:2:2:2:2:2:2;2;,2;2;
3;3;3;3;3;3;3;3;3;3;3;3;3;3; 3; 3;
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4;4;4; 4; 4; 4;

5;5;5;5;5;

6; 6

Muoi mét hoc sinh mua 1 cudn sadch. Mwoi hoc sinh mua 2 cudn sach. Mwdi sdu hoc sinh
mua 3 cudn sach. Sau hoc sinh mua 4 cuén sdch. Nam hoc sinh mua 5 cuén sach. Hai hoc
sinh mua 6 cudn sach.

Vi dir liéu la s6 nguyén, ta trir 0,5 tir s 1 (gia tri dir liéu nho nhat) va cdng 0,5 vao sé 6
(gia tri dit liéu 1&n nhat). Khi d6 diém dau 13 0,5 va gia tri cudi 1a 6,5.

Vin dé

Tiép theo, tinh chiéu rong ciia mdi thanh (khoang, 16p). Néu dir liéu 1a roi rac va khong
c6 qua nhiéu cac tri khac nhau, thuin tién nhat la ta chon chiéu réng ctia thanh sao cho
cAc tri dir liéu nam gitra thanh. Vi dit liéu bao goém cac s6 1, 2, 3, 4, 5, 6, va diém dau la
0,5, chieu rong ctia tkhodng bang 1 sé dit s6 1 & gitra khoang tir 0,5 dén 1,5, s6 2 & gitra
khodang tir 1,5 dén 2,5, s6 3 & gitra khodng tir 2,5 dén 3,5, s 4 & gitra khoang tir

dén ,s0 5 & gitra khodng tir dén ,vaso & gitra khoang ttr
dén
Loi gidi

e 3,5dén4,5

e 45dén5,5

e 6

e 55déné6,5

Tinh sé thanh nhw sau:
6,5-0,5=6
6+1=6
trong dé 1 1a chiéu rong ctia mot thanh. Do dé, thanh = 6.
Do thi histogram sau diy hién thi s sach trén truc x va tin sult trén trucy.

16
14 4
12 A
10

A~ t

An sui

T
o
|

‘05 15 25 35 45 55 65
S6 lwong sach
Hinh 2.6
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2 Thong ké mo ta

Bai tap van dung 2.9

Dir liéu sau diy la s6 mon thé thao dwoc choi bdi 50 sinh vién. S6 mon thé thao 1a dir
liéu roi rac vi cdc mon thé thao dwoc dém.

1;1;1;1;1;1;1;1;1;1;1;1;1;1;1;1; 1; 1; 1; 1;
2;2;2:2;2;2;2;2;2;2:2;2;2;2;2;2;2;2;2;2;2;2;
3;3;3;3;3;3;3; 3;

C6 20 sinh vién choi 1 mon thé thao; 22 sinh vién choi 2 m6n thé thao; 8 sinh vién choi
3 mon thé thao.

Dién vao chd tréng cho ciu sau. Vi dit liéu bao gdbm cac sé 1, 2, 3, va diém bt dau 1 0,5,

chiéu rong khoang bang 1 sé ditsé 1 & gitra khoang 0,5 dén ,s6 2 & gitra khodng
tir dén ,va sb 3 & gitra khoang tir dén

Vidu 2.10

Vin dé

St dung tap dir liéu nay, xdy dung do thi histogram.

Bang 2.14
S0 gi¢r cac ban cung 16p toi danh dé choi tro choi dién tir vao cudi tudn
9,95 10 2,25 16,75 0
19,5 22,5 7,5 15 12,75
5.5 11 10 20,75 17,5
23 21,9 24 23,75 18
20 15 22,9 18,8 20,5

Loi gidi

S6 lwong sinh vién

S6 gior danh cho viéc choi dién twr

Y An A
vao cuol tuan

10 15
S6 gio

Hinh 2.7

20
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2 Thong ké mo ta

Mot s6 gia tri trong tip dit liéu nay roi vao bién cua khoang. Théng thwong mot gia tri
sé dworc tinh cho khodng néu né roi vao bién trai ciia khoang, va khong dwoc tinh néu
né roi vao bién phai. Tuy vay cac nha nghién ctiru khac nhau cé thé c6 quy wéc do thi
histogram cho cung mot dir liéu theo nhirng cadch khiac nhau. Cé nhiéu hon mot cach
ding dé thiét 14p d6 thi histograms.

Bai tap van dung 2.10

Dit liéu sau diy dai dién cho s6 nhan vién tai cic nha hang & Thanh ph6 New York. St
dung dir liéu nay dé tao do thi histogram.

22: 35;15; 26; 40; 28; 18; 20; 25; 34; 39; 42; 24; 22; 19; 27; 22; 34; 40; 20; 38; va 28
S dung 10-19 lam khoang dau tién.

Bai tap nhom

Dém s6 tién trong tui hodc vi cia ban; ghi lai cic sé tién. Cung nhau xiy dwng do6 thi
histogram dé hién thi dir liéu. Hay thao luin vé sé lwong khoang ma ban nghi la phu hop.
Ban c6 thé mudn thir nghiém véi cac s lwong khoang khac nhau.

LUUY
Str dung Exel va R vé d6 thi histogram
Excel: stt dung Histogram trong bd cong cu Data Analysis.

R/ggplot2 package: st dung ham ggplot()+ geom_histogram()

Pa giac tin suit
Pa gidc tin sult twong tw nhw d6 thi dwong, va cling nhw do thi dwong, da gidc tn suat

gidp cho dit liéu lién tuc dé hiéu qua truc quan.

bé xiy dung da gidc tin sudt, truedc tién hay kiém tra dir liéu va quyét dinh s6 khoang
(16p) dwogc st dung trén truc x va truc y. Sau khi chon cac khoang phi hop, bat dau vé cac
diém di liéu. Sau khi tat cd cac diém dwoc vé, vé cac doan thang dé két ndi ching.

Vidu 2.11

Mot da giac tan suit dwoc xdy dung cho bang tan suit bén dwdi.

3 Ta can lwu y cdc phin mém ciing c6 quy wéc khac nhau dé€ dém tri dir liéu theo khoang.
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2 Thong ké mo ta

Bang 2.15
Phén phdi tin suit cho diém thi cudi ky mén giai tich
Bién dwéi | Biéntrén | Tan suit Tan sudt tich liy
49,5 59,5 5 5
59,5 69,5 10 15
69,5 79,5 30 45
79,5 89,5 40 85
89,5 99,5 15 100
Piém thi
45 -
40
i5
&0
=
@5
5 -
10 +
5 —
O - T T T T T
445 545 645 745 845 945 1045
Piém
Hinh 2.8

Nhan dau tién trén truc x la 44,5. N6 dai dién cho mot khoang réng tir 39,5 dén 49,5. Vi
diém kiém tra nhé nhit la 54,5, khodng nay dwoc dung chi dé d6 thi cham vao truc x.
DPiém c6 nhan 54,5 dai dién cho khoang tiép theo, hodc khodng "thwc" dau tién tir bang,
va chira nam tri dir liéu. Cac khoang con lai tuan theo cung 1ap luin véi diém 104,5 dai
dién cho khodng tir 99,5 dén 109,5. Mot lan nira, khoang nay khong chira dit liéu va dwoc
dung chi dé d6 thi cham vao truc x. Nhin vao db thi, ching ta néi rang phan phdi nay bi
1éch vi mot bén cua do thi khong doi xirng véi bén kia.

Bai tap van dung 2.11

Xay dwng da gidc tin suit cho tudi cdc Tong thdng Hoa Ky khi nhdm chirc dworc hién thi
trong Bang 2.16.
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Bang 2.16
Tudi khi Nhdm chikc | Tan suit

41,5-46,5 4
46,5-51,5 11
51,5-56,5 14
56,5-61,5 9
61,5-66,5 4
66,5-71,5

2 Thong ké mo ta

Da giac tAn sult hiru ich dé so sanh cac phan phdi. Viéc so sdnh dwoc thwe hién bang cach
2 A 7 =7 n ~ 2 7 A ~ =A 7
phu chong cac da giac tan suat cua cac tap dir liéu khac nhau.

Vidu 2.12

Chung ta sé xay dwng da giac tin suit pht dé€ so sdnh diém sé tir Vi du 2.11 véi diém hét

mon giai tich.

Bang 2.17
Phén phdi tin suit cho diém thi cudi ky mén giai tich
Bién dwéi | Bién trén | Tan suit | TAn sudt tich liy
49,5 59,5 5 5
59,5 69,5 10 15
69,5 79,5 30 45
79,5 89,5 40 85
89,5 99,5 15 100
Bang 2.18
Phan phdi tin suit cho diém hét mon giai tich
Bién dw¢i | Bién trén | Tan suat | Tan sudt tich liy
49,5 59,5 10 10
59,5 69,5 10 20
69,5 79,5 30 50
79,5 89,5 45 95
89,5 99,5 5 100
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Piém kiém tra cudi ky va Piém tong két
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Hinh 2.9
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2 Thong ké mo ta

Bai tap van dung 2.12

Chung ta sé xay dung da giac tin sudt pht 1én so sanh diém s6 tir Vi du 2.12 véi diém thi

cu6i ky mon dai sé.

Bang 2.19
Phén phdi tin suit cho diém thi mén dai s6
Bién dwéi | Bién trén | Tan suat | Tan suat tich liy
49,5 59,5 10 10
59,5 69,5 5 15
69,5 79,5 40 55
79,5 89,5 35 90
89,5 99,5 10 100

Xay dwng do thi chudi thdi gian

Gia str chiing ta mudn nghién ctru vé khodng nhiét do trong thang cia mot viing. Moi ngay
vao buoi trwa ching ta ghi lai nhiét d6 va viét diéu nay xudng nhit ky. Nhiéu nghién ciru
théng ké c6 thé dwoc thuc hién véi dir liéu nay. Ching ta cé thé tim sé binh quan hodc s6
trung vi nhiét do trong thang. Ching ta c6 thé xay dung do thi histogram hién thi s6 ngay
ma nhiét dd nam trong mot khoang gia tri nhit dinh. Tuy nhién, tit ca cdc phwong phap

nay bé qua mot phan dit liéu ma ching ta da thu thip.
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2 Thong ké mo ta

Mot dic diém cuia dir liéu ma ching ta c6 thé mudn xem xét 12 thoi gian. Vi mbi ngay duoc
ghép ndi v&i s6 do nhiét do cho ngay do, chung ta khong nén nghi vé dir liéu nhw 1a ngiu
nhién. Thay vao d6, ching ta c6 thé sir dung thoi gian da cho dé 4p dat thi tu thoi gian
trén di liéu. D06 thi nhan dang thir tw nay va hién thi nhiét d6 thay d6i theo dién tién cta
thang duoc goi 1a dd thi chudi thoi gian.

DE x4y dung do thi chudi thi gian, ching ta phai nhin vao ca hai phin ca tap dir liéu bat
cap ctia minh. Chung ta bit diu véi hé toa do Descartes tiéu chuin. Truc hoanh duoc st
dung dé vé ngay thang hodc gia so thoi gian, va truc tung dwoc st dung dé vé cac gia tri
clia bién ma ching ta dang do. Bang cach nay, chiing ta gdn moi diém trén do thi twong
rng v&i mot ngay va mot dai lwong do. Cac diém trén do thi thwong dwoc két ndi bang
duong thing theo thi tw chiing xuAt hién.

Vidu 2.13

Vén dé

Dit liéu sau day cho thiy Chi s& gia tiéu dung hang nam, mdi thang, trong mudi ndm. Xay
dung db thi chudi thoi gian chi cho di liéu Chi & gia tiéu dung hang nam.

Bang 2.20

Nam | Thang1 | Thang 2 | Thang 3 | Thang4 | Thang5 | Thang 6 | Thang 7
1 181,7 183,1 184,2 183,8 183,5 183,7 1839
2 185,2 186,2 187,4 188,0 189,1 189,7 189,4
3 190,7 191,8 193,3 194,6 194,4 194,5 195,4
4 198,3 198,7 199,8 201,5 202,5 202,9 203,5
5 202,416 | 203,499 | 205,352 | 206,686 | 207,949 | 208,352 | 208,299
6 211,080 | 211,693 | 213,528 | 214,823 | 216,632 | 218,815 | 219,964
7 211,143 | 212,193 | 212,709 | 213,240 | 213,856 | 215,693 | 215,351
8 216,687 | 216,741 | 217,631 | 218,009 | 218,178 | 217,965 | 218,011
9 220,223 | 221,309 | 223,467 | 224,906 | 225,964 | 225,722 | 225,922
10 | 226,665 | 227,663 | 229,392 | 230,085 | 229,815 | 229,478 | 229,104
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Bang 2.21
Nam | Thang8 | Thang9 | Thang10 | Thang 11 | Thang 12 | Hang nam
1 184,6 185,2 185,0 184,5 184,3 184,0
2 189,5 189,9 190,9 191,0 190,3 188,9
3 196,4 198,8 199,2 197,6 196,8 195,3
4 203,9 202,9 201,8 201,5 201,8 201,6
5 207,917 | 208,490 208,936 210,177 210,036 207,342
6 219,086 | 218,783 216,573 212,425 210,228 215,303
7 215,834 | 215,969 216,177 216,330 215,949 214,537
8 218,312 | 218,439 218,711 218,803 219,179 218,056
9 226,545 | 226,889 226,421 226,230 225,672 224,939
10 230,379 | 231,407 231,317 230,221 229,601 229,594
Lo gidi
CPI hang nam

£y

& § 20

g ’%" 10

9 2 00 -

£ 90+

(00]
o

Nam
Hinh 2.10

Bai tap van dung 2.13

Bang sau diy la mot phin cda tip dir liéu tr www.worldbank.org. St dung bang dé xay

dung @b thi chudi thoi gian cho Iwong khi thai CO, ctia Hoa Ky.
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Bang 2.22
Lwong khi thai CO,

Nim | Ukraine | Vwong qudc Anh | Hoa Ky
1 352.259 540.640 5.681.664
2 343.121 540.409 5.790.761
3 339.029 541.990 5.826.394
4 327.797 542.045 5.737.615
5 328.357 528.631 5.828.697
6 323.657 522.247 5.656.839
7 272176 474.579 5.299.563

Cong dung cta Po thi chudi thoi gian

Do thi chudi thoi gian 1a cdng cu quan trong trong cac ing dung khac nhau clia thong keé.
Khi ghi lai cac gia tri cia cuing mot bién trong mét khoang thoi gian dai, d6i khi khé phan
biét bat ky xu huwéng hodc mau hinh ndo. Tuy nhién, mot khi cac diém dir liéu twong tw
dwoc hién thi bang d6 thi, mot sd dic diém sé néi bat. Po thi chudi thoi gian gidp dé phat
hién tinh xu hwéng.

Lam thé nao dé KHONG lira d&i bang thong ké

biéu quan trong ching ta cin nhé 1a ching ta phat trién nhiéu phwong phap khic nhau
dé trinh bay dir liéu 1a d€ thic ddy hi€u biét sdu sdc vé ddi twong ma cac quan sat dai dién.
Chung ta muén "cdm nhan" dir liéu. C6 phai cic quan sat déu rit giong nhau hay ching
phén tan trén mét khoang réng gia tri; chung c6 tip trung & mot dau cda pho gia tri hay
dwoc phan bd déu. Ching ta dang c6 gang c6 dwoc hinh anh truc quan vé dir liéu & dang
s6. Tiép ngay sau diy, chung ta sé phat trién phép do todn hoc chinh thirc cho dir liéu,
nhwng trinh bay do6 hoa truc quan cé thé néi 1én nhiéu diéu. N6 ciing cé thé, khong may,
néi nhiéu diéu gdy mat tap trung, gdy nham lan va don gian 1a cho 4n twong sai tir hinh
anh trwc quan. Nhiéu nam trwéc Darrell Huff da viét cuén sich How to Lie with Statistics.
N6 da qua 25 lan tai ban va ban dwgc hon mot triéu rwdi ban. Trong cudn sach, Darren
Huff dwa ra quan diém gay git va stt dung nhiéu vi du thwc t& dé cho thay s 1am 1an. Ong
mudén lam cho moi ngwdi nhan thirc dwgc sw Iira doi nhw vy, nhwng c6 1é quan trong hon
1 gido duc dé nhirng ngwdi khac khdong mic phai nhitng 16i twong tw mot cach vo tinh.

Mot 1an nira, muc tiéu ctia d6 thi 12 1am sang té bang cach sir dung hinh anh dé ké ciu

chuyén vé dir liéu. Biéu d6 tron c6 mot s6 van dé pho bién khi dwoc str dung dé truyén dat
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théng diép cia dit liéu. Biéu d6 véi qua nhiéu manh sé lam chodng ngop ngudi doc. C6 18
5 hodc 6 manh (phan loai) 1a @0 dé€ dwa ra y twédng vé tAm quan trong twong ddi ciia moi
manh (phén loai). Xét cho cung, diy la muc tiéu cta biéu d6 tron, cho thiy tip con nao
quan trong nhat trong nhirng tip con. Néu c6 qua nhiéu manh thi c6 1& thay cach tiép cin
sé tét hon, hodc cé 18 mot so tAp con nén dwoc hop nhat thanh mét (loai "khac"). Biéu do
tron khéng thé hién thi nhirng thay déi theo thoi gian, mic du chiing ta thay nhiéu nguoi
cd gang lam diéu nay trong thuc té. Trong mot s tai liéu tai chinh, biéu dd tron thudong
dwoc dung d€ hién thi cic cdu phian cda nguén thu ngan sach: thué thu nhép, thué gia tri
gia tang, thué xe co gidi, v.v.. Cac thong tin hiru ich nay cé thé dwoc thé hién tét véi biéu
do tron. Loi 12 khi di¥ liéu hai nam dwoc dit canh nhau. Vi tdng doanh thu thay ddi tir ndm
nay sang nam khac, nhwng kich thwéc cia banh tron dwgc cé dinh, khéng c6 thong tin
thwe sw nao duoc cung cip va kich thwéc twong d6i cia moéi manh banh tron khong thé
dwoc so sanh mot cach c6 y nghia.

Do thi histogram c6 thé rat hiru ich trong viéc hiéu dir liéu. Néu dwoc trinh bay ddng cach,
chiing cé thé 1a mét cach trec quan, nhanh chdng trinh bay xac suat cia cac phén loai khac
nhau thong qua so sanh trwc quan, don gian d6 1én twong d6i cia cac phan loai. O day 16i
c6 thé xay, c6 chu y hay khong, 1a bién ddi chiéu rong cua cac phan loai (thanh). Diéu nay
tit nhién lam cho viéc so sanh vé&i cac phan loai khac nhau tré nén khéng thé. M& rong
chiéu rong cia mot phan loai “ton cao” khong théa dang tim quan trong ctia phan loai c6
chiéu rong mé& rong, vi né cé dién tich 16n hon, va do dé "néi" mot cach truc quan rang
phén loai dé c6 xac suit xay ra cao hon.

Do thi chudi thoi gian c6 1€ 12 loai dd thi bi lam dung nhiéu nh4t. Khong thé trinh bay do
thi cia mot bién theo trén cac truc cé ty 1é thay d6i mot phan trén trang gidy, bat ké chiéu
doc hodc chiéu ngang. Chang han khung thoi gian dwoc thay d6i tir ndm sang thang. Diéu
nay c6 thé 1a dé tiét kiém khong gian hoic vi dir liéu hang thang khong c6 san cho nhitng
nam diu. Trong ca hai tredmg hop diéu nay 1am tron 1an viéc trinh bay va hay hoai y nghia
clia d6 thi. Néu diéu nay khong dwoc thwc hién dé c6 y 1am réi ngudi doc, thi né chic chin
la viéc lwdi biéng hodc cau tha.

Thay d6i don vi do lwong cda truc c6 thé giup gidm nhe hodc cwong diéu sy bién dong.
Né&u ban muén cho thiy nhirng bién dong 16n, thi hiy do bién bang don vi nhé (stt dung
don vi xu thay vi hang nghin dé la). Va tit nhién dé tiép tuc gian 1an, hay chic chin rang
truc khéng bat dau tir diém (0, 0). Néu do thi bat dau tix (0, 0) thi viéc truc d6 thi bi thao
ting sé& dé bi nhan thiy.

C6 1& ban c6 mdt khach hang lo 1ang vé sy bién dong ciia danh muc dau tw do ban quan ly.
Mot cach dé dang dé trinh bay dit liéu 12 stt dung cac khodng thoi gian dai trén d6 thi chudi
thoi gian. S dung don vi thang hoic tét hon, quy thay vi dir liéu hang ngay hoidc hang
tudn. Néu diéu d6 khéng lam gidm tinh bién dong thi hay trai rong truc thoi gian so voi
truc ty 1&é hoan vén (hodc dinh gia danh muc diu tw). Néu ban muén cho thay sy tang
trwedng "nhanh" 4n twong, thi hiy thu nhé truc thoi gian. Bat ky ting tredng tich cuc nao
sé& thanh tdc dd ting trwdng "cao" mot cach tric quan. Lwu y rang néu tang tredng 1a Am
thi thu thuét nay sé cho thdy danh muc dau tw dang sup d6 véi tdc do an twong.

Mot lan nira, muc tiéu cua thong ké mé ta 1a truyén dat hinh anh cé y nghia, c6 thé ké cau
chuyén vé dir liéu. Thao tdng c6 chu y la gian 14n va trong trwong hop té nhat la phi dao
dirc, ngay ca khi cé y tét, viéc mic phai nhitng loai 16i nay sé din d&n nham lan vé phan
phan tich.
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2.2 Cac sd do vi tri cua dir liéu

Cac s6 do vi tri pho bién 1a ti phan vi (quartiles) va phan vi (percentile).

C4c tir phan vi, 1a s6 phan vi dic biét, chia mot tap di liéu da sip xép theo trat tw ting dan
thanh b6n phan bang nhau. Mot tp di liéu c6 3 s6 tit phan vi, dwoc ky hiéu 1a Q1, Q2, va Q3.

e Khoang mét phan tw dit liéu roi vao hodc dwdi tik phan vi th nhat Q1.
e Khoang moét nira dit liéu roi vao hoac duwéi tir phan vi thir hai Q2.
¢ Khoang ba phan tw dit liéu roi vao hodc dwdi tik phan vi thi ba Q3.

Twong tw, phan vi chia mot tap dit liéu thanh 100 phan bang nhau.

DéE tinh tir phan vi va phan vi, dit liéu phai dugc sap xép tir nhé nhat dén 16n nhat. T phan vi
chia dir liéu da sap xép thanh cac phan tw. Phan vi chia dir liéu da sap xép thanh cac phan
tram. Pat diém & phan vi thi 90 trong mot ky thi khdng c6 nghia la ban nhin dwgc diém 90%
trong bai ki€m tra. N6 chi c6 nghia 1a 90% s6 diém kiém tra bang hodc thap hon diém ctia ban
va 10% s6 diém kiém tra bang hodc cao hon diém kiém tra clia ban.

Phan vi hitru ich d€ so sanh céc gia tri. Vi ly do nay, cic trwdng dai hoc va cao dang st dung
phan vi rong rii. Mot trudng hop ma cac treong cao dang va dai hoc sir dung phan vi l1a
khi két qua SAT dwoc st dung dé xac dinh diém xét tuyén. Vi dy, gia str Pai hoc Duke cong
bd chdp nhin diém SAT & hodc trén phan vi thir 75; nghia la ¢ng vién cin c6 diém SAT it
nhit 1220.

Thwong thi ngwdi ta sit dung phan vi véi cac quan thé rat lon. Do do6, néu ban néi rang
90% diém kiém tra thidp hon di€ém ctia ban (khong phai bang hodc thip hon), thi diéu do6
cting chip nhan dworc vi viéc loai bé mot diém dir liéu cu thé sé khong anh hwdéng dang ké
két qua so sanh.

S6 trung vi (median) la mot s6 do "tAm" cda dir liéu. Ban c6 thé nghi vé s6 trung vi nhw "gia
tri gitta"; n6 khong nhit thiét phai la mdt trong cac gia tri quan sat dwoc. Trung vi chi la mot
con s0 chia tAp di liéu (da sip x€p) thanh hai ntra. MOt nita la cic diém bang hodc nhé hon
s6 trung vi, va mot ntra chira cc tri bang hodc 16n hon. Vi du, hay xem xét dit liéu sau.
1;11,5;6;7,2; 4;8;9;10;6,8; 8,3; 2;: 2; 10; 1

Sap xép tlr nhé nhit dén 16n nhat:

1;1:;2;2;4:6;6,8;7,2;8;8,3; 9;: 10; 10; 11,5

Vi c6 14 quan sat, s6 trung vi nam giita gia tri thir bay, 6,8, va gia tri thit tdm, 7,2. D€ tim
s6 trung vi, cong hai gia tri lai véi nhau va chia cho hai.

6,8+72=14
14+2=7

S6 trung vi la 7. Mot nira cac diém dit liéu nhd hon 7 va mot ntra cac di€ém dir liéu 16m hon 7.
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T& phan vi 1a nhitng s6 tach dit liéu thanh cac phan tw. T phan vi c6 thé 1a hodc khong
phai 1a mot phan cta dit liéu. D€ tim t& phan vi, truedc tién hay tim s6 trung vi (hodc tk
phén vi thir hai). T& phan vi thit nhit, Q1, 1a gia tri gitta cia nira dwdi cda dir liéu, va ti
phén vi th ba, Q3, 1a gia tri gilra, hodc s6 trung vi, cia nira trén cta dit liéu. D€ hiéu y
twdng, hay xem xét cung mot tap dir liéu:

1;1;2;2;4:6;6,8;7,2;8;8,3;9; 10; 10; 11,5

SO trung vi hodc tir phan vi thit hai (2nd quartile) 1a 7. Nta dwéi cia divliéula 1, 1, 2, 2,
4, 6, 6,8. Gia tri gitra cua ntra dudi la 2.

1;1;2;2;4;6; 6,8

S6 2, 1a mot phéan cuia dir liéy, 1a tie phan vi thir nhat (1st quartile). Mot phin tw cta toan
bo tip cac gia tri bang hodc nhé hon 2 va ba phan tw clia cac gia tri 16m hon 2.

Ntra trén caa dirliéula 7,2, 8, 8,3, 9, 10, 10, 11,5. Gia tri gitra ctia nira trén 1a 9.

T& phan vi thi ba (3rd quartile), Q3, 1a 9. Ba phan tw (75%) cta tip dit liéu da sap xép
nhé hon 9. Mot phin tw (25%) cia tip dit liéu da sdp xép 16n hon 9. T phan vi thir ba 1a
mot phan cta tip dir liéu trong vi du nay.

Khoang ti phan vi (interquartile range) 1a chi s6 cho thay d6 phén tan cta nira gitra hodc
50% gitra cia dit liéu. N6 1a hiéu gitra tir phan vi thit ba (Q3) va tr phan vi thir nhat (Q1).

IQR = 03 - Q1

IQR c6 thé gitp xac dinh cic di€ém ngoai vi (outlier) tiém tang. Mot gia tri dwoc nghi
ngo 1a gia tri ngoai vi tiém tang néu né nho hon (Q1 - 1,5IQR) hoac 1é6n hon (Q3 +
1,5IQR). C4c gia tri ngoai vi tiém tang luoén doi hoi diéu tra thém.

LUUY

Gia tri ngoai vi tiém tang la mét diém dir liéu khac biét dang ké so véi cac diém dir liéu
khéc. Nhitng diém dit liéu dac biét nay c6 thé 1216i hodc mot loai bat thwong nao dé hoic
ching c6 thé 1a chia khoa dé hiéu dir liéu.

Vidu 2.14

Vén dé

boi voi 13 gid bat dong san sau day, tinh IQR va xac dinh xem c6 gia nao la gia tri ngoai
vi tiém tang khong. Gia tinh bang do la.

389.950; 230.500; 158.000; 479.000; 639.000; 114.950; 5.500.000; 387.000; 659.000;
529.000; 575.000; 488.800; 1.095.000

Loi gidi

Sap xé&p dit liéu tir nhé nhat dén 16n nhat.
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114.950; 158.000; 230.500; 387.000; 389.950; 479.000; 488.800; 529.000; 575.000;
639.000; 659.000; 1.095.000; 5.500.000

M =488.800
01 = 230.500 + 387.000

2
Q3= — = 649.000

=308.750

639.000 + 659.000

IQR = 649.000 - 308.750 = 340.250
(1,5)(IQR) = (1,5)(340.250) = 510.375

Q1 - (1,5)(IQR) = 308.750 - 510.375 = -201.625
Q3 + (1,5)(IQR) = 649.000 + 510.375 = 1.159.375

Khong cé gia nha nao nho hon -201.625. Tuy nhién, 5.500.000 1é6n hon 1.159.375. Do
dé, 5.500.000 1a mét gia tri ngoai vi tiém tang.

Bai tap van dung 2.14

Dboi v&i 11 mirc lwong sau day, tinh IQR va xac dinh xem c6 mi&c lwong nao la gia tri
ngoai vi khong. Mirc lwong tinh bang do la.

$33.000; $64.500; $28.000; $54.000; $72.000; $68.500; $69.000; $42.000; $54.000;
$120.000; $40.500

Vidu 2.15

Vin dé

biém kiém tra cho 16p théng ké ban ngay la:

99; 56; 78; 55,5; 32;90; 80; 81; 56; 59; 45; 77; 84.5; 84; 70; 72; 68; 32; 79; 90

Dbiém ki€ém tra cho 1ép théng ké buoi toi la:

98; 78; 68; 83; 81; 89; 88; 76; 65; 45; 98; 90; 80; 84,5; 85; 79; 78; 98; 90; 79; 81; 25,5
Doi véi hai tp dir liéu, tim nhirng diéu sau:

a. Khoang tr phan vi. So sanh hai khoang tx phan vi.

b. Bat ky gia tri ngoai vi nao trong mot trong hai tap.

Loi gidi

Tém tat ndm sb cho 1¢p ban ngay va budi tdi 1a

Bang 2.23

Cwctiéu| Q1 |SO6trungvi| Q3 | Cwcdai
Ban ngay 32 56 74,5 82,5 99
Ban toi 25,5 78 81 89 98
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a. IQR cho nhém ban ngay lais Q3 - Q1 =82,5-56 = 26,5
IQR cho nhém buéi t6ilaQ3-Q1=89-78=11

Khoang t& phan vi (d6 trai réng hodc bién thién) cho 1&p ban ngay 16n hon IQR 16p
ban t6i. Piéu nay cho thiy diém kiém tra 1&p ban ngay sé nhiéu bién thién.

b. Gi4 tri ngoai vi 16p ban ngay dwoc tim thiy bang cach st dung quy tic IQR nhan 1,5.
Vay,

Q1 -IQR(L,5) = 56 - 26,5(1,5) = 16,25
Q3 +IQR(1,5) = 82,5 + 26,5(1,5) = 122,25

Vi gid tri cwc tiéu va cuc dai cho 16p ban ngay 1é6n hon 16,25 va nhé hon 122,25 nén
khong c6 gia tri ngoai vi.

Gia tri ngoai vi 16p ban tdi dwoc tinh nhw sau:
Q1-IQR(1,5)=78-11(1,5)=61,5
Q3 +IQR(1,5) =89 + 11(1,5) =105,5

Doi véi 16p nay, bat ky diém kiém tra nao nho hon 61,5 la mot gia tri ngoai vi. Do do,
diém 45 va 25,5 la gia tri ngoai vi. Vi khong cé diém kiém tra nao 16n hon 105,5, khéng
c6 gia tri ngoai vi diu trén.

Bai tap van dung 2.15

Tim khoang t& phan vi cho hai tap dir liéu sau day va so sanh chung.
Diém kiém tra cho Lop A

69; 96; 81; 79; 65; 76; 83;99; 89; 67; 90; 77; 85; 98; 66; 91; 77; 69; 80; 94
Diém kiém tra cho Lép B

90; 72; 80; 92:90;97;92; 75; 79; 68; 70; 80; 99; 95; 78; 73; 71; 68; 95; 100

Vidu 2.16

N3m muwoi sinh vién 1¢p théng ké dwoc hoi ho ngt bao nhiéu tiéng mdi dém hoc (1am
tron dén gi¢ gan nhat). Két qua la:
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Bang 2.24
S6 gior ngti moi dém hoc Tan Tan suat Tan suat twong doi
(gio) suat twong déi tich liy
4 2 0,04 0,04
5 5 0,10 0,14
6 7 0,14 0,28
7 12 0,24 0,52
8 14 0,28 0,80
9 7 0,14 0,94
10 3 0,06 1,00

Tim phan vi thir 28. Chd y 0,28 trong cot "tin sudt twong déi tich liy". 28% cta 50
diém dir liéu 1a 14 diém. C6 14 diém c6 gia nho hon phan vi thir 28. Ching bao gom hai
s6 4, ndm s8 5, va bay s§ 6. Phan vi thir 28 nam gitra s6 6 cudi cing va sé 7 dau tién.
Phan vi thir 28 1a 6.5.

Tim s6 trung vi. Nhin lai c6t "tAn suit twong doi tich ldy" va tim 0,52. S6 trung vi la
phén vi thit 50 hodc t& phén vi thit hai. 50% ctia 50 1a 25. C6 25 gia tri nhé hon sé trung
vi. Ching bao gom hai s6 4, ndm s6 5, bay s6 6, va 11 s6 7 (cua 12 s6 7 trong tap dir liéu).
S8 trung vi hodc phan vi thir 50 nam gitra gia tri thit 25 (s 7), va thir 26 (s 7). S6 trung
vila7.

Tim tir phan vi thir ba. T& phan vi thit ba giong nhw phan vi tht 75. Ban cé thé "nhin
lw6t" ciu tra 1od nay. Néu ban nhin vao cot "tan suit twong doi tich liiy", ban tim thiy
0.52 va 0.80. Khi ban c6 tat ca cdcs6 4, 5, 6, 7 ban c6 52% dir liéu. Khi ban bao gobm thém
tat ca cac sO 8, ban c6 80% dir liéu. Phan vi thir 75, do d6, phai la s6 8. Cich khac dé
nhin vao van dé la tim 75% cida 50, 12 37.5, va lam tron 1én 38. T phan vi thit ba, Q3, 1a
gia tri thir 38,12 s6 8. Ban c6 thé kiém tra cAu tra loi nay bang cach dém cac gia tri. (Co
37 gia tri du¢i tir phan vi thir ba va 12 gia tri trén.)

Bai tap van dung 2.16

B6n muoi tai xé& xe buyt dwoc héi ho danh bao nhiéu gior moi ngay dé chay tuyén dudng
cda ho (lam tron dén gior gan nhat). Tim phén vi th 65.

Bang 2.24
S6 th(‘?'i gian danh cho TAn sust Tan su:?it’ Tan suat Twong doi
tuyén dwong (gio) Twong doi Tich liy
2 12 0,30 0,30
3 14 0,35 0,65
4 10 0,25 0,90
5 4 0,10 1,00
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Cong thirc tim phan vi thi k

Néu ban lam mot chat nghién ctru, ban sé tim thiy nhiéu céng thirc khac nhau dé tinh
phén vi thir k. Pay 1a mot trong s ching.

k = phén vi th k. N6 c6 thé 1a hodc khong phai la mot phan cua di liéu.

i = chi s6 (th& hang hodc vi tri cia mot gia tri dir liéu)

n = tong s6 cac diém dir liéu hay quan sat

Sap xé&p dir liéu tir nhé nhait dén lén nhat.
Tinhi = - (n + 1)

100
Néu i la mot s6 nguyén, thi phan vi thir k 1a gia tri dix liéu & vi tri thir i trong tip dir
liéu da sap xép.
Néu i khdng phai la mot s6 nguyén, thi lam tron i 1én va lam tron i xudng dén cac
s6 nguyén gan nhat. Tinh trung binh cta hai gia tri di liéu & hai vi tri nay trong tap
dir liéu da sap xép. Cong thirc nay dé hiéu hon qua mot vi du.

Vidu 2.17

Véan de

Liét ké dwéi day 1a 29 dd tudi ctia cac nam dién vién chinh gianh giai Oscar theo thit tw
tir nhé nhdt dén lén nhdt.

18; 21; 22; 25; 26; 27; 29; 30; 31; 33; 36; 37; 41; 42; 47; 52; 55; 57; 58; 62; 64; 67; 69;
71;72;73;74;76;77

a. Tim phan vi thir 70.

b. Tim phéan vi thir 83.

Loi gidi
a. k=70
i =chisd
n=29

i= % (n+1)= (%00)(29 +1) = 21. 21 1a mot s6 nguyén, va gia tri dir liéu & vi tri
thir 21 trong tip dir liéu da sdp xép 1a 64. Phan vi thir 70 12 64 tudi.

k = phan vi thir 83

i =chiso

n=29
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i= % (n+1) = (%) (29 + 1) = 24,9, khdng phai la m6t s6 nguyén. Lam tron xuéng

24 valén 25. Tudi & vi tri thir 24 1a 71 va tudi & vi tri thir 25 1a 72. Trung binh 71
va 72. Phan vi thir 83 1a 71,5 tudi.

Bai tap van dung 2.17

Liét ké dwdi day 1a 29 do tudi clia cAc nam dién vién chinh gianh giai Oscar theo thir tu
tir nh6 nhit dén 16n nhat.

18; 21; 22; 25; 26; 27; 29; 30; 31; 33; 36; 37; 41; 42; 47; 52; 55; 57; 58; 62; 64; 67; 69;
71;72;73;74;76;77

Tinh phan vi thr 20 va phan vi thit 55.

LUUY

S dung Excel va R dé tim phéan vi thi k

Excel: Excel cung cip mot s6 ham dé tim phan vi thi k. Ham PERCENTILE.EXC(data, k)
cho két qua twong tw cong thirc trén. k tir 0 dén 1, k khéng bao gobm 0 va 1. Twong tu,
dé tim t& phan vi, st dung ham QUARTILE.EXC(data, k), k =1, 2, 3.

R/stats package: ham quantile() cung cidp nhiéu cong thic tim phin vi k. Ham
quantile(data, k, type=6) cho két qua twong tw cong thirc trén. k tir 0 dén 1. D€ tim t&
phan vi, cho k = 0.25; 0.5; 0.75.

Vidu 2.18

Vin dé
Str dung Bang 2.23:
a. Tim phan vi thit 80.
b. Tim phan vi th 90.
c. Tim t& phan vi thi nhit. Tén khac cta tir phan vi thir nhat la gi?
Loi gidi
Str dung dir liéu tir bang tan suit, ching ta co:
a. Chuay cé 50 gia tri dir liéu trong bang, vay n = 50.

Tinh chi s6 i nhw sau:
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- 80 (50 + 1) = 40.8
T ke

Vii=40,8, tinh trung binh cta gia tri dit liéu thir 40 va thir 41. Gia tri dit liéu thir
40 1a 8, gia tri dir liéu thir 41 1a 9, va trung binh ctia hai gia tri dir liéu nay la 8,5.
Do dé, phan vi thir 80 1a 8,5.

Tinh chi s6 i nhw sau:

90

L= W(SO + 1) = 45,9

Vii=45,9, tinh trung binh cta gia tri dit liéu thir 45 va thir 46. Gia tri dit liéu thir
451a 9, gia tri dit liéu thir 46 1a 9, va trung binh cuda hai gia tri dit liéu nay 1a 9. Do
do, phan vi thr 90 1a 9.

Tén khac cta tir phan vi thir nhit 1a phan vi thir 25. Tién hanh tinh phén vi thi 25:
Tinh chi s6 i nhw sau:

25
L= W(SO + 1) =12.75
Vii= 12,75, tinh trung binh cta gia tri dit liéu thi 12 va th 13. Gia tri dir liéu
thir 12 1a 6, gia tri dir liéu thir 13 la 6, va trung binh cua hai gia tri dir liéu nay la
6. Do d0, t& phan vi thir nhitla 6.

Bai tap van dung 2.18

Tham khao Bang 2.24. Tim t& phan vi thi ba. Tén khac cta t&t phan vi thi ba la gi?

Bai tap nhom

Giang vién hodc mot thanh vién cta 1ép sé hdi moi ngudi trong 1¢p ho sé hitu bao nhiéu
ao thun. Tra 1&i cac cau héi sau:

1.
2.
3.

uroe

&

C6 bao nhiéu sinh vién dwoc khao sat?
Ban da thuc hién loai 14y mAu nao?

Xay dwng hai @6 thi histogram khac nhau. D8i v&i moi cai, gia tri bit dau =
gia tri két thac =

Tim s6 trung vi, t& phan vi thi nhit va t& phan vi thi ba.
Xay dung bang dir liéu dé tim:

phan vi thir 10

phan vi thtr 70

phan tram sinh vién sé& hiru it hon bén thun.
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Cong thirc tim hang phan vi (percentile rank) ciia mét gia tri trong tap dir
liéu

e Sap x&p dir liéu tir nhé nhat dén 16m nhat.

e x=s50lwong diém dirliéu dém tir dwdi danh sach dir liéu 1én nhung khéng bao gom
gia tri dir liéu ma ban muén tim phéan vi.

e y=s8lwong diém dir liéu bang gia tri dit liéu ma ban mudn tim phan vi.

e n=tongsd lwong diém dir liéu.

, x+0,5
e Tinh ~ Y

(100). Sau d6 lam tron dén s6 nguyén gan nhat.

Vidu 2.19

Vin dé
Liét ké dwéi day 1a 29 dd tudi ctia cac nam dién vién chinh gianh giai Oscar theo thit tw
tir nhé nhdt dén lén nhdt.

18; 21; 22; 25; 26; 27; 29; 30; 31; 33; 36; 37; 41; 42; 47; 52; 55; 57; 58; 62; 64; 67; 69;
71;72;73;74;76;77

a. Tim hang phan vi cho 58.
b. Tim hang phan vi cho 25.
Loi gidi
a. Pém tr dwdi danh sach, c6 18 gia tri dir liéu nhé hon 58. C6 mot gia tri 58.

x=18vay = 122(100) = 220100 = 63,80. 58 1a phan vi thit 64.

n
b. Pém tlr dwéi danh sach, cé ba gia tri dit liéu nho hon 25. C6 mot gia tri 25.

x=3vay=1-22(100) = *228(100) = 12,07. 25 12 phan vi thir 12,

n

Bai tap van dung 2.19

Liét ké dwdi day 1a 30 do tudi clia cAc nam dién vién chinh gianh giai Oscar theo thir tw
tir nhoé nhat dén 16n nhat.

18; 21; 22; 25; 26; 27; 29; 30; 31, 31; 33; 36; 37; 41; 42; 47; 52; 55; 57; 58; 62; 64; 67;
69;71;72;73;74;76;77

Tim phan vi cho 47 va 31.

LUUY

St dung Excel dé tim hang phan vi
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Excel: Excel cung cip mét s6 ham dé tim hang phin vi cia gia tri. Ham
PERCENTRANK.EXC(data, x)véi x 1a gia tri can tim hang. Cong thirc ctia Excel sé cho két
qua hoi khac véi cong thire trén.

Dién giai vé phan vi, tir phan vi va trung vi

Phan vi chi ra vi tri twong ddi ctia mot diém dir liéu khi dir liéu dwoc sdp xép theo thir tw
tlr nhé nhit dén 1én nhit. p% cac diém dir liéu nhé hon hodc bang phan vi thi p. Vi du,
15% cac diém dir liéu nho hon hoic bang phan vi thir 15.

e Phan vi thip ludn twong rng véi gia tri dir liéu thip hon.
e Phan vi cao ludn twong rng véi gia tri dir liéu cao hon.

Phéan vi c6 thé twong ng hodc khong twong ng véi mot nhan dinh vé viéc né "tot" hay
"x4u". Viéc dién gidi rang mot phan vi nhat dinh "t6t" hay "x4u" phu thudc vao béi canh
cda tinh huong ma dir liéu 4p dung. Trong mot sé tinh huéng, phan vi thap sé dworc coi la
"tot"; trong boi canh khac, phin vi cao cé thé dwoc coi la "t6t". Trong nhiéu tinh huéng,
khong c6 nhén dinh nao veé tri.

Hiéu cach dién giai ddng vé phan vi rit quan trong khong chi khi mo ta di liéu, ma con
khi tinh xac sult trong cic chwong sau cua gido trinh nay.

LUUY

Khi trinh bay dién giai vé mot phan vi trong bdi canh cta dit liéu dwoc cung cip, dién
giai nén chtra thong tin sau.

thoéng tin vé boi canh cua tinh huéng dang dwgc xem xét

gia tri dir liéu (gia tri ctia bién) dai dién cho phan vi

ty 1& phén tram ca thé hoic ddi twong co gia tri dir liéu dwdi phan vi
ty 1& phén tram ca thé hoidc d6i twong cé gia tri dir liéu trén phan vi.

Vidu 2.20

Vén dé

Trong mét Ky thi toan c6 tinh gid, t& phan vi thir nhat cho thoi gian hoan thanh bai thi
la 35 phut. Gidi thich t& phan vi thit nhat trong boi canh cda tinh hudng nay.
Loi gidi
e Hai mwoi lam phan tram hoc sinh hoan thanh bai thi trong 35 phut hodc it hon.
e Bay muoi ldm phin trdm hoc sinh hoan thanh bai thi trong 35 phiat hodc nhiéu
hon.
e Phan vi thap cé thé dwoc coi la tot, vi hoan thanh nhanh hon trong bai thi c6 thoi
gian 1a mong muén. (Néu ban mit qua nhiéu thoi gian, ban cé thé khong thé hoan
thanh.)
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Bai tap van dung 2.20

Do6i véi cudce thi chay 100 mét, ti phan vi thi ba cho thoi gian hoan thanh cudc thi la
11,5 gidy. Giai thich t& phan vi th& ba trong boi canh cda tinh hudng.

Vidu 2.21

Vin dé
Trong mot bai kiém tra toan 20 ciu, phan vi thit 70 cho s6 ciu tra loi dang la 16. Giai
thich phan vi thir 70 trong béi canh cua tinh huéng nay.
Loi gidi
e 70% sinh vién tra 1o dang 16 cau héi hodc it hon.
e 30% sinh vién tra 1o ding 16 cau hoi hodc nhiéu hon.
e Phin vi cao hon dwoc coi la tot vi viéc tra 101 ddng nhiéu ciu hoi la diéu ky vong.

Bai tap van dung 2.21

Trong mét bai tip viét 60 diém, phan vi thir 80 cho s6 diém kiém dwoc la 49. Gidi thich
phén vi thir 80 trong béi canh cua tinh hudng nay.

Vidu 2.22

Vdn dé

Tai mot truwdng cao dang cong ddng, ngwdi ta thay rang phan vi thir 30 ctia s6 tin chi ma
hoc sinh dang ky 1a bay tin chi. Giai thich phan vi thi 30 trong b6i cdnh cta tinh huéng
nay.

Loi gidi

e 30% sinh vién dang ky bay tin chi hoac it hon.

e 70% sinh vién dang Ky bay tin chi hodc nhiéu hon.

e Trong vi du nay, khéng danh gia gia tri "tot" hay "xau" lién quan dén phan vi cao
hon hoic thip hon. Sinh vién hoc tai trweong cao dang cong dong vi nhiéu ly do
va nhu ciu khac nhau, va khéi lwong hoc tip cia ho thay doi tuy theo nhu ciu ca
nhan.

Bai tap van dung 2.22

Trong mot mua giai, phan vi thir 40 cho diém ghi dwoc mdi cau thd trong mot tro choi
la 8. Giai thich phan vi thi 40 trong boi canh cta tinh huéng nay.
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Vidu 2.23

Vén dé

Trwong Trung hoc Sharpe dang xin tai trg d€ trang bi thém thiét bi tip cho phong gym.
Hiéu trwdng khao sat 4n danh 15 hoc sinh dé xac dinh bao nhiéu phiat mét ngay cac hoc
sinh danh cho tip thé duc. Két qua tir 15 hoc sinh nhw sau.

0 phut; 40 phut; 60 phut; 30 phut; 60 phut

10 phut; 45 phut; 30 phut; 300 phat; 90 phut;
30 phut; 120 phut; 60 phut; 0 phuat; 20 phut
Xac dinh nam gia tri sau.

Min=0

Q1=20

Med =40

Q3=60

Max =300

Néu ban la hiéu trwdng, ban c6 bién minh dwoc cho viéc mua thiét bi tip méi khong? Vi
75% hoc sinh tip thé duc 60 phut hodc it hon hang ngay, va vi IQR 1a 40 phit (60 - 20 =
40), chung ta biét rang mot nira s6 hoc sinh dwgc khao sat tip thé duc tir 20 phut dén
60 phat hang ngay. Pay c6 vé 1a thoi lwong hop ly danh cho tip thé duc, vi viy sé liéu
bién minh cho viéc hiéu trwdng mudn mua thiét bi mai.

Tuy nhién, hiéu triedng cin cin than. Gia tri 300 c6 vé la mot gia tri ngoaivi tiém tang.
Q3 + 1,5(IQR) = 60 + (1,5)(40) = 120.

Gia tri 300 16m hon 120 nén n6 la mot gia tri ngoai vi tiém tang. Néu ching ta x6a nd va
tinh lai 5 s6 do, chiing ta c6 nhirng gia tri sau:

Min =0
Q1=20
Q3=60
Max =120

Chuing ta van c6 75% hoc sinh tap thé duc 60 phit hoic it hon hang ngay va mot nira s6
hoc sinh tip thé duc tir 20 d&€n 60 phut mot ngay. Tuy nhién, 15 hoc sinh 12 mdt mau nho
va hiéu trwdng nén khéo sat thém hoc sinh dé chic chan vé két qua khao sat ctia minh.

Bai tap van dung 2.23

Mot gidng vién mon thong ké nghién ctru thoi lwong ma sinh vién danh dé lam dy an
cuoi ky cia mon hoc. Gidng vién muon sinh vién danh khoang 3 dén 4 gio cho dw an nhw
la thoi lwong dién hinh. Giang vién thu thip di liéu vé s6 gio danh cho dw 4n cudi ky tir
mau ngau nhién 10 sinh vién. Két qua thu dwoc nhw sau:
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2 gio; 3 gio; 5 gio; 3 gio; 4 gio;
4 gio; 3 gio; 11 gio; 3 gio; 2 gio.
a. Xac dinh nam gia tri sau: Min, Q1, Med, Q3, Max.

b. Gidng vién c6 nén diéu chinh dw 4n cudi ky hay dé nhw ci?

LUUY

S dung Excel, R dé tim tri nhd nhit va 1én nhit
Excel: cung cip ham MIN(data), MAX(data) dé€ tim tri nh6 nhit va 1én nhat tir div liéu.

R: cung cdp ham min(data), max(data) dé tim tri nhé nhit va 1é6n nhit tir dir liéu.

2.3 Cac so6 do tam cua dir liéu

"Tam" ctia mot tip dit liéu cling 1a mdt cach mé ta vi tri. Hai s6 do “tAm” dir liéu pho bién
nhit la s6 binh quan (mean, con goi la trung binh) va sé trung vi (median). D€ tinh can
nang binh quan ctia 50 nguoi, ta cdng 50 sé do cAn nang lai véi nhau va chia cho 50. bé
tim can ning trung vi cia 50 nguoi, ta sap x&p dit liéu va tim s6 chia dir liéu thanh hai
phan bang nhau. S6 trung vi thwong 13 thuwdc do tAm tét hon khi dir liéu c6 cac gia tri cuc
doan hodc gia tri ngoai vi vi n6 khéng bi &nh hwdng béi cic gia tri cua cac diém ngoai vi.
S0 binh quéan 1a thwéc do tAm pho bién nhat.

LUUY

Cac ttr "binh quan" va "trung binh" thwdong dwoc str dung thay thé cho nhau. Pay la viéc
pho bién. “Binh quén s6 hoc” 1a tham s0; "trung binh" 1a théng s6 thong ké. V& mat toan
hoc, “binh quin s6 hoc” con la moment thit nhit cia ham phan phéi. Tuy nhién, trong
thuec té gitra nhirng nguwoi khong chuyén thong ké, "trung binh" thwong dwoc chip nhin
cho "binh quén sé hoc".

Khi mdi gia tri trong tAp dir liéu khong phai 1a duy nhat, sd binh quan c6 thé dwgc tinh
bang cadch nhan moi gia tri riéng biét v&i tAn sudt clia né va sau dé chia téng cho téng s
gia tri dit liu. Chi¥ cai dwoc st dung d€ dai dién cho s6 binh quan mau (sample mean)
la mot x c6 thanh & trén (doc la “x gach”, "x bar"): .

Chir cai Hy Lap u (docla "miu") dai dién cho s6 binh quan quan thé (population mean).
Mot trong nhitng yéu ciu dé sé binh quan mau 13 wéc lwong t6t cia s6 binh quan quan
thé 12 mau dwoc 13y phai thuc sw ngau nhién.

Dé thdy rang ca hai cach tinh s6 binh quan déu giéng nhau, hay xem xét mau:
1;1;1;2;2;3;4;4;4;4; 4
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1+1+1+2+2+3+4+4+4+4+4_27

11 o
3(1)+2(2)+1(3) +5(4)
11 N

X =

X = 2,7

Trong phép tinh thi hai, cic tin suitla 3, 2, 1 va 5.

; o . N s a9 LY , 5 P ,  n+l
Ban c6 thé nhanh chdéng tim vi tri cla s6 trung vi bang cach st dung biéu thirc -
Chit céi n 12 tdng s6 lwgng diém dir liéu trong mau. Néu n 1a mot sé 18, s6 trung vi 12 gia tri
gitra cta dir liéu da sap x€p (sap x€p tir nhé nhit dén 16n nhit). Néu n 1a mot s chan, s
trung vi bang hai gia tri gitta cOng lai véi nhau va chia cho hai sau khi dir liéu da dwgc sap

xép. Vi du, néu tdng s6 lwong diém dir liéu la 97, thi nTH= % =49.S6 trung vi la diém di

n+1_ 100+1 _
2
50,5. S8 trung vi nam giita 2 di€ém dir liéu thi 50 va thir 51. Vi tri ctia s6 trung vi va gia tri
cda s6 trung vi khéng giong nhau. Chir cai viét hoa M thwong dwoc str dung dé dai dién
cho s6 trung vi. Vi du tiép theo minh hoa vi tri ctia s6 trung vi va gia tri ctia s6 trung vi.

liéu thi 49 trong dir liéu da sdp x€p. Néu tng s gia tri dit liéu 1a 100, thi

Vidu 2.24

Vén dé

Mot quan tri vién bénh vién theo déi tudi (tinh bang ndm) ctia bénh nhin dén phong cip
cru trong khoang thoi gian mot tun (dit liéu dwoc sdp x€p tlr nho nhat dén 16n nhat):
3;4:;8;8;10; 11;12;13; 14; 15; 15;16; 16; 17; 17;18; 21; 22; 22; 24; 24; 25; 26; 26; 27;
27;29; 29; 31; 32; 33; 33; 34; 34; 35; 37; 40; 44; 44; 47;

Tinh s6 binh quén va sé trung vi.
Lo gidi
Phép tinh cho s6 binh quén la:

7= [3+4+(8)(2)+10+11+12+13+14+(15)(2)+(16)(2)+...4+354+37+40+(44)(2)+47] — 236

40 !
bé tim sO trung vi, M, trudc tién st dung cong thic cho vi tri. Vi tri la:
n+1 40+1
=~ —205
Bat dAu tir gia tri nhoé nhét, s trung vi ndm gitra gia tri thi 20 va thi 21 (hai s 24):
3:4;8;8;10; 11;12;13; 14; 15; 15;16; 16;17;17; 18; 21; 22; 22; 24; 24; 25; 26; 26; 27;
27;29; 29; 31; 32; 33; 33; 34; 34; 35; 37; 40; 44; 44; 47;

24 + 24
M=T=24
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Bai tap van dung 2.24

Dit liéu sau day cho thay s6 thang bénh nhan thwong cho doi trong danh sach ciy ghép
trwde khi duwoc phau thuat. Dit liéu dwoc sip x€p tir nhé nhit dén 16n nhat. Tinh s6 binh
quén va so trung vi.

3;4;5;7;7;7:7;8;8;9;9;10; 10; 10; 10; 10; 11; 12; 12; 13; 14; 14; 15; 15; 17; 17; 18;
19; 19; 19; 21; 21; 22; 22; 23; 24; 24; 24; 24

Vidu 2.25

Vén dé

Gia st trong mot thi trAn nhé cé 50 ngwoi, mot ngudi kiém dugc $5.000.000 moi ndm
va 49 ngudi con lai moéi ngudi ki€m dwoc $30.000. S8 do nao t6t hon cho "tAm" cda dir
liéu: s6 binh quan hay s6 trung vi?

Loi gidi

_ 5.000.000 + 49(30.000)

% = = 129.400
50

M =30.000

(C6 49 nguoi kiém dwoc $30.000 va mot ngwoi kiém dwgce $5.000.000.)

S6 trung vi la s6 do t6t hon cho " tAim" so véi s6 binh quan vi 49 trong so cac gia tri la
30.000 va m6t 1a 5.000.000. S6 5.000.000 1a mot gia tri ngoai vi. S6 30.000 cho ching ta
cam nhin tot hon vé tAm cua dir liéu.

Bai tap van dung 2.25

Trong mdt mau 60 ho gia dinh, mot ngdi nha tri gia $2.500.000. 29 ngdi nha tri gia
$280.000, va tat ca cac ngdi nha khac tri gia $315.000. S6 do nao tét hon cho "tAm" cta
di liéu: s6 binh quan hay s6 trung vi?

Mot thwdc do khiac ctia trung tim la yéu vi (mode). Yéu vi la gia tri xuit hién thwong xuyén
nhit trong tip dir liéu. C6 thé c6 nhiéu hon mot yéu vi trong mot tip dit liéu mién 1a nhirng
gia tri do c6 cung tin suit va tan suat do6 l1a cao nhat. Mot tap dit liéu cé hai yéu vi dwoc
goi la song yéu vi.

Vidu 2.26

Diém kiém tra mon théng ké cta 20 sinh vién nhu sau:
50; 53:59:59; 63; 63;72;72;72;72;72; 76; 78; 81; 83; 84; 84; 84; 90; 93

Vdn dé
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Tim yéu vi.
Lo gidi

Dbiém xuit hién thwong xuyén nhit la 72, xuat hién ndm lan. Yéu vi = 72.

Bai tap van dung 2.26

S6 sach dwoc muwon tir thw vién cia 25 sinh vién nhw sau:
0;0;0;1;2;3;3;4;4;5;5:7;7;7;7;8;8;8;9;10; 10; 11; 11; 12; 12

Tim yéu vi.

Vidu 2.27

Ta c6 diém kiém tra mén bat dong san la 430, 430, 480, 480, 495. Tap dir liéu la song
yéu vi vi diém 430 va 480 moi diém xudt hién hai lan.

Khi nao yéu vi la thwéc do tot nhit cua "tAm"? Hiay xem xét mét chwong trinh gidm cin
quang c4o rang trung binh s can gidm 12 6 pound trong tuan dau tién ctia chwong trinh.
Tuy nhién, s yé&u vi chi ra rang hiu hét moi ngui chi gidm 2 pound trong tuin dau tién;
nhw viy chwong trinh c6 vé kém hip dan hon.

LUUY

Yéu vi ¢6 thé dwoc tinh cho dir liéu dinh tinh cling nhw cho dir liéu dinh lwong. Vi duy,
néu tap dir liéu la: do, dd, dd, xanh 14, xanh 13, vang, tim, den, xanh dwong, yéu vi 1a do.

Bai tap van dung 2.27

Ta c6 dirliéu diém tin dung 1a 680, 680, 700, 720, 720. Tap dir liéu la song yéu vi vi diém
680 va 720 moi diém xudt hién hai lan. Hay xem xét thu nhap hang ndm cta c6ng nhan
tai mot nha may. Yéu vi 1a $25.000 va xuit hién 150 1an trong s6 301 diém dir liéu. S6
trung vi la $50.000 va s6 binh quén la $47.500. S6 do nao sé 1a tot nhat cho "tdim" dir
lieu?

LUUY

S dung Excel, R dé tim binh quén, trung vi, yéu vi.

Excel: cung cAp ham AVERAGE(data), MEDIAN(data), MODE(data) dé tim binh quén,
trung vi va yéu vi.
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R: cung cAp ham mean(data), median(data) dé tim binh quan va trung vi.

Tinh s6 binh quan ctia bang tan suat nhém

Khi dit liéu bi nhém (grouped data), ban khéng biét cu thé tri cta tirng diém dir liéu
(ching ta chi biét cac khodng va tan suat khoang). Do dd, ban khong thé tinh s6 binh quan
chinh x4c cho tap dir liéu. Diéu ching ta phai lam 1 wéc lwgng s binh quan thuc sw bang
cach tinh s6 binh quin cua bang tin suit. Bang tan suat (frequency table) 1a mot cach
trinh bay dit liéu trong d6 dir liéu nhém dwoc hién thi cing véi cic tan suit twong (ng.
bé tinh s6 binh quan tir bang tdn sudt nhém, ching ta c6 thé ap dung dinh nghia co ban
tong dit liéu

cda s6 binh quan: s6 binh quan = . Chuing ta chi can stra doi dinh nghia dé

s6 lwong diém dir liéu
phu hop véi cac han ché cia bang tin suit.

Vi ching ta khong biét cu thé gia tri cac diém dir liéu, thay vao d6 ching ta c6 thé tim trung
bién duéi+ bién trén

diém ctia moi khoang. Trung diém (midpoint) 1a . Bay gi¢r chiing ta c6 thé

stra d6i dinh nghia s6 binh quan binh quin bang tin suit = sz—;n trong dé f = tan suit cua
khoang va m = trung diém cta khoang.

Vidu 2.28

Vén dé

Sau day la mot bang tin suat diém bai kiém tra cudi mén théng ké cda giao sw Blount.
Tim wéc lwgng tét nhit cho sé binh quan diém kiém tra.

Bang 2.26
Khoang diém | S6 sinh vién

50 - 56,5 1
56,5-62,5 0
62,5-68,5 4
68,5 - 74,5 4

74,5 - 80,5 2
80,5-86,5 3
86,5-92,5 4
92,5-98,5 1

Loi gidi

Tim trung diém cho tit cd cic khoang
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Bang 2.27
Khoang diém | Piém giira
50-56,5 53,25
56,5-62,5 59,5
62,5-68,5 65,5
68,5-74,5 71,5
74,5-80,5 77,5
80,5-86,5 83,5
86,5-92,5 89,5
92,5-98,5 95,5

2 Thong ké mo ta

Tinh t6ng cda tich cia mdi tin suit khoang va trung diém Y., f m
53,25(1) + 59,5(0) + 65,5(4) + 71,5(4) + 77,5(2) + 83,5(3) + 89,5(4) + 95,5(1)

— 1460,25
1460,25
p=2m_ — 76,86
Yf 19

Bai tap van dung 2.28

Mot nha nghién ctru da tién hanh mot nghién ctiru vé tic dong ma choi tro choi dién tk
1én tri nhé. Nhw mot phan ctia nghién ctru, ho tip hop dir liéu sau:

Bang 2.28
S6 gior thanh thi€u nién danh cho tro choi dién tir | S6 thanh thiéu nién
0-3,5 3
3,5-7,5 7
7,5-11,5 12
11,5-15,5 7
15,5-19,5 9

Uéc lwong tot nhit cho so gior binh quan danh dé choi tro choi dién ti 1a gi?
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2.4 Ky hiéu sigma va tinh trung binh s6 hoc

Cong thirc cho trung binh quan thé

N
U= Xi
=1

2|

1

Cong thirc cho trung binh mau

n

i=1

1
X=-
n

Phin nay nham nhic lai nhitng kién thitc ban da tirng hoc va han da néi rang "tdi chac
chan s& khong bao gi¢r cAn dén diéu nay".

DAy 1a cac cong thirc cho trung binh quin thé va trung binh mau. Chit cai Hy Lap p (miu)
12 ky hiéu cho trung binh quan thé va x 1a ky hiéu cho trung binh mAu. Ca hai cong thirc
déu c6 mot ky hiéu toan hoc chi ra cach thyc hién phép tinh. N6 dwoc goi 1a ky hiéu sigma
vi ky hiéu nay la chir cai Hy Lap hoa sigma: Z. Giéng nhw tit ca cac ky hiéu toan hoc, ddu
+bao hiéu phép cdng va diu x b4o hiéu phép nhan, n6 huwéng dan ching ta thuc hién phép
toan. Nhirng ky hiéu nay dwoc goi 1a cac toan ti¥ todn hoc. Ky hiéu X nhic ching ta cong
mot danh sach cu thé cac so.

Gia str c6 mot mau ddng vat tlr tram ctru hd dong vat dia phwong va ching ta quan tAm dén
d6 tudi trung binh cta ching. Néu ching ta liét ké tirng gia tri, hodc quan sat, trong mot cot,
ban c6 thé danh so thi tw cho tirng gia tri. S6 dau tién sé la s6 1 va s6 thir haila so 2, v.v.

Bang 2.29
Pong vat | Tudi
1
2 1
3 8,5
4 10,5
5 10
6 8,5
7 12
8 8
9 1
10 9,5

Mdi quan sat dai dién cho mot dong vat cu thé trong mau. Purr 1a dong vat s6 mot va 1a
mot con méo 9 tudi, Toto 1a dong vat s6 hai va la mot con ché con 1 tudi, v.v.
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Dé tinh trung binh, theo céng thirc chiing ta cong tit ca cac s6 nay, trong trueong hop nay
la tudi, roi chia tong cho 10, tong sé6 dong vat trong mau.

Pong vat s6 1, meéo Purr, dwoc ky hiéu la x4, dong vat s6 2, Toto, dwoc Ky hiéu 1a x,, v.v.
cho dén Dundee la dong vat s6 10 va dwgc Ky hiéu 1a x4,.

Chit i trong cong thirc chi ra nhirng quan sat nao can céng lai véi nhau. Trong trieong hop
nay la x, dén x;, nghia la tit ca chiing. Néu ching ta sir dung ky hiéu chi s6,i=1vaviné
1a mét mau nén ching ta stt dung n nho & trén cung cta X sé la 10.

D 1éch chuan cling can cing mot Ky hiéu toan hoc nén sé can thiét khi nhé trudre kién thirc nay.
Tdng tudi dwoc tinh 12 78 va chia cho 10 cho ching ta tudi trung binh mau 1a 7,8 nam.

2.5 Trung binh nhan

Trung binh (cdng), trung vi va yéu vi déu la cac phép do "trung tim", "trung binh" ctia di
liéu. T4t ca déu, theo mot cach riéng, cd gang do lwdrng diém "binh thwong" hay "dién hinh"
clia dit liéu. Trong trwedrng hop cda trung binh cong, diéu nay dwoc gidi quyét bang cach
tim gia tri ma tir d6 tat ca cac diém déu c6 khodng cach tuyén tinh bang nhau. Ching ta c6
thé twdng twong rang tit ca cac gia tri dir liéu dwoc két hgp thong qua phép cong va sau
d6 dwoc phan phdi lai cho tirng diém dit liéu véi lwgng bang nhau sao cho téng tat ca cac
gia tri vAin bang tong ban dau.

Trung binh nhin (geometric mean) khong phan phéi lai tong cic gia tri ma phan phoi lai
tich ctia viéc nhén tat ca cac gia tri riéng 1é va sau d6 phan phoi lai ching thanh cac phin
bang nhau sao cho tich chung van giit nguyén. Diéu nay c6 thé dwoc thiy tir cong thirc cho
trung binh nhan, ¥: (Poc la "x nga")

1

n n 1
X = (l |xi> = 1x1. %5 . xy = (X1.%5 o)

i=1

trong d6 m la mot ky hiéu toan hoc khac, yéu ciu chiing ta nhén tat ca cac sé x; theo cach
twong tw nhw ky hiéu Hy Lap sigma nhac cdng tat ca cic s8 x;. Lwu y, s6 mii phan s6 1a can
bac n cua sd do.

Trung binh nhéan tra 1 ciu hoi: "néu tat ca cac dai lwgng cé cing mot gia tri, thi gia tri dé
phai la bao nhiéu dé dat dwoc cing mot tich?" Trung binh nhén cé tén goi nhw vy boi
thuc té 1a khi dwoc phan phéi lai theo cach nay, cic canh tao thanh mét hinh hoc ma tit
ca cac canh c6 cung do dai. D€ thiy diéu nay, hdy l1ay vi du vé cac s6 10, 51,2 va 8. Trung
binh nhén 1a tich ctia viéc nhan ba s6 nay véi nhau (4.096) va liy cin bac ba vi ¢ ba s6
ma tich nay dwoc phén phoi gitra ching. Do dé, trung binh nhan cta ba s6 nay la 16. biéu
nay mo td mot hinh 14p phwong 16x16x16 va cé thé tich 1a 4.096 don vi.

Trung binh nhén cé y nghia trong kinh té hoc va tai chinh dé tinh toan ting trudng: ting
trwedng cua thi treong, cua diu tw, dan s6 va cac bién sé6 khac ma ngwoi ta quan tim. Hay
twdng twong rang hop 4.096 don vi clia ching ta (c6 thé 1a dé la) 1a gia tri cia mot khoan
diu tw sau ba ndm va ty suat sinh 1o cia khoan dau tu tinh theo phan tram la ba s6 trong
vi du. Trung binh nhan sé cung cip cho ching ta ciu tra loi cho ciu hoi, ty suit sinh loi
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trung binh 1a bao nhiéu: 16 phan tram. Trung binh cdng ctia ba s6 nay 1a 23,6 phan tram.
Ly do cho sw khac biét nay, 16 so v&i 23,6, 1a trung binh cong tinh cong dén va do d6 khong
tinh dén 13i sinh ra tir 13i, 13i kép, dwoc phat sinh trong qué trinh ting trwedng dau tw. Van
dé twong tu khi hoi vé ty 1é ting truedng trung binh ctia dan sé hoac doanh sé hodc thim
nhép thi treong, v.v., khi biét cc ty 1é ting tredng hang ndm. Cong thirc cho ty suit sinh
loi trung binh nhén, hodc bit ky ty 1é tang truedng nao khac, la:

1
e = (X1. %5 oxp)n — 1

Thao tac véi cong thirc trung binh nhan cling c6 thé cung cdp mot phép tinh ty 1é ting
truedng trung binh gitra hai ky chi can biét gia tri ban dau va gia tri cudi va so ky. Cong
thirc sau diy cung cip théng tin nay:

1
(an)n ~
— ol x
Qo

Cudi cung, ching ta lwu y rang cong thirc cho trung binh nhan yéu ciu tit ca cac s6 phai
dwong, 16m hon khong. Ly do hién nhién la viéc tinh cdn ctia s6 4m khong cé nghia trong
cac rng dung thuec té, chi ton tai trong ly thuyét toan hoc thuin tdy. C6 nhirng cach dé giai
quyét van dé nay, tuy nhién trong trwedng hop ty 16 hoan vén va bai toan ting truedng don,
ta c6 thé chuyén cac gia tri Am thanh cac gia tri dwong twong dwong cd y nghia. Hay twéng
twong rang loi nhudn hang nim trong ba ndm qua 1a -1,2%, -8% va 2,02. St dung coéng
thirc loi nhudn hang nam twong dwong la 0,98; 0,92 va 1,02 cho phép st dung cong thirc
nhan cta trung binh nhanla +1,0167. Trir 1 tir gia tri nay cho ching ta trung binh nhan la
+1,67% nhw mot ty 1é tang truedng dan sé rong (hodc loi nhuén tai chinh). Tt vi du nay,
ching ta c6 thé thiy rang trung binh nhan cung cip cho chiung ta véi cong thirc nay dé
tinh to4n trung binh nhan cia mot chudi ty 1é loi nhuin hang nam:

rs=X—1

trong do 3 1a ty 1€ loi nhudn trung binh va ¥ 1a trung binh nhan ctia cac lgi nhudn trong mot
s6 giai doan thoi gian ndo dé. Luu y rang do dai cia moi giai doan thoi gian phai giéng nhau.

Theo nguyén tac chung, ta nén chuyén ddi cac gia tri phan trdm sang dang s6 nhan thap
phan twong dwong. Can lwu y rang khi 1am viéc véi phan tram, trung binh nhan cda cac
gia tri phin tram khac v&i trung binh nhin cda cac s6 nhan thip phan twong dwong, va
chinh trung binh nhén ctia cac s6 nhan thap phan twong dwong mai la gia tri cé y nghia.

LUUY

St dung Excel d€ tim trung binh nhan.

Excel: cung cAp ham GEOMEAN (data).
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2.6 Do 1éch va binh quan, trung vi, va yéu vi
Hay xem xét tap dit liéu sau:
4:5:6;6:6;7:7;7;7;7;7;8;8;8;9; 10

Tap dir liéu nay c6 thé dwoc biéu dién bing do thi histogram sau. Mdi khoang cé chiéu
rong 1a mot, va moi gia tri nam & gitra mot khoang.

Hinh 2.11

Do thi histogram (dwegc hién thi trong Hinh 2.11) thé hién mot phan phéi dit liéu d6i xirng
(symmetrical). Mot phan phdi 1a d6i x(rng néu c6 thé vé mot dwong thang dirng tai mot
diém nao d6 trong do6 thi histogram sao cho hinh dang bén trai va bén phai cta dwong
thang drng 1a hinh anh phan chiéu ctia nhau. Déi véi tAp dir liéu nay binh quan, trung vi
vayéuvidéula 7. Trong mgt phan phoi hoan toan d6i xirng (symmetrical distribution),
binh quin va trung vi la giong nhau. Vi du nay c6 mét yéu vi (don yéu vi, unimodal), va
yé€u vi bang binh quan va trung vi. Trong mot phan phdi déi xing cé hai yéu vi (song yéu
vi, bimodal), hai yéu vi sé khac véi binh quén va trung vi.

Do thi histogram cho dir liéu: 4; 5; 6; 6; 6; 7; 7; 7; 7; 8 (dwoc hién thi trong Hinh 2.12)
khong ddi xtrng. Phia bén phai c6 vé "bi cit bot" so véi phia bén trai. Phan phdi loai nay
dworc goi la 1éch trai (skewed to the left) vi n6 dwoc kéo ra vé phia trai. Ching ta c6 thé
do lwong chinh xac d6 1éch cia mot phan phéi giéng nhw cach ching ta do lwéng toan hoc
gia tri trung tam cda di liéu hay do "phan tan" chung cia né. Cong thirc toan hoc tinh do

—%)3
léch 1a: ay = z%.
d6 léch c6 gia tri Am thi phan phoi léch trai nhw trong Hinh 2.12. Thuwéc do d6 1éch dwong
biéu thi sw 1éch phai nhw trong Hinh 2.13.

Do léch cang xa s6 0 thi mirc d6 léch cua phin phoi cang 1on. Néu
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Hinh 2.12

Trong trwong hop ndy, binh quan 13 6,3, trung vi 1a 6,5 va yéu vi 1a 7. Chu y rang binh
quan nhoé hon trung vi, va ca hai déu nho hon yéu vi. Ca binh quin va trung vi déu
phén 4nh d6 1éch, nhwng s6 binh quin phan 4nh nhiéu hon.

Do thi histogram cho dir liéu: 6; 7; 7; 7; 7; 8; 8; 8; 9; 10 (Hinh 2.13), cling khéng d6i xirng.
N6 1éch phai (skewd to the right).

Hinh 2.13

Binh quan 1a 7,7, trung vila 7,5 va yéu vi 1a 7. Trong ba thong s6 thong ké&, binh quén la 16n
nhat, trong Khi yéu vi 1a nhé nhat. Mot [an nira, binh quin phan dnh do6 1éch nhiéu nhat.

Binh quan bi anh hwéng béi cac gia tri ngoai vi, nhwng cac tri ngoai vi lai khong anh hwéng
dén trung vi. Do d6, khi phan phdi dir liéu 1éch trai, binh quan thwdng nhé hon trung vi.
Khi phin pho6i 1éch phai, binh quan thwong 1én hon trung vi. Trong cac phin phoi déi
xtrng, chung ta ky vong binh quan va trung vi x4p xi bang nhau vé gia tri. Day 1a mot sy
lién két quan trong gitra hinh dang cia phan phoi va méi quan hé cta binh quén va trung
vi. Tuy nhién, diéu nay khéng dung cho moi tap dir liéu. Cac ngoai lé pho bién nhat xay ra

doéi véi cac tap dir liéu roi rac.
= Z (x; — %)°
s= ) ———
ns3

trong do s 1a d6 1éch chuin mau cta dit liéu, x; va x 1a trung binh céng va n 1a c& mau.
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Trong todn hoc, binh quin s6 hoc dwgc biét dén nhw 1a mémen bic nhit ciia phan phdi.
Mo6men bic hai ma ching ta thiy Ia phwong sai, va d6 1éch 1a mémen bic ba. Phwong sai
do lwdng binh phwong cia cac do léch gitra dit liéu va gia tri trung binh, trong khi do 1éch
do lwong lap phwong cua cac do 1éch gitra dit liéu va gia tri trung binh. Mac du phwong sai
khong bao gior ¢6 gia tri Am, nhwng do 1éch c6 thé 4m hodc dwong, va diéu nay gidp ching
ta x4c dinh dir liéu 1éch vé bén trai hay bén phai. P 1éch ctia phan phdi chuin bang 0, va
bat ky dit liéu ddi xirng nao ciing c6 dd 1éch gan bang 0. Gia tri Am ctia d6 1éch cho biét di
liéu léch trai, con gia tri dwong cho biét dir liéu l1éch phai. Léch trai c6 nghia la dudi bén
trai dai hon so véi dudi bén phai. Twong tu, 1éch phai c6 nghia la duéi bén phai dai hon so
v&i dudi bén trai. Bo léch ddc treng cho mirc d6 bat ddi xirng cia phan phdi quanh gia tri
trung binh. Trong khi trung binh va d6 1éch chuin la nhirng dai lwgng c6 thitr nguyén (day
la 1y do tai sao chung ta 1y can bac hai cia phwong sai), nghia 1a c6 cung don vi véi cac
dai lwong X; dwoc do, thi do léch dwgc dinh nghia theo cach lam cho n6 khéng c6 thir
nguyén. N6 1a mot con s6 thuén tiy chi dic trung cho hinh dang cia phan phéi. Gia tri
dwong cda do 1éch biéu thi phan phoéi c6 dudi bat déi xirng kéo dai vé phia gia tri X 1én
hon, con gia tri &m bi€u thi phan phéi c6 dudi kéo dai vé phia gia tri X nho hon. P6 1éch
bang 0 cho thdy phan phdi ddi xing.

Do 1éch va tinh doi xirng sé tré nén quan trong khi chiing ta nghién ctru vé phan phoi xac
sudt trong cac chwong tiép theo.

LUUY

Str dung Excel dé tim do 1éch va yéu vi.

Excel: cung cAp ham SKEW/(data) va MODE(data) dé tim do 1éch va yéu vi.

2.7 SO do A0 phan tan caa dir liéu

Mot dac diém quan trong ctia bat ky tip dir liéu nao 1a sw bién thién trong dir liéu. Trong
mot s6 tip dit liéu, cac gia tri dir liéu tip trung gin binh quan; trong cac tip dir liéu khéc,
cac gia tri dir liéu trai rong ra xa hon tir binh quan. S6 do bién thién, hay d6 phan tan, pho
bién nhat 1a dd 1éch chuin. P 1éch chuan (standard deviation) 1a mot sd do lwong mirc
do cac gia tri dit liéu cach xa binh quan cta chung.

Do léch chuan

e cung cip mot sé do vé tong lwong bién thién trong mot tap di liéu, va
e 6 thé dwoc st dung dé xac dinh liéu mot gia tri dir liéu cu thé gin hay xa binh quén.

Po 1éch chuin cung cip s6 do cua tong bién thién trong mét tip dir liéu
Do 1éch chuin luén dwong hoic bang khong. Do 1éch chuin nho khi tit ca di liéu tAp trung
gan binh quan, thé hién it bién thién hodc d phan tdn nhd. P6 1éch chuin 16n hon khi cac

gia tri dir liéu phan tan cich xa binh quan, thé hién nhiéu bién thién hon.

Gia st ching ta dang nghién ctru thoi gian khach hang xép hang cho doi thanh toan tai
siéu thi A va siéu thi B. Thoi gian chd doi trung binh tai ca hai siéu thi la 5 phut. Tai siéu
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thi A, d0 1éch chuin cho thoi gian cho doi 1a 2 phut; tai siéu thi B do 1éch chuin cho thoi
gian cho doi la 4 phut.

Vi siéu thi B ¢6 do 1éch chuin cao hon, ching ta biét rang c6 nhiéu bién thién hon trong
thoi gian cho doi tai siéu thi B. Nhin chung, thoi gian cho doi tai siéu thi B trai rong ra xa
trung binh; thoi gian cho doi tai siéu thi A tap trung xung quanh trung binh.

Tinh toan do6 léch chuan

Néu x 1a mot s, thi sw khac biét "x - s6 binh quin" dwgc goi la dd 1éch (deviation) cia né.
Mot tip dir liéu c6 bao nhiéu phan tik thi sé c6 bay nhiéu dd 1éch. Cac d6 1éch dwoc str dung
dé tinh d6 1éch chuin. Néu cac so thudc vé mot quan thé, d6 1éch dwoc ky hiéu la x — pu.
D6i véi mau, do 1éch duoc ky hiéu la x — x.

Thu tuc tinh toan do 1éch chuin phu thudc vao viéc dir liéu 1a toan bo quin thé hay 1a mot
mau. C4c phép tinh twong tw, nhung khong giéng hét. Do d6 ky hiéu dé léch chuin cho
téng thé va mau khac nhau. Chir la-tinh s dai dién cho do6 1éch chudn mau va chit cai Hy
Lap o (sigma, chit thwdng) dai dién cho do 1éch chuin quan thé. Néu mau ¢ nhirng dic
diém giong nhuw quan thé, thi s sé la mot wéc lwong tét cla o.

bé tinh toan dd 1éch chuin, ching ta cin tinh todn phwong sai truédc. Phwong sai
(variance) 1a trung binh ctia binh phwong cac d6 1éch (cac gia tri x — ¥ cho mdt mauy,
hodc cac gia tri x — u cho mot tong thé). Ky hiéu o2 dai dién cho phwong sai quan thé; do
léch chuin quin thé ¢ 13 cin bac hai cia phwong sai quan thé. Ky hiéu s? dai dién cho
phwong sai mau; do 1éch chuin mau s 13 can bac hai clia phwong sai mau. Ban c6 thé xem
d6 1éch chuin nhw la mot trung binh dic biét ctia cac do 1éch. Vé mat ly thuyét, phwong
sai la mémen bic hai cia phan phéi, hay con goi la mémen bic nhéit cia binh quan. Can
nh¢ rang binh quan chinh 1 mémen bac nhit cia phan phdi.

Né&u dir liéu dén tir mot khao sat toan bd quan thé, khong phai tir mot mau, khi chung ta
tinh trung binh ctia cic binh phwong dé 1éch dé tim phwong sai, ching ta chia cho N, sé
lwong phan tir trong tong thé. Néu dit liéu tir mot mau thay vi 1a mét téng thé, khi chiing
ta tinh trung binh cta cac binh phwong d6 1éch, chiing ta chia cho n — 1, it hon mot so véi
s6 phan tir trong mAau.

Cong thirc cho d6 1éch chuian mau
—¥\2 —¥\2 n 2\_n+v2
o s= ’E—(x 2 hodcs = /E—f(x 2 hodcs = /—(me Jon
n—1 ' n-—1 ) n-1
e D3ivéi do léch chudn mAu, miu s6 1a n — 1, tie 1a kich thwée mau TRU 1.

Cong thirc cho @6 1éch chuan quan thé

—)? , — )2 N 2
o« o = [F#S hodco = Zfop? hodco = Ziza X} — u?
N N N

e DGivéi do 1éch chuin quan thé, mAu s6 12 N, s6 phan ti trong quan thé.
Trong nhitng céng thirc nay, f dai dién cho tan suat ma mét gia tri xuat hién. Vi duy, néu

mot gia tri xuat hién mot 1an, f 1a1. NEu mét gia tri xuat hién ba lan trong tap dir liéu hodc
tong thé, f 1a 3. Hai nhin xét quan trong vé phwong sai va do 1éch chuin: cac do 1éch dwoc
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do tlr gia tri trung binh va cac do léch dwoc binh phwong. Vé nguyén tic, cac dd 1éch co
thé dwoc do tir bat ky diém nao, tuy nhién, chiing ta quan tim dén viéc do tlr trong tim
cta dir liéu, tlic 1a gia tri "binh thwong” hodc théng thwong nhit cia quan sat. Sau nay
ching ta sé& c6 ging do lwdong tinh "bat thwong" clia mot quan sat hodc mot trung binh
mau; do do6 ching ta cAn mot thwéc do tir gia tri trung binh. Nhan xét thi hai 1a cac do
léch dwoc binh phwong. Diéu nay c6 hai tic dung: thir nhat 1a lam cho tét ca cac do 1éch
déu dwong va thi hai la thay d6i don vi do tir don vi ctia trung binh va cac quan sat ban
dau. Néu dir liéu 12 trong lwgng thi trung binh dwoc do bang pound, nhung phwong sai
duoc do bang pound binh phwong. Mot 1y do dé€ st dung dd 1éch chuin 1a d€ quay tré lai
don vi do ban dau bang cach 13y cin bac hai cia phwong sai. Hon nita, khi cac dd 1éch
dwoc binh phwong, né lam tang manh gia tri ctia ching. Vi du, mét do 1éch 10 so véi trung
binh khi dwoc binh phwong 1a 100, nhwng mot dé léch 100 so véi trung binh 1a 10.000.
biéu nay lam cho céc gia tri ngoai vi c6 trong so rat 1on khi tinh phwong sai.

Cac loai bién thién trong mau

Khi nghién ctru mot quan thé, ngudi ta thwong stit dung mot mau, vi ly do thuan tién hoic
vi khong thé tiép cin toan b quan thé. Bién thién la thuit ngir dung d€ mé ta nhirng khac
biét c6 thé xay ra trong cac két qua nay.

Cac loai bién thién pho bién bao gom:
Bién thién quan sat hoic do lwong
Bién thién tw nhién

Bién thién giy ra

Bién thién mau

Duéi day 1a mét s6 vi du dé mo ta tirng loai bién thién.
Vi du 1: Bién thién do lwong

Bién thién do lwong (measurement variability) xay ra khi c6 sw khac biét vé cac cong cu
dwoc str dung dé do lwong hodc gitta nhirng ngwoi st dung cac cong cu d6. Néu ching
ta thu thap dir liéu vé thdi gian mot qua bong roi tir mot do cao bang cach cho sinh vién
do thoi gian roi bang ddng hd bam gid, ching ta c6 thé gap phai bién thién do lwong
néu hai déng ho bam gio dwoc st dung la ctia cac nha san xuit khac nhau. Vi dy, mét
dong ho do chinh xac dén gidy, trong khi dong ho kia do chinh xac dén 1/10 gidy. Ching
ta cling c6 thé gap phai bién thién do lwong vi c6 hai ngwdi khac nhau thu thap dir liéu.
Thoi gian phan &ng ctia ho khi nhin nut trén dong hé bam gid c6 thé khac nhau; do do,
cac két qua sé thay doi twong rng. Sw khac biét trong két qua c6 thé bi anh hwdng bédi
bién thién do lwong.

Vi du 2: Bién thién tw nhién

Bién thién tw nhién (natural variability) phat sinh tir nhirng khac biét xay ra mot cach tw
nhién vi cac thanh vién cia quin thé khac nhau. Vi dy, néu chung ta cé hai ciy ngd giong
hét nhau va cho ca hai ciy cing mot lwgng nwéc va 4nh sang mat troi, ching van cé thé
phat trién véi toc dé khac nhau don gidn vi chidng la hai cdy ngbé khac nhau. Sw khac biét
trong két qua c6 thé dwoc giai thich béi bién thién tw nhién.
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Vi du 3: Bién thién giy ra

Bién thién giy ra (induced variability) la d6i lap cta bién thién tw nhién; diéu nay xay ra vi
ching ta da tao ra mot yéu to bién thién mot cach nhin tao (theo dinh nghia, yéu té nay
khong c6 san trong tw nhién). Vi duy, chiing ta chia moi ngwdi thanh hai nhém khac nhau dé
nghién ctru tri nhé, va chiing ta tao ra mot bién thién trong mdt nhém bang cach han ché s6
gior ngu ctia ho. S khiac biét trong két qua cé thé bi anh hwdng bdi bién thién gay ra.

Vi du 4: Bién thién mau

Bién thién mau (sample variability) x4y ra khi nhiéu mau ngiu nhién dwoc 14y tir cing
mot quan thé. Vi dy, néu t6i thwe hién bén cudc khado sat véi 50 nguwdi dwoc chon ngau
nhién tir mot quan thé nhit dinh, sy khac biét trong két qua c6 thé bi anh hwdng béi bién
thién mau.

Vidu 2.29

Trong mot 16p hoc, gido vién quan tAm dén tudi trung binh va do 1éch chudn miu cta
tudi hoc sinh. Dit liéu sau day 1a tudi cho mot MAU n = 20 hoc sinh 1ép nam. Tudi dwoc
lam tron dén nira nAm gan nhit:

9;9,5:9,5;10;10; 10; 10; 10,5; 10,5; 10,5; 10,5; 11; 11; 11; 11; 11; 11; 11,5; 11,5; 11,5;

9+9,5(2) +10(4) +10,5(4) + 11(6) + 11,5(3
¢ 2795 T 0 A0S+ O 1SR _

Tudi trung binh la 10,53 nam, 1am tron dén hai chir so.

Phuong sai c6 thé dwoc tinh bang cach sir dung mot bang. Sau dé do 1éch chuin dwgc
tinh bang cach 14y cin bic hai ciia phwong sai. Chiing ta sé giai thich cac phan cua bang
sau khi tinh s.

Bang 2.30
Divr | Tan A 1a A TA " n A 1A
- ” Po léch Do 1éch? (Tan suat)(Po 1éch?)
liéu | suat
X f (x — %) (x — %)? ()x —x)?
9 1 9-10,525=-1,525 (-1,525)2=2,325625 | 1 x 2,325625 =2,325625

9,5 2 9,5-10,525=-1,025 | (-1,025)2=1,050625 | 2 x 1,050625 =2,101250

10 4 10-10,525=-0,525 | (-0,525)2=0,275625 | 4 x0,275625=1,1025

10,5 4 10,5-10,525=-0,025 | (-0,025)2=0,000625 | 4 x0,000625=0,0025

11 6 11-10,525=0,475 (0,475)2=10,225625 | 6x0,225625=1,35375

11,5 3 11,5-10,525=0,975 (0,975)2=0,950625 | 3 x0,950625=2,851875

Tongla 9,7375

Access for free at openstax.org
101



2 Thong ké mo ta

Phwong sai mau, s2, bang téng clia cdt cudi ciing (9,7375) chia cho téng sd gia tri dir liéu
trir mot (20 - 1):

9,7375
T 20-1
P6 1éch chuan miu s bang cin bic hai clia phwong sai mau:

s =4/0,5125 = 0,715891, dwoc lam tron dén hai chir s6 thip phan, s= 0,72.

2

s = 0,5125

Bai tap van dung 2.29

Trong mot ddi béng chay, tudi ciia mbi cau thu nhuw sau:

21; 21; 22; 23; 24; 24; 25; 25; 28; 29; 29; 31; 32; 33; 33; 34; 35; 36; 36; 36; 36; 38; 38;
38; 40

S dung mday tinh hodc may tinh cia ban dé tim sé binh quéin va dé léch chuin. Sau dé
tim gia tri cao hon hai d6 léch chuén so v&i binh quan.

LUUY

St dung Excel va dé tim phwong sai va do 1éch chuén.

Excel: cung cAp ham VAR.P(data) va STDEV.P(data) dé tim phwong sai va d6 1éch chuan
ctia quan thé; ham VAR.S(data) va STDEV.S(data) dé tim phwong sai va d6 léch chuan
clia mau.

R: ham var(data) va sd(data) dé tim phwong sai va do léch chun cia mau.

Giai thich vé phép tinh d6 léch chuan dworc hién thi trong bang

Cac d6 léch cho thiy dir liéu phén tdn xung quanh sé binh quin nhw thé nao. So vi gia tri
dir liéu 11, gia tri dir liéu 11,5 xa binh quan hon nhw dwoc chi ra béi cac do léch 0,47 va
0,97. D0 léch dwong xay ra khi gia tri dit liéu 1é6n hon binh quan, trong khi d6 léch am xay
ra khi gia tri di liéu nho hon binh quén. P 1éch 1a -1,525 cho gia tri dir liéu 9. Néu ban
cong cac do léch, tong luén bang khong (Vi du 2.29, c6 n = 20 do 1éch.) Vay ban khong
thé don gian cong cac do 1éch dé c6 dwoc do phan tan cia dir liéu. Bang cach binh phwong
cac do6 1éch, ban lam cho chung thanh sé dwong, va tdng ciing sé dwong. Phwong sai, do
do, 1a trung binh binh phwong do 1éch. Bang cach binh phwong cac do 1éch, ching ta dang
tao ra mot tic dong manh do6i véi nhirng quan sat xa gia tri trung binh; nhirng quan sat
nay co trong s6 1&n hon trong cac phép tinh phwong sai. Piéu nay cé y nghia quan trong
trong théng ké suy ludn, noi phwong sai va do 1éch chudn déng vai tro then chot trong
viéc xac dinh cac két luan. Ngay tir biy gio, ching ta c6 thé st dung do léch chuan nhw

mot thude do tinh "bat thuwdong”. "Ban 1am bai kiém tra thé nao?" "Tuyét voi! Cao hon hai
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d6 1éch chuln so vi gia tri trung binh." Nhw chung ta sé thay, diy 1a mét diém kiém tra
tot mot cach bat thwong.

Phwong sai la mét s6 do binh phwong va khong cé cling don vi nhw dit liéu. Viéc 14y cin bac
hai giai quyét van dé nay. D6 1éch chun do lwong d6 phén tan véi cing don vi do nhw di liéu.

Chu y rang thay vi chia cho n = 20, phép tinh chia chon -1 =20 - 1 = 19 vi dit liéu 12 mot
mau. D8i v&i phwong sai mau, ching ta chia cho kich thwéc mAu trir di mot (n - 1). Tai
sao khong chia cho n? Cau tré loi lién quan dén phwong sai quan thé. Phwong sai mau la
mot wéc lwong ciia phwong sai quan thé. Udc lwong nay yéu ciu ching ta phai st dung
gia tri wéc tinh cta binh quan quan thé thay vi gia tri binh quin quén thé thwec té. Dwa trén
co s& toan hoc nam dang sau nhitng phép tinh ndy, chia cho (n - 1) cho mdt wéc lwgng tot
hon cla phwong sai quan thé.

Do 1éch chuin, s hoic g, hoidc bang 0 hodc 1én hon 0. Sw phan tan cla dir liéu dwoc goi 1a
"bién thién". Bién thién trong dir liéu phu thudc vao phwong phap ma cac dir liéu dwoc
thu thap; vi du, bang cach do lwong hodc bang cach 14y mau ngau nhién. Khi do 1éch chuin
bang 0, khdng cosw phan tan; tic 13, tAt ca cac gia tri dir liéu bang nhau. D6 1éch chuin nho
khi tit ca dir liéu tap trung gin binh quéan, va lén hon khi cac gia tri dir liéu thé hién nhiéu
bién thién hon tir binh quan. Khi do 1éch chuin 1&n hon nhiéu so véi 0, cac gia tri dir liéu
phan tan rat réng quanh binh quin; cic gia tri ngoai vi cling c6 thé lam s hodc o rat 1én.

Vidu 2.30

Vin dé
Str dung dit liéu sau day (diém kiém tra dau tién) tir 1&p tién giai tich mua xuén cia Gido
suw Dean:

33;42:49; 49; 53; 55; 55; 61; 63; 67; 68; 68; 69; 69; 72; 73; 74; 78; 80; 83; 88; 88; 88;
90; 92; 94; 94; 94; 94; 96; 100

a. Tao mot biéu d6 chiva dir liéu, tin sudt, tin suit twong doi va tin suit twong déi tich
ltly dén ba chir s6 thap phan.

b. Tinh nhitng diéu sau dén mét chit s6 thap phan:
i. S8 trung binh mau
ii. Do léch chudn mau
iii. SO trungvi
iv.  T& phan vi thir nhat
v.  T& phanvi th ba
vii IQR
Loi gidi
a. Xem Bang 2.31
b. i.S6 binh quan mau = 73,5

ii. PO 1éch chudn mau = 17,9
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iii. S6 trung vi = 73

iv. T& phan vi thi nhit = 61

v. T& phan vi thir ba =90
vi.IQR=90-61 =29

2 Thong ké mo ta

Bang 2.31
Dir liéu | TAn suat T4an suit twong doi TAan suat twong dai tich liy

33 1 0,032 0,032
42 1 0,032 0,064
49 2 0,065 0,129
53 1 0,032 0,161
55 2 0,065 0,226
61 1 0,032 0,258
63 1 0,032 0,29
67 1 0,032 0,322
68 2 0,065 0,387
69 2 0,065 0,452
72 1 0,032 0,484
73 1 0,032 0,516
74 1 0,032 0,548
78 1 0,032 0,580
80 1 0,032 0,612
83 1 0,032 0,644
88 3 0,097 0,741
90 1 0,032 0,773
92 1 0,032 0,805
94 4 0,129 0,934
96 1 0,032 0,966
100 1 0,032 0,998 (Tai sgﬁ égiia'l %n nay khéng
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Bai tap van dung 2.30

Dit liéu sau diy cho thiy cac loai thirc an cho thu cweng khac nhau ma cac ctra hang trong
Khu vwc ban.

6;6:6;6;7:7;7:7:7;8;9;9;9;9;10; 10; 10; 10; 10; 11; 11; 11; 11; 12; 12; 12; 12; 12; 12;

Tinh s6 trung binh mau va d9 1éch chuidn mau dén mot chir sd thap phan.

P 1éch chuin cta Bang tin suit theo nhém

Nhé rang déi véi dir liéu nhom ching ta khong biét cac gia tri dir liéu ¢4 nhan, vi vy ching
ta khong thé mo6 ta gia tri dién hinh cta di liéu véi d6 chinh xac. No6i cach khac, ching ta
khong thé tim chinh xac s6 binh quén, trung vi hoic yéu vi. Tuy nhién, chiing ta cé thé xac
dinh wéc lwong tét nhit cla cac thwde do trung tAm bang cach tim trung binh cda dir liéu
nhom véi cong thirc:
xfm

xS
trong d6 f = tan suit khoang va m = diém gitra khoang.

Trung binh ctia bdng tdn sudt =

Ciing nhw ching ta khong thé tim sé binh quan chinh x4c, ching ta cling khong thé tim do
léch chuin chinh x4c. Nhé rang do 1éch chudn mé ta sé vé do léch dw kién ma mot gia tri
di liéu c6 tir s6 binh quan. N6i don gian, d6 1éch chuan cho phép ching ta so sinh mic
d6 "bat thuong” cia dir liéu ca nhan so véi s6 binh quan.

Vidu 2.31

Vén dé

Tim dé léch chuén cho dir liéu trong Bang 2.32.

Bang 2.32
. Téan Diém .
Lop suat, f | giita,m f-m f(m —x)
0-2 1 1 1-1=1 1(1 —6,88)% = 34,57
3-5 6 4 6:-4=24 6(4 — 6,88)% = 49,77
6-8 10 7 10-7 =70 10(7 — 6,88)%2 = 0,14
9-11 7 10 7-10=70 7(10 — 6,88)% = 68,14
12-14 0 13 0-13 =0 0(13-6,88)2=0
165 152,62
n:24 Y — —— = 2 = ! =
X 22 6,88 s 24— 1 6,64
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2 Thong ké mo ta

Doi véi tap dir liéu nay, chung ta cé trung binh x = 6,88 va d6 1éch chuan s, = 2,58. Diéu
nay c6 nghia 1a mot gia tri dit liéu dwgc chon ngau nhién dw kién sé cach trung binh 2,58
don vi. Néu chiing ta xem xét 1¢p dau tién, ching ta thiy rang diém gitra 1&p bang 1. Gia
tri nay cach trung binh gan ba dd léch chuin. Trong khi c6ng thirc dé tinh d6 1éch chuin

khong phtrc tap, s, = f@ trong do

s, = d6 1éch chuidn miu, X = trung binh miu, cac phép tinh & diy kha té nhat. Nhirng
phép tinh nay thwong dugc thwe hién bang cong nghé.

Bai tap van dung 2.31

Tim d6 1éch chuin cho dir liéu tir vi du trueéc

Bang 2.33
Lép | Tansuit, f
0-2 1
3-5 6
6-8 10
9-11 7

12-14 0
15-17 2

So sanh gia tri tir cac tap dir liéu khac nhau

Do 1éch chuln hiru ich khi so sdnh cac gia tri dit liéu dén tir cac tap dit liéu khac nhau. Néu
cac tip dir liéu c6 s6 binh quan va d6 1éch chudn khac nhau, thi viéc so sanh cac gia tri di
liéu truec tiép c6 thé giy hiéu lam.

D&i véi mbi gia tri dit lidu x, tinh ¢ bao nhiéu do6 1éch chuin cach xa s6 binh quan
cua no.

St dung cong thic: x = trungbinh + (#0fSTDEVs)(d6 léch chuin); tinh
#0ofSTDEVs.

#ofSTDEVs =

" dbléch chudn

So sanh két qua ctia phép tinh nay.

#0fSTDEVs thwong dwoc goi la “diém z” (z-score); ching ta c6 thé str dung ky hiéu
z.Vé&i ky hiéu, cac cong thirc tré thanh:

X - trung binh

Bang 2.34
x X — X
Mau X=X+2zs | z=
s
" o x —
Quanthé | x=pu+zo | z = a
o
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Vidu 2.32

Vén dé

Hai hoc sinh, John va Alj, tir cac trweong trung hoc khac nhau, mudn tim ai c6 GPA cao
nhit khi so sanh véi treong cia minh. Hoc sinh nao ¢6 GPA cao nhat khi so sanh véi

trwong ciia minh?

Bang 2.35
Hoc sinh | GPA | GPA trung binh Trwong | P9 1éch chuin Trwong
John 2,85 3,0 0,7
Ali 77 80 10

Loi gidi

D&i véi mbi hoc sinh, xac dinh c6 bao nhiéu do 1éch chudn (#0fSTDEVs) GPA cua anh iy
cach xa trung binh, cho trwong ctia anh 4y. Chu y cin thin dén diu khi so sanh va giai

thich cau tra loi.

z = #ofSTDEVs =

Doi véiJohn, z = #0fSTDEVs =

boi véi Ali, z = #0fSTDEVs =

giatri —trungbinh x —u

dd 1éch chuin

_2,85-3,0 _

77-80
10

-0,3

o

=-0,21

John c6 GPA t6t hon khi so sanh véi treong cia minh vi GPA ctia anh 4y thap hon 0,21
d6 1éch chuln so véi s6 binh quan tredng ciia minh trong khi GPA ctia Ali thap hon 0,3
d6 léch chuin so v&i s6 binh quén trwong ciia minh.

DPiém z (z-score) cua John 1a -0,21 cao hon diém z (z-score) cta Ali 1a -0,3. D6i véi GPA,
gia tri cao hon t6t hon, vAy ching ta két luan rang John c6 GPA t6t hon khi so sanh véi

treong cia minh.

Bai tap van dung 2.32

Hai vin dong vién boi 16i, Angie va Beth, tir cac d6i khac nhau, mudn tim hiéu ai c6 thoi
gian nhanh nhit cho 50 mét tw do khi so sanh v&i doi cia c6 dy. Van dong vién boi nao
c6 thoi gian nhanh nhat khi so sanh véi ddi cua co ay

Bang 2.36
Van dong vién boi | Thoi gian (giay) Thoi gian P 1éch chuan
Trung binh Dgi boi
Angie 26,2 27,2 0,8
Beth 27,3 30,1 1,4
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2 Thong ké mo ta

Danh sach sau diy dwa ra mot s6 thong tin gitp chdng ta hiéu ré hon vé y nghia cia do
1éch chuan d6i v&i phan phoi dir lidu.

Péi véri BAT KY tap dir liéu nao, bat ké phan phéi dit liéu nhw thé nao:

e [tnhat 75% dit liéu ndm trong pham vi hai d6 1éch chuan tinh tir gia tri trung binh.
e [t nhat 89% dit liéu ndm trong pham vi ba d6 1éch chudn tinh tir gia tri trung binh.
e [tnhat95% dit liéu ndm trong pham vi 4,5 do 1éch chudn tinh tir gia tri trung binh.
e Diéu nay dwoc biét nhw 1a Pinh ly Chebyshev.

D4i véi dir liéu c6 Phan phéi chuin, ma ching ta sé nghién ctru chi tiét sau nay:

e Khoang 68% dit liéu nam trong pham vi mot do léch chuin tinh tir gia tri trung
binh.

Khoadng 95% di liéu nam trong pham vi hai d 1éch chuin tinh tir gi4 tri trung binh.
Hon 99% dit liéu ndm trong pham vi ba do 1éch chu4n tinh tir gia tri trung binh.
Diéu nay duoc goi 1a Quy tac thwe nghiém.

Can lwu y rang quy tac nay chi 4p dung khi hinh dang phan phéi di liéu c6 dang
chudng va ddi xirng. Ching ta sé tim hiéu thém vé diéu nay khi nghién cru phin
phéi xac suit "Chudn" hay "Gauss" trong cac chwong sau.

Hé s6 bién Thién

Mot cach hiru ich khac dé€ so sanh cic phan phoi, ngoai viéc so sdnh don gian cac gia tri
trung binh hodc d6 léch chuin, 1a diéu chinh theo sy khac biét vé thang do cta dir liéu
dwogc do lwong. Pon gidn ma néi, mot bién thién 1én trong dir liéu cé gia tri trung binh 1én
thi khac véi cing mot bién thién do6 trong dir liéu c6 gia tri trung binh nho. D€ diéu chinh
theo thang do ctia dir liéu co ban, Hé so bién thién (Coefficient of Variation - CV) da dwogc
phat trién. Vé mat toan hoc:

CV = %* 100 v6i diéu kién X # 0,trong d6 s 1a d6 1éch chuin cua dir liéu va x 1a gia tri

trung binh.

Chung ta c6 thé thiy rang thwéc do nay do lwdng mirc d bién thién cda dir liéu co ban
dwéi dang phan tram cda gia tri trung binh; tic 1a trong tim cua tip di liéu. Thudc do
nay hiru ich trong viéc so sanh rui ro khi can cé sy diéu chinh do sw khac biét vé thang do
cta hai tip dir liéu. Trén thuc té, thang do dwoc chuyén ddi thanh mot thang do chung la
ty 1é phan tram, va cho phép so sanh trwc tiép mirc d6 bién thién ctia hai hay nhiéu tip dir
liéu khac nhau.
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2 Théng ké mé ta

Thuat ngir chinh

Bang tan suit (Frequency Table) mot cich biéu dién dit liéu trong dé di liéu duoc
nhom dé hién thi cung véi cac tan suat twong &ng.

Pa giac tin suit (Frequency Polygon) stt dung do thi dudng dé biéu dién tin suit clia
dit liéu. Truc x 1a cac diém bién, truc y la tin suat (twong doéi) tai cac diém bién.

Piém giira (Midpoint) trung binh ciia mdt khoang trong bang tan suit.

Do thi histogram (Histogram) mot biéu dién do thi thanh dwéi dang x-y cla phan phdéi
di liéu trong mot tip dir liéu; x dai dién cho dit liéu va y dai dién cho tan suit, hodc tin
suat twong doi. D6 thi bao gdbm cac hinh chir nhit lién ké.

D6 thi hop (box plot) mdt d6 thi cung cdp hinh &nh nhanh vé 50% giira cta dir liéu.

Do léch chuin (Standard Deviation) mot sd bang can bac hai cia phwong sai va do mitc
d6 xa ctia cac gia tri dit liéu so véi trung binh cia ching; ky hiéu: s cho d6 1éch chuin mau
va o cho d6 léch chuan quan thé.

Gia tri ngoai vi (Outlier) mét quan sat khong phu hop véi phin con lai caa dir liéu.

Khoang tir phén vi (Interquartile Range) hay IQR, 1a khoang ctia 50 phén tram giita cia
céc gia tri dir liéu; IQR dwgc tim bang cach trir t& phan vi thi nhat khai t& phan vi thir ba.

Khoang (Interval) con dwoc goi la 1ép. Mot khoang dai dién cho mot pham vi dit liéu va
dworc st dung khi hién thi cac tip dir liéu l6n.

Léch (Skewed) dwoc sir dung dé mo ta dir liéu khéng do6i xirng; khi phia bén phai caa
biéu do trong "bi cit bot" so véi phia bén trai, chiing ta ndi no6 "léch trai". Khi phia bén trai
ciia bi€u do trong "bi cit bét" so vdi phia bén phai, ching ta ndi dit liéu "1éch phai". Cach
khac: khi cac gia tri thip hon cda dir liéu phén tdn réng hon, ching ta néi dir liéu 1éch trai.
Khi cac gia tri 1én hon phan tan rong hon, dit liéu 1éch phai.

Phan vi (Percentile) mot s6 chia dir liéu da sdp xép thanh tram phan; cac phan vi c6 thé
la hodc khong la mé6t phan cia dir liéu. Trung vi cia dit liéu la t& phan vi thit hai hay phan
vi thr 50. T& phan vi thr nhit va thir ba Ian lwot 1a phan vi thir 25 va thir 75.

Phwong sai (Variance) trung binh ctia cac binh phwong do 1éch tir trung binh, hodc binh
phwong cta dd 1éch chuin; d6i véi mot tap dir liéu, mot do 1éch c6 thé dwgc biéu dién 1a
x — X trong d6 x 1a mot gia tri cta dit liéu va ¥ 1a trung binh mAu. Phwong sai miu bang
téng binh phwong cac dd 1éch chia cho hiéu cua kich thwéc mau va mot.

Tan suit twong doi (Relative Frequency) ty s6 cta s6 lan mot gia tri dir liéu xuat hién
trong tap tit ca cac két qua so véi s6 lwong tat ca cac két qua

Tan suat (Frequency) s6 1an mét gia tri cda dit liéu xuat hién

Trung binh céng/ Binh quin cdng (Arithmetic Mean) mot s6 do sy hwéng tim cta di

liéu; tén goi thong thwong cia trung binh la “trung binh cong”. Thuat ngit “trung binh” 1a
dang rut gon ctia “trung binh s8 hoc. Theo dinh nghia, trung binh ctia mdt mau (ky hiéu
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2 Thong ké mo ta

T6ng tat ca gia tri trong mau

bang x) x = 56 lrong gia ol rong miw V2 trung binh cia mot tong thé (ky hiéu bang u) u =

To6ng tt ca gid tri trong tong thé

S6 lwong gia tri trong tong thé

Trung binh nhin/ Binh quan nhin (Geometric Mean) 1a mét s6 do sy hwéng tim cda
dit liéu, cho biét mirc ting trwdng trung binh cip sé nhan qua cac giai doan thoi gian.

Trung vi (Median) mot sé chia dir liéu da sap x€p thanh hai nira; mot nira cic gia tri bang
hodc nhé hon trung vi va mét nira cac gia tri bang hodc 1én hon trung vi. Trung vi c6 thé
la hodc khong 1a mét phén cua dir liéu.

T& phan vi thir nhat (First Quartile) gia tri la trung vi cia nivra dwéi cta tap dit liéu da
sap xép

T& phan vi (Quartiles) cic s6 chia dir liéu thanh bén phan; cac t& phan vi cé thé 1a hoic
khong la mot phén cda dir liéu. T phén vi thi hai la trung vi cda dit liéu.

Yéu vi (Mode) gia tri xuit hién thwong xuyén nhit trong mét tip dir liéu

T6m tat chwong

2.1 Trinh bay dir liéu

Po6 thi than va 14 1a mot cach dé vé biéu do dir liéu va quan sat phan phoi dir liéu. Trong
d6 thi than va 14, tat ca cic gia tri dir liéu trong mét 1&p déu c6 thé nhin thdy dwoc. Uu
diém cua do6 thi than va 14 1a tat ca cac gia tri déu dwoc liét ké, khac véi do thi histogram
chi hién thi cac 16p dit liéu. D6 thi dworng thuwong dwoc st dung dé biéu dién mot tip hop
cac gia tri dir liéu trong d6 mot dai lwong bién thién theo thoi gian. Nhirng d6 thi nay hiru
ich dé tim ra xu huwéng. Tic 13, tim ra mot mau hinh chung trong cac tap dir liéu, bao gobm
nhiét do, doanh s, viéc l1am, loi nhudn hodc chi phi cia cong ty trong mot khoang thoi
gian. P6 thi thanh 1a mot biéu d6 str dung cac thanh ngang hodc doc dé so sanh gitra cac
phan loai. Mt truc cia bi€u d6 hién thi cu thé cac phan loai cidn dwoc so sanh, va truc kia
biéu dién mot gia tri r&ri rac. Mot s§ do thi thanh trinh bay cac thanh dwoc nhém thanh
tirng cum nhiéu hon mét (d6 thi thanh nhém), va mét s6 khac hién thi cac thanh dwoc
chia thanh cac phan dé thé hién tic dong tich lily (d6 thi thanh xép chong). P6 thi thanh
dac biét htru ich khi str dung cho dit liéu phan loai.

Po thi histogram la phién ban d6 hoa ctia bang phan phoi tan suat. D6 thi bao gom cac
thanh c6 chiéu rong biang nhau dwoc vé lién ké nhau. Truc hoanh biéu dién cac 1ép cta gia
tri dit liéu dinh lwgng va truc tung biéu dién tin suit. Chiu cao cta cac thanh twong tng
v&i gia tri tin sult. PO thi histogram thwong dwgce sit dung cho cac tip 1on cac dir liéu dinh
lwong, lién tuc. Pa giac tin suit ciing c6 thé dwoc st dung khi vé do thi cac tip dir liéu 1én
v&i cac diém dir liéu 1ap lai. D liéu thuwong dwoc dat trén truc y véi tn suit dwoc vé trén
truc x. P6 thi chudi thoi gian c6 thé hitu ich khi quan sat lwong 16mn dir liéu cho mot bién
trong mot khoang thoi gian.

2.2 Cac so do vi tri cia dir liéu

Cac gia tri chia mot tAp dir liéu da sdp x€p theo thit hang thanh 100 phan bang nhau dwoc
goi 12 phan vi. Phan vi dwoc sir dung dé€ so sanh va dién giai dir liéu. Vi du, mot quan sat
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& phéan vi thir 50 sé 16n hon 50% cac quan sat khac trong tap dit liéu. T phan vi chia dit
liéu thanh cac phan tw. T& phan vi thi nhat (Q1) 1a phan vi th& 25, t& phan vi thit hai (Q2
hoac trung vi) la phan vi thi 50, va ti& phan vi thit ba (Q3) la phan vi thr 75. Khodng t
phan vi, hay IQR, 1a khoang cia 50% gitra cic gia tri dit liéu. IQR dwoc tim bang cach 14y
Q3 trir Q1, va c6 thé giup xac dinh cac gia tri ngoai vi bing cach str dung hai biéu thirc sau
day.

e Q3+IQR(L5)
e Q1-IQR(L5)

2.3 Cac so do tim cua dir liéu

S6 binh quan va s6 trung vi c6 thé dwoc tinh toan dé gitp ban tim ra "tim" ctiia mot tip
di liéu. S6 binh quan la wéc lwong tét nhat cho tap dir liéu thwe té, nhwng s6 trung vi la
thwéc do tét nhat khi mot tap dir liéu chiva nhiéu gia tri ngoai vi hodc gia tri cwe doan. Yéu
vi sé cho ban biét dir liéu (hodc cac dir liéu) xuit hién thwong xuyén nhat trong tip dir
liéu ctia ban. S6 binh quén, s6 trung vi va yéu vi cwc ky hiru ich khi ban cin phan tich di
liéu cia minh, nhwng néu tap dir liéu cia ban chi bao gom cac khoang ma thiéu gia tri cu
thé, viéc tinh s6 binh quan c6 thé c6 vé khong thé thuwc hién dwoc. Tuy nhién, sé binh quan
c6 thé dwoc xap xi néu ban cdng bién dwdi véi bién trén va chia cho hai dé tim diém gitra
clia moi khodng. Nhan moi diém gitra vdi s6 diém dir liéu dugc tim thiy trong khoang
twong rng. Chia tong cac gia tri nay cho tong s6 diém dir liéu trong tap hop.

2.6 Dg 1éch va binh quén, trung vi, va yéu vi

Quan sat phan phoi ctia dit liéu c6 thé tiét 16 nhiéu diéu vé méi quan hé gitra s6 binh quén,
s6 trung vi va yéu vi. C6 ba loai phin phoi. Phan phéi 1éch trai (hoac 4m) c6 hinh dang
nhw Hinh 2.12. Phan phoi 1éch phai (hoac dwong) c6 hinh dang nhw Hinh 2.13. Phan
phéi doi xirng trong nhw Hinh 2.11.

2.7 Cac s6 do do phan tan cua dir liéu

Do 1éch chuin cé thé gitp ban tinh toan d6é phin tan cia dir liéu. Cé cac cong thirc khac
nhau dé tinh d6 1éch chuin cia mét mau hodc cia mot tong thé.

e Do léch chuin cho phép ching ta so sdnh dit liéu ca nhan hodc cac 1ép véi s6 binh
quan cla tap dir liéu mot cach bang sé.
I (x—x)2 o Zf(x—%)% |\ A , ° s A 1A ~ 5 A x
o 5= (2—916) hoac s = f% la cong thirc dé tinh do 1éch chuan cia mot mau.
Dé tinh dd 1éch chudn ctia mot tong thé, chiing ta sé str dung s6 binh quan tong thé,

— 2 _ 2
i, va cong thitco = ’%hogcg — ’Ef(’jv w2
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T6m tat cong thirc

2.2 Cac so do vi tri caa Dir liéu

i:(ﬁ%yﬁ+n

trong do i = thir hang hodc vi tri cia mot gia tri dit liéu,
k = phan vi thir k,

n = tong s6 dir liéu.

x + 0,5y
n

)(100)

Biéu thirc dé tim phan vi cia mot gia tri div liéu: (

trong d6 x = s6 diém dir liéu dém tir dwédi danh sach dir liéu 1én nhwng khong bao gom gia
tri di liéu ma ban mudn tim phéan vi,

y =s6 diém dir liéu bang gia tri dit liéu ma ban mudn tim phan vi,
n = tong s6 dir liéu
2.3 Cac s6 do tim caa dir liéu

U= Zzl;_fm , trong do f = tn suit khoang va m = diém gitra khoang.

Téng tat ca gia tri trong miu

S6 trung binh cdng cho mot mau (ky hiubang x)1ax = — > =
: ’ : S6 lugng gia tri trong mau

T6ng tit ca gid tri trong quin thé

S6 trung binh cdng cho mot téng thé (ky hiéu bang u) la u =

S8 lwong gid tri trong quan thé
2.5 Trung binh nhan

Trung binh nhan:
1
n H 1
X = (Hxl> = X1 X o Xy = (X1, X5 X))
i=1
2.6 Do 1éch va binh quan, trung vi, va yéu vi

(x;—%)3

ns3

Cong thirc d6 1éch: a; = Y,

Cong thirc Hé s6 bién thién: CV ==+ 100 vd&i diéukiénx # 0

Rilw
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2.7 Cac s6 do d6 phan tan cuaa dir liéu

2
Sy = ’Zme — X? trong d6

sy = d6 1éch chudn mau
X = trung binh mau

~ —¥)2 —¥)2 n 2)\—ni2
Cong thirc D6 1éch chuin miu s = /% hoic s = /% hoiic s = (zm:i_)1 ng

Dé6i véi dd 1éch chudn mau, mau s6 1a n - 1, d6 1a kich thwéc mau trir 1.

—11)2 —11)2
Céng thirc PO léch chuidn quin thé o = ’% hoiac o = /W hodac o =

/Z’-"_ x? Ni s AA 1A 2 T TN T w oo
% — u? Déi véi do 1éch chudn quan thé, mau s6 1a N, tirc 1a s6 lwong phan t trong
quan thé.
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3 Xac suit

3 XAC SUAT

Hinh 3.1 Muwa thién thach la hién twong rit hiém, nhwng xac suat xay ra cda chdng cé
thé tinh dwoc. (Nguon: chinh sira tir tic phdm "Mot thién thach trong dinh cao ctia Tran
mua thién thach Leonid nam 2009" bé&i Navicore/ Wikimedia Commons, CC BY 3.0)

Giéi thiéu

Chung ta thwong xuyén can thiét phai "doan" vé két qua clia mdt sw viéc dé dwa ra quyét
dinh. C4c chinh tri gia nghién cttu cac cudc tham do y kién dé€ doan kha nang thang cl clia
ho. Gido vién lwa chon noi dung cu thé cho mén hoc dwa trén nhirng gi ho nghi hoc sinh
c6 thé hiéu dwoc. Bac si chon cac phwong phap diéu tri can thiét cho cac bénh khac nhau
dwa trén danh gia ctia ho vé két qua c6 thé xay ra. Mot s6 ngudi thich choi ca cwoc 1a vi
tin rang kha ning thang 1a t6t. Ban ciing c6 thé da chon nganh hoc cia minh dwa trén kha
nang co viéc lam trong twong lai.

R4t 6 thé ban da tirng st dung xac sudt. Thuc vay, ¢ xac sudt rang ban c6 cdm nhan truc
quan vé xac suit. Xac suat lién quan dén co hoi xay ra ctia mot sw viéc. Bat cir khi nao ban
can nhic kha ning c6 nén lam bai tAp vé nha hay hoc cho mot ky thi, ban dang st dung
xac suit. Trong chwong nay, ban sé hoc cach giai quyét cac bai todn xac suit st dung mot
cach ti€p can c6 hé thong.

3.1 Thuat ngir

Xac suit1a mot sd do vé mirc do chac chdn cua chiing ta vé két qua clia mot thwe nghiém4
(experiment) hodc hoat dong cu thé. M6t thwe nghiém 1a mét hoat dong c6 ké hoach dwoc
thwc hién trong diéu kién cé ki€m soat. Néu két qua khong dwoc xac dinh trudc, thi thi

4 con goi la “thi nghiém”
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nghiém dé dwoc goi la thwe nghiém co’ hi5 (chance experiment). Tung mot dong xu hai
lan 1a vi du vé mét thwc nghiém.

K&t qua cia mdt thuc nghiém dugc goi 1a mot phwong ané (outcome). Khéng gian mau
(sample space) ciia mot thwe nghiém la tip hop tit cd cac phwong an cé thé c6. Co ba cach
dé biéu dién khong gian mau 1a: liét ké cac phwong an c6 thé c6, tao so do cay, hodc tao so
do Venn. Chit in hoa S dwgc stt dung dé ky hiéu khong gian mAu. Vi du, néu ban tung mot
déng xu, S = {H, T} trong d6 H = mat nglra va T = mat dp la cac phwong an.

Mot sw kién? (event) la bat ky sw két hop nao ctia cac phwong an. Cac chir cai in hoa nhw
A va BDbiéu dién cac sw kién. Vi du, néu thwc nghiém la tung mot dong xu, s kién A c6 thé
la nhan dwoc nhiéu nhit mot mat ngira. Xac suit cia mot sw kién A dwoc viét 1a P(A).

Xac sult ctia bat ky phwong an nao la tin suat twong doi trong dai han (long-term
relative frequency) clia phwong 4n d6. Xac suat nam trong khoang tir 0 dén 1, bao gom
ca 0va 1 (nghiala, 0 va 1 va tat ca cac so gitra cac gia tri nay). P(A) = 0 c6 nghia la sw kién
A khong bao gitr xay ra. P(A) = 1 c6 nghia la sy kién A ludn xay ra. P(4) = 0,5 cé nghia la
su kién A c¢6 kha nang xay ra hoidc khong xdy ra nhw nhau. Vi du, néu ban tung mot dong
xu cOng bang nhiéu I4n (tir 20 dén 2.000 dén 20.000 I4n) thi tAn suit twong ddi ctia mat
ngtra tién gan dén 0,5 (xac suit cia mat ngira).

Pong kha ning (equally likely) c6 nghia 1a mdi phwong dn ctia mot thuc nghiém xay ra
v(&i xac suit bang nhau. Vi dy, néu ban tung mot con xtdc xac cdng bang sau mit, moi mit
(1, 2, 3, 4, 5, hodc 6) déu cé kha ndng xult hién nhw bit ky mét nao khac. Néu ban tung
mot dong xu cong bang, mat ngtra (H) va mat up (T) déu c6 kha niang xuit hién nhw nhau.
Né&u ban do4n ngiu nhién ciu tra 1&i cho mot cu héi ding/sai trong bai kiém tra, ban cé
kha nang chon cau tra 1&i dung hodc cau tra 1o sai nhw nhau.

Pé tinh x4c suit cia mot sw kién A4 khi tat ca cac phwong an trong khong gian mau
déu dong kha ning, hiy dém s6 phwong an thudc sw kién A va chia cho tong s6 phwong
an trong khong gian mau. Vi du, néu ban tung mot déng xu 10 xu va mdt dong xu 5 xu
cong bang, khong gian mau 1a {HH, TH, HT, TT} trong d6 T = mdt tp va H = mdt ngira.
Khoéng gian mau c¢6 bdn phwong 4n. Néu sw kién A = nhan dugc mot mit ngira. C6 hai
phwong an théa man diéu kién nay {HT, TH}, vi vay P(4) = % =0,5.

Gia s ban tung mot con xic xac sau mat cong bang, véi cac s6 {1, 2, 3, 4, 5, 6} trén cac
madt cda né. Goi sy kién E = tung ra mat khong nho hon 5. C6 hai phwong an {5, 6}. P(E) =
2. Né&u ban chi tung con xtic xdc mot vai Ian, ban khéng nén ngac nhién néu két qua quan
sat dwoc khong khép véi xac sudt. Néu ban tung con xtc xac rat nhiéu lan, ban sé thiy
rang, nhin chung, % s6 14n tung sé cho két qua "it nhit 1a ndm". Ban khéng nén mong doi
la chinh xac 2 . Tan suit twong ddi dai han cua viéc thu dwgc két qua nay sé tién gan dén

xac sudt ly thuyét % khi s6 1an 13p lai ting 1én.

5Con goi 1a “thyc nghiém may rai”
5 Con goi 1a “két quad”.
7.Con goi 1a “bién c8”
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3 Xac suat

Dic tinh quan trong trén cta cic thwc nghiém xac suit dwoc goi la Luat sd 1én (law of
large numbers), n6 néu rang khi sg Ian 13p lai mot thuc nghiém ting 1én, tAn suit twong
déi thu dwoc tir thwe nghiém cé xu hwéng ngay cang tién gan dén xac suit ly thuyét. Mac
du cac két qua khong xay ra theo bAt ky mau hodc thit tw ¢ dinh ndo, nhung nhin chung,
tan sudt twong doi quan sat dwoc trong dai han sé tién gan dén xac suat ly thuyét. (Thuat
ngit thwe nghiém thwong dwoc st dung thay cho thuat ngit quan sat).

R4t cAn phai lwu y rang 1a trong nhiéu trudmg hop, cac phwong an cta thue nghiém khong
dong kha nang. Mot dong xu hodc xtic xac cd thé khong cong bang, hay thién 1éch (bias).
Hai gi4o sw todn & chau Au da yéu cau sinh vién thdng ké ctia ho kiém tra dong xu mot
Euro cta Bi va phat hién ra rang trong 250 lan tht, mit ngira xuat hién 56% thoi gian va
mat up xuit hién 44% thoi gian. Dit liéu nay dwong nhw cho thiy dong xu khong phai la
dong xu cong bang; 13p lai nhiéu Ian sé giup dwa ra két luan chinh xac hon vé sy thién 1éch
do6. Mot s6 xtic xac c6 thé bi thién 1éch. Hay nhin vao xtic xac trong tro choi ban c6 & nha;
cac chdm trén moi mit thwong 14 cac 16 nhé dwoc khic ra va sau dé dwoc son dé 1am cho
cac chdm hién thi rd rang. Xdc xic ctia ban c6 thé bi thién 1éch hoic khong: c6 kha ning
cac két qua co thé bi anh hwéng béi sw khac biét trong lwong nhé do s6 lwong 16 khac
nhau trén cadc mat. Cac song bac kiém dwoc tién phu thudc vao két qua tir viéc tung xdc
xac, vi vy xuc xac song bac dwoc lam theo cach khac dé loai bo sw thién 1éch. Xdc xac song
bac c6 cdc mit phang; cac 16 dwoc 14p diy hoan toan bang son cé cung khéi lwong riéng
véi vat liéu 1am xtic xac d€ mdi mit c6 kha ndng xuat hién nhw nhau. Phin sau chiing ta sé
hoc cac ky thult xi ly xac suit cua cac sw kién khéng dong kha nang.

Sw kién "HOAC" (OR event):

Mot phwong an thudc sw kién A HOAC B néu phwong an d6 thudc A hodc thudc B hoic
thudc ca A vaB.

Sw kién A HOAC B con c6 thé dwoc viét 1a A Hop B, véi ky hiéu nhw sau:

AUB
Vidy choA={1,2,3,4,5}vaB={4,5,6,7,8).

KhidoAUB={1,2,3,4,5,6,7,8}. Lvu y rang 4 va 5 KHONG dwoc liét ké hai lan.

Sw kién "VA" (AND event):

Mot phwong an thudc sw kién A VA B néu phwong 4n dé thudc ca A va B ciing mét lic.
Sw kién A VA B con c6 thé duoc viét1a A Giao B, véi ky hidu nhw sau

ANB
Vidy,choAvaBlanlwotla{l,2,3,4,5}va{4,5,6,7,8}.

Khi dé A n B= {4, 5}.

Phan bu (complement) cda sw kién A dwgc ky hiéula A'. A" bao gom tat ca cac phwong an

KHONG thudc A. Lwu ¥ rang P(A) + P(A") = 1.Vidy,choS={1,2,3,4,5,6}vicho A= {1,
2,3,4}.Khid6, A’ = {5, 6}. P(A) =5, P(A) =2, va P(A) + P(A) == + =1

Access for free at openstax.org
118



3 Xac suat

Xac suit co diéu kién cua A véi diéu kién B duoc viét 1a P(A|B). P(A|B) la xac sudt suw
kién A sé xay ra v&i diéu kién sy kién B da xay ra. Mot diéu Kién thu sé hep khong gian
mau. Ching ta tinh xac suit cta A tir khong gian miu thu hep B. Coéng thirc d€ tinh P(A|B)

is P(A|B) = "2 trong 6 P(B) 16m hon khéng,
Vi du, gia st chung ta tung mot con xtic xac sdu mat cdong bang. Khong gian mau S = {1, 2,
3,4, 5, 6}. Cho A = swkién tung ra mit 1a 2 hoic 3 va B = sw kién tung ra mit 1a s6 chan (2,
4, 6). D& tinh P(A|B), chiing ta dém s phwong an 2 hodc 3 trong khong gian mau B = {2,
4, 6}. Sau d6, ching ta chia s6 d6 cho s6 phwong an cia B (thay vi S).

Ching ta nhan dwoc cing két qué bang cach sir dung cong thirc. Hiy nhé rang S c6 sau
phwong an.

(s6 phwong an 12 2 hodc 3 va chin trong S)
P(A AND B) _ 5

P(B) - (s6 phwong an 1621 chan trong S)

P(A|B) =

W

o lwjor =

Ty 1€ cworc

Ty 1é cwoc cia mot sy kKién bi€u thi xac sudt duwdi dang ty sé gitra thanh cong va that bai.
Khai niém nay dwoc str dung phé bién trong nhiéu rng dung thuc té. V& mat toan hoc, ty
1é cwoc cia mot sy kién dwoc dinh nghia la:

P(4)
1— P(A)

trong dé P(A) 1a xac suat thanh céng va 1 - P(A) 1a xac suit that bai. Ty s6 cwoc thwong
duwoc biéu dién dwdi dang "t s6 : mau s8", ching han 2:1. Trong trudmg hop nay, xac suit
thang gdp doi xac suit thua, do d6 xac suit thiang1a 0,66. Mot xac suit thang1a 0,60 sé& cho
ty 1& cwgre ting ho viéc thang 13 3:2. Mic du viéc tinh toan ty 1& cwoc c6 (rng dung trong mot
s6 linh vuwc, nhwng lai it c6 gia tri trong viéc hiéu ly thuyét xac suit va thong ké.

Hiéu cac thuit ngir va ky hiéu

Khi giai bai toan xac suat can doc ky bai toan dé hi€u dau la sw kién. Hi€u r6 ciu tir 1a 1a
bwdc quan trong diu tién. Poc lai bai toadn nhiéu lan néu cin thiét; xac dinh ré dau la sw
kién can quan tim. Xac dinh xem cé diéu kién nao dwgc néu trong ndi dung cho thay xac
sult la c6 diéu kién hay khong; xac dinh can thin diéu kién, néu co.

Vidu 3.1

Vdn dé

Khong gian mau S 1a cic s6 nguyén bat dau tir 1 va nhé hon 20.

a. S=

Cho sw kién A = cac s6 chdn va suw kién B = cac s6 16n hon 13.
b. A= ,B=

c.  PA)= ,P(B) =
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d. AANDB = ,AORB =

e.  P(AANDB)= P(AORB) =

£ A= ,P(A") =

g. P(A) +P(A) =

h P(A|B) = ,P(B|A) = ; CAC X4c sudt c6 bang nhau khong?
Lo gidi

§$={1,2,3,4,56,7,8,9,10,11,12, 13, 14, 15, 16,17, 18, 19}
b. A={2,4,6,8,10,12, 14,16, 18}, B = {14, 15, 16, 17, 18, 19}
9 6
C. P(A)_E'P(B)_B

d. AVAB={14,16,18}, AHOACB=1{2,4,6,8,10,12, 14, 15,16, 17, 18, 19}

e. P(AVA B) = —, P(AHOAC B) = —
f. A’'=1,3,5,7,9,11,13,15,17,19; P(A") = g
9 10
g. P(A)+P(A’)=1(E+1—9=1)
_P(aVvAB) _3 _P(AVAB) 3 .. . X LA N
h. P(A|B) = O, P(B|A) = ) o Cac xac suat khong bang nhau

Bai tap van dung 3.1

a. Van dé

b. Khong gian mAu S 12 tit ca cic cdp co6 thir tw cla hai s6 nguyén, s6 thir nhat tir 1
dén 3 va s6 thir hai tir 1 dén 4 (Vi du: (1, 4)).

C. S=

Goi sw kién A = tdng 12 s6 chan va s kién B = s6 thit nhat 1a s§ nguyén t6.
d. A= ,B =

e.  P(A)= P(B) =
f. AAND B = ,AORB =

g P(AANDB)= ,P(AORB) =

h. B'= ,P(B') =

i P(A) + P(A) =

j- P(A|B) = P(B|A) = ; CAc X4c sudt c6 bang nhau khong?
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Vidu 3.2

Vén dé

Mdt con xtic x3c sdu mat cdng bang dwoc tung. M6 ta khong gian mau S, xac dinh moi su
kién sau dy bang mot tAp con clia S va tinh xac suit ciia né (phwong dn 1a s6 chAm dwoc
tung ra).

a. SwkiénT =kétquala2.
b. Swkién A = két qua 1a mot s6 chan.

c. Swkién B = két qua nhé hon 4.

d. Phan bu cuia A.
e. A\B

f. BlA

g. AnB

h. AUB

i. AUB'

j. Swkién N = két qua la mot s6 nguyén to.
k. Swkién I = két qua la bay.
Lo gidi

1

a. T={2},P(T)==

b. A={2,4,6),P(4)=

NIRr NIR

c. B={1,2,3},P(B) =
d. A’={1,3,5}, P(4) =3

e. A|B={2},P(A|B) =

Wik Wik

f. B|A=1{2), P(B|A) =

g AVAB={2}, P(AVAB)==

h. AHOACB={1,2,3,4,6}, (A HOACB) =
2

i. AHOACB’={2,4,5,6}, P(AHOAC B’ =2

. N={2,3,5% P(N) =5

k. Mot con xuc xac sau mat khéng c6 bay chdm. P(7) = 0.
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Bai tap van dung 3.2

Mot s6 dugc chon ngiu nhién trong khoang tir 1 dén 10. M6 ta khong gian mAu S, xac
dinh moi su kién sau day bang mot tip con cia S, va tinh x4c sut cia né (phwong an la
s6 dworc chon).

a. Swkién F=kétqualas.

b. SwkiénA=s01én hon 6.

c. SwkiénB=s0lasolé.

d. Phéan bu cua B.

e. AVOIDIEUKIEN B.

f. BVOIDIEU KIEN A.

g. AHOACB.

h. A'HOACB.

i. Swkién P =két qua la méot sé hop.
j. Swkién M =s61a boi sd cia 3.
Vidu 3.3

Vin dé

BANG 3.1 mo6 ta phan phdi cia mot mau ngau nhién S gdm 100 ca nhan, dwoc t8 chikc
theo gi¢i tinh khi sinh va viéc ho thuan tay phai hay tay trai.

Bang 3.1
Thuan tay phai Thuan tay trai
Nam 43 9
Nt 44 4

bit M = su kién d6i twong la nam, F = sy kién d6i twong la nit, R = sw kién doéi twong
thuén tay phai, L = d6i twong thuin tay trai. Tinh cac xac suit sau:

® oo T W

-

= aa

P(M)

P(F)

P(R)

P(L)

P(M AND R)
P(FAND L)
P(MORF)
P(MORR)
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m.

P(FORL)
P(M)
P(R|M)
P(F|L)
P(L|F)

Loi gidi

a.
b.

o o

= @ ™ oo

[

j-
k.
l.

m.

P(M) = 0,52

P(F) = 0,48
P(R)=0,87
P(L)=0,13

P(M AND R) = 0,43
P(FAND L) = 0,04
P(MORF)=1
P(MORR) = 0,96
P(FORL)=0,57
P(M") = 0,48

P(R|M) = 0,8269 (lam tron dén 4 chir s6 thip phan)
P(F|L) =0,3077 (l1am tron dén 4 chir s6 thap phan)

P(L|F) = 0,0833

3 Xac suat

Bai tap van dung 3.3

Bang nay mo ta phan phdi clia mdt mau ngiu nhién S gobm 100 ca nhan, dwoc td chirc
theo gidi tinh khi sinh va liéu ho thich tra hay ca phé.

Bang 3.2
Tra Ca phé
Nam 22 26
N 16 36

bit M = s kién déi twong la nam, W = sw kién déi twong la ni, T = sw kién déi twong

thich tra, va C = sy kién doi twong thich ca phé. Tinh cac xac suit sau:

a.
b.
C.
d.

P(M)
P(W)
P(T)
P(C)
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e. P(MVAT)

f. P(WVACQ)

g. P(M HOACW)
h. P(MHOACT)
i. P(WHOACC()
j. P(M)

k. P(T|M)

. P(W|C)

m. P(C|W)

3.2 Cac sw kién doc 1ap va xung khac

Doc lap va xung khiac khéng c6 ciing y nghia.
Cac sw kién doc l1ap (independent event)
Hai suw kién dworc goi 1a déc 1ap néu nhirng diéu sau diy la dung:

e P(A|B) = P(4)
e P(B|A)=P(B)
e P(AAND B) = P(4)P(B)

Hai sw kién A va B1a cac sw kién doc 14p néu viéc biét mét sw kién xay ra khéng anh hwdng
dén x4c suit sw kién kia xay ra. Vi du, két qua cta hai IAn tung mot con xuc xic cong bang
la cac sw kién ddc 1ap. Két qua cta lan tung dau tién khong lam thay déi xac suit cho két
qua cta lan tung th hai. D€ chirng minh hai sw kién la ddc 14p, ban chi cin chirng minh
mot trong cac diéu kién trén. Néu hai sw kién KHONG ddc 1ap, thi chiing ta néi rang chiing
la cac sw kién phu thudc (dependent event).

Viéc 14y mau c6 thé dwoc thuc hién ¢é hoan lai hodc khéng hoan lai.

e Co6 hoan lai (with replacement): Néu mdi phan tir cia mdt quan thé dwoc hoan lai
(thay thé) sau khi né dwgc chon, thi phén ti d6 c6 kha nang dwgc chon nhiéu hon mot
IAn. Khi 1dy mAu duoc thuc hién c6 hoan lai, thi cac sw kién dwoc coi 1a doc 1ap, nghia
la két qua cda l1an chon dau tién sé khong thay doi xac suit cho Ian chon thir hai.

e Khong hoan lai (without replacement): Khi 14y mau dwoc thwc hién khong hoan
lai, mdi phan tir ciia quan thé chi c6 thé dwoc chon mot 1an. Trong trudng hop nay,
xac sut cho lIan chon thi hai bi anh hwdng béi két qua ctia 1an chon dau tién. Cac
su kién dwoc coi la phu thudc hoac khong doc 1ap.

Néu khong biét liéu A va B c6 doc lap hay phu thudc, gia dinh ching la phu thudc cho
dén khi ban c6 thé chirng minh ngwoc lai.
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Vidu 3.4

Ban c6 mot bd bai 52 14 dwoc x40 tron k§ va cong bang. N6 bao gom bdn chit. Cac chat
12 chudn (clubs), r6 (diamonds), co (hearts) va bich (spades). C6 13 14 bai trong mdi chit
baogom 1, 2,3,4,5,6,7,8,9,10,] (b6i), Q (ddm), K (gia) cta chit do.

a. L4y mAau c6 hoan lai:

Gia st ban rat ba 14 bai ¢6 hoan lai. L4 bai dau tién ban rat ra tir 52 14 bai 1a Q bich. Ban
dat 1a bai nay tr¢ lai, xao trdén lai bai va rat 14 bai th hai tir bd bai 52 14. b6 1a 1a 10
chuon. Ban dat 14 bai nay tré lai, xdo tron lai bai va rat 14 bai thi ba tir bd bai 52 14. Lan
nay, 14 bai 1a Q bich mot 1an nira. Két qua rat bai cia ban 1a {Q bich, 10 chu6n, Q bich}.
Ban da rut dwoc Q bich hai lan. Ban rut méi 14 bai tir bo bai 52 14.

b. LAy mAu khong hoan lai:

Gia st ban rut ba 14 bai khong hoan lai. L4 bai dau tién ban rut ra tir 52 14 bai l1a K co.
Ban dé 14 bai nay sang mot bén va rit 14 bai thi hai tir 51 14 bai con lai trong bo bai. P
la 14 3 r6. Ban dé 14 bai nay sang mot bén va rat 14 bai th& ba tir 50 14 bai con lai trong
b6 bai. La bai thi ba 1a ] bich. K&t qua rat bai ctia ban la {K co, 3 r6, ] bich}. Vi ban da rut
bai khong hoan lai, ban khong thé rat cing mot 14 bai hai lan.

Bai tap van dung 3.4

Ban c6 mot bd bai 52 14 dwgc xdo tron ky va cong bang. N6 bao gdbm bon chit. Cac chat
12 chudn, rd, co va bich. C6 13 14 bai trong mdi chdt bao gbm 1, 2, 3,4, 5,6, 7, 8,9, 10, ]
(bdi), Q (dam), K (gia) ctia chat d6. Ba 14 bai dwoc riat ngau nhién.

a. Gia sir ban biét rang cac 14 bai dwoc rut1a Q bich, K co va Q bich. Ban c6 thé quyét dinh
liéu viéc 14y mau 1a c6 hoan lai hay khong hoan lai khong?

b. Gia str ban biét rang cac 14 bai dwgc rut1a Q bich, K co va ] bich. Ban c6 thé quyét dinh
liéu viéc 14y mAau 12 c6 hoan lai hay khéng hoan lai khong? Gia st ban rut ba 14 bai khong
hoan lai. L4 bai du tién ban rat ra tir 52 14 bai 1a K co. Ban dé 14 bai nay sang mot bén
va rut 14 bai thi hai tir 51 14 bai con lai trong b0 bai. P6 1a 14 3 ré. Ban dé 14 bai nay sang
mot bén va rat 14 bai th ba tir 50 14 bai con lai trong bo bai. La bai th& ba la ] bich. Két
qua rat bai cta ban 1a {K co, 3 r6, ] bich}. Vi ban da rat bai khong hoan lai, ban khong thé
rut cuing mét 1a bai hai lan.

Vidu 3.5

Vén dé

Ban c6 mot bd bai 52 14 dwoc xdo tron ky va cong bang. N6 bao gdbm bon chit. Cac chat
12 chudn, rd, co va bich. C6 13 14 bai trong mdi chdt bao gbm 1, 2, 3,4, 5,6, 7, 8,9, 10, ]
(b6i), Q (d4m) va K (gia) cta chat d6. S = bich, H = Co, D = R9, C = Chuon.
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a. Gid sir ban rut bon 14 bai, nhwng khong dat 14 bai nao tré lai bd bai. Cac 14 bai cia ban
1aQs, 1D, 1C, QD.

b. Gia str ban rut bdn 14 bai va dat mai 14 bai tré lai truwedc khi ban rat 14 bai tiép theo. Cac
1a bai ctia ban la KH, 7D, 6D, KH.

Trong a. hay b., tredng hop nao ban da 14y mau c6 hoan lai, va trudrng hop nao ban da
14y mau khong hoan lai?

Loi gidi

a. Khong hoan lai;

b. C6 hoan lai

Bai tap van dung 3.5

Ban c6 mot bd bai 52 14 dwgc xdo tron ki va cong bang. N6 bao gdbm 4 chit. Cac chatla
chudn, rd, co va bich. C6 13 14 bai trong méi chit bao gém 1, 2, 3, 4,5, 6,7, 8,9, 10, ]
(b6i), Q (dam) va K (gia) ctia chat do. S = bich, H = Co, D = R6, C = Chudn. Gia st ban 1ay
mau bén 14 bai khéng hoan lai. K&t qua nao sau day 1a c6 thé? Tra 1o cing cAu hdi cho
viéc 14y mau c6 hoan lai.

a. QS,1D, 1C, QD

b. KH, 7D, 6D, KH

c. QS,7D, 6D, KS

Cac sw kién xung Khiac8 (mutually exclusive event)

A va B 1a céc su kién xung khdc néu ching khong thé xay ra cing mot lic. Diéu nay cé
nghia la A va B khong c6 phwong an chung nao va P(A VA B) = 0.

Vi du, gid str khong gianmauS={1,2,3,4,5,6,7,8,9,10}. ChoA={1,2,3,4,5},B={4,5,
6,7,8vaC={7,9.., ANB={45}L.P(ANB)= % va khong bang 0. Do d6, A va B khong
xung khic. A va C khong c6 s6 nao chung nén P(A N C) = 0. Do d6, A va C 1a xung khic.

Néu khong biét liéu A va B c6 xung khic hay khong, gia dinh ching khéng xung khac

cho dén khi ban c6 thé chirng minh ngwoc lai. Cac vi du sau minh hoa cac dinh nghia
va thuat ngit nay.

Vidu 3.6

Tung hai dong xu cdng bang. (Day 1a mot thwc nghiém.)

Khong gian mau 1a {HH, HT, TH, TT} trong d6 T = tip va H = ngtra. CAc phwong 4n 13 HH,
HT, TH va TT. Cac phwong &n HT va TH la khac nhau. HT cé nghia la d6ng xu thit nhit

8 Con goi la “bién cb loai trir |An nhau”
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ra mit ngira va dong xu thir hai ra mat ap. TH cé nghia 1a dong xu thir nhit ra mit up va
déng xu thit hai ra mat ngtra.

Goi A = sy kién nhin dwoc nhiéu nhit mot mat dp. (Nhiéu nhit mot mat ap cé
nghia la khong c6 hodc mdt mit Gp tir 2 dong xu.) Khi dé A c6 thé dwoc viét 1a
{HH, HT, TH}. Phwong 4n HH cho thiy khong c6 mit Gp. HT va TH mdi phuong
an cho thdy mot mat ap.

Goi B = sy kién nhan dwoc tit cd méat up. B ¢ thé dwoc viétla {TT}. B 1a phin bu
(complement) ctia A, nén B = A’. Ngoai ra, P(A) + P(B) =P(A) + P(A") = 1.

Xac sudt cho AvachoBlaP(A) = Zvé P(B) = i.

Goi C = s kién nhan dwoc tit ca mit ngira. C = {HH}. Vi B = {TT}, P(B VA C) = 0.
B va C 1a xung khic. (B va C khong c6 phan tir chung nao vi ban khong thé co tat
ca mat Gp va tat cd mat nglra cuing mét lic.)

1

Goi D = sw kién nhin dwoc nhiéu hon mot mat ap. D = {TT}. P(D) = "

Goi E = sw kién nhin dwoc mat ngtra & 14n tung dau tién. (Piéu nay ngu y ban cé
thé nhan dwoc mit nglra hodc mit up & lan tung thi hai.) E = {HT, HH}. P(E) = %

Tim x4c sudt nhan dwoc it nhdt mot (mét hodc hai) mat Gp trong hai lan tung. Goi F = sw
kién nhan dwoc it nhat mot mat Gp trong hai lan tung. F = {HT, TH, TT}. P(F) = %

Bai tap van dung 3.6

Rut hai 14 bai tir m6t bo bai chuin 52 14 c6 hoan lai. Tim xac sudt nhan dworc it nhat mot 14
bai mau den. Goi E = sy kién nhin dwgc mat ngtra & lan tung dau tién. (Piéu nay ngu y ban

6 thé nhin dwoc mat ngira hodc mat Gp & l1an tung thir hai.) E = {HT, HH}. P(E) = %

Vidu 3.7

Vén dé

Tung hai dong xu cdng bang. Tim x4c suit cta cac su kién.

Goi F = s kién nhan dwoc nhiéu nhat mot mat Gp (khong cé hodc mot mat ap).

b. Goi G = sw kién nhan dwoc hai mat giong nhau.

c. Goi H = sy kién nhin dwoc mat ngtra & 1an tung dau tién, sau dé la mat ngira hoac
mat ap & lan tung thi hai.

d. FvaG co6 xung khic khong?

e. Goi] = swkién nhan dwoc tat cA mat Gp. ] va H c6 xung khic khong?

Loi gidi

Xem khong gian mau trong Vi du 3.6.
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a. Khong (0) mat Gp hodc mét (1) mat up xuat hién khi c6 cdc phwong an HH, TH, HT.
3
P(F) ==
4

b. Hai mat giéng nhau néu HH hodc TT xuat hién. P(G) = %

c. Mot mat nglra & Ian tung dau tién, sau d6 1a mat nglira hodc mat Gp & lan tung thi hai
xay ra khi HH hodc HT xuit hién. P(H) = %
d. FvaG cé chung HH nén P(F VA G) khéng bing khong (0). F va G khong xung khic.

e. Nhin dwoc tit cd mat ap xady ra khi mat ap xuat hién trén ca hai dong xu (TT). Cac
phwong an cua H 1a HH and HT.

J va H khong c6 gi chung nén P(J VA H) = 0. ] va H 1a xung khic.

Bai tap van dung 3.7

Mot hop c6 hai vién bi, mot trang va mot dé. Chung ta chon mot vién bi, dit no tré lai
hop, va chon vién bi thi hai (1dy mau c6 hoan lai). Tim x4c suit cta cac sw kién sau:

a. Goi F = sw kién nhan dwoc vién bi trang hai Ian.

b. Goi G = sw kién nhan dwoc hai vién bi c6 mau khac nhau.
c. Goi H = sy kién nhan dwoc vién trang & 1an chon dau tién.
d. F va G c6 xung khic khong?

e. G va H c¢6 xung khiac khong?

Vidu3.8

Tung mot con xtic xac sdu mit cong bang. Khéng gian mau la {1, 2, 3, 4, 5, 6}. Goi su kién

A =mitlasolé. Khidoé A={1,3,5}. Goi swkién B = mitla so chan. Khi d6 B = {2, 4, 6}.
e Tim phan bl cta A, A'. Phan bu cua A, A', 1a B bai vi A va B cung nhau tao nén
khang gian mau. P(A) + P(B) = P(A) + P(A") = 1. Ngoai ra, P(A) == va P(B) ==

e Goiswkién C = caic mat 1é 16m hon 2. Khi d6 C = {3, 5}. Goi sw kién D = tit ca cac
mat chdn nhé hon 5. Khi d6 D = {2, 4}. P(C N D) = 0 vi ban khong thé c6 mot mat
1é va chan cuing mot ltc. Do d6, C va D 1a cac sw kién xung khic.

e Goiswkién E = tat cd cAc mat nhé hon nam. E = {1, 2, 3, 4}.
Vin dé
C va E c6 phai 12 cac sw kién xung khic khong? (Tra 10 c6 hodc khong.) Tai sao?
Loi gidi
Khong. C={3,5}vaE={1,2,3,4}. P(CANDE) = %. DéE xung khac, P(C AND E) phai bang 0.

Tim P(C|A). Day 1a mot x4c sult c6 diéu kién. Nhé rang sw kién Cla {3, 5} va sw kién A 1a
{1, 3, 5}. P& tim P(C|A), tim x4c suit clia C st dung khoéng gian mau A. Ban da thu hep

Access for free at openstax.org
128



3 Xac suat

khong gian mau tir khéng gian mau ban dau {1, 2, 3, 4, 5, 6} xudéng con {1, 3, 5}. Vi vay,
2
P(ClA) =2

Bai tap van dung 3.8

Goi swr kién A = hoc tiéng Tay Ban Nha. Goi su kién B = hoc tiéng Dirc. Khi d6 A VA B = hoc
tiéng Tay Ban Nha va ti€ng Duc. Gid sit P(A) = 0,4 va P(B) = 0,2. P(A VA B) = 0,08. Cac su
kién A va B c6 doc 1ap khong? Goi y: Ban phai chitng minh MOT trong nhitng diéu sau:

e P(A|B) = P(4)
* P(B|A)=P(B)
e P(AVAB)=P(A)P(B)

Vidu 3.9

Goi sy kién G = tham gia mot 16p toan. Goi sw kién H = tham gia mot 1ép khoa hoc. Khi
do, G VA H = tham gia mot 1&p toan va mot 1ép khoa hoc. Gia st P(G) = 0,6, P(H) = 0,5 va
P(GVA H)=0,3.GvaH c6 doc lap khéng?

Né&u G va H ddc 1ap, thi ban phai chitng minh MOT trong nhitng diéu sau:
e P(G|H)=P(G)
* P(H|G)=P(H)
e P(GVAH)=P(G)P(H)
Lwu y: Lwa chon ban dwa ra phu thudc vao thong tin ban c6. Ban cé thé chon bat ky
phwong phap nao & diy vi ban c6 thong tin can thiét.
Vin dé
a. Chtrng minh rang P(G|H) = P(G).
b. Chtng minh P(G N H) = P(G)P(H).
Loi gidi
P(GNH) _03

a. P(GlH) :W (),_5: 0,6 = P(G)

b. P(G)P(H) = (0,6)(0,5) = 0,3 = P(G N H)

Vi G va H doc lap, biét rang mot ngwoi dang tham gia mét 16p khoa hoc khéng lam thay
doi kha ndang ho dang tham gia mét 1ép todn. Néu hai sw kién khéng déc ldp (nghia la
chiing phu thudc) thi biét rang mét ngwoi dang tham gia mot 1ép khoa hoc sé lam thay
déi khd ndng ho dang tham gia todn. D€ thuc hanh, hdy chitrng minh rdang P(H|G) = P(H)
dé chitng minh rang G va H la cdc sw kién déc ldp.
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Bai tap van dung 3.9

Trong mot tdi, c6 sau vién bi d6é va bon vién bi xanh 14. Cac vién bi d6 dwoc danh diu véi
cacso 1,2,3,4,5va6. Cacvién bi xanh 14 dwoc ddnh dau véi cacsé 1, 2, 3 va 4.

e R=motvién bido
e (G =motvién bi xanh
e O=moitviénbicdsolé
Khéng gian mau 1a S = {R1, R2, R3, R4, R5, R6, G1, G2, G3, G4}.

S c6 muoi phwong an. P(G N 0) bang bao nhiéu?

Vidu 3.10

Vidn dé

Goi swkién C = tham gia mot 16p tiéng Anh. Goi sw kién D = tham gia mot 16p dién thuyét.
Giastr P(C)=0,75,P(D)=0,3, P(C|D)=0,75va P(CN D) =0,225.

Bién minh cho cAu tra 1&i ctia ban cho cac ciu héi sau diy bang sé.

a.CvaD co doc lap khong?

b. C va D c6 xung khic khong?

c. P(D|C) bang bao nhiéu?

Loi gidi

Co, vi P(C|D) = P(C).

Khéng, vi P(C N D) khdng bang khong.

_P(CND)_ 0225 _
P(DIC) = P(c) ~ 075 0.3

Bai tap van dung 3.10

Mot sinh vién di dén thw vién. Goi cac sw kién B = sinh vién mwon mét cudn sdchva D =
sinh vién mwon mot dia DVD. Gia st rang P(B) = 0,40, P(D) = 0,30 va P(B VA D) = 0,20.

a. Tim P(B|D).

b. Tim P(D|B).

c. Bva D c6 doc lap khong?

d. B va D c6 xung khic khong?
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Vidu 3.11

Trong mot hop c6 ba 14 bai d6 va ndm 14 bai xanh. Cac 14 bai d6 dwoc danh diu véi cac
s0 1, 2 va 3, va cac 14 bai xanh dwoc danh dau véi cac so 1, 2, 3, 4 va 5. Cac 14 bai dwoc
x40 tron ky. Ban dwa tay vao hop (ban khong thé nhin vao bén trong) va rat mot 14 bai.
Goi R = rat dworc 14 bai dé, B = rut dwoc 14 bai xanh, E = riat dwoc 14 bai cé s6 chan.
Khéng gian mau S = R1, R2, R3, B1, B2, B3, B4, B5. S c6 tAm phuwong an.

« P(R)=:

e P(E)=

e P(E|B) = % (C6 nam 14 bai xanh: B1, B2, B3, B4, and B5. Trong s0 cac 14 bai xanh,
c6 hai 14 bai chan; B2 and B4.)

.P(B) = 2, P(R VA B) = 0. (Ban khong thé rit mét 14 bai vira dé vira xanh..)
8

. (Cé ba la bai c6 s6 chan, R2, B2, and B4.)

©o|lw ool

e P(BIE)= g (C6 bala bai c6 s6 chdn: R2, B2, and B4. Trong s6 cac 14 bai c6 s6 chan,
hai 1a la xanh; B2 and B4.)
e Cacsukién Rva Blaxung khic vi P(RVA B) = 0.
Goi G =14 bai c6 s0 16n hon 3. G = {B4, B5}. P(G) = 2. Let H = Cac su kién R va B la xung
khac vi. H = {B1, B2, B3, B4}. P(G|H) = %. (La bai duy nhit trong H c6 s6 16n hon ba la B4.)
ViZ ==, P(G) = P(GIH), c6 nghta Ia G va H doc lap.

Bai tap van dung 3.11

Trong mét sin vin dong bong ré,
e 70% ngwoi hAm mo dang c6 vii cho do6i nha.
e 25% nguwoi ham md dang mac mau xanh duwong.
e 20% ngwoi hAm md dang mac mau xanh dwong va dang co vii cho déi khach.

Trong s6 nhitng ngwdi hAm mo dang c6 vii cho doi khach, 67% dang médc mau xanh dwong.

Vi du 3.12

Vdn dé

Trong mét 16p hoc dai hoc, 60% sinh vién 1a nit. 50% tat ca sinh vién trong 1&p cé téc
dai. 40% sinh vién la nit va cé toc dai. Trong so cac sinh vién nit, 75% c6 toc dai. Goi W
la sy kién mot sinh vién la nit. Goi L l1a sy kién mdt sinh vién cé téc dai. Mot sinh vién
dwoc chon ngau nhién. Cac s kién la nit va c6 toc dai c6 doc lap khong?
Cac xac suat sau dwoc cho trong vi du nay:

e P(W)=0,60; P(L)=0,50

e P(WNL)=045
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e P(LIW)=0,75
Lwu y: Lwa chon ban dwa ra phu thudc vao thong tin ban c6. Ban c¢é thé st dung diéu
kién dau tién hodc cubi cung trong danh sach cho vi du nay. Ban chwa biét P(W|L), vi
viy ban khong thé str dung diéu kién thi hai.
Loi gidi
Kiém tra xem P(W VA L) = P(W)P(L) hay khéng. Chiing ta biét ring P(W VA L) = 0,45,
nhung P(W)P(L) = (0,60)(0,50) = 0,30. Cac su kién la nit va c6 téc dai khong doc lap vi
P(W VA L) khong bang P(W)P(L).
Ki€m tra xem P(L|W) c6 bang P(L) hay khong. Chung ta biét rang P(L|W) = 0,75, nhung
P(L) = 0,50; chting khong bing nhau. Cac su kién 12 nit va c6 téc dai khong doc 1ap.
Cac sw kién 1a nir va c6 téc dai khong doc 1ap; biét rang mot sinh vién 1a nit 1am thay d6i
X4c sudt rang mot sinh vién c6 toc dai.

Bai tap van dung 3.12

Mark can quyét dinh 16 trinh nao dé di lam. Cac lwa chon ctia anh 4y 1a I = di dwong cao
toc va F = di duwong s6 5.

o P(I)=044vaP (F)=0,56
e P(I NF)=0viMark sé chi di mot19 trinh dé€ dén noilam viéc.

Xac suit cia P(I U F) 1a bao nhiéu?

Vidu 3.13

Vin dé

a. Tung mot ddng xu cdng bang (dong xu c6 hai mit, H va T). CAc phwong an 1a

Pém cac phwong an. C6 ___ phwong an.

b. Tung mot con xtc xac sdu mit cong bang (con xtc xac cb 1, 2, 3, 4, 5 hodc 6 chdm trén
mot mat). Cac phwong an la .Pém cac phwong an. C6 __ phwong an.

c. Nhén hai s6 phwong an. Cau tra loi la

d. Néu ban tung mét déng xu cdng bang va tiép theo 1a tung mot con xdc xic sdu mit
cong bang, cAu tra 1o trong phan c. 1a s6 phwong an (kich thwéc clia khdng gian mau).
Cac phwong an la gi? (Goi y: Hai trong sé cac phwong an 1a H1 va T6.)

e. Swkién A = mit nglra (H) trén dong xu sau d6 12 mot s6 chdn (2, 4, 6) trén con xuc xic.
A={ }. Tim P(A).

f. Swkién B = mit ngira trén dong xu sau d6 12 s6 ba trén con xic xac. B = { }. Tim P(B).
g. A va B c6 xung khdc khong? (Ggi y: P(A N B) 1a bao nhiéu? Néu P(A N B) = 0, thi A va
Bla xung khac.)

h. A va B c6 doc lap khong? (Goiy: P(A N B) = P(A)P(B) phai khong? Néu P(4 N B) =
P(A)P(B), thi A va B dbc 1ap. Néu khong, thi chiing phu thudc).
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Loi gidi

a. HvaT?2

b. 1,2,3,4,5,6;6
c. 2(6)=12

d. T1,T2, T3, T4, TS, T6, H1, H2, H3, H4, HS, H6
e. A={H2,H4 HE}; P(A)=—
f. B={H3};P(B)=—

g. Co,viP(ANB)=0

1
2

P(AN B) = 0.P(A)P(B) = () (<) P(4 VA B) khong béing P(4)P(B), vi vay A va B phy thudc.

Bai tap van dung 3.13

Mot hop c6 hai vién bi, mot trang va mot do. Ching ta chon mot vién bi, dit no trd lai
hop, va chon vién bi thir hai (1y mau c6 hoan lai). Goi T 1a sw kién nhan dwoc vién bi
trang hai 1an, F 12 sy kién nhan dwoc vién bi trdng & 1an chon dAu tién, S 1a sw kién nhan
dwoc vién bi trang & 1an rut thir hai.

e Tinh P(T).

e Tinh P(T|F).

e TvaFco6doclap khong?

e FvaS c6xung khic khong?

e FvaScodoclap khong?

3.3 Hai quy tic co’ ban ctia xac suit

Khi tinh todn x4c sudt, c6 hai quy tic cAn xem xét khi xac dinh liéu hai sw kién c6 doc 1ap
hay phu thudc va liéu ching c6 xung khac hay khong.

Quy tic nhan (multiplication rule)

Néu A va B 1a hai sy kién dwoc dinh nghia trén mét khéng gian mau, thi: P(A VA B) =
P(B)P(A|B).

Quy tac nay ciing c6 thé dwoc viét1a: P(A|B) = = P(ﬁ(—r);)B)

(Xac suit clia A néu c6 B bang xac suit cua A va B chia cho x4c suit cta B.)

N&u A va B déc lap, thi P(A|B) = P(A). Khi dé P(A N B) = P(A|B)P(B) tré thanh P(A NB) =
P(A)P(B).
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Quy tic cong (addition rule)
Néu A va B dwoc dinh nghia trén mot khong gian mau, thi: P(A U B) = P(A) + P(B) - P(A N B).

Néu A va B xung khic, thi P(4 VA B) = 0. Khi d6 P(A HOAC B) = P(A) + P(B) - P(A N B) tr&
thanh P(A U B) = P(A) + P(B).

Vi du 3.14

Klaus dang c6 gang chon noi dé€ di nghi. Hai lwa chon cta anh 4y 1a: A = di New Zealand
va B = di Alaska

Klaus chi c6 thé chi trad cho mdt ky nghi. X4c suit rang anh 4y chon A 1a P(4) = 0,6 va xac
suit rang anh 4y chon B1a P(B) = 0,35.

P(A N B) = 0 viKlaus chi c6 thé chi tra dé di mot ky nghi

Do dd, x4c suit rang anh 4y chon New Zealand hodc Alaska 1a P(A U B) = P(A) + P(B) =
0,6 + 0,35 = 0,95. Lwu y rang xac sudt anh 4y khong chon di bat ky dau nghi phaila 0,05.

Bai tap van dung 3.14

Anna phai mua mét chiéc xe méi. C6 dy c6 hai lwa chon, xe A va xe B. Anna chi c6 thé
mua mot chiéc xe. Xac sudt Anna sé mua xe A 1a $P(A) = 0,25%, va xac suit Anna sé mua
xe B 1a P(B) = 0,65$. Tim:

e P(AVAB)
e P(AHOAC B)

Vidu 3.15

Carlos 1a ciu thu bong da. Anh 4y ghi ban 65% thoi gian anh 4y sut. Carlos c8 ging ghi
hai ban lién tiép trong tran dau ti€p theo. A = sy kién Carlos thanh céng trong lan th
dau tién cta anh 4y. P(A) = 0,65. B = sw kién Carlos thanh c6ng trong lan thi th hai caa
anh 4y. P(B) = 0,65. Carlos c6 xu hwéng sit theo chudi. Xac sudt anh 4y ghi ban thi hai
VO PIEU KIEN anh 4y da ghi ban d4u tién 13 0,90.

Vin dé

a. Xac suat anh ay ghi ca hai ban la bao nhiéu?

b. Xac suat Carlos ghi ban dau tién hodc ban thir hai la bao nhiéu?

c. Ava B c6 doc lap khong?

d. A va B c6 xung khic khong?

Loi gidi

a. Bai toan yéu ciu ban tim P(4 VA B) = P(B VA A). Vi P(B|A) = 0,90: P(B VA A) = P(B|A)
P(A4) = (0,90)(0,65) = 0,585
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3 Xac suat

Carlos ghi ban thi nhit va thir hai v&i xac suit 0,585.

b. Bai toan yéu cau ban tim P(4 HOAC B).

P(AHOAC B) = P(A) + P(B) - P(AVA B) = 0,65 + 0,65 - 0,585 = 0,715
Carlos ghi ban thit nhat hodc ban thir hai véi xac suat 0,715.

c. Khéng, chiing khong doc lap, vi P(B VA A) = 0,585.

P(B)P(A) = (0,65)(0,65) = 0,423

0,423 # 0,585 = P(B VA A4)

Vi vay, P(B VA A) khéng bing P(B)P(A).

d. Khong, ching khong xung khic vi P(4 va B) = 0,585.

Pé xung khic, P(A VA B) phai bing khéng.

Bai tap van dung 3.15

Helen choi bong ré. Khi ném phat, c6 ay thwc hién ci ném thanh céng 75% thoi gian.
Helen bay gi¢ phai thwc hién hai cti ném phat. C = sy kién Helen thwc hién thanh cong
ci ném dau tién. P(C) = 0,75. D = sw kién Helen thwc hién thanh céng ci ném thi hai.
P(D) = 0,75. Xac suat Helen thwc hién thanh cong ci ném phat th hai véi diéu kién co
ay da thwc hién thanh cé6ng c ném dau tién la 0,85. Xac suit Helen thwc hién thanh cong
ca hai ci ném phat la bao nhiéu?

Vidu 3.16

Mot déi boi cong dong c6 150 thanh vién. 75 thanh vién la nhitng nguoi boi ning cao.
Bon mwoi bay thanh vién la nhirng nguoi boi trung cap. S6 con lai 1a nhirng nguoi boi
so cip. Bon mwei nguoi boi ning cao tip luyén bon 1an mot tudn. Ba mwoi nguoi boi
trung cap tip luyén bdon lan mot tudn. Mwdi ngudi boi so cip tip luyén bon lan mot
tudn. Gia sit mot thanh vién cia doéi boi dwoc chon ngau nhién.
Bai todn
a. Xac suat thanh vién d6 la ngwoi boi so cip la bao nhiéu?
b. Xac suat thanh vién dé tap luyén bon lan mot tudn l1a bao nhiéu?
c. Xac sut thanh vién d6 la nguwoi boi nang cao va tap luyén bén lan moét tuin la bao
nhiéu?
d. Xac suat mot thanh vién 1a ngwdi boi ning cao va ngwdi boi trung cip la bao nhiéu?
Viéc 1a nguoi boi ning cao va ngudi boi trung cap cé xung khic khong? Tai sao?
e. Viéc la nguoi boi so cdp va tip luyén bon 1an mot tudn c6 phai la cac sw kién doc lap
khong? Tai sao?
Loi gidi

28
a.—

150
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3 Xac suat

80
" 150
40
c.—
150

d. P(nang cao VA trung cap) = 0, vi vay day la cac su kién xung khic. Mot nguoi boi
khong thé vira 1a ngwdi boi nng cao vira la ngudi boi trung cip cung mot ldc.

e. Khong, day khong phai 1a cac sw kién doc lap.
P(so cdp VA tap luyén bén 1an mdi tuin) = 0,0667
P(so c4p)P(tap luyén bdn IAn mdi tuan) = 0,0996
0,0667 # 0,0996

Bai tap van dung 3.16

Mot treong hoc ¢6 200 hoc sinh ndm cuéi, trong dé 140 nguoi sé hoc dai hoc vao nam
téi. 40 nguwoi sé di lam truc ti€p. SO con lai dang c6 5 nghi ngoi. Ndim mwoi hoc sinh nam
cudi di hoc dai hoc choi thé thao. Ba mwoi hoc sinh nam cudi di lam truc tiép choi thé
thao. Nam hoc sinh ndm cu6i c6 nam nghi ngoi choi thé thao. Xac sudt mot hoc sinh nam
cudi dang c6 nam nghi ngoi 1a bao nhiéu?

Vidu 3.17

Felicity hoc tai Modesto JC & Modesto, CA. Xac suit Felicity dang ky mot 16p toan 14 0,2
va xac suat c6 dy dang ky mot 16p dién thuyét 1a 0,65. Xac sudt cd 4y dang ky mot 16p
toan VOT DPIEU KIEN c6 4y ding ky 16p dién thuyét1a 0,25.

Goi: M = 16p toan, S = 16p dién thuyét, M|S = todn véi diéu kién dién thuyét

Vin dé

a. Xac sudt Felicity ding ky toan va dién thuyét 1a bao nhiéu? Tim P(M VA S) =
P(M|S)P(S).

b. Xac sudt Felicity dang ky 1¢p toan hoic 1ép dién thuyét 1a bao nhiéu? Tim P(M HOAC
S)=P(M) + P(S) - P(MVAS).

c. Mva S c6 doc lap khéng? P(M|S) = P(M) phai khong?

d. M va S cé xung khic khong? P(M VA S) = 0 phai khong?
Loi gidi

a.0,1625

b. 0,6875

c. Khong

d. Khong
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Bai tap van dung 3.17

Mot sinh vién di dén thw vién. Goi cac sw kién B = sinh vién mwon mot cudn sach va D =
sinh vién mwgn mot dia DVD. Gia st rang P(B) = 0,40, P(D) = 0,30 va P(D|B) = 0,5.

a. Tim P(B VA D).
b. Tim P(B HOAC D).

Vidu3.18

Cac nghién ctru cho thay khodng 1 phu nir trong 7 (khoang 14,3%) song dén 90 tuoi sé
phét trién ung thw vi. Gia s rang trong s6 nhirng phu nit phat trién ung thw vi, mot xét
nghiém am tinh 2% thoi gian. Ngoai ra, gia st rang trong dan sd phu nit ndi chung, xét
nghiém ung thw vi 4m tinh khoang 85% thoi gian. Goi B = phu nit phat trién ung thw vi
va goi N = xét nghiém am tinh. Gi4 stt mot phu nit dwoc chon ngiu nhién.

Vén dé

a. Xac sudt ngwoi phu nit d6 phat trién ung thw vi la bao nhiéu? Xac suat nguoi phu niv
do6 xét nghiém am tinh la bao nhiéu?

b. Véi diéu kién ngwoi phu nir d6 bi ung thw vi, xac suit c6 ay xét nghiém am tinh 1a bao nhiéu?
c. Xac suat ngudi phu nit d6 bi ung thw vii VA xét nghiém am tinh 1a bao nhiéu?

d. Xac suat ngwoi phu nit d6 bi ung thw vi hodc xét nghiém am tinh 1a bao nhiéu?

e. Viéc bi ung thw va va xét nghiém am tinh c6 phai la cac sy kién doc 1ap khong?

f. Viéc bi ung thw v va xét nghiém am tinh c6 xung khac khong?

Loi gidi
a. P(B) = 0,143; P(N) = 0,85
b. P(N|B) = 0,02

c. P(BVA N) = P(B)P(N|B) = (0,143)(0,02) = 0,0029

d. P(BHOAC N) = P(B) + P(N) - P(BVA N) = 0,143 + 0,85 - 0,0029 = 0,9901

e. Khong. P(N) = 0,85; P(N|B) = 0,02. Vi vay, P(N|B) khong bang P(N).

f. Khong. P(B VA N) = 0,0029. Pé B va N xung khic, P(B VA N) phai bing khong.

Bai tap van dung 3.18

Mot treong hoc ¢6 200 hoc sinh nam cuéi, trong dé 140 nguoi sé hoc dai hoc vao nam
téi. 40 nguoi sé di lam truec ti€p. SO con lai dang c6 ndm nghi ngoi. Nam mwoi hoc sinh
nam cudi di hoc dai hoc choi thé thao. Ba mwoi hoc sinh nam cuéi di lam truec tiép choi
thé thao. Nam hoc sinh ndm cudi c6 ndm nghi ngoi choi thé thao. Xac suidt mét hoc sinh
nam cudi di hoc dai hoc va choi thé thao 1 bao nhiéu?
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3 Xac suat

Vidu 3.19

Vin dé
Tham khao thong tin trong Vi du 3.18. P = xét nghiém dwong tinh.

a. V&i diéu kién mot phu nit phat trién ung thw vi, xac suat c6 ay xét nghiém dwong tinh
1a bao nhiéu. Tim P(P|B) = 1 - P(N|B).

b. Xac sudt mot phu nir phat trién ung thu v va xét nghiém dwong tinh la bao nhiéu.
Tim P(B VA P) = P(P|B)P(B).

c. Xac suit mot phu nit khéng phat trién ung thw vi la bao nhiéu. Tim P(B") = 1 - P(B).
d. Xac sudt mdt phu nir xét nghiém dwong tinh déi véi ung thw v 1a bao nhiéu. Tim P(P)
=1 - P(N).

Loi gidi

a.0,98

b.0,1401

c. 0,857

d. 0,15

Bai tap van dung 3.19

Mot sinh vién di dén thw vién. Goi cac sw kién B = sinh vién mwon mot cudn sach va D =
sinh vién mwon mot dia DVD. Gia st rang P(B) = 0,40, P(D) = 0,30 va P(D|B) = 0,5.

a. Tim P(B").

b. Tim P(D VA B).
c. Tim P(B|D).

d. Tim P(D VA B").
e. Tim P(D|B’).

3.4 Bang tiép lién

Bang tiép lién?® (contigency table) cung cdp mét cach thé hién dir liéu gitp tinh toan xac
sudt. Bang nay gitip xac dinh c4c xac suit c6 diéu kién kha dé dang. Bang hién thi cac gia
tri mau trong mai quan hé véi hai bién khac nhau c6 thé phu thudc 1an nhau. Phan sau,
chung ta sé sir dung bang tiép lién mot 1an nita, nhwng theo cach khéac.

9 Con goi la “bang twong quan”
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Vidu 3.20

Bai todn
Gia str ta c6 mot nghién ctiru vé vi pham téc dd va nguoi 1ai xe st dung dién thoai di dong
véi cac dir liéu hw cAu nhw sau:

Bang 3.3.
Vi pham téc do Khong vi pham toc do "
< < Tong
trong nam qua trong nam qua
Str dung d/l.en thoai khi 7t 280 305
1ai xe
Khoéng str dung dién
thoai khi I4i xe 45 405 450
Tong 70 685 755

Toéng s6 ngwoi trong mau 1a 755. Téng cac hang 12 305 va 450. T6ng cac cot1a 70 va 685.
Lwu y rang 305 + 450 = 755 va 70 + 685 = 755.

Tinh cic xac suit sau sir dung bang.

a. Tim P(Nguwoi 1ai xe la ngudi st dung dién thoai di dong).

b. Tim P(nguwoi lai xe khong c6 vi pham trong ndm ngoai).

c. Tim P(Nguwoi 14i xe khong cé vi pham trong ndm ngoai VA 1a ngudi stt dung dién thoai
di dong).

d. Tim P(Nguwoi 14i xe 1a ngudi st dung dién thoai di dong HOAC ngudi 14i xe khéong c6
vi pham trong nam ngoai).

e. Tim P(Nguwoi 14i xe 1a ngudi st dung dién thoai di dong VO PIEU KIEN nguwoi 14i xe
c6 vi pham trong nam ngoai).

f. Tim P(Nguwdi 14i xe khéng c6 vi pham nim ngoai VOT DIEU KIEN ngudi 14i xe khong
phai la ngwoi st dung dién thoai di dong)

Loi gidi
sO nguoi sir dung dién thoai didong __ 305
tong s6 nguoi trong nghién ciru ~ 755
tong s6 ngwoi khéng cé vipham 685
" tdng s6 ngudi trong nghién cku 755
280
" 755
305 685 280 710
NCE
755 755 755 755

e. % (Khéng gian mAu dwoc thu hep thanh s6 ngudi 14i xe c6 vi pham.)

f. % (Khéng gian mAu dwoc thu hep thanh s6 ngudi 14i xe khong phai 1a ngudi st dung
dién thoai di dong.)
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Bai tap van dung 3.20

Bang 3.4 cho thiy s6 lwong vin déng vién thwc hién lam néng trwéc khi tip thé duc va
s6 lwgng bi chin thwong trong ndm qua.

Bang 3.4
Chan thwong trong Khong chan thwong Tong
nam ngoai trong nam ngoai cong
Lam ndéng 55 295 350
Khéng lam néng 231 219 450
Tong cong 286 514 800

a. P(vin dong vién lam ndéng trudc khi tip thé duc) 1a bao nhiéu?

b. P(van dong vién lam nong trwdre khi tap thé duc|khong chin thwong trong nam ngoai)
la bao nhiéu?

Vidu3.21

Bang 3.5 cho thdy mét mAu ngau nhién cia 100 ngwoi di bd dudng dai va cac khu vuc
di b0 ho wa thich.

Bang 3.5 S¢ thich khu vwe di b dwong dai

Gidi tinh | Bo bién | Gin ho va sudi | Trén dinh nui | Tong cOng
Nt 18 16 45
Nam 14 55
Tong cong 41

Vin dé

a. Hoan chinh céc chd con tréng trong bang

b. Cac sw kién "1 phu ni" va "thich b bién" c6 phai la cac sw kién doc 1ap khong?
Goi F = 1a phu nir va goi C = thich bo bién.

Tim P(F VA C).

Tim P(F)P(C)

Hai s& nay c6 bang nhau khong? Né&u ching bang nhau, thi F va € doc lap. Néu ching
khong bang nhau, thi F va € khong doc lap.

c. Tim xac sudt mot ngwoi la nam néu ngwdi do thich di bé dwong dai gan ho va suéi. Goi
M =1a nam, va goi L = thich di b6 dwong dai gan ho va suébi.

e Tirnao cho ban biét day la mét diéu kién?
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e Dién vao chd tréng va tinh xac sudt: P(__|__ )=__.

e Khong gian mau cho cau héi ndy cé phai 1a tit cd 100 ngudi di bd dwong dai
khong? Néu khong, né 1a gi?

d. Tim xac sudt mot ngwoi 1a phu nit, hodc la ngwdi thich di bd dwong dai trén dinh nui.
Goi F = 1a phu nit, va goi P = thich dinh nui.

e Tim P(F).

e Tim P(P).

e Tim P(FVAP).

e Tim P(FHOAC P).

Lo gidi
a.
Bang 3.6 S¢ thich khu vie di b dwong dai
Gidi tinh | Bo bién | Gin ho va sudi | Trén dinh nui | Tong cong
Nt 18 16 11 45
Nam 16 25 14 55
Tong cong 34 41 25
b.
N 18
« P(FVAC)=->=0.18
45 ( 34

o P(F)P(C) == (M) (ﬁ) = (0,45)(0,34) = 0,153

e P(FVAC) # P(F)P(C), vi vay cac su kién F va C khong doc lap.
C.

e T “néu” cho ban biét day la mét diéu kién.

15

. PMIL)=Z

e Khong, khdng gian mau cho bai toan nay 1a 41 ngwoi di bd dwdng dai, thich ho va sudi.
d.

45
* P(F) =,
25
L P(P) = m
« P(FVAP)=—

e P(FHOACP)=2+2 _ 1L_%
' 100 100 100 100
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Bai tap van dung 3.21

Bang 3.7 cung cdp mdt mau ngau nhién ctia 200 nguwoi di xe dap va cac tuyén dwong ho
wa thich. Goi O = ngudi 1én tudi hon va H = dwong doi.

Bang 3.7
Nhom tudi | Pwong hé | Pwong d6i | Pwong rivng | Tong cOng
Nguoi tré tudi 45 38 27 110
Nguwoi lon tuoi 26 52 12 90
Tong cong 71 90 39 200

a. Trong nhém ngudi 1én tudi, xac sudt ngwoi di xe dap thich dwong doéi la bao nhiéu?

Mo

b. Cac swkién "nguwdilén tudi " va "thich dwong d6i" ¢é phaila cac sy kién doc 14p khong?

Vi du 3.22

Chudt Muddy séng trong mét 16ng c6 ba cira. Néu Muddy di ra ctra thix nhit, xac suit cha
chudt bi méo Alissa bat 12 1/5 va x4c suit khong bi bat1a 4/5. Néu di ra clra thi hai, xac
sudt bi Alissa bat 1a 1/4 va xac suit khong bi bat 1a 3/4. Xac suit Alissa bat dwgc Muddy
khi ra khéi ctra thir ba 1a % va xac suit khong bat dwgc Muddy 1a 1/2. Muddy c6 kha ning
chon bat ky ctra nao trong ba ctra 1a nhw nhau, nén x4c suit chon méi ctra la 1/3.

Bang 3.8 Lwa chon clra

Bibathodckhong | Cral | Cra2 | Cira3 | Tong cong
. 1 1 1
Bi bt — — Z
15 12 6
. 4 3 1
Khong bi bat — — -
15 12 6

Tong cong 1

Ava am a1y 1 1\ (1 1% Drevs MAL TR D 1<
O bang dau tién la == (E) (5) la P(Ctra M6t VA Bi bat)

0 6 tri = = (g) (g) 1a P(Ctra Mot VA Khong bi bit)

Ki€m tra cac 6 con con lai.

Vin dé

a. Hoan thanh bang tiép lién. Tinh c4c 6 cho tong cdng. Xac nhan rang 6 & goc dwdi bén phaila 1.
b. X4c suit Alissa khong bat dwgc Muddy 1a bao nhiéu?

c. Xac suat Muddy chon Ctra Mot HOAC Cira Hai néu Muddy bi Alissa bat 1a bao nhiéu?
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Loi gidi

a.

Bang 3.9 Lwa chon ctra

Bi bat hodc khong | Cira1 | Cira 2 | Cira 3 | TOng cOng
Bi bt 111 19
15 12 6 60
. 4 3 1 41
Khoéng bi bat — — — —
15 12 6 60
" 5 4 2
Tong con — — — 1
8 cons 15 | 12 | 6

3 Xac suat

Bai tap van dung 3.22

Anna phai mua mét chiéc xe méi. C6 dy c6 hai lwa chon, xe A va xe B. Anna chi c6 thé
mua mot chiéc xe. Xac sudt Anna sé mua xe A 1a $P(A) = 0,25%, va xac suit Anna sé mua
xe Bla $P(B) = 0,65%. Tim:

o P(AVAB)
e P(AHOAC B)

Vidu 3.23

Bang 3.10 cung cip s6 liéu thong ké s6 lwong tdi pham trén 100.000 dan & Hoa Ky theo nam.

Bang 3.10 Ty 1€ chi s6 t6i pham Hoa Ky trén 100.000 din

Nam Cwép trom | Pha hoai | Trom | Phwong tién | Tong cong
1 145,7 732,1 29,7 314,7
2 133,1 717,7 29,1 259,2
3 119,3 701 27,7 239,1
4 113,7 702,2 26,8 229,6
Tong cong
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3 Xac suat

Vin dé

TONG m®i c6t va mbi hang. Téng dit liéu = 4.520,7
a. Tim P(Nam 2 VA Cuép).

b. Tim P(Nam 3 VA Tréom dot nhap).

c. Tim P(Nim 3 HOAC Trém dot nhap).

d. Tim P(Nam 4 | Pha hoai).

e. Tim P(Trom phwong tién | Nam 1).

Loi gidi

a.0,0294, b. 0,1551, c. 0,7165, d. 0,2365, €. 0,2575

Bai tap van dung 3.23

Bang 3.11 cung cap sv lién quan gitra cAn ndng va chiéu cao cia mt nhém tham gia vao
mot nghién ctru quan sat.

Bang 3.11

Can nang/Chiéu cao | Cao | Trung binh | Thip | Téng

Thtra can 18 28 14
Binh thuong 20 51 28
Thiéu can 12 25 9

Tong cong

a. Tim téng cho moi hang va cot
b. Tim x4c sudt mot ca nhan dwoc chon ngau nhién tir nhém nay 1a Cao.
c. Tim x4c suit mot cad nhan dwgc chon ngiu nhién tir nhém nay 1a Thira cAn va Cao.

d. Tim x4c suidt mot cad nhan dwoc chon ngau nhién tir nhém nay 1a Cao véi diéu kién ca
nhan dé 1a Thira can.

e. Tim x4c sudt mot cad nhan dwoc chon ngau nhién tir nhém nay 1a Thira cin v6i diéu
kién ca nhan do la Cao.

f. Tim x4c sudt mot ¢4 nhan dwgc chon ngiu nhién tir nhdm nay 1a Cao va Thiéu can.

g. Cac sy kién Thira can va Cao c6 doc lap khong?

So do cay

Doi khi, khi cic bai todn xac sudt phirc tap, viéc vé biéu do tinh hudng cé thé hiru ich. So d6 cay la
coéng cu cé thé dwoc st dung dé hinh dung va giai quyét cac xac suit c6 diéu kién.
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3 Xac suit

So do cay

Sor d6 cay (tree diagram) la mot loai bi€u d6 dac biét dwoc str dung dé xac dinh cac két
qua clia mot thwe nghiém. N6 bao gdm cac "nhanh" dwoc ghi nhan bang tin suit hodc xac
suit. So do cay co thé gitip mot s6 bai todn xac suit dé hinh dung va giadi quyét hon. Vi du
sau minh hoa cach st dung so do cay.

Vi du 3.24

Trong mot binh, c6 11 qua béng. Ba qua bong mau do (R) va tdm qua bong mau xanh
(B). Rut hai qua bong, mdi Ian mot qua, cé hoan lai. "C6 hoan lai" c6 nghia 1a ban dit
qua bong dau tién tré lai binh trwdc khi ban chon qua bong thir hai. Dwéi day 1a so do
ciy st dung tan sut thé hién tit ca cic phwong an co thé cé.

/\ Lan rdt dau tién
B 3

8 R
/\ /\ Lan rat thi 2
8B 3R 8B 3R
64BB 24BR 24RB 9RR

Hinh 3.2 Tong = 64 + 24 + 24 +9 =121

Tap hop nhanh dau tién biéu dién Ian rat dau tién. TAp hop nhanh thi hai biéu dién Ian
rut thit hai. Méi phwong an déu riéng biét. Thuc té, ching ta c6 thé liét ké moi qua bong
do6 12 R1, R2 va R3 va mdi qua béng xanh 1a B1, B2, B3, B4, B5, B6, B7 va B8. Sau do, 9
phwong &n RR c6 thé dwoc viét la:

R1R1; R1R2; R1R3; R2R1; R2R2; R2R3; R3R1; R3R2; R3R3
Cac phwong an khac cling twong tu.

C6 tong cong 11 qua bong trong binh. Rt hai qua béng, moi IAn mot qua, c6 hoan lai. Co
11(11) = 121 phwong &n, kich thuwéc cia khong gian mau.

Vin dé

a. Liét ké 24 phwong an BR: B1R1, B1R2, B1R3, ...

b. St dung so d6 cdy, tinh P(RR).

c. St dung so do cay, tinh P(RB HOAC BR).

d. St dung so d6 cay, tinh P(R & Ian rit thtt 1 VA B & 1an rut thit 2).

e. St dung so dd cay, tinh P(R & Ian rut th 2 VOT PIEU KIEN B & I4n rit thi 1).
f. St dung so d6 cay, tinh P(BB).

g. Str dung so do ciy, tinh P(B & 1an riat th 2 véi diéu kién R & 1An rat thir nhit).
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Loi gidi
a. B1R1; B1R2; B1R3; B2R1; B2R2; B2R3; B3R1; B3R2; B3R3; B4R1; BAR2; B4R3; B5R1;
B5R2; B5R3; B6R1; B6R2; B6R3; B7R1; B7R2; B7R3; B8R1; B8R2; B8R3

3 3 9

b.PRR) = (1) () = ox

% 3 8 8 3 48
c. PRBHOACBR) = (37) (33) + (57) () = 12
d. P(R & 1an rit thir 1 AND B & lan rit thir 2) = P(RB) = (Z) (&) ===
e. P(R & lan rat the 2 VOT DIEU KIEN B & [n riat thit 1) = P(R & [an thit 2|B & l4n tht 1)=
24 3
88 11

Bai to4n nay 12 bai toan c6 diéu kién. Khong gian miu di dwoc thu hep thanh nhiing
phwong dn da c6 mau xanh & lan rat dau tién. C6 24 + 64 = 88 phwong an c6 thé c6 (24
3

BR va 64 BB). Hai mwoi bon trong s6 88 phwong an cé thé cé la BR. g =

64
f. P(BB) = =
g P(B & Ian rit thtt 2|R & lan rit thir 1) = =

C6 9 + 24 phwong an c6 R & 1an rat dau tién (9 RR va 24 RB). Khong gian mAau khi d6 1a
9 + 24 = 33. 24 trong s6 33 phwong an c6 B & lin rut thi hai. Xac suat khi dé la %

Bai tap van dung 3.24

Trong mét bo bai tay, c6 52 14 bai. 12 14 bai la bai hinh (sy kién F) va 40 14 bai khong
phai bai hinh (sw kién N). Rut 2 14 bai, m6i In 1 14, c¢6 hoan lai. T4t ca cAc phwong 4n
c6 thé c6 dwoc thé hién trong so d6 cdy dang tan suat. St dung so do ciy, tinh P(FF).

/\ Lan rut dau tién

12F 40N
/\ /\Lan rdt tht 2
12F 40N 12F 40N
144FF 480FN  480NF 1,600NN
Hinh 3.3

Vi du 3.25

M6t binh c6 ba vién bi dé va tdm vién bi xanh. Rut hai vién bi, mdi 1an mét vién, lan
nay khong hoan lai, tir binh. "Khong hoan lai" c6 nghia la ban khong dat qua bong
diu tién tré lai truede khi ban chon vién bi thit hai. Sau diy la so d6 ciy cho tinh huéng
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nay. Cac nhanh dwoc ghi nhian bang xac suit thay vi tin suit. Cac s6 & cudi cac nhanh
p 3 ’ A . A . , ’ ; 3 2 6
dworc tinh bang cach nhin cac sé trén hai nhanh twong ng, vi duy, (—) ( ) = —

11/ \10/ ~ 110°
/\ Lan rdt dau tién

1

/\ /\ LAn rdt the 2

o @
o

—
-
—_

B R B R
7 3 8 2
10 10 10 10
56 24 24 6
110 110 110 110
BB BR RB RR

56+24+24+6 _ 110

Hinh 3.4 Tong = o ™

=1
Tinh cac xac suit sau st dung so do ciy.

Vidn dé

a. P(RR) =

b. Dién vao chod tréng:

P(RBHOACBR) = (Z) (S) + (L)) = —
c.P(R&lan 2|B&lan 1) =

d. Pién vao chd trong.

P(R & lan rit 1 VA B & lan it 2) = P(RB) = (_)(_) ===
e. Tim P(BB).

f. Tim P(B & 1an rdt 2|R & Ian rat 1).

Loi gidi

2 PER) = () ()

b. P(RB HOAC BR) = ()

8 8 3 48
@)+ ) )=
c.P(R&Tan2|B&lan1) = =
d. P(R & 1an rat 1 VA B & lan rtt 2) = P(RB) = (13—1) (18_0) - 12_;‘0
8 7
e-P(8B) = (57) ()
f. Str dung so db cay, P(B & lan rit 2|R & lan rit 1) = P(R|B) = —.

Néu ching ta st dung xac suit, ching ta c6 thé ghi nhan ciy theo cach chung nhw sau.
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T

P(B) P(R)

TN PN

P(8|B) P(R|B) P(B|R) P(R|R)

P(B VA B)=P(BB) P(B VA R)=P(BR)  P(R VA B)=P(RB) P(R VA R)=P(RR)

e P(R|R) & day c6 nghiala P(R & lan rat 2|R & lan rut 1)
e P(B|R) & day c6 nghiala P(B & lan rat 2|R & lan rat 1)
e P(R|B) & day c6 nghiala P(R & lan rat 2|B & lan rat 1)
e P(B|B) & day c6 nghiala P(B & lan rat 2|B & lan rat 1)

LUUY

Néu ban rat dwgc mau do6 & lan rat dau tién tir ba kha nang mau do, con lai hai vién bi d6
dé rut & lan rat thi hai. Ban khong dat lai hodc thay thé vién bi dau tién sau khi da rat né.
Ban rat khong hoan lai, @€ & Ian rat th hai con lai mwoi vién bi trong binh.

Bai tap van dung 3.25

Trong mot bo bai tiy, c6 52 14 bai. Mwodi hai 14 bai 1a bai hinh (F) va 40 14 bai khong phai
bai hinh (N). Rut hai 14 bai, moi lan mot 14, khong hoan lai. So d6 ciy dwoc ghi nhan véi
tat ca cac xAc suit cb thé co.

Lan rdt dau tién

F N
a2 40
52 52
/\ /\ Lan rdt thi 2
F N F N
1 40 12 39
51 51 1 51
132 480 480 1,560
2,652 2,652 2,652 2,652
FF FN  NF NN
Hinh 3.5

a. Tim P(FN HOAC NF).
b. Tim P(N|F).
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c. Tim P(nhiéu nhit mot bai mat).
Goiy: "Nhiéu nhat mot bai mat" c6 nghia la khong cé hoac mot bai mit.
d. Tim P(it nh4t m6t bai mat).

e

Goi y: "It nhdt mot bai mat" c6 nghia 1a mot hodc hai bai mit.

Bai tap van dung 3.26

Mot 6 meo con c6 san d€ nhan nudi tai Hiép hoi Nhan dao c6 b6n méo con van va nam
meo con den. Mot gia dinh dén va ngau nhién chon hai méo con (khong hoan lai) dé
nhan nubi.

Meéo con th( nhat

>\DJ}“_‘1
>\DmcU

T B T B Meo con
3 3 & 4 Tht hai
8 8 8 8
T B BT BB

Vén dé

a. Xac suit ca hai méo con déu 1a méo van 1a bao nhiéu?

()G 266 <66 6)E)

b. X4c suat chon dwoc mdt méo con clia mdi mau 1a bao nhiéu?

2(5)6) GG GE+E6E) 6E)+66)

c. Xac suat méo van dwoc chon 1a méo con thir hai khi moét méo den dwoc chon 1a méo
con dau tién la bao nhiéu?

d. Xac suit chon hai méo con cing mau la bao nhiéu?

Loi gidi

a.c

b.d

4
C.—-
8

32
d.=
72
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Bai tap van dung 3.26

Gia str c6 bén qua béng do6 va ba qua bong vang trong mot hop. Hai qua bong dwoc rut
ra tir hop khong hoan lai. Xac suat chon dwoc 2 qua bong khac mau 1a bao nhiéu?

3.5 So d6 Venn

So @6 Venn (Venn diagram) 1a mot hinh &nh minh hoa cac két qua cia mot thwe nghiém.
N6 thwong bao gdbm mot hinh chit nhat biéu thi khéng gian miu S ciing véi cac hinh tron
hodc hinh bau duc. Cac hinh tron hodc hinh bau duc dai dién cho cac sw kién. So d6 Venn
cling gitp ching ta chuyén d6i cac tir ngir thong thwong thanh cac thuat ngir todn hoc, gép
phén tdng tinh chinh xac.

So d6 Venn dwoc dit tén theo ngwdi phat minh ra ching, John Venn, mét gido sw toan hoc
tai Cambridge va cling la mot muc sw Anh gido. Cong trinh chinh ctia 6ng dwoc thuc hién
vao cudi nhirng nam 1870 va da tao ra cd mot nhanh toan hoc cling nhw mot cach tiép cin
m¢&i ddi vdi cac van deé logic. Chung ta sé phat trién cic quy tic xac suit vira dé cip bang
cach st dung phwong phap nay dé chirng minh cac tién dé xac suit bao gdbm Quy tic cong,
Quy tac nhan, Quy tac phan bu, Tinh doc 1ap, va Xac suit co diéu kién.

Vi du 3.27

Gia str mot thue nghiém c6 cac phwong dn 1, 2, 3, ..., 12 trong d6 mbi phwong an c6 co
hoi xay ra nhw nhau. Goi swkién A ={1, 2, 3,4, 5,6} vasuw kién B={6,7,8,9}. Khido A
VAB= {6} vAAHOACB={1,2,3,4,5,6,7,8,9}. So d6 Venn nhu sau:

S A
5 10
QD 11
12

Hinh 3.6

Bai tap van dung 3.27

Gia st mot thwe nghiém c6 cac phwong 4n den, tring, dd, cam, vang, xanh 14 cay, xanh
dwong va tim, trong d6 mdi phwong an c6 co hdi xay ra nhw nhau. Goi sw kién C = {xanh
14 cay, xanh dwong, tim} va sw kién P = {dd, vang, xanh dwong}. Khi d6 C VA P = {xanh
dwong} va C HOAC P = {xanh 14 cdy, xanh dwong, tim, do, vang}. Vé so do Venn biéu dién
tinh huéng nay.
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Vidu 3.28

Tung hai dong xu cong bang. Goi A = mit Gp & dong xu dau tién. Goi B = mit Gp & dong xu
thit hai. Khi d6 A = {TT, TH} va B ={TT, HT}. Do d6, AVA B = {TT}. AHOAC B = {TH, TT, HT}.
Khéng gian mau khi ban tung hai dong xu céng bang 12 X = {HH, HT, TH, TT}. Phuwong an
HH KHONG ndm trong A CONG KHONG ndm trong B. So d6 Venn nhu sau:

s

HH

Hinh 3.7

Bai tap van dung 3.28

Tung mot con xuc xac 6 mat cong bang. Goi A = mit c6 s6 nguyén td dwoc tung. Goi B =
mat c6 s6 1é duoc tung. Khi d6 A ={2,3,5} vaB={1,3,5}. Dodé,A VA B={3,5}. AHOAC
B={1, 2, 3, 5}. Khéng gian mau cho viéc tung mdt con xuc xic céng bangla s ={1, 2, 3,
4,5, 6}. Vé so do Venn bi€u dién tinh hudng nay.

Vidu 3.29

Mot ngwoi c6 nhém mau O va yéu t6 Rh 4m (Rh-) c6 thé hién mau cho bit ky ngudi nao
c6 bat ky nhém mau nao. 4% nguwdi My géc Phi c6 nhém mau O va yéu t6 RH 4m, 5-10%
nguoi My géc Phi cé yéu td Rh-, va 51% c6 nhém mau O.

o

Hinh 3.8

Hinh tron "0" biéu dién ngwdi My g6c Phi ¢6 nhém mau O. Hinh bau duc "Rh-" biéu
dién ngudi My gdc Phi c6 yéu t8 Rh-.
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Chiing ta sé 1dy trung binh ctia 5% va 10% va s dung 7,5% la phén tram nguoi My
goc Phi c6 yéu to Rh-. Goi 0 = ngwoi My géc Phi c6 nhém méu O va R = ngudi My goc
Phi c6 yéu t6 Rh-.

a.P(0) =

b. P(R) =

c. P(OVAR) =

d. P(O HOACR) =

e. Trong so d6 Venn, mo ta vuing chong 14n bang mot cAu hoan chinh.

f. Trong so @6 Venn, mo ta vung trong hinh chit nhat nhwng bén ngoai ca hinh tron va
hinh bau duc bang mdt cau hoan chinh.

Loi gidi

a.0,51;

b. 0,075;

c. 0,04;

d. 0,545;

e. Ving nay biéu dién nhitng ngudi My géc Phi c6 nhém mau O va yéu té Rh-.

f. Ving nay biéu dién nhirng ngwdi My gdc Phi khong c6 nhém mau O ciing khéng c6
yéu t6 Rh-.

Bai tap van dung 3.29

Tung mot con xtic xac 6 mat cong bang. Goi A = mit c6 s6 nguyén t6 dwoc tung. Goi B =
mat c6 s6 1é dwoc tung. Khido A ={2, 3,5} vaB={1,3,5}.Dodo,AVAB={3,5}. AHOAC
B={1, 2, 3, 5}. Khéng gian mau cho viéc tung mdt con xic xic céng bangla s ={1, 2, 3,
4,5, 6}. V& so dd Venn biéu dién tinh huéng nay.

Vi du 3.30

40% sinh vién tai mot trwedong dai hoc dia phwong tham gia cau lac bd va 50% lam viéc
ban thoi gian. 5% sinh vién lam viéc ban thoi gian va tham gia ciu lac bd. Vé so d6 Venn
thé hién cdc méi quan hé. Goi C = sinh vién tham gia ciu lac b0 va PT = sinh vién lam viéc
ban thoi gian.
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3 Xac suat

C VA PT

PT

Hinh 3.9

Né&u mot sinh vién dwoc chon ngau nhién, tim
e xAac suit sinh vién d6 thudc mot ciu lac bo. P(C) = 0,40
e xAac suat sinh vién d6 lam viéc ban thoi gian. P(PT) = 0,50

e Xac suit sinh vién dé thudc mdt cau lac bé VA lam viéc ban thoi gian. P(C VA
PT)=0,05

e xAac sudt sinh vién d6 thuéc mét ciu lac bo véi diéu Kién sinh vién d6 lam viéc

ban thori gian, P(C|PT) = ZEARPD _ 208 _ g4

P(PT)  0.50

° Xécusué{t sinh vién d6 thuéc mot cau lac bd HOAC lam viéc ban thoi gian. P(C
HOAC PT) = P(C) + P(PT) - P(C VA PT) = 0,40 + 0,50 - 0,05 = 0,85

Pé giai Vi du 3.30, chiing ta da phai st dung khai niém xac suit c6 diéu kién tir phan trudée. O
d6 ching ta da dung biéu do cay dé theo doi nhirng thay déi trong xac sut, bdi vi khong gian
mau thay d6i khi ching ta rit ma khong hoan lai. N6i ngan gon, xac sut c6 diéu kién 1a kha
nang mot sw kién nao dé sé xay ra véi diéu kién la mot sw kién khac da xay ra truede do. Noi
cach khac, xac suit dé mét sw kién nao do xay ra vadi diéu kién 1a mét sy kién khac cling ddang.
Trong Vi du 3.30, xac sudt P(C|PT) 1a x4c suit cé diéu kién rang sinh vién dwoc rut ngau nhién
1a thanh vién cda ciu lac b, véi diéu kién 1a sinh vién d6 ciing dang lam viéc ban thoi gian.
biéu nay cho phép chiing ta thay moi quan hé gitra So d6 Venn va cac tién dé xac suat.

Bai tap van dung 3.30

1. Nam muwoi phan tram cong nhén tai mét nha may lam céng viéc thir hai, 25% c6 vor/choéng
cling di 1am, 5% vira 1am cdng viéc th hai vira c6 vg/chong ciing di lam. Vé so @6 Venn thé
hién cdc méi quan hé nay. Goi W = 1am cong viéc thir hai va S = vg/chong ciing di lam.

2. Tai mot hiéu sach, xac sudt khach hang mua ti€u thuyét 1a 0.6, va xac sudt khach hang
mua sach phi hw ciu la 0.4. Gia str xac suat khach hang mua c4 hai loai 1a 0.2.

a. V& so d6 Venn biéu dién tinh huéng nay.
b. Tim x4c sudt khach hang mua tiéu thuyét hoic sach phi hw ciu.
c. Trong so dd Venn, mo ta viing chdng 14n bang mot cau hoan chinh.

d. Gia sit mot s6 khach hang chi mua dia CD. V& mot hinh bau duc trong so d6 Venn cua
ban dé biéu dién sw kién nay.
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Vidu 3.31

Quan sat mot tip hop gdbm 20 con ché Becgie Dirc. 12 con dwec, 8 con céi, 10 con c6 mot
s6 mau nau, va 5 con c¢6 mot s§ phan 16ng trang. Tra 1o cac cAu sau bang So dd Venn.

Vin dé
a. Véso db Venn don gian thé hién tip hop chd dwc va ché cai.
b. V&so dod Venn thit hai minh hoa riang 10 con ché dwc c6 mau niu.

c. Bay gio vé tinh huéng mé td mot trweong hop trong dé ving khéng dwoc to biéu
thi "Khong c6 16ng trang va cai," hodc Long trang' N Cai. DAu phiy phia trén "long"
chi "khong c6 16ng trang." DAu phiy phia trén mot tAp hop cé nghia 1a khong
thudc tap hop do, vi du A’ c6 nghia la khong phai A. D6i khi, ky hiéu dwoc st dung
12 mot dwong ké phia trén chit cai. Vidu, A= A'.

Loi gidi

a. So do Venn dwdi ddy minh hoa tinh hudng cta cac sw kién xung khac khi cac két
qua 1a cac su kién doc 1ap. Mot con ché khong thé vira duc vira cai, do d6 khong
c6 giao nhau. La dwec thi loai trir viéc la cai va la cai thi loai trir viéc la dyc: trong
trwong hop nay, dic tinh gidi tinh do do6 1a xung khac. So d6 Venn thé hién diéu
nay nhu hai tAp hop khong c6 giao nhau. Giao nhau dwoc goi 1a tip rong stt dung
ky hiéu toan hoc @.

Hinh 3.10

b. So d6 Venn dwdi diy thé hién sw giao nhau gitta dwc va niu véi s6 10 dwoc dat
trong dé. Biéu nay dai dién cho Pwc N Niu: vira dwc vira niu. Day la giao cta hai
dac tinh nay. D€ c6 hop ctia Puc va Nau, thi don gian 1a hai viing tron trir di phan
giao nhau. Theo thuit nglt chinh xac, Pwc U Nau = Puc + Nau - Pyc N Nau sé cho
chiing ta s6 con ché trong hop cda hai tip hop nay. Néu ching ta khong trir giao
nhau, ching ta sé dém lap mot sé con cho.

Hinh 3.11
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Léng tréng

Quy tic cdng xac suat

Chung ta da gap quy tac cdng truéc d6 nhwng khong cé sw tro gitp cia so dd Venn. So dd
Venn giup hinh dung viéc dém sé lwong veot qua trong phép tinh xac suit. Quy tic cong
Xac suit:

P(A U B) = P(A) + P(B) - P(A N B)

Hay nh¢ rang xac sudt chi don gian 1a ty 1é cta cac ddi twong ma ching ta quan tAm so véi
tong s6 doi twong. Pay l1a ly do tai sao chung ta c6 thé st dung tinh hitu ich ctia s d6 Venn.
Vi du 3.31 cho thay cich ching ta cé thé sir dung so d6 Venn dé dém sd ché trong hop cla
nau va dwc bang cach nhac nhé ching ta trir phan chdng 14n clia nu va dwc. Ching ta c6
thé thiy tac dong clia diéu nay truc ti€p ddi véi xac suit trong quy tac cong.

Bai tap van dung

Mot tap hop 40 ngudi dwoc chon ngau nhién. 24 1a nam, 16 1a nit, 21 thich ca phé, va 19
thich tra. Tra 1&i cac cAu héi sau bang so dd Venn.

a. V& so d6 Venn don gian thé hién tip hgp nam va ni.
b. Vé so d6 Venn thi hai minh hoa 14 nam thich ca phé.

c. Vé tinh hudng v&i viing mo ta nit va khéng thich tra.

Vi du 3.32

Hay 14y mau 50 sinh vién dang hoc 1é6p théng ké. 20 1a sinh vién nam nhit va 30 1a
sinh vién ndm hai. 15 sinh vién dwoc diém “B” trong kh6a hoc, va 5 sinh vién vira dwoc
diém “B” vira la sinh vién ndm nhat.

Vin dé

Tim xac suit chon dwoc mdt sinh vién vira dwoc diém “B” HOAC 13 sinh vién nim nhAt.
Chung ta dang chuyén tir HOAC thanh ky hiéu toan hoc cho quy tic cdng, d6 1a hop
cua hai tap hop.
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Loi gidi

Chuing ta biét rang c6 50 sinh vién trong mAiu ctia chiing ta, vi vy ching ta biét mau
s6 clia phan s6 dé cho ching ta xac suit. Chung ta chi cin tim s6 sinh vién dap rng cac
ddc tinh ma chung ta quan tam, tirc 1a bat ky sinh vién nam nhit nao va bat ky sinh
vién nao dwoc diém “B”. V&i Quy tic COng Xac sudt, ching ta c6 thé bd qua truc tiép
viéc chuyén sang xac suét.

Goi “A” = s0 sinh vién ndm nhét, va goi “B” = diém “B”. Dwéi day ching ta cé thé thay
quy trinh st dung So' d6 Venn dé gan nhan cho diéu nay.

Khi d6, P(A) = 20/50 = 0.40, P(B) = 15/50 = 0.30, va P(A N B) = 5/50 = 0.10.

Do d6, P(A N B) = 0.40 + 0.30 - 0.10 = 0.60.

PA U B)

P(B) P(AnN B)

12

7,

Hinh 3.13

Né&u hai su kién xung khic 14n nhau, thi, giéng nhw vi du khi chiing ta vé so d6 ché duc
va cho cai, quy tic cong dwoc don gidn héa thanh chi P(A U B) = P(A) + P(B) - 0. Diéu
nay ding bé&i vi, nhw ching ta da thay truwdc d6, hop cia cac sw kién xung khic 1an
nhau I tap rong, @. Cac so dd dwdi ddy minh hoa diéu nay.

@ :

P(AuB)

Hinh 3.14
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Bai tap van dung 3.32

Mot tAp hop 40 ngudi ngiu nhién dugc chon. 15 1a nam, va 25 1a nit. 18 nguwoi thich ca
phé. 10 ngwoi la nam va thich ca phé. Tim xac suit chon dwoc mdt nguwoi thich ca phé
hoac la nam.

Quy tic nhan xac suat

Nhac lai Quy tic nhan x4c suit (Multiplication Rule of Probability) bang cach s dung ky
hiéu cua so @6 Venn, chiing ta c6:

P(A N B) = P(A|B) - P(B)

Quy tic nhan c6 thé dwoc stra d6i véi mot chut dai s6 thanh quy tic c6 diéu kién sau. Sau
d6 so d6 Venn c6 thé dwoc stt dung dé minh hoa quy trinh.

Quy tic c6 ditu kién: P(A|B) = P(ANB)/P(B)

S dung cac sw kién twong tw tir Vi du 3.32 & trén, tim xac suit ai d6 sé dwoc diém “B” néu
ho 12 “sinh vién nam nhat.”

01 _
0,3

P(A[B) =05 =3

P(An B)

P(A|B) = % +

Hinh 3.15

Quy tic nhan cling phai dwoc thay d6i néu hai su kién ddc 14p. Cac sw kién ddc lap duoc
dinh nghia la tinh hudng trong d6 xac suit cé diéu kién don gian la xac suit cua sw kién
quan tam. Chinh thitc, tinh doc 1ap cta cac sw kién dwgc dinh nghia la P(A|B) = P(A) hoac
P(B|A) = P(B). Khi tung dong xu, két qua cta lan thi hai doc 1ap vdi két qua cta lan dau
tién; dong xu khong “ghi nh¢” dwoc két qua cia nhitng lan tung trwdc dé. Quy tdc Nhan
Xac suat cho cac sw kién doc 1ap do d6 tré thanh:

P(A N B) = P(A) - P(B)

Mot cach dé dang d€ nhé diéu nay 1a xem xét diéu chiing ta c6 y nghia bang tir “va.” Ching
ta thiy rang Quy tic Nhan da chuyén tir “va” thanh ky hiéu Venn cho giao. Do d6, két qua
phai dap &ng hai diéu kién cta Iin 14t dau tién va Ian th hai hodc mot s6 diéu kién khac.
Logic ctia Quy tic Nhan Xac suit c6 thé hiéu dwoc qua viéc cac phan s6 khi nhan véi nhau
sé cho ra két qua nho hon.

Cac Quy tac Xac suit két hop vdi So d6 Venn sé rat hiru ich khi chiing ta cin tinh todn xac
suat tlr dir liéu trong cac bang phan tich.
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Vidu 3.33

Bang 3.13 tir mdt mau 200 ngudi dwoc hodi vé mirc dd gido duc ho da hoan thanh. Cac
cOt dai dién cho gido duc cao nhat ho da hoan thanh, va cac hang phan tach cic cad nhan
theo nam va nir.

Bang 3.13
Chwa tot nghiép | Tot nghiép Chwa tot Tot nghiép | Tong
THPT THPT nghiép PH bH
Nam 5 15 40 60 120
Nt 8 12 30 30 80
Tong 13 27 70 90 200

Bay gio, chiing ta c6 thé sir dung bang nay dé tra loi cac cau hoi xac suit. Cac vi du sau
dwgc thiét ké dé giap hiéu dinh dang & trén trong khi két noi kién thirc véi ca So do6
Venn va cac quy tic xac suit.
Vdn dé
a. Xac suit dé mot ngwoi dwoc chon vira tét nghiép cao dang vira 1a phu nir 1a bao
nhiéu?
b. X&c sudt chon dwoc mot phu nit hodc ai d6 da tot nghiép cao dang 1a bao nhiéu?
c. Xac suit chon dwoc mot nguoi tét nghiép trung hoc néu chiing ta chi chon twr
nhém nam la bao nhiéu?
d. Chung ta c6 thé két luin rang mirc dd gido duc dat dwoc béi 200 ngwdi nay doc
1ap véi gidi tinh ctia nguwdi d6 khong?
Loi gidi
a. Paylanhiém vu don gidn cua viéc tim gia tri tai vi trf hai dac tinh giao nhau trén
bang, va sau d6 4p dung tién dé x4c suit, néu rang xac suit cia mot sy kién 1a ty
1é cac két qua phtu hgp véi sw kién ma ching ta quan tAim nhw mot ty 1é caa tat
ca cac két qua c6 thé.
P(T6t nghiép Cao ding N Ni¥) = 30/200 = 0,15
b. CAu hdi nay lién quan dén viéc stt dung quy tic cong dé€ giai xac suit nay.
P(T&t nghiép Cao dang U Nit) = P(F) + P(CG)- P(F n CG)
P(T6t nghiép Cao ding U Nit) = 20 20 30970
200 200 200 200
c. (O day chiing ta phai st dung quy tic xac suit c6 diéu kién (quy tic nhan di stra
do6i) dé giai xac suit nay.
P(HS Grad n Man) _ i_

— 120
P(Man) 200

P(HS Grad | Man) = —=0,125

d. Co6 hai cich d€ tiép cin bai kiém tra nay.
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3 Xac suat

Phwong phap dau tién tim cach kiém tra xem giao cda hai sw kién c6 bang tich ctia cac
sw kién riéng biét hay khéng, nhé rang néu hai sw kién doc 1ap thi P(A)*P(B) = P(A N B).
bé don gian, chiing ta c6 thé st dung cac gia tri da tinh tir trén.

P(T6t nghiép Cao dang N Phu ntt) = P(CG) - P(F)?

30 90 80, ,.
— ¢ — —Db@ivi 0,15 % 0,18.
200~ 200 200

Do do6, gi¢i tinh va gido duc & day khong doc lap.

Phwong phap thir hai 1a ki€ém tra xem xac suit c6 diéu kién cia A cho B ¢ bang xac suit

ctia A hay khong. Mot 1an nira d€ don gian, ching ta c6 thé sir dung gia tri da tinh tir trén.
P(HS Grad | Man) = P(HS Grad)?

2 227 14ivi 0,125 # 0,135.
120 200

Do d6, mét lan nira gidi tinh va gido duc & day khong doc lap

Bai tap van dung 3.33

Bang thé hién sé& thich trai cAy ciia 100 ngudi dwoc chon ngiu nhién. Cac cot biéu thi
loai trai cay, cac hang chia theo gi¢i tinh.

Bang 3.14
Nho Dwa hiu Tao Lwu Tong
Nam 12 18 20 10 60
Nit 13 7 15 5 40
Téng 25 25 35 15 100

Tra loi cac cau hoi sau:
a. Xac suat mot ngwoi dwoe chon thich lwu va la nam la bao nhiéu?
b. X4ac suit chon dwoc mét nam hodc ai dé thich tio 1a bao nhiéu?

c. Xac suit chon dwoc mét ngwdi thich dwa hau néu ching ta chon tir nhém phu nir 1a
bao nhiéu?

Access for free at openstax.org
159



3 Xac suit

Thuat ngir chinh

Bang tiép lién/ bang twong quan (Contingency Table) phwong phap hién thi phan bd
tan s6 dwdi dang bang véi cac hang va cot dé chi ra cach hai bién c6 thé phu thudc (twong
quan) 1an nhau; bang cung c4p cach dé dang dé tinh x4c suit c6 diéu kién.

Cac sw kién/bién c6 xung khiac (Mutually Exclusive Events) - Hai su kién xung khic
14n nhau néu xac suit ca hai xay ra cung ltic bing khong. Néu cac sw kién A va B xung khic
1an nhau, thi P(A N B) = 0.

Pong kha niang (Equally Likely) - Mdi két qua ciia mot thi nghiém c6 ciing xac suit.

Hop U (Union) Mot két qua thudc sw kién A U B néu két qua dé thudc A hodc thudc B
hoac thudc ca A va B.

Giao N (Intersection) Mot két qua thudc su kién A N B néu két qua d6 thudc ca A va B cung ldc.
Két qua/ Phwong an (Outcome) mot két qua cu thé cia mot thue nghiém
Khong gian mau (Sample Space) tip hop tat ca cac két qua c6 thé cia mot thue nghiém

So’ d6 cay (Tree Diagram) biéu dién truc quan hitu ich cia khdng gian mau va cac sw
kién dwdi dang "ciy" v&i cdc nhanh dwoc danh diu bang cac két qua co6 thé cung véi cac
xac suit lién quan (tin s6, tan so twong déi)

So' @6 Venn (Venn Diagram) biéu dién truc quan ctia khong gian mAiu va cac su kién
dwéi dang hinh tron hodc hinh oval thé hién cac giao cta ching

Sw kién/bién c6 (Event) - Mot tip con cua tip hop tit ca cac két qua cua mot thuc
nghiém; tp hop tat ca cac két qua clia mot thwe nghiém dwoc goi 1a khéng gian mau va
thwong dwoc ky hiéu boi S. Mot s kién 1a mét tip con tuy y trong S. N6 c6 thé chira mot
két qua, hai két qua, khong c6 két qua (tap con rong), toan bd khong gian mau, va twong
tw. Ky hiéu chuin cho cac sw kién la cac chir cai viét hoanhw 4, B, C, va .....

Sw kién/bién cd ddc lap (Independent Events) - Sy xuit hién cia mot sy kién khong
c6 anh hwdng dén xac suit xuat hién cta sw kién khac. Cac sw kién A va B doc 1ap néu mot
trong nhirng diéu sau diy ding:

e P(A|B) = P(4)
P(B|A) = P(B)
e P(AVAB)=P(A)P(B)

Thwc nghiém/thi nghiém (Experiment) - M6t hoat dong dwoc 1én ké hoach dwoc thuc
hién dwdi cac diéu kién dwoc kiém soat
Xac suit c6 diéu kién (Conditional Probability): kha ning mot sw kién sé xay ra cho

biét mot sy kién khac da xay ra

Xac suit cé diéu Kkién cia A CHO BIET B (Conditional Probability of A GIVEN B):
P(A|B) la xac suat su kién A sé xay ra cho biét sw kién B di xay ra.
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Xac sudt co diéu kién cia mot sw kién cho biét sw kién khac (Conditional Probability
of One Event Given Another Event) : P(A|B) la xac suit su kién A sé xay ra cho biét sy
kién B da xay ra.

Xac sudt - mot so tir 0 dén 1, bao gom ca hai dau, cho biét kha ndng mot sw kién cu thé sé
Xay ra; nén tang cda théng ké dwoc dwa ra boi 3 tién dé sau (theo A.N. Kolmogorov,
1930s): Goi S ky hiéu khong gian mAu va A va B 1 hai sw kién trong S. Khi do:

e 0<P(A)<1

e Né&u A va B la hai s kién xung khic 14n nhau bat ky, thi P(A U B) = P(A) + P(B).

e P(S)=1

Access for free at openstax.org
161



3 Xac suat

T6m tat chwong

3.1 Thuat ngir

Trong mé-dun nay ching ta da hoc thuit ngir co ban ctia xac suit. Tap hop tit ca cac két
qua c6 thé cia mot thi nghiém dwoc goi 1a khong gian mau. Cac sy kién la tip con cua
khong gian mau, va chung dwoc gan mot xac suitla mot s6 tir 0 dén 1, bao gom ca hai dau.

3.2 Cac sw kién ddc 1ap va xung khic 1an nhau

Hai sw kién A va B doc 14p néu viéc biét mot sw kién da xay ra khong anh hwdng dén kha
nang sw kién kia xay ra. Néu hai su kién khong doc 1ap, thi chiing ta néi rang ching phu
thudc.

Trong 14y mau c6 hoan lai, méi thanh vién cda téng thé duoc thay thé sau khi duoc chon,
do d6 thanh vién d6 cé kha niang dwoc chon nhiéu hon mot lan, va cac sw kién dwoc coi la
doc 1ap. Trong 14y mau khong hoan lai, mdi thanh vién cla tong thé chi c¢6 thé dwgc chon
mot 1an, va cac sw kién dwoc coi la khéng doc 14ap. Khi cac sw kién khéng c6 chung két qua
nao, chiing xung khac 1an nhau.

3.3 Hai quy tic co ban ctia xac suat

Quy tic nhan va quy tac cdng duoc sir dung dé tinh xac suit ctia A va B cling nhw xac suit
clia A hoidc B cho hai su kién cho truwdc A, B dwoc dinh nghia trén khong gian mau. Trong
14y mau c6 hoan lai, mdi thanh vién clia tong thé duoc thay thé sau khi dwoc chon, do d6
thanh vién d6 cé kha niang dwgc chon nhiéu hon mét lan, va cac sw kién dworc coi la doc
1ap. Trong 14y miu khong hoan lai, mdi thanh vién cua téng thé chi c6 thé dwoc chon mot
14n, va cac su kién dwoc coi 1a khong ddc 1ap. Cac sw kién A va B xung khic 14n nhau khi
ching khong c6 bat ky két qua chung nao.

3.4 Bang tiép lién va so d6 cay

C6 mot s6 cong cu chung ta c6 thé st dung d€ gitp t6 chirc va sap xé&p dir liéu khi tinh xac
sult. Bang tiép lién gitp hién thi di liéu va dac biét hiru ich khi tinh cac xac suit cé nhiéu
bién phu thudc.

So d6 ciy str dung cadc nhanh dé thé hién cac két qua khac nhau cta thi nghiém va gidp
cac ciu hoi xac suit phirc tap dé hinh dung.

3.5 So' d6 Venn

So @6 Venn 1a hinh dnh biéu dién cac két qua clia mot thuc nghiém. N6 thwong bao gom
mot hinh chit nhat biéu thi khong gian mau S hoic vii tru clia cac d6i twong quan tAm clng
v&i cac hinh tron hodc hinh bau duc. Cac hinh tron hoic hinh bau duc biéu thi cdc nhém
su kién dwoc goi l1a tip hop. So d6 Venn dic biét hiru ich dé€ hinh dung mét sw kién, giao
cda sw kién, phan bu ciia mot sw kién va dé hiéu cac xac suit cé diéu kién. So d6 Venn dic
biét hitu ich d€ hinh dung Giao ctia hai sw kién, Hop cta hai sw kién, hodc Phan bu ciia mot
su kién. Hé théng so d6 Venn ciling c6 thé gitp hiéu cac xac suit c6 diéu kién. So d6 Venn
giup hinh dung cac phép tinh sé hoc théng qua hinh anh trwc quanh. So @6 Venn gitip hinh
dung cac phép tinh s6 hoc théng qua hinh anh truc quan.
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T6m tat cong thirc

3.1 Thuat ngir

AvaBlacacsu kién

P(S) = 1 trong d6 S 1a khdng gian mau

0<P(A)s1

P(A[B) = P(ANB)/P(B)

3.2 Cac sw kién doc 1ap va xung khac 1an nhau

Né&u A va B doc lap, P(A N B) = P(A)P(B), P(A|B) = P(A) va P(B|A) = P(B).
Né&u A va B xung khic 1an nhau, P(A U B) = P(A) + P(B) vaP(An B) = 0.
3.3 Hai Quy tic co' ban cua xac suit

Quy tic nhan: P(A n B) = P(A|B)P(B)

Quy tic cong: P(AU B) =P(A) + P(B) - P(AN B)
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3.5 So'do Venn
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4 BIEN NGAU NHIEN ROT RAC

Hinh 4.1 Ban c6 thé stt dung x4c suit va cic bién ngiu nhién roi rac d€ tinh toan kha
nang sét sé danh xudng dit 5 lan trong con giong kéo dai sudt nira gio. (Nguén: Hinh
anh dworc 1y tir tic phdm “CG sét danh” cua Axel Rouvin/Flickr, CC BY 2.0)

Gii thiéu

Mot hoc sinh 1am mot bai ki€ém tra tric nghiém ding sai gdm 10 ciu héi. Do qué ban ron,
hoc sinh d6 khéng thé 6n bai va chon dap 4n ngau nhién cho moi ciu. Vay xac suit dé hoc
sinh d6 dat it nhit 70% la bao nhiéu?

Mot ngwdi quan ly cta dai ly 6 t6 quan tAm dén sé thich mau sac ctia khach hang khi mua
xe méi. Gia st dai ly ban trung binh 20 xe mdi thang, vay xac suit d&€ mot khach hang thich
xe mau do la bao nhiéu?

Hai vi du trén minh hoa hai loai van dé xac suit khac nhau lién quan dén bién ngau nhién
roi rac. Hay nhé rang dir liéu roi rac 13 dir liéu c6 thé dém dworc, tirc 1a bién ngiu nhién
chi c6 thé nhan cac gia tri s6 nguyén. Mot bién ngau nhién (random variable) mo ta két
qua ctia mot thuc nghiém théng ké bang loi. Gia tri cia bién ngiu nhién cé thé thay déi
theo moi 14n lap lai ctia mot thuc nghiém, hay con goi 1a phép thi (a trial).

Ky hiéu bién ngiu nhién

Chit céi in hoa nhw X dwgc dung dé biéu thi bién ngiu nhién, trong khi chit thwong nhw x
hodc y dung dé biéu thi gia tri cu thé ma bién do6 c6 thé nhan. Néu X 12 mét bién ngau
nhién, thi X dwo'c mé ta bang 1o, con x 1a mot con s6 cu thé.

Vi du: Gia sir X = s6 1an xuAt hién mat ngira khi tung ba déng xu céng bang. Khong gian
mau khi tung ba dong xu 1a: TTT, THH, HTH, HHT, HTT, THT, TTH, HHH. Khi d6, x = 0, 1,
2, 3. Vay X dwoc mo ta bang 1o, con x 12 gia tri r&i rac. Do ban ¢6 thé dém dwoc cac gia tri
ma X nhén, va vi két qua 1a ngiu nhién, nén X 12 mot bién ngau nhién rvi rac.
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Ham phan phdi xac suit cho bién ngau nhién10

Mot ham phin phdi xac suat (probability distribution function, PDF) c6 hai dic tinh
chinh:

1. M6i x4c sudt déu nam trong khoang tir 0 dén 1 (bao gdém ca 0 va 1).
2. Tong cha tit ca xac suatla 1.

Ham phén ph6i xac suit 1a mét céng thirc todn hoc dwoc st dung dé tinh xac suit xay ra
cac loai s kién cu thé trong mot thwe nghiém (an experiment). C6 mét diéu ky diéu la
cung mot PDF c6 thé dwoc str dung cho nhiéu tinh huéng khac nhau. Vi du: ham phan phéi
nhi thirc (binomial probability distribution) c6 thé dung dé tinh xac suit khi tung dong
xu, khi trd loi cac ciu hoi cd/khong trong bai ki€ém tra, hodc xac dinh xu hwéng trong cac
cudc tham do y kién - nghia la bat ky sw kién nhi phan nao.

Mot s6 ham phan phoi xac suit khac nhw phan phdéi hinh hoc, phin phoi Poisson, hodc
phan ph6i mii dwoc str dung dé tinh xac suit thoi gian hdng hdc cta thiét bi, thoi gian gitra
cac lwot khach dén, s6 cudc goi dén trung tim cham séc khach hang, toc d6 phat trién cua
vi khuin, v.v.

C6 mot hé théng cac ho phéin phoi xac suit dwoc stv dung trong nhiéu linh vuc nhw y hoc,
kinh doanbh, tai chinh, vat ly va ki thuat. Tuy nhién, trong chwong nay, ching ta sé chi tap
trung vao mot sé6 ham xac suit tiéu biéuy, vi chiing déng vai tro nén tang trong thong ké
suy luan.

Cong thirc dém va cong thirc to hop

Dé nhic lai, xac suit cia mot sw kién A, ky hiéu 1a P(A), dwoc tinh bang:

s0 phwong an xay ra sw kién A

P A = o ~ s s ~ 2 A . x
@) Tong s6 pheong an c6 thé xay ra trong khong gian mau

Khi chiing ta xem xét khong gian mau cho thuc nghiém tung ba déng xu cong bang, chiing
ta c6 thé dé dang liét ké toan bo khong gian mAau va tir d6 dém dwoc s6 lwong sw kién théa
man két qud mong mudn. Vi du néu X 12 bié€n ngiu nhién r&i rac biéu dién s6 [An xuit hién
mit ngira khi tung 3 dong xu thi ta dé dang xac dinhx=0, 1, 2, 3.

Tuy nhién, khi s6 lwong phén ti trong khéng gian mau ting 1én - chang han nhw v&i mot
b bai tAy gobm 52 14 - thi viéc liét ké toan bd khong gian mAu tré nén bat kha thi. Trong
nhirng treong hop nhw vay, ching ta phai chuyén sang cach tiép cin khéc.

Ta sé& thdy rang tinh to4n xac suit chi don gidn 1a dém sd sw kién trong nhém ma ta quan
tam, roi chia cho téng s6 phan ti trong khoéng gian miu. Diéu nay rat dé thuc hién néu
chiing ta chi cin dém, vi dy, s6 sinh vién ndm hai trong mot 1é6p hoc Thong ké mo ta. Nhwng
v&i cic van dé phirc tap hon, c6 thé rat tdn thoi gian dé liét ké tirng phwong an cé thé xay
ra - tham chi 12 bat kha thi. Vi dy, khi tung hai con xtic xic sdu mit, khdng gian mau c6 36
phwong 4n c6 thé xay ra néu bién ngau nhién 13 téng diém cta hai mit trén cta hai con

10 Ham phan phdi x4c suit ctia bién ngiu nhién roi rac con dwoc goi 1a hAm khéi lwgng xac suit
(probability mass function)
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xtic xic. Khi tung bén con xtc xic, s6 phwong an trong khong gian mau sé& 1a 64 = 1296.
Con néu chia tay bai poker 5 14 tir b6 bai 52 14, c6 hon 2,5 triéu t6 hgp khac nhau. R rang,
viéc theo doi tit ca cac kha ning nhw viy dé tinh mot xac suat duy nhat sé rat té nhat va
phi thuec té.

Vi thé, thay vi liét ké toan bd khong gian mau, chiing ta str dung cac céng thirc dém - tirc
1 c4c cong thirc t6 hop - d€ xac dinh s6 phan ti trong khong gian mAiu va su kién quan
tAm, tir d6 tinh xac sult bang cach chia s lwong twong tng. Cac cdng thirc t6 hop cho
phép ching ta tinh tir mot tip hop cho trudc c6 thé tao ra dwoc bao nhiéu tip hop con
khong phan biét thit tw véi kich thwéce xac dinh. O day, “khong phan biét thit tu” nghia la
thi tw cla tirng phan ti& trong tip khong anh hwdng dén ban chat cta tap hop. Vi dy, chia
mot tay bai gdbm {at, at, at, at, vua}, thi cac cach sip x&p khac nhw {vua, at, at, at, 4t} hay
{at, vua, at, at, at} déu dwoc xem la nhw nhau, vi s6 lwong 14 bai la nhw nhau va khéng quan
tAm dén th& tw xuat hién.

Céng thirc t6 hop:

n!

n

(x) =nly = x!(n—x)!

Cong thirc trén cho biét s6 lwong tip hop con khong phin biét thi tw, c6 kich thuwéc x, co
thé dwoc tao tip c6 n phan tk. Cong thirc ndy dwoc goi la "n t6 hop chip x" va thwong
dwoc docla "tlr n chon x". Ky hiéu ddu chdm than (!) dwoc goi 1a giai thira, va biéu thi phép
nhan cda tat ca cac so tw nhién tir 1 dén s6 d6. Vi du: 4! = 1.2.3.4 = 24. Lwu y, theo quy wéc
todn hoc 0!=1. Cong thirc nay dwoc goi 1a cong thirc té hop (Combinatorial Formula). N6
con dwoc goi la hé s6 nhi thirc (binomial coefficient) - thuit ngit sé tré nén ré rang hon
khi ta hoc dén phén phoi nhi thirc trong cac chwong tiép theo. Mdc du khai niém t6 hop
da dwoc biét dén tlr xa xwa, Blaise Pascal dwoc cong nhén 1a ngwdi c6 déng gop 16n trong
viéc chirng minh chinh thirc, dwoc cong bd vao nam 1653. Ngoai ra, 6ng con phat trién
mot phwong phap tong quat dé tinh gia tri t6 hop, dwoc goi 1a Tam giac Pascal. Pascal 1a
mot trong nhirng thién tai noi bat ca thoi ky Phuc hwng khoa hoc, véi cac cong trinh cla
Galileo, Rene Descartes, Isaac Newton, William Shakespeare, va sw hoan thién cua
phwong phap khoa hoc - 1y do cho cac chti dé thong ké ma ching ta hoc hom nay.

Hay thir dém tong s6 t6 hop néu ta rat hai 14 tir bén 14 bai at cia b bai tiy. Pay la mot tip
hop khong phan biét thir ty, vi thit ty rat bai khong quan trong.

Khéng gian mau c6 thé duoc liét ké nhu sau:
S = {(Bich, Co), (Bich, R6), (Bich, Chuon), (R6, Chubn), (Co, R6), (Co, Chudn), (RS, Chuodn)}

Ta thay c6 6 t6 hop tit ca. Theo cach néi chinh thic, ta cé sau tip hop con khéng phan
biét thi tw duy nhét, kich thwéc 2, ¢6 thé dwgc tao ra tir 4 phan tir duy nhit.

Str dung céng thirc to hop, ta co:

4 4! 4.3.2.1
(): = :6
2 (4-2)12! 2.1.2.1

Néu chidng ta mudn biét s6 lwong tay bai poker 5 1a duy nhat cé thé dwoc tao ra tir bo bai
tay 52 14, ching ta chi can tinh theo cong thirc t6 hop:
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(5)

5

Trong dé, 52 1a téng s phan t&r duy nhat trong quin thé ma ching ta dang ritra, va 5 la
kich thwéc nhém ma ching ta dang chon cac phan tk vao.

Vé&i cong thirc to hop (hodc hé s6 nhi thirc), ching ta c6 thé dém so lwong phan ti trong
khong gian mau mot cach hiéu qua ma khéng can liét ké tirng phin ti. Diéu nay giup tiét
kiém rat nhiéu thoi gian va cong strc - bdi vi, nhw da noi, viéc liét ké tit ca cac tay bai 5 1a
tlr bd bai 52 14 sé 1a mot nhiém vu khong 16, kéo dai ca doi. Gior day, chidng ta ¢ thé &ng
dung cong cu dém t6 hgp nay vao mot trong nhirng ham phan phéi xac suit (PDF) quan
trong nhit trong thong ké roi rac - d6 1a phan phaéi siéu boi (hypergeometric distribution).

Hay nhé rang, hAm phan phdi xac suit cho phép ching ta tinh xac suit clia cac su kién
ngau nhién roi rac. Ching ta chi can thay cac gia tri thich hop vao cong thirc x4c suit va
sé nhan dwoc x4c suit cia phwong 4n quan tAm. Tuy nhién, cin lwu y rang cac ham phan
phéi xac suit chi hoat dong chinh xac néu dwoc 4p dung ding trong pham vi diéu kién ma
ching dwoc thiét k& cho. Mdi phan phdi - chang han nhw nhi thikc, siéu bdi, hay hinh hoc
- déu c6 cac gia dinh va cu truc riéng. Viéc 4p dung sai loai phan phdi sé dan dén két qua
xac sudt khong chinh xac, anh hwéng dén do tin ciy cua toan bd qua trinh théng ké suy
luan.

LUUY

St dung Excel, R dé tim sé t6 hop
Excel: ¢ thé tim s6 to hop véi ham COMBIN(n, k), n: tong s6 phan tt, k: s6 phan t&r dwoc chon.

R: c6 thé tim s6 t6 hop véi ham choose(n, k), n: tdng s6 phan tik, k: s6 phén tir dwoc chon.

4.1. Phan phadi siéu boi

Ham phén phéi xac suat don gidn nhit trong théng ké r&i rac chinh 1a phan phdi siéu boi
(hypergeometric distribution). Pay 1a mét ham phan phoi co ban, vi né dwoc xay dung
dwa trén su két hop gitra kién thirc xac suit c¢d dién nhw so d6 Venn, quy tic cdng va quy
tac nhan, cung vdi cong thirc t6 hop.

Trong phan phdi siéu bdi, ching ta 1dy mau khong thay thé tir mot quan thé hiru han va
tinh xac suit dé chon dwoc x phan tlr mong mudn trong n 1an 14y mau tir quan thé hitu

han c6 c& N chira A phén tr ta mong mudn.

Vi dy, trong b0 bai ty c6 52 14, c6 4 14 at, ta mudn biét xac suit dwoc chia mot tay bai 5 14,
trong do c6 2 14 at.

DAu tién, ta tinh s6 phwong an t6 hop 2 14 4t tir 4 14 4t sir dung cong thirc t6 hop nhu sau:

|
()= (4-42)!21 =6
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Va néu chung ta khong quan tdm dén nhirng gi ching ta cé trong tay déi véi ba 14 bai con
lai, ching ta sé tinh todn sé t6 hop 3 14 tir 48 14 khong at:

(") =—==17.29%

Két hop tit ca lai, ching ta c6 thé tinh xac suit dé c6 dwoc chinh xac hai con at trong mot
tay bai poker 5 14 nhu sau:
Q) _
&)
Loi gidi nay thwc chét chinh 1a phin phoi xac suat dwoc goi 1a phan phoi siéu boi. Cong
thirc tong quat cia phan phéi nay la:

0,0399

OO0

S

Trong dé: x1a s6 phan tir thanh c6ng ma ching ta quan tdm (vi du: 2 14 at); Nla kich thuéc
cta quan thé (bd bai tiy 52 14); A 1a s6 phin tir ma ta quan tAm trong quan thé (vi du: 414
at trong bd bai); n 12 s6 Ian 14y mau (5 Ian chia bai); h(x) 1a xac suit dé xay ra x thanh cong
trong n lan chon, khi c6 A phan ti quan tAm trong mot quin thé gobm N phén tir.

Phan phdi siéu bdi la mot vi du dién hinh ctia phan phoi xac suit roi rac, boi vi khong thé
c6 thanh cong tirng phan - nghia 13, ban khong thé c6 mot van bai véi 2,5 14 at. Noi cach
khéac, bién ngau nhién roi rac chi nhin gia tri nguyén hodc sé6 dém dworc.

Phén phoi xac suit nay ap dung cho nhirng tredng hop ma xac suat thanh céng thay doi
theo tirng 1an chon, tirc 1a cac phép thr khong doc 1ap. Néi mot cach khac, cac sw kién
khong ddc 1ap véi nhau. Didu ndy xay ra la do 14y mau khong thay thé. Vi du, khi rut bai ti
mot bd bai, néu ching ta khong dat lai 14 bai sau khi rut, ta da 14y mAu khong thay thé, va
phéan phoi siéu boi la ham phu hop cho trwong hop nay. Tuy nhién, néu ching ta dat lai
mdi 14 bai sau khi rut (tiec 12 1y mau c6 thay thé), thi phan phdi siéu boi sé khong con phit
hop, va ta sé cAn mot ham phan phoi xac suit (PDF) khac.

Dé c6 thé ap dung ding phan phdi siéu boi, cAn thoa man ba diéu kién sau:

1. Quan thé phai c6 thé chia thanh hai va chi hai tip hop con doc 1ap (vi du: tip 14
bai 4t va tap 14 bai khong phai at). Bién ngiu nhién X = s6 phan tir ¢6 duoc ti
nhém quan tdm (vi du so 14 bai tir tip 14 at).

2. X&c sudt thanh cong clia phép thir thay d6i sau mbi phép thit. (Trong vi du clia
ching ta, x4c sult rat dwoc 14 4t sau moi lan chia sé thay d6i). Noi cach khac, day
12 14y mAu khong thay thé, va do d6 cac phép thir khong ddc 1ap véi nhau.

Bién ngau nhién phai 1a bién roi rac, nghia 1a chi nhan gia tri nguyén dém dwoc, chit khong
phai bién lién tuc. (Vi du, khong thé c6 2,7 con at - két qua phai l1a cic s6 nguyén nhuw 0, 1,
2, 3, hoac 4).
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Vidu 4.1

Vén dé

Mot dia keo chira 30 vién keo déo va 20 vién keo cao su. Muwoi vién keo dwgc chon ngau
nhién. Xac suit dé c6 5 trong 10 vién keo dwgc chon la keo cao su la bao nhiéu? Hai
nhém la keo déo va keo cao su. Vi cdu hdi xac suit yéu ciu xac suit chon keo cao su, nén
nhém quan tim (nhém diu tién A trong cong thic) la keo cao su. Kich thwéc cia nhém
quan tAm (nhém dAu tién) 12 20. Kich thwéc ciia nhém thir hai 1a 30. Kich thwéc cia mau
12 10 (keo déo hodc keo cao su). Goi X = s6 lwgng keo cao su trong mau 10 vién keo. X
nhan cacgiatrix=0, 1, 2, .., 10.

a. Biéu dat x4c suit bang cong thirc todn hoc?
b. St dung ham phéan phéi xac suit siéu boi giai van dé?

c. Xac suit rat dwoc 5 vién keo cao su trong 10 I4n rut tir dia 1a bao nhiéu?

Loi gidi
a. P(x=5)
b. P(x=5)=(5)(5)

(o

c. P(x=5)=0,215

Bai tap van dung 4.1

Mot tui chira cadc miéng gob in chit cai. 44 miéng 1a nguyén 4m va 56 miéng 1a phu 4m.
Bay miéng dugc chon ngau nhién. Ban mudn biét xac suit d€ bon trong bay miéng la
nguyén am. Nhdm quan tam la gi, kich thwéc cia nhém quan tam la bao nhiéu va kich
thwéc cia mau 1a bao nhiéu?

Vidu 4.2

Vén dé

Cac nhan vién TSA tuyén bd rang ho lwa chon ngau nhién hanh khach dé kiém tra hanh
ly x4ch tay b6 sung. Trong mot gi¢r vira qua, c6 100 hanh khach di qua diém kiém tra an
ninh, trong dé c6 5 ba cu toéc bac. Trong 20 hanh khach dwgc chon dé ki€ém tra tang
cwong, c6 3 ngwoi la ba cu tdc bac. Hay tinh xac suat twong rng va dwa ra nhan xét?

Lo gidi

Budc 1. Xac dinh bién ngiu nhién

Goi X 1a bién ngiu nhién roi rac, biéu thi s6 lwong ba cu téc bac duwoc chon trong mau
kich thwérc 20. Ta quan tAm dén s6 lwgng phin ti tir nhém dac biét (ba cu toc bac) dwoc

chon trong qua trinh 14y mau khéng thay thé. Vi X 12 s6 dém, nén day 1a bién ngau nhién
roirac, va c6 thé nhan cacgiatriX=0,1, 2, 3,4, 5.
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Buérc 2. Xac dinh thyc nghiém

Thwc nghiém thong ké & ddy l1a qua trinh chon 20 hanh khach dé kiém tra ky lwéng hanh
ly. Theo mo ta, hanh khach dwoc chon ngiu nhién, va méi hanh khach chi dwoc chon
mot 1an, nén day 1a 14y mau khong thay thé.

Buéc 3. Xac dinh phan phoi xac suat phu hop

Quén thé gobm 100 hanh khach dwoc chia thanh hai nhém rach roi: Nhém quan tim (A):
ba cu toc bac, kich thwéc A = 5. Nhém con lai: tit cd hanh khach khac, kich thwéc N - A
=95 .Ta chon mau kich thwéc n = 20 va quan sat s6 ngwdi thudc nhom quan tAm. Vi vay,
van dé théa man day du diéu kién cia phan phéi siéu boi, nén c6 thé sir dung ham phéan
phéi xac suat siéu boi dé giai.

Budc 4. Dién giai cAu hdi xac suit

Cau hoi dwoc dit ra la gi? Khong giong nhw Vi du 4.1 vé viéc rut keo tir dia, khong c6 cu
héi ré rang nao dwoc dit ra & day. Van dé dia keo mang tinh co hoc véi mot cau hoi rod
rang dwoc néu truc tiép lién quan dén xac suit rat dwgc 5 vién keo cao su. N6i tom lai,
mot ciu hdi ré rang khéng c¢6 ham y. Ching ta c¢é thwc sw quan tdm dén xac suat rut
dwoc 5 vién keo cao su khong? O day c6 mot cau hoi thid vi vi van phong an ninh dwa ra
mot tuyén bd ma chung ta c6 thé gian tiép kiém tra bang xac suit don gian. TSA tuyén
b6 ho chon ngiu nhién hanh khich d€ kiém tra tang cwong. Tl dit liéu, ching ta thiy
ngay rang trong sé nam hanh khach 1a ba cu téc bac, ba ngwdi da dwoc chon dé kiém tra
b6 sung. Nghia la 60% tong s ba cu téc bac. Ching ta c6 thé tw dadt cau hdi vé xac suit
chon 3 trong 5 hanh khach trong loai nay néu ching ta chon ngiu nhién. Hiy nhé rang
lwa chon ngau nhién c6 nghia 1a méi ddi twong cé xac suit dwoc chon nhw nhau. Cau héi
X4c sut cta chiing ta bang 1&i 12 "Xac suit chon tring 3 ba cu téc bac tir nhém 100 hanh
khach 1a bao nhiéu néu nhém chi bao gdbm 5 ba cu téc bac?" M6t cach hinh thic, P(X =
3) theo phan phdi xac suat siéu bdi 1a bao nhiéu?

Tt cong thirc: X =3,A=5,N = 100 (tdong s6 hanh khach tir d6 dwoc chon dé kiém tra an
ninh), n = 20 (s6 lwgng hanh khich sé dwoc chon dé kiém tra).
GG
P(x) = 21037 = 0,048

20
Két luin cua chdng ta la xac sudt cta viéc c6 3 trong sé 5 ba ngoai téc bac dwgc chon
ngiu nhién dé kiém tra ting cwong chila 0,048. Xac suit chi 1én hon moét phan nghin so
v&iviéc rut 5 14 bai tir bd bai 52 14 va c6 dwoc mot doi at. No6i tom lai, ddy 1a mot xac suat
rat nho dé xay ra trong thuc té. Mot nhan xét c6 thé rat ra & day la ching ta chi cé thé tin
twdng véi mire tin cdy dudi 5% rang hanh khach dwoc chon trén co sé hoan toan ngau
nhién.

Vi du nay chirng minh kha nang céng cu phan tich xac suat dé tra 11 cac cau hoi thuc
tién.
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Bai tap van dung 4.2

Cé6 tong cong 200 qua béng trong mot tdi. Bao gom 25 qua béng mau dé. 40 qua bong
dwoc chon ngu nhién tir tdi. 8 qua trong s6 dé dwoc tim thdy 1a mau dé. Tim x4c suit
cho két qua.

LUUY

S dung Excel, R dé tinh phan phoi siéu boi

Excel: phan phdi siéu boi h(x) c6 thé tinh bang ham HYPGEOM.DIST(x, n, A, N, 0), x: s6 phan
ttr thanh cong trong mAu da chon; n: s6 1an 14y mAau; A: s6 phin tir ta quan tAm trong quin
thé; N: kich thwéc quan thé; 0 dé tinh ham phan phéi xac suat, 1 dé tinh ham phan phdi tich
ly.

R: phan phdi siéu bdi h(x) c6 thé tinh bang ham dhyper(x, A, N- A, n); v&ix, A, N, n nhu clia
ham Excel.

4.2. Phan phoi nhi thirc

Mot trong nhitng ham phan phéi xac sut (PDF) c6 nhiéu tng dung la phan phdi nhi thirc
(binomial probability distribution). Phin phoi nay dwoc str dung dé tinh xac suit cho qua
trinh nhi thirc (binomial process)!l. Mot qua trinh nhi thirc 1a trudrng hop trong d6 moi
phép thir (trial) chi cé hai két qua c6 thé xay ra - dwoc goi 1a thanh céng hodc thit bai.
bay la mot dang dac biét cia phép thir Bernoulli (Bernoulli trial), dat theo tén nha toan
hoc Jacob Bernoulli, ngwdi da phat trién va mé ta cac thudc tinh ly thuyét cia qua trinh
nay mot cach day du.

Phén phoi nhi thirc dwoc dat tén dwa trén tinh chat cia hé thong nhi phan - noi moi gia
tri déu dwoc bi€u dién bang 0 va 1 - twong tng v&i that bai (0) va thanh coéng (1) trong
cac phép thir thong ké.

Cong thirc nhi thirc
n
— X N—X
b() = () r*a

Trong d6, b(x) 1a xac suit dé c6 x thanh cong xay ra trong n 1an thtx, khi xac suat thanh
cong trong bat ky mot phép thir ndo 1a p. Va q = (1- p) 1a x4c suit thit bai trong moi lAn
thir.

Gi¢r day, ching ta c6 thé thay ro ly do tai sao cong thirc t6 hop con dwoc goi la hé sé nhi
thirc, bdi vi nd xuit hién truc ti€p trong ham phan phdi xac suat ctia phan phdi nhi thirc.

1 Con goi 1a thye nghiém nhi thirc (binomial experiment)
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D& ham x4c sudt nhi thirc hoat ddong chinh x4c, cAn théa man diéu kién rang xac suit thanh
cong (p) trong moi phép thir phai khéng déi tir Ian thir ndy sang l1an thir khac. Néi cach
khéc, cac phép thir phai doc 1ap - tirc 1a két qua cia moi phép thir khong bi danh hudng boi
két qua cua cac phép thir trwedre do.

Mot vi du dién hinh cia qua trinh nhi thirc 1a tung dong xu, vi xac suit mit ngira trong moi
lan tung la nhw nhau va khéng phu thudc vao két qua cia nhirng lan tung trudc dé. (Mot
chit lwu y, rang viéc sir dung p dé 1am ky hiéu cho tham s6 ham phan phéi nhi thirc 12 vi
pham quy wéc ky hiéu thdng ké, theo d6 tham s& quan thé nén dwoc biéu dién bang chir
cai Hy Lap. Trong mét s6 tai liéu hoc thuét, ky hiéu 6 (theta) dwoc st dung thay cho p, va
day dwoc xem 1a cach biéu dién chinh x4c hon theo quy wéc thong ké.)

Giong nhw mét tip dit liéu, mot ham phéin phéi xac suit cé gia tri binh quan va dé 1éch
chuin mo ta tip dir liéu. P6i véi phan phoi nhi thire, chung dwoc dwa ra béi cac cong thirc:

p=np
o= \/npq

Lwu y p 1a tham s6 duy nhit trong cic cong thirc nay. Vi viy, phan phéi nhi thirc dwoc xem
la thanh vién ctia ho phan phdi xac sudt mot tham s (one-parameter family of probability
distributions). Nghia 13, chi cin biét gia tri cia p 1a dG dé mé ta hoan toan dic tinh cta
phan phdi nhi thirc.

Trong ly thuyét xac suit, trong mot s6 truedng hop nhat dinh, mét phin phéi xac suit co
thé dwoc st dung d€ x4p xi mot phan phdi khac. Khi d6, ta ndi rang mot phan phdi la gidi
han (limiting distribution) cia phin phoi kia.

Mot vi du 13 tredmg hop 14y mau khong thay thé mot mau kich thwéc nhé tir mot quan thé
16m. Vé mat ly thuyét 1y mau khong thay thé vi pham diéu kién doc 1ap cua phép thi nhi
thirc nén ta c6 ham phan phdi chinh x4c 12 ham siéu boi. Tuy nhién, néu kich thuwéc mau
n nho hon 10% kich thwéc quin thé N (tic 1a n < 0,1N), thi phin ph6i nhi thirc ¢ thé
duoc st dung nhu mot xap xi hop 1y cho phan phdi siéu bdi. Ly do 1a khi mAu rit nhé so
v&i quan thé, thi xac suit thanh cong thay d6i khong dang ké sau mdi 1an rat. Néu ban rut
bai ttr mot xap 6 bd bai (tirc c6 24 con 4t), thi xac suit rat dwoc mot con at trong lan ruat
dau tién gin nhw khong anh huwdng dén xac suit rat dwoc at trong lan rat th hai - khong
giong nhw khsi ban chi c6 4 con 4t trong mot b bai.

Mot thwe nghiém nhi thirc c6 bén dic diém chinh:

1. C6 s0 lwgng phép thir xac dinh, dwoc biéu thi bang ky hiéu n. Phép thir 1a sw 13p lai
cua thwc nghiém.

2. Bién ngiu nhién X (s6 1an thir thanh c6ng) 1a bién roi rac.

3. Moi phép thlr c6 dung hai két qua c6 thé xay ra: thanh cong hoic that bai, p 1a xac
suat thanh cong trong mot phép thir bat ky, con q = 1 - p 1a xac suit that bai.

4. Cac phép thtrla doc 1ap va dwoc thuc hién trong cung diéu kién. Piéu nay twong tw
14y mau c6 hoan lai. Cac phép thir 1a doc 14p nghia 1a két qua cia phép thir nay
khong danh hwéng dén két qua cda cac phép thi khac. Hay ndi cach khac, xac suat
p va q khong thay doi gitra cac lan thir . Vi du: Gid stt mét sinh vién tén Joe doan
ngiu nhién cic cau héi ding-sai trong moén théng ké. Néu xac suit doan ding
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(thanh cong) 1a p = 0,6, thi xac suit doan sai (that bai) 1a q = 0,4. V&i mbi ciu hdi,
gid tri clia p va q van gitr nguyén trong sudt qua trinh 1am bai.

Nhw vay, két qua cia mot thwe nghiém nhi thirc sé tuan theo phan phéi xac suat nhi thic.

Phan phdi nay c6 bién ngau nhién X = s8 1an thanh cong thu dugc trong n 1an thit nghiém
ddc 1ap; binh quén p = np; phwong sai 62 = npq; d6 léch chuan, o =,/npq.

Bat ky thuc nghiém nao c6 didc diém 3, 4 va n = 1 dwoc goi la phép thir Bernoulli (dwoc
tén dit theo Jacob Bernoulli, ngudi vao cu6i nhirng ndm 1600 dd nghién cru siu vé
ching). Ta c6 mot thwe nghiém nhi thirc khi ta dém s6 lan thanh cong trong mot hoac
nhiéu phép thir Bernoulli.

Vidu 4.3

Vén dé

Gia st ban choi mot tro choi ma ban chi c6 thé thing hodc thua. Xac suit thing mdi van
12 55%, va xac suit thua 1a 45%. M6i van choi 1a doc 1ap. Néu ban choi tro choi d6 20
Ian, hay viét ham md ta xac suit rang ban thing 15 trong sé 20 Ian. O day, néu ban dinh
nghia X 12 s6 1an thang, thi X nhan cac gia tri 0, 1, 2, 3, ..., 20. Xac suit thanh conglap =
0,55. Xac suat thit baila q = 0,45. S6 I4n thir 1a n = 20. Cau hodi xac suit c6 thé dwoc phat
bi€u dwédi dang todn hoc la P(x = 15).

Loi gidi
P(x = 15) phat biéu c4n than hon bang tiéng Anh sé 1a: “xac suit thang chinh xac 15 lan

trong 20 lan thit.” P(x < 15) cling cdn dwoc phat biéu cin thin, vi néu ta muoén tim P(x <
15), ta can tinh tit ca cac gia tri clax tr P(x =0, 1, 2, ..., 14).

Twong tw, ta cling c6 thé mudn biét xac suit “16m hon” mét s6 nao dé, diéu nay yéu cau
phai tinh nhiéu gia tri ctia x.

Bai tap van dung 4.3

Mot hudn luyén vién dang day mot con ca heo dwoc gidi clru cach bat ca sdng trwdc khi
tha n6 vé tw nhién. X4c suit dé€ ca heo bat ca thanh céng 1a 35% va xac suit dé€ c4 heo
khong thuwc hién thanh cong viéc nay 1a 65%. Trong 20 lan thi, ban mudn tim xac suit
dé c4 heo thanh cong 12 lan. Tim P( X = 12) bang cach s dung PDF nhi thirc.

Vi du 4.4

Vdn dé

Mot dong xu da dwoc thay ddi trong lwong dé xac suit tung ra mat ngira tir 0,5 thanh
0,25. Tung xu 5 1an; méi 1an tung 1a doc 1ap. Xac suit dé€ nhan duoc nhiéu hon 3 mit
ngtra 1a bao nhiéu? Goi X = s6 mat ngtra trong 5 1an tung dong xu cdng bang. X nhan céc
giatri 0,1, 2, 3, 4, 5. Vi d6ng xu dwoc thay doi dé cé két qua p = 0,25, nén q la 0,75. S6
1an thir nghiém 1a n = 5. Trinh bay ciu hdi bang cdng thirc todn hoc.
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Loi gidi

P(x>3)

Dau tién, phat trién ddy dt ham phin phdi xac suit va vé do thi ham phan phdi xac suit.
Vé&i ham phan phéi xac sudt dwoc phat trién day du, ching ta cé thé don gian doc giai
phap cho cau hdi mat ngtra P (x > 3).

P(x>3)=P(x=4)+P(x=5) =0,0146 + 0,0007 = 0,0153. Chung ta da cong hai xac suit
riéng 1é theo Quy tic cdng trong Chuwong X4c suét.

Hinh 4.2 cling cho phép chiing ta thdy méi lién hé gitra ham phan phdi xac suit va xac
sudt va dién tich. Ching ta ciing thiy trong Hinh 4.2 d6 1éch cua phan phéi nhi thirc khi
p khong bang 0,5. Trong Hinh 4.2, phan phdi bi 1éch phai do u = np = 1,25 bé&ivip =
0,25.

0,0146 0,0007
| T
4 5

Hinh 4.2 Ham Phéin Phoi Xac Suat

PCx=x0) = () p*(1 = p)"~*

- ( > ) 1 25%0, 7550
Xo
etc.

u=np=125

Bai tap van dung 4.4

Mot con xtic x3c sdu mit cdng bang duoc tung 10 1An. Moi 14n tung 12 doc 14p. Ban mudn
tim xac sudt tung dwoc mit s6 1 nhiéu hon ba Ian. Trinh bay ciu hoi vé xac suit bang
cong thirc toan.

Vidu 4.5

Vdn dé

Khoang 70% sinh vién thdng ké 1am va nop bai tap vé nha ding han. Mbi sinh vién lam
bai tip vé nha doc 1ap. Trong mot 16p thong ké gom 50 sinh vién, xac suit dé it nhat 40
sinh vién 1am bai tap vé nha dung han 1a bao nhiéu? Sinh vién dugc chon ngiu nhién.
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a. Dy 1a mot van dé nhi thirc vi chi c¢é thanh cong hoic , 6 mot s6 1an thi
nghiém cd dinh va xac suit thanh cong la 0,70 cho moi lan thir nghiém.

b. Néu chiing ta quan tAm dén s6 lwong sinh vién lam bai tip vé nha ding han, thi ching
ta dinh nghia X nhw thé nao?

c. X nhan nhirng gia tri nao?
d. "ThAt bai" bang 1o 1a gi?
e.Néup+q=1,thiqlag?

f. CAc tir "{t nhat" dwoc chuyén thanh loai bit ding thirc ndo cho ciu hdi xac sudt P(X__
40).

Lo gidi

a. thit bai.

b. X = s6 lwong sinh vién théng ké 1am bai tip vé nha ding han.
c.0,1,2,..,50.

d. Thit bai dwgc dinh nghia 1a mot sinh vién khéng hoan thanh bai tip vé nha dung han.
Xac suit thanh congla p = 0,70. S6 lan thir 1a n = 50.

e.q=0,30.
f.1én hon hodc bang (=). Cau héi x4c suit1a P(X = 40).

Bai tap van dung 4.5

1. 65% nguwoi vieot qua Ky thi lai xe cip bang trong lan thir dau tién. Mot nhém gém 50
ca nhan dwoc chon ngiu nhién tir nhitng ngudi da tham gia ky thi 1ai xe. Hiy dwa ra hai
ly do tai sao diy la mét van dé nhi thirc.

2. Trong mot mua gidi NBA, mét ciu thu cia Los Angeles Clippers c6 ty 1é hoan thanh ca
ném ré cao nhit trong giai dau. Cau tha nay ghi diém véi 61,3% s6 ¢ ném ctia minh. Gia
st ban chon mdt mau ngau nhién gém 80 ci ném dwgc thwe hién béi cau thi nay trong
mua giai. Goi X = s6 ctt ném ghi diém.

a. Phan phdi xac suit cho X la gi?

b. St dung cac cdng thikc, hdy tinh (i) gia tri binh quan va (ii) do léch chuin cda X.

c. Tim x4c suit dé cau thu nay ghi diém véi 60 ¢t ném trong sé nay.

d. Tim x4c sudt d€ ciu thd nay ghi diém véi hon 50 ci ném trong sé nay.

LUUY
St dung Excel, R dé tinh phan phoi nhi thic.

Excel: phan phdi nhi thirc b(x) c6 thé tinh bang ham BINOM.DIST(x, n, p, 0); x: s6 1an thanh
cong mong mudn; n: s6 1an thi; p: xac suit thanh cong cia mdi Ian thik.
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R: phan phdi nhi thitc b(x) c6 thé tinh bang ham dbinom(x, n, p); v&i x, n, p nhw ciia ham Excel.

4.3. Phan phai hinh hoc

C6 bon didc diém chinh cia mdt thwe nghiém hinh hoc (geometric experiment).

1. Phép thtr dwoc 1ap lai cho dén khi thanh cdng xay ra. Hiy nghi diéu nay nhw thuc
hién mot hodc nhiéu phép thir Bernoulli véi tit ca 14n thir that bai ngoai trir lan
cudi cung la mot thanh cdng. Néi cach khic, ban tiép tuc ldp lai nhirng gi ban dang
lam cho dén khi dat dwoc mot thanh céng thi dirng lai. Vi dy, ban ném mot phi tiéu
vao hong tim cho dén khi ban tring hong tim. Ngay khi ban ném tring héng tim
(1a mét "thanh c6ng") thi ban dirng ném phi tiéu. C6 thé mat sau lan thi cho dén
khi ban tring hong tAm: cac phép thr nhw vay la thit bai, thit bai, that bai, thit
bai, that bai, thanh céng. DUNG LAI Ve 1y thuyét, s6 1an thit c6 thé tiép tuc vo tan.

2. Cac phép thtr 1ap lai d6c lap véi nhau.

3. X&c suit thanh cong p va x4c suit that bai q 1a khong d6i cho moi Ian thir. (p + q) =
1va  q=(1-p).Vidy, xac suit tung duwoc sd 3 khi ban tung mdt con xtic xic
cong bang 1a %. Diéu nay ding bat ké ban tung xuc xac bao nhiéu Ian. Gia st ban
mudn biét xac suat nhan dwoc s6 3 lan dau tién trong lan tung thi nam. Trong cac
lan tung tir mot dén bén, ban khéng nhin dwoc mat cé s6 ba. Cho 4 1an tung dau,
xac suit thit bai cho mdi Ian tung 1a Z . Xac sult nhin dwoc s6 3 dau tién trong lan

C e s 5ia Ul
tung th ndm 1a (g)“' X~

4. Bién ngiu nhién X biéu thi s6 1an thir nghiém ma thanh céng dau tién xay ra. Ttc
la, X = s6 lan thr nghiém ddc 1ap cho dén thanh cong dau tién.

Cac thudc tinh b6 sung sau day ctia phan phdi hinh hoc:

5. Bién ngau nhién 1a roi rac. Bién ngiu nhién c6 thé dwoc dinh nghia theo hai cach
tuy thudc vao moi quan tAm cda nha phén tich. Trong vi du trén vé viéc tung xuc
xac, cAu hoi 12 "X4c suit thanh cong dAu tién sé xay ra trong lan tung thi nam 1a
bao nhiéu?" Ngoai ra, cAu hoi c6 thé dwoc hdi la "Xac suit cin bén lan that bai trudc
khi thanh céng 1a bao nhiéu?" Ching ta sé& thiy rang moi cach dit cAu hoi sé thay
d6i mot chidt hinh thirc cia ham phan phoi xac suat hinh hoc va sé thay doi gia tri
binh quén va dé léch chuin cia PDF hinh hoc.

6. Ngam dinh trong bién ngiu nhién 1a x4c suit thanh c6ng 1a hang s6 va do d6 xac
sudt that bai cling viy. Ddi v&i viéc tung dong xu, diéu nay l1a hién nhién, nhung
trong cac thwc nghiém doi héi ki nang, chang han nhw danh bong chay hodc ném
phi tiéu, ngudi ta c6 thé xem xét rang viéc hoc trong qua trinh thyc nghiém sé 1am
thay ddi xac sut thanh cong. Phin phéi hinh hoc khong thé ndm bit "hoc tap" do
dé lich str ctia xac suat thanh céng dwoc gia dinh 1a khong dai.

7. Phan phoi hinh hocla "khéng nhé" (memoryless). C6 rat it ham phin phoi xac suit

c6 dic tinh "khoéng nhé" va phan phdi hinh hoc 1a ham duy nhit cho bién ngau
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nhién roi rac 1a khong nhé. Vi du, ciu thi béng chay Jones trong lich st ¢6 thanh
tich danh béng ghi diém thanh cong véi xac suit 0,20. Jones da khéng cé ci danh
thanh céng nao trong suét 10 lan danh bong cudi ciing ctia minh. Xac suit dé Jones
c6 ct danh thanh cdng trong lan danh bong tiép theo la bao nhiéu? Ciu tra loi cho
ciu hoi nay bo qua 10 1an thit bai truedc d6 ctia anh dy. T4t ca cac sw kién trudc cac
sw kién trong thoi gian hién tai déu khong lién quan va do dé dwgec coi la "khong
nh¢". Xac sudt danh béng thanh céng clia Jones bat dau lai nhw cti mbi khi anh 4y
dén danh bong. Pic diém nay trinh bay bang hinh thirc todn hoc: P (x =n + k|x =
k+1)=P(x=n),trong d6 k = s I4n thit bai trwéc do.

Dic diém nay ctia phan phdi hinh hoc dan dén mét két qua ky la: néu ta 1y mau mot bd
phan tlr quy trinh san xuit d€ kiém tra 16i cac bd phan, theo phan phdi hinh hoc thi viéc
kiém tra tré lai tir dau bat ké két qua kiém tra truedrc d6. Sé ndi thém vé diéu nay khi ching
ta chuyén sang ham phan phoi xac suat ham mi.

Vidu 4.6

Vin dé
Ban choi mét tro choi may riai ma ban cé thé thing hodc thua (khéng c6 kha nang nao khac) cho
dén khi ban thua. X4c suit thua cda ban la p = 0,57. Xac suit phai choi ndm van m&i thua la bao
nhiéu?

Loi gidi

Gia st X = s0 van ban choi cho dén khi thua (bao gom van thua). Nhw vy, X nhin cac gia tri 1, 2,
3, ... (c6 thé tiép tuc v thoi han). CAu hoi vé xac sudtla P(x = 5).

Bai tap van dung 4.6

Ban ném phi tiéu vao bang cho dén khi tring vao viung trung tim. Xac suat dé ban tring
vung trung tAm 1a p = 0,17. Ban muén tim x4c suit rang phai mit tdm IAn ném mai tring
trung tam.

Vidu 4.7

Vén dé

Mot ky sw an toan tin rang 35% tAt ca cac tai nan cong nghiép trong nha may 1a do nhan
vién khong tuan theo hwéng dan. Anh ta quyét dinh xem xét hd so cac bao céo tai nan
(dwoc chon ngiu nhién va dwoc dit1a ho so sau khi doc) cho dén khi tim thidy mot bao
c4o cho thiy mot tai nan do nhan vién khong tuin theo hwdng dan gay ra. Du kién trung
binh ngudi Ky s an toan sé xem xét bao nhiéu bao cio cho dén khi tim thidy mét bao
co cho thiy tai nan do nhan vién khong tuin theo hwéng dan gy ra? Xac suit ngudi ky
suw phai ki€ém tra it nhat ba bdo cdo cho dén khi tim thiy mot bao cdo cho thiy mét tai
nan do nhan vién khong tuan theo hwéng dan gay ra 1a bao nhiéu?

Access for free at openstax.org
179



4 Bién ngau nhién rdi rac

Goi X = s6 lwgng bao cdo tai nan ma Ky sw an toan phai ki€m tra cho dén khi tim thiy
mot bdo cdo cho thiy tai nan do nhan vién khong tuin theo hwéng dan gy ra. X nhan
cacgiatri 1, 2, 3, .... Cau hoi dau tién yéu cau ban tim gia tri ky vong (expected value)
hoic gia tri binh quan. Cau héi thir hai yéu cau ban tim P( 2 3). ("It nhat" dwoc chuyén
thanh ky hiéu "1én hon hoic bing").

Lo gidi

a. Trung binh, ngwdi Ky sw an toan dw kién sé xem xét bao nhiéu bao cao cho dén khi tim
thdy mot bo c4o cho thdy mot tai nan do khong tudn theo huéng din gy ra? Cau hoi
nay yéu cau ban tim gia tri ky vong hodc gia tri binh quan. Dy la s6 lwong lan thir cho
dén khi thanh cong. Cong thirc cho gia tri binh quan ctia phan phéi hinh hoc nay la: p =
11

= = 2,857.

p 035

Lwu y: rang gia tri binh quan khong cin phai 1a mot s6 nguyén mic du bién ngiu nhién
la roi rac nén phai la mot s6 dém.

b. Xac suit ngwoi Ky s an toan phai kiém tra it nhit ba bdo cio cho dén khi tim thiy
mot bao cdo cho thdy mot tai nan do nhén vién khong tuin theo huwéng dan gay rala bao
nhiéu?

Cau héi nay dwogc tra 101 bang cach dau tién dinh nghia bién ngau nhién. Goi X = s8 lwong
bao cao tai nan ma ky sw an toan phai kiém tra cho dén khi tim thiy mét bao cao cho
thdy mot tai nan do nhan vién khong tuin theo hwéng din gay ra. X c6 thé nhan cac gia
tri 1, 2, 3, 4, ... 0. Khong giéng nhw phan phéi nhi thirc véi mot so6 14n thir c6 dinh, phan
phéi hinh hoc c6 thé c6 s6 lwong lan thi thit bai vé han trwéc khi thanh cong xay ra.
Cau héi thir hai nay yéu cau ban tim P(x = 3). ("It nhat" dwoc chuyén thanh ky hiéu "lén
hon hodc bang".)

Trong phén phoi nhi thirc, chiing ta da thay giai phap cho cac ciu hoi "nhiéu hon" hoac
"{t hon" sé la tinh toan tirng xac suat riéng 1é va cong tir 0 dén 3. Néu xac suit quan tim
12 "16n hon hodc bang" (2), cac xac sudt riéng 1é dwoc cong tir 0 dén 3 va sau d6 duoc
tri di tr mot.

P(x=3)=1-P(x<3)

Doi véi phan phdi hinh hoc, ching ta khong thé cong toan bd khoadng gia tri cia bién
ngau nhién vi n6 tién tdi vo cuc; ta cAn mot gidi phap thay thé. Gidi phap 1a mot cip cong
thirc phan phdi hinh hoc cho cac ciu hdi yéu ciu xac suit "nhiéu hon" va "it hon".

Néu cau hoi la:

Xac sudt cin NHIEU HON n sw kién dé& c6 thanh cong d3u tién 13 bao nhiéu?
P(x>n)=(1-p)

Xac sudt can IT HON n su kién dé thanh cong la bao nhiéu?

P(x<n)=1-(1-p)r
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Bai tap van dung 4.7

Mot gidng vién cdm nhan rang 15% sinh vién dat diém dwéi C trong bai kiém tra cudi
ky. C6 4y quyét dinh kiém ngiu nhién cac bai thi cudi ky (v&i 1dy mau co thay thé, tirc 1a
sau khi xem xong, bai thi dwgc dit tré lai chong bai) va tiép tuc qua trinh nay cho dén
khi c6 4y tim thiy bai kiém tra diu tién c6 diém dwdi C. Tim xac suat dé giang vién phai
kiém tra it nhit 10 bai thi truedc khi gap bai dau tién c6 diém dwdi C?

Bai tap van dung 4.8

Ban cin tim mot cra hang ban loai mwc in dic biét. Ban biét rang trong s6 cac ctra hang
ban muc in c6 10% ban loai mwc dac biét dé. Ban goi dién ngau nhién cho tirng cra hang
cho dén khi mét ctra hang cé loai mwc ban can, p va q la gi?

Ky hiéu cho Phan phdi Hinh hoc: G = Ham Phan phdéi Xac suit Hinh hoc.

DPoc 12 "X 1a mot bién ngiu nhién c¢6 phan phdi hinh hoc". Tham s8 14 p; p = x4c suit thanh
cong cho mdi phép th.

TRUONG HOP I: Bién ngAu nhién X 12 s6 [an thir CHO DEN su kién thanh céng du tién.

Né&u x4c sut thanh cong trong mdi phép thit 1a p, thi x4c suit cia mdi phép thir thit bai
la (1 - p). Ta c6 xac suit dé phép thit x (trong so x lan thr nghiém) la thanh c6ng dau tién
la:

P(X=x)=(1-p)>*p
Véix=1,2 3.

Giong nhw phan phéi nhi thirc, phan phoi hinh hoc cé cac tham s6 1a binh quéan va do 1éch
chuin. Gia tri ky vong cda X, binh quin cho Trwonghgop ,lau = %. biéu nay cho chung

ta biét s6 lan thi nghiém binh quin cho dén khi chiing ta nhan dwoc thanh cong dau tién.
X & day bao gom trong lan thir nghiém dan dén thanh cong. Dang phan phdéi hinh hoc trén
duoc str dung dé mo hinh hoa s6 phép thir cho dén lan thanh cong d4u tién. S6 1an thi
nghiém dwgc dém bao gom ludn Ian thir nghiém thanh céng: x = tit ca cic lan thi nghiém
bao gom l4n thir nghiém thanh céng. Piéu nay cé thé thay trong cong thirc tinh xac suit.
Néu X = s0 lan thtr nghiém bao géom thanh céng, thi ching ta phai nhin xac suit thit bai
(1 - p) theo s6 14n thit bai, tirc 1a (x - 1). PO 1éch chuin ctia Trwdng hop I ciia phan phoi
hinh hoc la:
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4 Bién ngiu nhién roi rac

TRUONG HOP II: Bién ngiu nhién X 1 s6 lan that bai TRUG'C KHI c6 su kién thanh cong
dau tién.

Nguwoec lai véi Treong hop [, ham phin phéi hinh hoc sau dwoc st dung dé mé hinh hoa
s6 lan that bai cho dén Ian thanh cong dau tién la:

PX=x)=(1-p)p
V6ix=0,1,2,3, ..
Trong tredng hop nay, lan thir thanh cong sé khong dwoc tinh cong thirc: X = s6 lan that
bai. Gia tri ky vong, binh quan cta phan phéinaylau = 1:717. biéu nay cho chung ta biét c6

bao nhiéu lan thit bai cé thé xay ra trwéc khi ching ta c6 dwgc thanh cong. Trong ca hai
trweong hop, viéc tinh todn xac sudt déu tuin theo cip s6 nhin (geometric sequence).
Trong Trwong hop I, @6 1éch chuén la:

0,02 _ 2 0019 pp192
0,018 . 00188 0,184 00180 00177
0,016 .
0,014 .
0,012
% 5008
0,006 _
0,004 _
0,002 -
0 1 X
1 5 6 7 8

2 3 4
Hinh 4.3

GEOMETRIC: P = 0,02, Tis6 chung =r = 0,98

Truc y trong Hinh 4.3 chira x4c suit ctia x. Truc x dai dién cho s6 linh kién dwoc kiém tra
cho dén khi phat hién 1a linh kién bi 16i. Vi dy, tai x = 1, ta c6 x4c sudt dé linh kién dau tién
dwoc tim thay bi 16i 1a 0,02. Véi hai linh kién dwoc kiém tra, xac sudt linh kién thit hai bi
16i dwoc vé tai vi tri x = 2 trén truc x véi xac suat 0,0196. Ddi véi xac suat ba 1an thir véi
linh kién thir ba bi 16i, chiing ta tim thdy P (X =3) = 0,019208.

Ta thdy rang trong Hinh 4.3 rang cac xac suit gidm theo cing mot buéc xudng véi moi
thay do6i gia tri ctia x. Gia s6 nay dwoc goi la ty s6 chung (common ratio). Piéu nay chi c6

cho phan phdi x4c suit hinh hoc. Ty s6 chung, dwoc goi l1a r, c6 thé dugc tinh bang cach
P(x=5) _ 0,018447

= = 0,98
P(x=4) 0018823

chia gia tri xac suit bat ky cho gia tri trwéc do, vi du:
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4 Bién ngau nhién rdi rac

Doi véi tip dir liéu nay, ty s6 chung 1a 0,98. Ty s6 chung nhan véi bat ky gia tri xac suit
bat ky sé& cung cAp gia tri xac sudt tiép theo trong chubi. Vi du: xac suit linh kién thir sau
dwoc kiém tra 1 linh kién 16i 12 0,018078. Ta c6 thé kiém tra diéu nay bang cong thirc tir
Trwong hop 1. Biy gior ching ta c6 P( X = 6 ). Biét diéu nay va ty s6 chung, ching ta c6 thé
tinh toan P( X = 7 ) bang phép nhan don gian: P (x = 7) = (0,018078) x 0,98 = 0,017716,
bang gia tri chiing ta da tim th4y truwéc d6 bang cach sir dung phan phéi xac suit hinh hoc.
Gia s6 ty s6 chung nay la nhw nhau gitra moi s6 va dwgc goi la cap s6 nhin (geometric
progression) va do la ly do ma phan phéi xac suat nay c6 tén goi la geometric distribution.
Sau khi tinh todn ty s& chung, bat ky gia tri P( X = Xa) ndo mong mudn déu c6 thé dé dang
tim thiy.

S6 lwong linh kién ban dw kién sé ki€ém tra cho dén khi tim th4y linh kién bi 16i d4u tién l1a

gia tri binh quén, p = 50 cho vi du nay. Céng thirc cho binh quan cia phan phoi hinh hoc

cho bién ngiu nhién theo dinh nghia X = s6 lan that bai truwdc khi thanh cong dau tién 1a p
1

1
=== —=50.
p 002

Cong thirc cho phuwong sai la

of = (%) (% B 1) - (0,1)2) (0,1)2 B 1) = 2450

bo léch chuin Ia

o= 06~ )z ) -

Vidu 4.9

Vén dé

Gia str xac sudt mot linh kién may tinh bi 16i 12 0,02. Cac linh kién dwoc chon ngau nhién.
Tim xac sudt linh kién thit by 1a linh kién dAu tién phat hién 16i khi kiém tra. Ban dw
kién sé& kiém tra bao nhiéu linh kién cho dén khi tim thdy moét linh kién bi 16i?

Lo gidi

Goi X = s8 lwong linh kién may tinh duoc kiém tra cho dén khi tim thay 16i dau tién.
Xnhancacgiatril, 2, 3, ... trong d6 p = 0,02.

Tim P(x = 7). Pap 4n: P(x = 7) = (1 - 0,02)7-1 x 0,02 = 0,0177.

X4c suat kiém tra téi linh kién thi bay thi phat hién 16i dau tién 12 0,0177.

b6 thi cia X ~ G(0,02) la:

Truc y chira xac suit cua x, trong dé X = s6 lwong linh kién may tinh dwoc kiém tra. Lwu
y rang cac xac suat giam theo mot gia s6 chung.
1 1

Cong thirc cho phwong sai la o2 = (%) (— — 1) = (—) (L - 1) =2.450

p 0,02/ \0,02
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4 Bién ngau nhién rdi rac

boléch chuinla o = \/(%) (% - 1) = \/(0—22) (ri)z - 1) =49,5

Bai tap van dung 4.9

X4c sudt mot thanh thép bi 16i 1a 0,01. Cac thanh thép dwoc chon ngiu nhién. Tim xac
sudt 16i dAu tién xay ra trén thanh thép thir chin.

Vi du 4.10

Vin dé

Nguy co mic ung thu trong sudt cudc doi 1a khoang 1 trén 67 (1,5%). Goi X = s6 nguoi
ban héi trweéc khi mot ngudi cho biét ho bi ung thw. Bién ngiu nhién X trong trudng hop
nay chi bao gdm sé lan phép thir thit bai va khéng tinh I4n phép thir thanh c6ng trong
viéc tim mot ngwdi mic bénh. Cong thirc phit hop cho bién ngiu nhién nay 1a céng thirc
cho Trwong hop 1l dugc trinh bay & trén. Khi d6, X 12 mdot bién ngau nhién roi rac véi
phén phéi hinh hoc:

a. Xac suat dé ban hoi 9 nguwoi truede khi mot ngwoi néi ho bi ung thw 1a bao nhiéu? biéu
nay twong dwong xac suit dé ban hoi 9 ngwoi néi khéng va ngudi thir muwoi néi cé la
bao nhiéu?

b. Xac suat dé ban phai hoi 20 ngwoi la bao nhiéu?

c. Tim (i) gia tri binh quén va (ii) d6 léch chuin cda X.

Loi gidi

a.P(x=9)=(1-0,015)x0,015=0,0131
b.P(x=19)=(1-0,015)¥x0,015=0,0113

(1-p) _ (1-0015)
p 0015

C. i. SO binh quan = u = = 65,67

ii. Do 1éch chudn =0 = \/(1—;9) = \/(1_0’0;5) = 66,16
p 0,015

Bai tap van dung 4.10

Ty 1& biét chir cia mdt qudc gia dwoc do lwong qua ty 1€ nguwoi tir 15 tudi tré 18n co6 thé
doc va viét. Ty 1é biét chir cia phu nit & Lién hiép cac Thudc dia Doc 1ap 1a 12%. Goi X =
s6 phu nit ban hoi trwdc khi tim thdy mot ngudi néi rang co dy biét chi.

a. Phan phéi xac suit cta X 1a gi?
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b. Xac suit d€ ban héi ndm phu nit trwedc khi mot ngudi ndi rang cd dy biét chir 1a bao
nhiéu? c. Xac suit dé ban phai h6i mwoi phu nit 1a bao nhiéu?

Vidu 4.11

Mot ciu thi bong chay cé ty 1é danh bong thanh cong la 0,320. iy la xac suit chung ma
anh ta danh tring bong mai khi anh ta ra sin danh bong.

Vén dé

Xac suit dé anh ta danh tring bong lan dau tién trong ln ra sin danh bong th ba la
bao nhiéu?

Lo gidi
P(x=3)=(1-0,32)31x 0,32 = 0,1480
Trong trwong hgp nay, trinh tw 1a that bai, that bai, thanh coéng.
Vin dé
Ban du kién ciu thd nay can bao nhiéu lan ra sin danh béng truéc khi danh trung bong?
Lo gidi
1

1
U= ;—m—3,125~3

bay don gian 1a gia tri ky vong ctia X va do d6 la gia tri binh quan ctia phén phoi.

Bai tap van dung 4.11

Mot van dong vién chay cé xac suat vé nhit trong mot cudc dua la 0,426.
a. Xac suat ho vé nhat trong cudc dua thi tw la bao nhiéu?

b. Ban mong doi van dong vién can chay bao nhiéu cudc trudc khi vé nhat?

Vi du 4.12

Vdn dé

C6 80% kha nang mot con ché Dalmatian c6 13 dom den. Ban dén moét cudc thi ché va
dém cac dom trén nhirng con ch6 Dalmatian. Xac suét dé ban kiém 3 con ché trudc khi
tim thay mét con c¢6 13 dém den la bao nhiéu?

Loi gidi
P(x=3) = (1 - 0,80)3 x 0,80 = 0,0064
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Bai tap van dung 4.12

C6 75% kha nang mot con vet c6 mau xanh 14 ciy. Ban dén mét clra hang thd cwng va
quan sat nhirng con vet. Xac suit ban sé quan sat dwoc 4 con vet trec khi tim thiy mot
con vet c6 mau xanh la cay la bao nhiéu?

LUUY

S dung Excel, R dé tinh phén phoi hinh hoc.

Excel: phan phdi nhi thirc G(x) c6 thé tinh bang ham NEGBINOM.DIST(x, 1, p, 0); x: s6 IAn that
bai (thir) trwérc khi c6 thanh cdng diu tién; p: xac suit thanh cong cia mdi lan thir.

R: phan phdi nhi thirc G(x) c6 thé tinh bang ham dgeom(x, p); x: s6 1an that bai (thit) trwdc khi
c6 thanh cong dAu tién; p: xac suit thanh cong cia moi lan thir.

4.4. Phan phoi Poisson

Mot phan phdi xac suit hitu ich khac 1a phin phéi Poisson (Poisson Distribution), con
goi la phén phoi thoi gian cho. Phan phdi nay dwoc sit dung dé xac dinh can bao nhiéu
nhén vién thu ngin dé gilr thoi gian cho x€p hang & mirc quy dinh, cin bao nhiéu dwong
day dién thoai dé tranh hé théng bi qua tai va nhiéu &ng dung thwc té khic. Mot bién thé
cta phan phéi Poisson, phan phéi Pascal, dwoc phat minh gan hai thé ky trwéc, ngay nay
dwoc cac cong ty vién thong trén toan thé gi¢i st dung dé tinh todn hé s tai, mirc két ndi
vé tinh va cac van dé vé dung lwong Internet. Phin phéi nay dwoc dit tén theo Simeon
Poisson, ngwoi da trinh bay n6 vao nam 1837 nhw mdt phan mé rong cia phan phoi nhi
thirc ma chung ta s& thdy c6 thé dwoc woc tinh bang phan phdi Poisson.

C6 ba dic diém chinh cia mét thwe nghiém Poisson.

1. Phan phdi xac suat Poisson (Poisson Probability Distribution) cho xac suat mot
s6 lwong su kién xay ra trong mot khoang thoi gian hodc khoang khong gian xac
dinh néu cac sw kién nay xay ra v&i téc do trung binh da biét.

2. Cac sw kién ddc 1ap vé mat thoi gian (hodc khong gian) ké tir sy kién cudi cung. Vi
du, mot bién tip vién sach c6 thé quan tim dén sé lwgng tir bi danh sai chinh ta
trong mot cudn sach cu thé. Cé thé 1a trung binh c6 nam tir bi sai chinh ta trong
100 trang. Khoang (khong gian) 1a 100 trang va gia dinh rang khong c6 méi quan
hé nao gitra cac 16i chinh ta (vi du khodng cach tir mot 16i téi 16i tiép theo 1a ngiu
nhién).

3. Bién ngiu nhién X = s6 1an xu4t hién trong khoadng thoi gian (khong gian) quan
tam.
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Vi du 4.13

Vén dé

Mot ngan hang wéc tinh nhin dwoc trung binh sau séc x4u moi ngay. Xac suit dé ngn
hang nhin dwoc it hon ndm séc xiu trong bat ky ngay nao la bao nhiéu? Piéu quan tim
la s6 lwong séc ma ngan hang nhian dwgc trong mdt ngay, vi vy khodng thoi gian quan
tAm la mot ngay. Goi X = s6 lwong séc xau ma ngan hang nhin dwoc trong mot ngay. Néu
ngin hang dv kién nhan dwoc sdu séc x4u mdi ngay thi gia tri trung binh 13 sdu séc moi
ngay. Viét mot phat biéu todn hoc cho ciu héi xac suét.

Loi gidi
P(x < 5)

Bai tap van dung 4.13

Mot clra hang dién tr dw kién c6 trung binh mudi lwot trd hang moi ngay. Ngudi quan
ly mu6n biét xac suit dé cira hang nhin dwoc it hon tdm lwot trd hang trong bat ky ngay
nao. Phat biéu cau hoi xac suit bang toan hoc.

Vidu 4.14

Vén dé

Ban nhan thdy mot phéng vién tin tirc ndi "o", trung binh, hai Ian mdi IAn phat séng. Xac
suat dé phdong vién tin tirc n6i "o" nhiéu hon hai ldn moi lan phat séng la bao nhiéu?

Pay la mot van dé Poisson vi ban quan tim dén viéc biét s6 1an phéng vién tin tirc noi
"o" trong mot lan phat song.

a. Khoang thoi gian quan tam la gi?

b. SO Ian trung binh phéng vién tin tirc ndi "o" trong mot lan phat séng la bao nhiéu?

c.Goi X = . X nhan nhirng gia tri nao?
Cau hoi xac suat la P( ).
Loi gidi

a. mot Ian phat séng dwoc do bang phut

b. 2

c. Goi X = s0 1an phéng vién tin tirc n6i "0 trong moét lan phat song. X =0, 1, 2, 3, ...
d.P(x>2)
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Bai tap van dung 4.14

Phong cp ciru tai mot bénh vién ti€p nhin trung binh ndm bénh nhan mai gid. Mot bac
si mudn biét xac sudt phong cip ctru ti€p nhan hon ndm bénh nhin moi gi¢. Hay dwa ra
ly do tai sao diy la phan phdi Poisson.

Ky hiéu cho phan phoi Poisson: P = Ham phan phoi xac suat Poisson

X~P(W

Doc 1a "X 12 mot bién ngiu nhién c6 phan phdi Poisson." Tham s 1a p (hodc A); pu (hodc A)
= gia tri binh quin cho khoang thoi gian ching ta quan tAm. Gia tri binh quén la sé lan
xudt hién xay ra trung binh trong khoang thoi gian do.

Cong thirc dé tinh xac suit tir mot qué trinh Poisson la:

pre ¥
x!

P(x)=

trong d6 P(x) la xac suit cia x thanh cong, p 1a s6 lwgng thanh cong ky vong dwa trén dir
liéu lich st, e 1a logarit tw nhién x4p xi bang 2,718 va x 1a s6 lwong thanh cong trén mot
don vi, thuwong 1a trén mét don vi thoi gian.

Binh quéan (s6 I4n xult hién trung binh trén moét don vi thoi gian) cia phan phédi Poisson
1a uva dé léch chudn o = /.

Dé str dung phan phdi Poisson, mot s6 gia dinh nhit dinh phai ding. Dé 1a: xac suit cla
mot thanh cdng khong thay ddi trong khoang thoi gian xem xét; thanh cong khong thé xay
ra dong thoi trong khodng thoi gian xem xét; va cudi cung xac suat cia mot thanh cong la
doc 1ap (cung mot gia dinh véi phan phoi nhi thirc).

O mot s6 phwong dién, phan phdi Poisson cé thé dwoc coi 1a mot cach théng minh dé
chuyén d6i mot bién ngiu nhién lién tuc, thwong 13 thoi gian, thanh mot bién ngau nhién
ro&i rac bang cach chia thoi gian thanh cac khodng thoi gian doc 1ap roi rac. Cach suy nghi
nay vé phan phéi Poisson gitp ching ta hiéu tai sao né c6 thé dwoc st dung dé wéc tinh
x4c suat cho bién ngau nhién roi rac tir phan phdéi nhi thirc. Poisson dang héi xac suit clia
mot sO lwong thanh cong trong mdt khoang thoi gian trong khi nhi thirc dang hoi xac suét
cia mot s6 lwong thanh cong nhat dinh cho mot s6 lwgng thit nghiém nhat dinh.

Vi du 4.15

Vén dé

Leah nhin dwoc khoang sau cudc goi dién thoai tir 8 gior sing dén 10 gior sdng. Xac suat
d€ Leah nhian dwgc nhiéu hon mot cudc goi trong 15 phiit tiép theo 1a bao nhiéu?
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Loi gidi

Goi X = s0 cudc goi Leah nhin dwoc trong 15 phit. (Khoang thoi gian quan tim la 15
phut hoac i gio.)

x=0,1,23,..

Néu Leah nhin dwoc trung binh sdu cudc goi dién thoai trong hai gio va c6 tam khoang
thoi gian 15 phut trong hai gio, thi Leah nhan dwoc

(g ) = 0,75 cudc goi trong 15 pht, trung binh. Vi vy, u = 0,75 cho van dé nay.

Tim P(x > 1).

Phén phéi Poisson la roi rac va do dé > 1 bao gom tit ca cac s nguyén dén vo cuc. Giai
phap 12 trir di xac sudt nhé hon hodcbang 1,dodé1-[P(x=0)+P(x=1)]
pre ®

P(x)= x!

P(x>1)=1-P(x <1)

=1-[P(x=0)+P(x=1)]

0,7503_0'75 0,7516_0'75
-1- [P ]
0! 1!

_ 4 [W(4724)
=1 [ 1

+ (0,75)(0,4724)]
1

=1- 10,4724 +0,3543] = 0,1733

P(x)

0 1 2 3 4

Hinh 4.4
Truc y trong Hinh 4.4 chira xac suit cua x, trong dé X = s6 cudc goi trong 15 phit.
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Bai tap van dung 4.15

Mot trung tAm dich vu khach hang nhan dugc khodng mwoi email mdi nira gidr. Xac suat
dé trung tdm dich vu khach hang nhin dwoc nhiéu hon bén email trong sau pht tiép
theo la bao nhiéu?

Vidu 4.16

Vén dé

Theo Baydin, mét cong ty quan ly email, moét ngwdi dung email nhan dwoc trung binh
147 email mbi ngdy. Goi X = s lwgng email ma mot ngwodi dung nhan duwgc moi ngay.
Bién ngau nhién r&i rac X nhan cac gid trix = 0, 1, 2,... . Bién ngau nhién X c6 phan phdi
Poisson: X ~ P(147). Gia tri binh quan la 147.

a. X4ac suit dé mot nguwdi dung nhan duoc chinh xac 160 email moi ngay 1a bao nhiéu?
b. X4c suit d& mot ngwdi dung nhan duoc t6i da 160 email mdi ngay 1a bao nhiéu?

c. D6 1éch chuin la bao nhiéu?

Loi gidi

a. P (x=160) = poissonpdf (147, 160) = 0,0180

b. P (x <160) = poissoncdf ( 147, 160) = 0,8666

c. Do léch chuidn = o = u = V147 ~ 12,1244

LUUY

St dung Excel, R d€ tinh phan phdi Poisson.

Excel: phan phdi Poisson P(x) c6 thé tinh bang hAmPOISSON.DIST(x, m, 0); x: s6 l4n xay ra sw
kién (gia tri nguyén = 0); m: s6 lan xay ra trung binh trong mot don vi thoi gian (hay khong
gian); c6 thé tri 0 bang 1 néu mudn tinh phan phdi tich Iiy.

R: phén phdi nhi thirc P(x) c6 thé tinh bang ham dpois(x, m); x va m nhw ham tinh Poisson
trong Excel.

Bai tap van dung 4.16

Theo mét cudc tham do gan diy ctia Pew Internet Project, nhirng nguoi trong do tudi tir
14 dén 17 glri trung binh 187 tin nhin moi ngdy. Goi X = s8 lwong tin nhin ma mot cd
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gai tir 14 dén 17 tudi glri mdi ngay. Bién ngau nhién rdi rac X nhan cacgiatrix=0, 1, 2
.... Bién ngiu nhién X c6 phan phdi Poisson: X ~ P(187). Gi tri trung binh 1a 187 tin
nhan van ban.

a. Xac suat dé mot ngwdi glri chinh xac 175 tin nhan moi ngay 1a bao nhiéu?
b. X4c suit d&€ mot ngudi glti t6i da 150 tin nhan moi ngay 1a bao nhiéu?

c. Do 1éch chuin l1a bao nhiéu?

Vidu 4.17

Vin dé

Ngudi dung tin nhin nhan hodc gii trung binh 41,5 tin nhin vin ban mdi ngay.

a. Ngwoi dung tin nhan nhin hoic giti bao nhiéu tin nhin moéi gio?

b. X4c suit dé nguwoi dung tin nhan nhan hoic gri hai tin nhan mdi gi¢ 1a bao nhiéu?

c. Xac sudt dé ngwoi dung tin nhan nhan hoic giri nhiéu hon hai tin nhin moi gi¢ 1a bao
nhiéu?

Loi gidi

a. Goi X = s8 lwong tin nhian ma nguwoi dung gri hodc nhan trong mot gid. S6 lwong tin
< N A X: ix 1 ,5

nhan trung binh nhan dwoc moi gio la % =~ 1,7292.

p¥o™# 1,7292¢1729
x! 2!

b.P(x=2)=

= 0,265

-7 718_7 728_7

CP(x>2)=1-P(x s2)=1—[7°§, | = 0,250

1! 2!

Bai tap van dung 4.17

San bay quoc té Hartsfield-Jackson cta Atlanta la sin bay ban ron nhit thé gi¢i. Trung
binh ¢4 2.700 lwgt may bay dén va di mdi ngay.

a. C6 bao nhiéu may bay dén va di khdi san bay mai gio?
b. Xac suit c6 chinh xac 100 lwgt dén va di trong mot gior 1a bao nhiéu?

c. Xac sudt co t6i da 100 lwot dén va di trong mot gior 1a bao nhiéu?

Vidu 4.18

Vin dé

Vao mot ngdy cu thé trong thang 5, bat dau tir 4:30 chiéu, x4c suit hoat dong dia chin
thip trong 24 gio ti€p theo & Alaska dwoc bao cao la khoang 1,02%. Str dung thong tin
nay cho 200 ngay tiép theo dé tim xac suit cé hoat dong dia chan thap trong muwdi trong
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s6 200 ngay tiép theo. St dung ca phin phdi nhi thirc va Poisson dé tinh xac suit. Chung
c6 gan nhau khong?

Lo gidi
Goi X = s6 ngay c6 hoat dong dia chin thap.
Str dung phén phéi nhi thic:

200!
P =10) = 10210 9898190 = 9
(x 0) 101 (200 = 10)! x 0,010 X 0,9898 0,00003
Str dung phén phéi Poisson:

Tinh p=np =200(0,0102) = 2,04

uxe—u 2,04108_2'04
X 10!

Khi n16m (16m hon 20) va p nhé (nhé hon 0,05) thi két qua tinh x4c sudt bang phan phdéi

Poisson sé x4p xi phan phéi nhi thirc. Hai két qua rat gin nhau, ca hai xac suit déu gan

bang 0.

P(x=10) =

= 0,000045

Bai tap van dung 4.18

Vao mdt ngay cu thé trong thang 5, bat dau tir 4:30 chiéu, xac suit hoat dong dia chin
vira phai trong 24 gi¢ ti€p theo tai quan dao Kuril ngoai khoi bo bién Nhat Ban dwoc
bao cao la khoang 1,43%. Str dung thong tin nay cho 100 ngay tiép theo dé tim xac suit
c6 hoat dong dia chan thap trong nam trong s6 100 ngay tiép theo. Str dung ca phan phdi
nhi thirc va Poisson dé tinh xac suit. Chung c6 gan giéng nhau khéng?

Vi du 4.19

Phén phoi Poisson thwong dwoc goi la phan phoi cho "thoi gian cho". Theo mot nghia
nao dé, diéu nay gin lién véi mai lién két gitra mot phan phdi roi rac do s 1an xuat hién
va cach xtt Iy bién ngu nhién lién tuc (thoi gian). Phan phéi Poisson 14y bién thoi gian
(ngAu nhién lién tuc) va chia né thanh mot bién ngiu nhién r&i rac bang cach do sé 1an
xudt hién roi rac. Trong vi du 4.16, ching ta dang do s6 lwong tin nhin dwoc giri (lan
xudt hién), 12 mot bién ngiu nhién roi rac, trong moi ngay, 1a mot bién ngiu nhién lién
tuc.

Phan phdi Poisson c6 thé duwoc st dung cho nhiéu trng dung khac. Bat ky bién ngiu nhién
lién tuc nao cé thé dwoc chia thanh cac phép do roi rac déu cé thé st dung phan phdéi
Poisson dé tinh xac suit cta so lwong gia tri rod rac X da cho, s6 1an xuit hién ma ching
ta quan tAm. Chung ta quan tAm dén sé lwong 6 ga trén dwong cao toc dé€ danh gia chat
lwong cong viéc lat dwong. Trong tredng hop nay, 6 ga la Ian xuat hién va c6 thé dwoc
dém trén mbi dim vudng dwong cao téc. Dim 1a mot bién ngiu nhién lién tucva 6 ga la
bién ngau nhién r&irac. C6 thé chiing ta mudn biét vé xac sudt ma motky thuatlat duong
nhit dinh sé din dén c6 hon 20 6 ga trong 10 dam mit dwong. Néu xac suit 1én, ching
ta c6 thé loai bé ky thuat 1at dwong dé. Hay vo hop banh quy ghi rang mdi chiéc banh
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quy c6 hon nam miéng sé co la. LAy mau bot banh quy, chiing ta c6 thé tinh todn xac suat
banh quy thanh phdm sé& dap &ng yéu ciu c6 nam miéng sb cd la mdi chiéc banh quy.
Mot treong hop khiac ma ta c6 thé sir dung phan phdi xac suit Poisson. D6 la viéc san
xudt kinh cho kinh chan gié 6 t6 c6 thé gap phai mot 16i dwgc goi 1a "bot". Trong qua
trinh san xuit, khong khi doi khi bi mac ket trong kinh néng va khi 1am ngudi sé dé lai
mét “bot” dnh hwdng téi quan sat ciia nguwoi 1ai xe. D€ tinh xac suit thanh phiam cé it
hon ba "bot”, s6 lwong chap nhin dwgc cho quy trinh san xuit, phan phdi Poisson sé
htru ich.

LUUY

Poisson 1a mdt bién ngiu nhién r&i rac. Ching ta dang dé€m s6 1an xuat hién (xay ra). N6 xay
ra hodc khong xay ra trong mot khoang thoi gian, mot dam dwong hoac mot mé bot banh quy.
Theo nghia nay, Poisson giéng nhw nhi thirc & cho 1an xu4t hién 1a nhi phan, xay ra hodc khéng
xay ra. Vi méi lién két nay véi nhi thire, chiing ta c6 thé s dung Poisson dé wéc tinh phan phéi
nhi thirc va diéu nay dwoc thao luin dwéi day.

Bai tap van dung 4.19

Trong mét thanh phé nhd, mot cudc khdo sat 500 phwong tién cho thay c6 2% kha ning
xdy ra tai nan trong mot tudn. Tinh xac suit c6 nhiéu nhat 2 vu tai nan xay ra trong bat
ky tuén nao.

U'éc tinh Phan phéi Nhi thirc bang Phan phdi Poisson

Chung ta da thdy rang phan phdi nhi thirc cung cAp mot phép x4p xi cho phan phdi siéu
bdi. By gio ching ta thdy rang phan phdi Poisson cé thé cung cAp mot phép x4p xi cho
phan phdéi nhi thirc. Chiing ta ndi rang phan phdi nhi thitc tiém cin Poisson. Phan phdi nhi
thirc tiém cin phan phéi Poisson khi n cang 16 va p nhé sao cho np tré thanh mot gia tri
khong d6i. C6 mot sd quy tac kinh nghiém cho viéc khi ndo ta c6 thé st dung phan phdi
Poisson d€ wdc tinh phan phdi nhi thirc. Mot trong cac quy tic do 1a np, gia tri trung binh
clia nhi thirc, phai nhé hon 25. Mt s8 tac gia khac lai cho rang né phai nhé hon 7. C6 tac
gia lwu y rang gia tri binh quan va phwong sai cia phan phéi Poisson bang nhau nén dé
Xudt rang np va npq, gia tri binh quan va phwong sai ctia nhi thirc, phai lén hon 5. Khong
c6 mot quy tac kinh nghiém nao dwoc chip nhan rong rai cho viéc khi ndo ngwoi ta c6 thé
st dung Poisson dé wéc tinh phan ph6i nhi thirc.

Khi chiing ta nghién ctru cac phan phéi xac suat nay, ching ta di tlr cic phan phdi it phirc
tap dén cac phan phoi phirc tap hon; cac phan phoi nay, cé thé noi, chiva cdc phan phoi it
phirc tap hon trong ching. Diéu nay da dwoc chirng minh bang toan hoc. Diéu nay dua
ching ta dén mirc o phirc tap cao nhit trong phan phoi xac suit tiép theo, cé thé dwoc
st dung nhw mot phép xdp xi cho tat ca nhirng phin phéi ma ching ta da thdo ludn cho
dén nay. D6 1a phan phdi chuin.
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Vi du 4.20

Vén dé

Mot cudc khdo sat 500 sinh vién ndm cudi cia Trwong Kinh doanh Price cho thong tin
sau. 75% di 1am ngay sau khi t8t nghiép. 15% tiép tuc lam MBA. 9% & lai dé€ 14y bang hai
trong mot chwong trinh khac. 1% tiép tuc 14y bang thac si tai chinh.

X4c sudt dé c6 nhiéu hon hai sinh vién tiép tuc hoc sau dai hoc dé 14y bang thac si tai
chinh la bao nhiéu?

Loi gidi

Pay ro rang la mot vin dé phan phéi xac sudt nhi thirc. Cac lwa chon la nhi phan khi
chiing ta dinh nghia két qua la "trueong sau dai hoc vé tai chinh" so véi "tat ca cac lua
chon khac". Bién ngau nhién 14 r&i rac va cac sw kién, chiing ta c6 thé gia dinh, 1a doc 14p.
Giai quyét nhw mot vin dé nhi thirc, ching ta cé:

Gidi phdp Nhi thirc
n.p=500.001=5= u
P (0) = WT()'())O 01°(1—0,01)%°°"° = 0,00675
P(1)= MT:')O 01(1—0,01)5°°"" =0,03318
P(2) = Z'(TOIZ)O 012(1—0,01)%°°"" = 0,08363

Cong tat ca 3 lai=0,12339
1-0,12339=0,87661
Phép tinh gdn diing Poisson

n.p=500.001=5= u
n.p.(1—p)=500.001.(099) ~5= g2
il {P(O)—e_550}+{P(1)— ¢S 1}+{P(2)— 2}

x! 0!
0,0067 + 0,0337 + 0,0842 = 0,1247
1-0,12470=0,8753

Mot phép tinh gan ding sai léch 1 phan nghin chic chdn 1a mot phép tinh gan ding c6
thé chip nhén duorc.

P(X)=

Bai tap van dung 4.20

Trong Vi du 4.20, xac suit c6 it hon 4 sinh vién ndm cudi sé theo hoc chwong trinh sau
dai hoc dé 14y bang thac si tai chinh 1a bao nhiéu?

Access for free at openstax.org
194



4 Bién ngau nhién rdi rac

Thuat ngir chinh

Bién ngiu nhién (Random Variables - RV) dic tinh ctia mot quan thé dang dwoc nghién
ctru; bién ngau nhién thudng dwoc ky hiéu bang cac chit cai Latinh viét hoa X, Y, Z,...; mot
gia tri cu thé cta bién tir mién gia tri (tAp hop tat ca cac gia tri c6 thé cé cia mdt bién)
thwong dwoc ky hiéu bang cac chit cai Latinh viét thudng x, y va z. Vi du: néu X 12 s6 con
trong mot gia dinh, thi x bi€u thi mét s6 nguyén cu thé 0, 1, 2, 3,.... Cac bién trong théng ké
khéc véi cac bién trong dai s6 & hai diém: (1) Mién gia tri cia bién ngau nhién (RV) khong
nhit thiét phai 1a mot tap hop s6; mién c6 thé dwoc dién dat bang 1oi. Vi du: néu X = mau
téc thi mién gia tri la {den, vang, xdm, xanh 14 ciy, cam}. (2) Chung ta chi c6 thé biét gia tri
cu thé€ x ma bién ngiu nhién X nhan sau khi thwc hién thwc nghiém.

Phan phdi hinh hoc (Geometric Distribution) Mot bién ngau nhién roi rac phét sinh tir
cac phép thir Bernoulli; cic thir nghiém dwoc ldp lai cho dén thanh céng dau tién. Bién
hinh hoc X dwoc dinh nghia la s6 I4n thi nghiém cho dén thanh cong diu tién. Gia tri trung

binh la p = %vé d6 1ach chudn 1a o = /% (% —1). Xéc sudt cé chinh xac x thi nghiém cho

dén thanh céng dau tién dwgc cho bdi cong thire: P(X=x) =p (1 - p)&-U; lan thi nghiém
thi x 1a thanh cong dau tién.

Mot dang khac ctia phan phdéi hinh hoc 1a xac suat c6 x that bai truwedc khi c6 thanh cong
dau tién la bao nhiéu? Trong dang nay, lan thir nghiém c6 thanh cé6ng dau tién khéng dwoc
tinh. Cong thirc cho cach trinh bay nay ctia hinh hoc la: P(X = x) = p(1 - p)*. Gia tri ky vong

trong dang phan phoi hinh hoc nay la u = ﬂ

Cach dé nhit dé phan biét hai dang phan phdi hinh hoc nay 1a ghi nhé rang p 1a xac suit
thanh céng va (1-p) la xac suit that bai. Trong céng thirc, cc s6 mii chi don gian la dém
s6 lan thanh cong va s6 1an that bai clia két qud mong mudn ctia phép thir. Tat nhién, tong
clia hai s6 nay phai cong lai bang s& 1an thir nghiém trong phép tht.

Phan phdi nhi thirc (Binomial Distribution) Mot bién ngau nhién roi rac phat sinh tir
cac phép thir Bernoulli; c6 mét s6 lwong cé dinh n cac thr nghiém doc lap. "Pdc lap" co
nghia la két qua cua bat ky 1an thi nghiém nao (vi du: lan thr nghiém mot) khong anh
hwdng dén két qua ctia cac lan thi nghiém tiép theo va tat ca cac lan thi nghiém dwoc
thwc hién trong ciing diéu kién. Trong nhitng trudmg hop nay, bién ngau nhién nhi thirc X
dworc dinh nghia 1a sé lan thanh cong trong n 1an thr nghiém. Gia tri trung binh 1a u = np
va do6 léch chuan la 0 =,/npq. Xac suit c6 chinh xac x thanh céng trong n 1an thir nghiém
la: P(X =x) = (")px n-x,

Phan phdi Poisson (Poisson Distribution) Mot bién ngau nhién roi rac d€m sé 1an mot
s kién nhit dinh sé xay ra trong mot khoang thoi gian cu thé. Dac diém cuia bién: (1) Xac
sult sy kién xay ra trong mot khoang thoi gian nhat dinh la nhw nhau cho tit ca cac
khoang thi gian. (2) Cac sw kién xay ra véi gia tri binh quan da biét va doc 1ap véi thoi
gian ké tir sy kién cudi cung. Phan phéi dwoc dinh nghia béi gia tri binh quin p cda sw
kién trong khodng thoi gian xac dinh. Gia tri binh quan p = np. D6 1éch chudnla o =+/u.

Xac sudt c6 chinh xac x thanh congla: P (x) = x— Phan phoi Poisson thuong dugc st

dung dé xap xi phan phoi nhi thirc khi n "1én" va p "nhg" (quy tac chungla n phai l6n hon
hodc bang 25 va p phai nhé hon hoic bang 0,01).
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Phan phéi siéu boi (Hypergeometric Distribution) Mot bién ngau nhién roi rac duoc
ddc trung bdi: (1) Mot s6 lwong c6 dinh cac 1an thi nghiém. (2) Xac suit thanh cong khéng
giong nhau tir lan thir nghiém nay sang lan thi nghiém khac.

Chuing ta 14y mAu tir hai nhom phén t& (két hop) trong dé chiing ta chi quan tAm dén mot
nhém. X dwoc dinh nghia la sé 1an thanh cong (1dy dwoc phan tir tir trong nhém ta quan
tAm). X4c suit dé c6 x thanh cong mau ngiu nhién (khoéng hoan lai) n phin t tirng tap N
A\(N-A

phén tir c6 Aphin tirta quantimlah (x ) = (’C)E%

n

(Ham) phan phdi xac suat (Probability Distribution Function - PDF) M6t mo ta toan
hoc ciia mot bién ngiu nhién roi rac, dwoc dwa ra dw¢i dang mot phwong trinh (cong
thirc) hodc dwdi dang mot bang liét ké tit ca cac két qua c6 thé c6 cia mot thwe nghiém
va x4c sudt lién quan dén moi két qua.

Phép thir Bernoulli (Bernoulli trial) Mot phép thir véi cac dac diém sau: (1) Chi c6
hai két qua c6 thé xay ra dwgc goi 1a "thanh céng” va "that bai" cho mdi lan thir nghiém.
(2) Xac suit p cia mot thanh cong la nhw nhau cho bt ky Ian thir nghiém nao (do d6 xac
suit q = 1 - p cia mot thit bai la nhw nhau cho bit ky Ian thi nghiém nao).

Thwc nghiém hinh hoc (Geometric Experiment) M6t thwc nghiém théng ké véi cac
thudc tinh sau: (1) C6 mét hodc nhiéu phép thir Bernoulli v&i tat ca cac thit bai ngoai trir
1an cudi cung, d6 1a mét thanh céng. (2) Vé ly thuyét, s Ian thir nghiém c6 thé tiép tuc vo
tan. Phai c6 it nhat mot 1an thir nghiém. (3) Xac sudt thanh cdng p va xac suit that bai q
khong thay doi tir Ian thir nghiém nay sang lan thir nghiém khac.

Thwc nghiém nhi thirc (Binomial Experiment) Mot thuc nghiém thong ké dap (rng ba
diéu kién sau: (1) C6 mot s6 1an thir nghiém c6 dinh, n. (2) Chi cé hai két qua cé thé xay
ra, dwoc goi 1a "thanh c6ng" va "th4t bai", cho moi Ian thit nghiém. Chit p biéu thi x4ac suit
thanh cong trong mot Ian thr nghiém va q biéu thi xac suit thit bai trong mot lan thi
nghiém. (3) S& n Ian thir nghiém doc 14p va dwoc 13p lai bang cac diéu kién gidng hét nhau.

Thwc nghiém siéu bdi (Hypergeometric Experiment) Mot thwc nghiém théng ké véi
cac thudc tinh sau: (1) Ban 14y mAu tir hai nhém. (2) Mot nhém trong hai nhém 1a nhém
ban quan tAm, dugc goi 1a nhom dAu tién. (3) Ban 14y mau ngiu nhién ma khéng thay thé
tir hai nhém két hop. (4) Cac Ian 14y mau (chon) khong doc 1ap vi 1y mau 1a khong thay
thé.
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T6m tat chwong

Gii thiéu

Cac didc diém cia mot ham phan phdi xac sudt (PDF) nhw sau:
1. MOi x4c suit nam trong khoang tir 0 dén 1, bao gom ca hai gia tri 0 va 1.
2. Tong cac xac suatla 1.

4.1 Phan phdi siéu boi

Céng thirc t6 hop co6 thé cung cip sb lwong tip hop con duy nhit cé kich thwéc x c6 thé
dwgc tao tir n phin ti duy nhat dé gidp chung ta tinh toan xac suit. Cong thirc to hop la:

n!
x!(n—x)!

(;l) =.Cx=Cl =

Mot thwe nghiém siéu boi la mot thuwe nghiém thong ké véi cac thudc tinh sau:

e Banldy cAc mAu tir hai nhém.

e Ban quan tdim dén mot nhém cu thé, goi la nhém thi nhit.

e Ban lidy miu khong thay thé tir cAc nhém két hop.

e Modilan chon khong ddc 14p v&i nhau, vi viéc 14y mau 1a khong thay thé.
K&t qua cia mot phép thir siéu bdi phit hop véi phan phdi xac suit siéu boi. Bién ngiu
BG=)

&)

nhién X = s0 lwgng phin ti tr nhém quan tim h (x ) =

4.2 Phan phdi nhi thirc

Mot thwe nghiém thong ké cé thé dwoc phan loai 1a mot thwe nghiém nhi thirc néu dap
trng cac diéu kién sau:

e C6 mot soO lwgng cd dinh cic lan thir nghiém, n.

e Chi c6 hai két qua c6 thé xay ra, dwoc goi 1a "thanh cong” va "thit bai" cho méi lan
th nghiém. Chi p bi€u thi xac suat thanh cé6ng trong mot Ian thir nghiém va q biéu
thi xac suat thit bai trong mét Ian th& nghiém.

e nlan thit nghiém ddc 14p va dwoc l3p lai bang cac diéu kién giong hét nhau.

K&t qua ctia mdt thuc nghiém nhi thirc phtt hgp véi phan phdi xac suit nhi thirc. Bién ngiu
nhién X = s6 lan thanh céng thu dwoc trong n lan thr nghiém ddc lap. Gia tri trung binh
clia X c6 thé dwoc tinh bang céng thirc p = np va do 1éch chudn dwoc cho béi cong thitc o

=4/ npq.

Cong thitc cho ham phan phéi xac sudt nhi thitcla: P (x) = x|(+ix)| .p*q( %)
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4.3 Phan phdi hinh hoc
C6 ba dac diém cia mot thwe nghiém hinh hoc:

e (6 mot hodc nhiéu phép thir Bernoulli véi tit cd cac that bai ngoai trir 14n cudi
cung, d6 1a mot thanh cong.

e V& ly thuyét, s6 lan thir nghiém c6 thé tiép tuc vo6 tin. Phai c6 it nhat mot lan thir
nghiém.

e Xac suit p (thanh c6ng) va xac suit q (thit bai) 12 nhw nhau cho mdi lan thw
nghiém.

Trong mot thwc nghiém hinh hoc, ta dinh nghia bién ngiu nhién r&i rac X 12 s6 1an thi
nghiém doc 1ap cho dén thanh cong dAu tién. Ching ta néi rang X c6 phan phdi hinh hoc
va viét X ~ G(p) trong dé p la xac suit thanh cong trong mot Ian thi nghiém.

SO binh quan ctia phan phdi hinh hoc X ~ G(p) la u = % trong d6 x = so lan thir nghiém

cho dén thanh céng dau tién cho cong thitc P (X =x) = (1 —p)* p trong d6 s6 lan
thir nghiém bao gom lan thi nghiém thanh céng dau tién.

Mot cach phat biéu khac ctia phan phéi hinh hoc dat ra ciu hoéi: xac suit dé cé x 1an that
bai cho dén khi c6 Ian thanh céng d4u tién 1a bao nhiéu? Trong cach phat biéu nay, phép
thr mang lai thanh c6ng diu tién sé khong dwoc dém. Cong thirc cho cach trinh bay nay
cta phan phéi hinh hoc la:

P(X=x)=p(1-p)*

SO0 binh quan trong dang phén phéi hinh hoc nay la p = 1—719.

Cach dé nhit dé€ phan biét hai dang nay ctia phan ph6i hinh hoc 1a hiy nhé rang p 1a xac
suat thanh céng va (1 - p) la xac suat thit bai. Trong c6ng thirc, cic s6 mii chi don gian la
dém s6 1an thanh cong va so 1an that bai cia két qua mong mudn ctia phép thir. Tat nhién,
téng cta hai s6 nay phai cong lai bang s6 1an thwc hién cac phép thir trong mot thir nghiém.

4.4 Phan phdi Poisson

Phan phdi x4c suit Poisson clia mdt bién ngau nhién roi rac cho xac suit mot sé lwong sw
kién xay ra trong mot khoang thoi gian hodc khong gian ¢ dinh néu cac sw kién nay xay
ra véi tée do trung binh da biét va cac sy kién doc 1ap vé mit thoi gian (hodc khong gian)
ké tir sw kién cudi cung. Phan ph6i Poisson c6 thé dwoc st dung dé x4p xi phan phdi nhi
thirc néu xac suit thanh cdngla "nhé" (nhé hon hodc bang 0,01) va s6 1an thir nghiém 1a
"lén" (16m hon hodc bang 25). Cac quy luat kinh nghiém khéc cling dworc cac tac gia khac
nhau dé xuit nhung tit cad déu dong y rang phan phdi Poisson 1a phan phdi gii han cta
phan phdi nhi thirc khi n tang va p tién dén 0.

Xo—H

Céng thirc dé tinh xac suit tir mot qua trinh Poissonla: P (x ) = ”T
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trong dé P(X) la xac sudt thanh cong, u la s6 lwong thanh cdng ky vong, e 1a logarit tw
nhién x4p xi bang 2,718 va X 1a s lwgng thanh cong trén mot don vi, thwong 1a trén mot
don vi thoi gian.

T6m tat cong thirc
4.1 Phan phdi siéu boi

h(x)= DG

G
4.2 Phan phdi nhi thirc

X ~ B(n, p) c6 nghia 1a bién ngiu nhién r&i rac X c6 phan phdi xac suit nhi thirc véi n 1an
thtr nghiém va xac suat thanh céng p.

X

s6 lan thanh cong trong n lan thi nghiém doc lap
n = s6 lan thi nghiém doc lap
Xnhancacgiatrix=0,1,2,3,..,n
p = xac suat thanh céng cho bat ky Ian thir nghiém nao
q = xac sudt that bai cho bat ky lan thir nghiém nao
p+q=1
q=1-p
Gid tri trung binh ctia X 1a p = np. Do 1éch chuin ciaXla o = \/n_q

n!

P(x)= '.p"q(”‘x)

x!'(n—x)

trong d6 P(X) la xac suat c6 X thanh cong trong n Ian thtr nghiém khi xac suat thanh céng
trong MOT LAN TH” NGHIEM BAT KY 1a p.

4.3 Phan phoi hinh hoc
P(X=x)=p(1-p)*

X ~ G(p) c6 nghia 1a bién ngau nhién r&i rac X ¢6 phan phdi xac suit hinh hoc véi xac suit
thanh cong trong mot 1an thir nghiém p.

X = s0 lan th& nghiém doc 1ap cho dén thanh cong diu tién.

Xnhancacgiatrix=1, 2,3, ..
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p = xac sut thanh cong cho bat ky lan thitr nghiém nao

q = xac sudt that bai cho bat ky lan thir nghiém nao

p+tq=1
q=1-p
Gid tri trung binh 14 p = %
518 A’\_/l—_l’_/ll_
boléchchuanlao = = (p) (p 1)
4.4 Phan phdi Poisson

X ~ P(u) c6 nghia la X c¢6 phan phéi xac suit Poisson trong d6 X = sé 1an xuit hién trong
khoang thoi gian quan tam.

Xnhancacgiatrix=0,1,2,3, ..
Gia tri binh quan p (hodc A) thwdng dwoc cho.
Phwong sai 1a 6% = p va dd léch chuin 1a\/p.

Néu P(p) dworc st dung dé xap xi phan phoi nhi thirc thi p = np trong d6 n biéu thi s6 lan
thir nghiém doc 14p va p biéu thi xac suat thanh céng trong mot lan thi nghiém.
pre

x!

P (x) =
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5 BIEN NGAU NHIEN LIEN TUC

Hinh 5.1 Chiéu cao ctia nhitng cay cu ci 1a cac bién ngiu nhién lién tuc. (ngudn: chinh
stra tlr tdc phAm ““Radish (Raphanus sativus): White rust caused by Albugo candida”” ciia
Scot Nelson/ Flickr, Pham vi cong cdng).

Gi&i thiéu

Bién ngau nhién lién tuc cd rat nhiéu &ng dung. Trung binh sé di€ém ghi trong tran bong
chay, diém IQ, thoi lwong cia mot cudc goi dién dwong dai, s6 tién mot ngwdi mang theo,
tubi tho ciia mét con chip may tinh, suit lgi nhuin tir mot khodn dau tw, va diém thi SAT
chi 1a mot vai vi du wng dung. Viéc tinh toan do tin cay hay cac phan tich rai ro cling phu
thudc nhiu vao bién ngau nhién lién tuc.

LUUY

Gi4 tri cia bién ngiu nhién roi rac va lién tuc déi khi c6 thé gdy nham lan. Vi du, néu X 1a s8
dim duwong (1am tron dén diam gan nhat) ban 14i xe dén chd 1am, thi X 12 bién ngiu nhién roi
rac. Ban dém sé dam. Néu X la quang dwong ban 1ai xe dén noi lam viéc, thi khi d6 ban do
lwong cac gia tri clia X va X sé 1a mot bién ngiu nhién lién tuc. Mot vi du khac, néu X 1a s6 lwong
sach trong ba 16, thi X 12 bién ngau nhién r&i rac. Néu X 1a trong lwong clia mot cudn sich, thi
X 12 bién ngau nhién lién tuc vi trong lwong dwoc do lwdng. Pinh nghia bién ngiu nhién nhuw
thé nao la viéc rat quan trong.

5.1 Cac tinh chat cia ham mat do xac suit

D06 thi cia mot phan phdi xac suat lién tuc (continuous probability distribution) la mot
dudng cong. Xac suat dwoc biéu dién bang dién tich duwéi dwdng cong. Ching ta da tirng
gap khai niém nay khi xay dung tin suit twong ddi bang do thi histogram trong Chwong
vé Théng ké mo ta. Dién tich twong ddi cho mot khodng gia tri chinh 12 x4ac suit rut ngau
nhién mot quan sat thudc nhém dé (khoang gia tri). Trong Chwong Bién ngiu nhién roi
rac, khi mo ta phan phoi Poisson, d6 thi trong Vi du 4.15 st dung cac hinh hop dé biéu
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dién xac suit clia cac gia tri cu thé clia bién ngau nhién Poisson. Trong trudng hop nay,
ching ta da “ dé dai" str dung cac hinh hop dé dién ti x4c suit vi bién ngau nhién & day
theo phén phdi Poisson 1a bién roi rac (s6 nguyén) nén chila mét diém trén truc so; trong
khi d6 hinh hop lai bé ngang theo truc s8. Néu chu tAm, ta thdy rang trén do thi tai Vi du
4.15, mdi diém trén truc hoanh ctia dd thi xac suit gin véi mot hdp, twong ing véi mot
X4c sudt cla gi tri cia X. Ngwoc lai, trén do thi historgram, mot hop sé khéng gan véi mot
diém. X4c suit dé€ bién ngiu nhién lién tuc nhan mot gia tri cu thé 1a bang 0 vi dién tich
duwdi mot diém 13 bang 0. Xac suat duoc do lwong bang dién tich bén dwdi dwong cong.

Puwong cong nay dwoc goi 1a ham mat d6 xac suit (probability density function, viét tat
12 pdf). Ta st dung ky hiéu f(x) d€ biéu dién duwdng cong. f(x) 12 hAm mo ta do thi; ta st
dung ham mat do f(x) dé vé do thi phan phoi xac suit.

Dién tich dwdi dwong cong (area under the curve) dwoc tinh béi moét ham khac goi la
ham phan phéi tich liiy (cumulative distribution function, viét tat1a cdf). Him phan phdi
tich 1ty dwoc str dung dé tinh xac suit nhw la dién tich. V& mat toan hoc, xac sudt tich liy
1 tich phan ctia ham mat do xac sudt, va xac suit cho mot khoang gia tri cia bién ngau
nhién lién tuc sé bang tich phan cta pdf trong khoang do: tirc 1a dién tich duwdi dwdng cong
gitta hai gia tri.

Hay nhé rang dién tich dwéi pdf cho tat ca cac gia tri kha di ciia bién ngiu nhién luén bang
1.

Vi vy, x4c suit c6 thé dwgc hiéu nhw phan tram chic chin rang bién ngiu nhién lién tuc
c6 gia tri nam gitra hai gia tri dwoc quan tam.

Tém lai cac diém chinh:

e K&t qua duoc do lwong, khdng phai dém.

Téng dién tich ciia phan ndm dwdi dwdng cong va phia trén truc x bang 1.
e X&c suat dwgc tim cho cac khoang gia tri cta x, khong phai cho gia tri riéng 1é.

e P(c < x < d) 12 x&c sudt riang bién ngiu nhién x ndm trong khoang tir ¢ dén d.
P(c <x < d) chinh la dién tich duéi duwdng cong, phia trén truc x, bén phai ctia c va
bén trai cta d.

e P (x=c)=0.Xac suit dé x nhan mot gia tri cu thé 1a bang 0 vi dién tich dwdi duwong
cong tlr x = ¢ dén x = ¢ khong c6 bé rong, nén dién tich = 0.

e P(c<x<d)=P(c<x<d)vixacsuitladién tich (khong phu thudc viéc 1ay hoac
khong 1ay ranh gidi).

Ching ta sé tim phan dién tich dai dién cho x4c suit bang cach stt dung hinh hoc, cong
thirc tinh, phan hé tro, hodc bang xac suit. N6i chung, can st dung tich phan dé tim dién
tich dwéi dwong cong cho cdc ham mat dé xac suat. Cac cdng thirc dwoc dung dé tim dién
tich trong tai liéu nay déu dwoc suy ra bang ky thuat tich phan.

C6 rat nhiéu phan phdi xac suit lién tuc khac nhau. Khi dung phan phoi lién tuc dé mo
hinh héa xac suit, ching ta sé chon phan phdi phtt hgp nhit véi tinh huéng thuc té.
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Trong chwong nay va chwong sau, ching ta sé tim hi€éu vé: phin phdi dong nhat
(Uniform Distribution), phdn phéi mii (Exponential Distribution), phidn phdi chuan
(Normal Distribution). Cac biéu d6 sau diy sé minh hoa cho nhirng phan phdi nay.

f(x)

Ving dwgc to dam dé biéu thi
P(3<x<6)

PHAN PHOI DONG NHAT
Hinh 5.2 Biéu d6 cho thdy mot phan ph6i dong nhat véi ving gitra x = 3 va x = 6 dwoc td6 dim dé biéu
thi x4c suat viéc gia tri ctia bién ngiu nhién x ndm trong khoang tir 3 dén 6.

fix)

Vung duwgce to dam biéu thi xac suat
PR<x<4)

PHAN PHOI MU

Hinh 5.3 Bi€u d6 cho thdy mot phan phdi mii véi ving gitra x = 2 va x = 4 dugc té ddm dé biéu thi xac
sudt viéc gia tri clia bién ngiu nhién X nam trong khoang tir 2 dén 4.

Vung dworc tdo dam biéu
thi xac suat P (1<x<2)

| | |
-3 -2 -1 0 1 2 3
PHAN PHOI CHUAN

Hinh 5.4 Bi€u d6 cho thiy phan phéi chuin véi ving gitra x = 1 va x = 2 dwgc td6 ddm dé biéu
thi x4c sult viéc gia tri ctia bién ngiu nhién x ndm trong khoang tir 1 dén 2.
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Péi véri cac phan phéi xac suit lién tuc, XAC SUAT = DIEN TiCH.

Vidu 5.1

Xét ham so6 f(x) = 21—0 trong khodng 0 < x < 20 véi x la mot s6 thue.

b6 thi cua f(x) = 21—0 12 mo6t dwdong thang ndm ngang. Tuy nhién, vi diéu kién 0 < x < 20,
nén ham so6 f(x) bi gi¢i han trong doan tir x = 0 dén x = 20, bao gom ca hai dau mit.

fx)

Hinh 5.5

f(x) == vé6i 0 < x < 20
20

b6 thi cha f(x) = % 12 mot doan thang nam ngang khi 0 < x < 20.
Dién tich gitra f(x) = % khi 0 < x <20 va truc x 1a dién tich cia mot hinh chir nhat c6 day
=20 va chidu cao = — .
20
DIEN TICH = 20 (%) -1
Gia str chung ta mudn tim dién tich giira f(x) = % vatrucxkhi0O<x<2

fix)

Hinh 5.6

DIENTiCH = (2-0) (55) = 0,1
(2 - 0) = 2 = chiéu dai (day) ctia mot hinh chir nhat
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Nhic lai
Dién tich hinh chit nhat = (chiéu réng) (chiéu dai)

Phin dién tich trén twong (rng v&i mot xac suit. Xac suit x nam gitra 0 va 213 0,1, c6 thé
dwgc viét vé mit todn hoclaP (0 <x<2)=P(x<2)=0,1.

Gia str ching ta muon tim dién tich giira f(x) = (%) vatrucxtaidé4<x<15

fix)

0 4 15 20

Hinh 5.7
DIEN TiCH = (15 - 4) (55) = 0,55
(15 -4) =11 = dién tich ciia mot hinh chit nhat
Dién tich twong ng véi xac sudt P (4 <x < 15) = 0,55.
Gia str ching ta mudn tim P (x = 15). Trén d6 thi xy, x = 15 12 mdt dwong thing dirng.
Puong thang dirng khong c6 chiéu rong (hodc chiéu rong bang khong).

Do dé, P(x = 15) = (dai day) (chiéu cao) = (0) (%) =0
fix)
1
20
X
0 15 20

Hinh 5.8

P (X < x), cling c6 thé dwoc viét 1a P (X < x) d6i véi phan phéi lién tuc, dwoc goi 1a ham
phan phdi tich liy hodc CDF. Lwu y ky hiéu "nhé hon hodc bang". Ching ta cling c6 thé
st dung CDF dé tinh P (X > x). CDF dwa ra "dién tich bén trai" va P (X > x) dwa ra "dién
tich bén phai".

Chung ta tinh P (X > x) d6i v&i phan phaéi lién tuc nhw sau: P (X >x) =1 -P (X <x).
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fix)

Hinh 5.9

Danh d4u do6 thi bang f(x) va x. Chia ty 1 truc x va y theo gia tri 1¢n nhit clia x va y, f(x)
= (), 0=x=20.

20
D& tinh x4c suit x ndm gitra hai gia tri, hdy xem do6 thi sau. Ving dwoc td dam gitra x =
2,3 vax=12,7.Sau doé tinh dién tich hinh chi nhat dwoc t6 dam.

ftx)

0 23 12,7
Hinh 5.10

P (2,3 <x<12,7) = (dai day) (chiéu cao) = (12,7 - 2,3) ( ): 0,52

1
20

Bai tap van dung 5.1

Xét ham sé f(x) = évé'i 0<x<8.Védothiciaaf(x)vatimP (2,5<x<7,5)

5.2 Phan phdi dong nhat

Phin phdi dong nhat (uniform distribution) 1a phan phoi xac suit lién tuc, dwoc dung
cho bién ngiu nhién lién quan t&i cac sw kién c6 kha ning xay ra nhw nhau. Khi giai quyét
cac bai toan c6 phan phdi ddong nhat, hdy cin than lwu y xem dir liéu c6 bao gobm hay khong
bao gom cac diém cudi.

Phat biéu toan hoc clia phan phéi dong nhat la:

f(x)=$véia$xsb
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trong dé a = gia tri thip nhit cta x va b = gia tri cao nhat cta x.

Cong thirc cho s6 binh quan va do 1éch chuan ly thuyét la:

a+b (b—a)?
U= —vaoc= |[——
2 12

Vidu 5.2

Khoang thoi gian (tinh bang phut) ma mot nguwdi phai doi xe buyt c6 phan phdi dong
nhat gitra 0 va 15 phiit.

Vdn dé

a. Xac sudt mot nguwoi phai doi it hon 12,5 phut 1a bao nhiéu?

b. Trung binh, mdt ngwdi phai dgi trong bao 1au? Tim s6 binh quan p va do 1éch chuin
o.

c. Trong 90% trwdng hop, thoi gian cher doi cia mét nguoi sé it hon bao nhiéu? LUU Y:
Cau nay yéu ciu tim bach phan vi thi 90 (90th percentile).

Loi gidi

a. Giad s X = s6 phut ma mét nguwdi phai doi xe buyt,a=0vab =15.X ~ U (0, 15). Viét

. Ap AA o x 1 1.
hammatdoxacsuatf(x):E:EVMOSXSlS.

Tim P (x < 12,5). V& do thi.
P (x <k) = (dai day) (chiéu cao) = (12,5 - 0) (1—15) =0,8333.

Xac suit mot ngwoi phai doi it hon 12,5 phut 1a 0,8333.

fix)
1
15
X
0 125 15
Hinh 5.11
b.p=%2 = == 7,5 Trung binh, mot ngui phai doi 7,5 phit.

o= J (o) J (-0 - 4,3.96 léch chudn 14 4,3 phiit.

c. Tim bach phén vi thix 90. Vé d6 thi. Gia st k = bach phén vi thir 90.
P (x <k) = (dai déy) (chidu cao) = (k- 0) (=)
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0,90= () (3;)
k =(0,90) (15) = 13,5

Bach phéan vi thir 90 1a 13,5 phut. Chin mwoi phan tram trwong hop, mét ngwoi phai doi
nhiéu nhitla 13,5 pht.

f(x)

Viing duoc té dam thé hién
P(x<k)=0,90

Hinh 5.12

LUUY

Str dung Excel, R d€ phat s6 ngiu nhién theo phan phdi dong nhat.

Excel: di thi ta cAn phat s6 ngiu nhién theo phan phdi dong nhat trong khoang (a,b). Str
dung cong thirc =RAND()*(b-a) + a sé cho mot s6 ngau nhién theo phan phdi ddng nhit
trong khoang (a,b).

R: ham runif(1, min = a, max = b) sé tao ra mot s6 ngau nhién theo phan phéi ddng nhat
trong khoang (a,b).

5.3 Phan phoi mii

Ham mét d6 xac suit phan phdi mii (exponential distribution) dwoc xdy dwng dwa trén
ham s6 mii tong quat (general exponential function), trong d6 bién s6 nam & phan sd
mii f(x) = ab*. Phwong trinh nay c6 thé dwgc chuyén do6i sang hé logarit tw nhién véi co
s6 e (e xap xi bang 2,71828). Phan phdi mii c6 nhiéu ng dung thwc tién quan trong, dic
biét thwong dwoc dung dé€ mé ta khoang thoi gian chd cho dén khi mot sw kién cu thé xay
ra. Vi dy, khoang thoi gian (tinh tir hién tai) cho dén khi xay ra mét tran dong dat tuan
theo phan phdi mii. Cac vi du khac bao gom thoi lwong (tinh bang phut) cta cac cudc goi
dién thoai dwong dai hoic thoi gian st dung (tinh bing thang) clia mot binh dc-quy xe
hoi. Nguoi ta cling chi ra rang lwong tién ban mang theo trong vi hodc tii xach thuong
x4p xi tudn theo phan phdi mi.

Cac gia tri ctia bién ngiu nhién mii thwdng xult hién theo cach sau: gia tri 1én it khi xay
ra, gid tri nhé thwong hay xay ra. Vi du, cadc nghién ctru tiép thi cho thiy so tién ma khach
hang chi trong mot 1an di siéu thi tudn theo mot phan phéi mii - phan 1é6n nguoi tiéu dung
chi s6 tién nhé va chi mot sé it ngwdi chi s6 tién 16m.
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Phén phdi mii thwong dwoc st dung trong cac tinh toan lién quan dén do tin ciy cla san
pham, tirc 1a khodng thoi gian sdn phdm c6 thé hoat dong. Mot cong ty sé dung phan tich
phén phéi mi dé phan tich xac dinh sé thang bdo hanh san phim, dwa trén xac suit san
pham hong sau mot khoang thoi gian cu thé.

Bién ngiu nhién trong phan phdi mi 1 lién tuc va thudng do lwong sw troi qua cta thoi
gian, mdc du cling c6 thé ap dung trong cac tinh huéng bién ngau nhién lién tuc khéac. Cac
ciu héi thwong gap la: “Xac suit sw kién xay ra trong vong x gi¢ hodc ngay téi la bao
nhiéu?” hodc “Xac suit sw kién xdy ra trong khoang tlr x1 gio* dén x2 gio la bao nhiéu?”
hodc “Xac suit sy kién cin hon x1 gi¢r d€ thwe hién 1a bao nhiéu?” N6i ngin gon, bién ngau
nhién X bang (a) thoi gian gitra hai sy kién hodc (b) khoang thoi gian dé hoan thanh mot
hanh dong (vi du: phuc vu mot khach hang). Can phan biét bién ngau nhién ctia phan phdi
mii v&i phan phéi Poisson. Phan phéi Poisson l1a phan phoi roi rac, cho biét xac suit xay
ra x lan sy kién trong mét khodng thoi gian nhat dinh. Ngwoc lai, phan ph6i mii la phan
phéi lién tuc, cung cip cho ta xac suit tir hién tai va 1an xay ra tiép theo cia sw kién sé cé
mot khodng thoi gian dai X nao d6. Ching ta sé kham pha thém moi lién hé gitra phan phdi
mi va phan phoi Poisson.

Ham mit do xac suit ctia phan phoi mii dwoc cho bai:

1 x
() = ~e¥
f u
Trong dé6 p la thoi gian cho trung binh trong qua khi.
Binh quan va do 1éch chuin cia phan phdi mi déu bang .

DE tim x4c suit ciia mot bién ngiu nhién lién tuc, ta tich phan ham phan phdi trong khoang
gia tri x twong rng. Tich phan xac dinh cia m6t ham sé cho biét dién tich dwéi dwong cong
ham s6 ndm gitra hai gi tri ctia x.

Vé&i phan phdi mi, c6 ba treong hop tuy vao dang cau hoi.
Truwong hop |

Trwong hop [ tra 1od cAu héi “Xac suat thoi gian d€ hoan tit nho hon x 1a bao nhiéu?” Cau
hoi xac suat sé dwoc viétla: P(X < x).
Vi du: D€ tinh xac suidt mot khach hang sé dwoc phuc vu trong vong mot gio téi, biét rang
thoi gian cho trung binh 1a 30 phat, ta tich phdn ham mat do xac suit phin phéi ma %eg
tlrx = 0 dén x = 60.

xq x x

Fx)=P(X <x) = f ‘Eeﬁdle— ek
0

Phan dién tich bén dwéi ham mat do xac sudt mi nam gitra tir 0 d€n 60 phut 1a xac suit
A AY s > =7 . . A 2 by A A A N ~ T 1 2 A
can tim. Lwu y rang gia tri tai diém 0 cia ham mat do phan ph6i mii la " Giai phwong trinh

ham méat do xac suat & trén trong d6 p = 30 1a thoi gian cho trong qua khir va x = 60 1a
thoi gian chiing ta quan tim dén.
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5 Bién ngau nhién lién tuc

x 60
P (X S60)=(1— eﬂ>=1— e30 = (0,865

Vé&i thoi gian cho trong qua khir 1a 30 phut, hién nhién ta tinh dwoc xac suit khach hang
sé& phuc vu trong vong mot gio t&i 1a khodng 0,865 - gn nhw chic chan, va va dwgc minh
hoa trong hinh 5.13.

I
0 x =60
Hinh 5.13

Truwong hop 11

Trwong hop 11 trd 161 cau héi: “Xac sudt 16n hon x 1a bao nhiéu?” Xac sudt mot nguoi sé
phai cho NHIEU HON x phit 1a bao nhiéu. Him xac suit lién quan sé Ia:

P(X = x)=1-(1— eﬁ)=e#

Gia st mot linh kién dién t&r dwoc bao hanh trong vong hai ndm. Néu linh kién bi hong
trong thoi gian bao hanh hai ndm nay, ngwdi mua sé dwoc hoan tién 100%. Nha san xuit,
thong qua viéc theo doi cin thin cic sdn phdm cia minh, biét rang tudi tho trung binh
trong qua kht cia linh kién nay la 750 ngay. Liéu ho cé dang thuc hién mot chinh sach
kinh doanh rui ro?

O’ day, chling ta c6 thé tinh xac suit ring mot linh kién sé hoat dong 1au hon 730 ngay (hai
nam), nghia la cong ty khong phai hoan tién. Lich s binh quin st dung la 750 ngay, va
khoang thoi gian lién quan la x = 730 ngay.

Str dung ham mat dd x4c sut cia phan phdi m, ta thdy rang xac suit d€ linh kién dién t
nay hoat dong vwrot qua hai nam chi la 0,378, nhw minh hoa trong Hinh 5.14.
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5 Bién ngau nhién lién tuc

==

|
0 x=730

Hinh 5.14

730

P(X >x)= et = e750=0,378

Vi tu6i tho hoat dong clia moi linh kién dién tir 12 mot bién ngau nhién doc 14p, nén ta c6
thé ndi rang khoang 38% cac linh kién nay c6 thé sir dung hon hai nim, déng nghia v&i
viéc 62% ngwoi mua sé yéu ciu hoan tién toan bd. N6i ngan gon, chit lwong san xuit thap
dan dén ty 18 hoan tién cao sé gy ra tén that tai chinh dang ké. C6 thé dw doan rang chinh
sach bao hanh hai nam sé sdm bi loai bé.

Truwong hop 11

Trudng hop 111 cho phép tinh x4c suit rang mot sy kién sé xay ra trong mot khoang thoi
gian cu thé. Vi dy, khi hoi vé thoi gian dén cia mot chuyén bay, nguwoi ta c6 thé nhan dwoc
mot khodng thoi gian nhw “cong hodc trir so véi thoi gian dén dy kién trong qua khir dwgc
tinh theo gior ké tlr thoi diém cat canh”. Trong tredng hop nay, s6 binh quéan 1a thoi gian
dén du kién dwa trén dir liéu lich st vé thoi gian di chuyén. Gid st thoi gian di chuyén
trong qua khi gitra hai diém nay la bén gio. Trwong hop III yéu cdu tinh xac suit trong
khoang gitra hai diém. Hinh 5.15 minh hoa Trwong hop 111 véi hai diém cach thoi gian dén
du kién mot gior sém hon va mot gi mudn hon so véi thoi gian trung binh nam & gitra
hai diém do.

=)=
A=

I
X0=3 x=4 x1=5

Hinh 5.15

Néu thoi gian di chuyén trong qua khir 1a bén gio, thi xo thoi gian di chuyén ba gio va x1
1a thoi gian di chuyén nam gio. Bi€u thirc todn hoc la:
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P(xg <x < x)=P(X =2 x5)— P(X = x;)= et — ekt

3 5
P(3 <x <5)=e2— e4=0,186

Xac suat dé chuyén bay dén trong khodng cong hodc trir mot gior so v&i thoi gian dén duw

kién la 4 gi¢r K€ tir khi cit canh la 0,186. Vé mat truc giac, diy la mot xac suat rat nho dé

dat dwgc mot khoang thoi gian rong nhw vay. Cot 16i ciia van dé 1a do 1éch chuén cda thoi

gian bay trung binh phai rat 1én.

Phin phdi mii va tham s6 phin ra

C6t16i cia phan phoi mii 1a e, co s6 cua logarit tw nhién trong mot ham sé mi v&i bién sé
- 3 nam & sé mi. S6 mii 1a s6 4m, do d6 n6é m6 tA mot ham gidm theo c4p s6 mi, nhw chiing
ta da thay trong Hinh 5.13, Hinh 5.14 va Hinh 5.15 & trén.

Diéu nay din dén mot cong thirc thay thé cho phan phdi xac suit mii:

f(x)=me™

X
F(x)= f me ™dt=1— e ™
0

Trongdém = i do lworng téc d6 suy giam va dwoc goi la tham s6 phén ra (decay factor)12,

Tham s6 phan ra don gian 1a do mirc dd nhanh ch6ng ma xac suit xay ra cia mot sw kién
giam xudng khi bi€n ngau nhién X ting lén.

Pxa <)Y Pixo<x) RN Pixc<x) = B2

P(Xg < X1) > P(xp < X1) >P(Xc < X1)

1
7]

A=0,5
— A=10
A=15
T T T T T T T — X
1 2 3 4 5

12 Con goi 1a hdng s6 phan r3, tham sé tdc do, va ky hiéu la A.
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5 Bién ngau nhién lién tuc

Hinh 5.16 minh hoa phin ph6i mii v&i ba tham s6 phan rd khac nhau. Nhw trwéc day, diém
giao trén truc tung (mat do xac suit) chinh l1a tham sé phan ra. Tham s6 phan ra bing 1,5,
trong ham mii dau tién, c6 toc d6 gip ba lan phan phéi mii thi ba véi tham s6 phén ra la
0,5. Quan sat xac suit ciia moi ham trong ba ham nay tai cing mot gia tri clia x1, c6 thé
th4y ré rang ham dAu tién c6 xac suit xay ra cao hon dang ké so v&i hai ham con lai (tic
1a,P (X, < x1)> P(Xp < x;)>P (Xc < x;), sosdnh xac suit twong rng cia cac ham
a, b, c theo thtr tu).

Cudi cting, phan phéi mii cho thdy mot cach ré rang y nghia thuc sw ctia “ham sé mi”. ¢f
moi don vi, mot sw thay ddi clia x trong phan phdi mii din dén mot thay ddi dang ké vé
xac suit. Vi dy, néu ham phan phoi mi don gian Y = 2x khi thay doi tir x = 4 dén x = 5, gia
tri y ting tir 16 1én 32, nhwng mot thay d6i mot don vi tir x = 10 sang x = 11 lai lam cho y
tang tir 1,024 1én 2,048. Twong tw, trong mot ham mi v&i s6 mii &m nhw phéin phéi xac
sudt mii, sw thay d6i 1a rat dang ké ddi véi moi don vi thay ddi tai cAc mitc x cao hon. Tir
X = -4 dén x = -5, gia tri y gidm tr 0,063 xu6ng 0,031, trong khi mot thay déi mét don vi
trx=-10 dén x = - 11 lam gia tri y gidm tir 0,00097 xuéng 0,00048.

Két luan la: cic xac suit trong mot phan phdi xac suit mii tai cac gia tri x 1én 1a rat hiém,
gan nhu khéng ton tai.

LUUY

S dung Excel, R d€ tinh phan phéi mi.

Excel: x4c suit theo phan phdi mii P (X <x) c6 thé tinh bang ham EXPON.DIST(x, m, 1); m la
tham s6 phéan ra.

R/stats package: xac suit theo phan phéi mii P (X <x) c6 thé tinh bang ham pexp(x, m); m 1a
tham s6 phéan ra.

Vidu 5.3

Gia st x 12 khodng thoi gian (tinh bang phit) ma mot nhan vién bwu dién danh cho mot
khach hang. Theo dir liéu lich st, thoi gian trung binh danh cho méi khach hang 1a 4
phut.

Ta biét rang p = 4 phut, nghia 1a thoi gian trung binh ma nhan vién danh cho mot khach
hang 13 4 phut. Hay nhé rang chiing ta van dang lam viéc v&i xac sudt, do dé can dugc
cung cip cac tham s6 quan thé nhw s6 binh quan. D€ thuc hién bat ky phép tinh nao, ta
cin biét s6 binh quan cta phan phéi: vi du nhw thoi gian phuc vu theo di liéu lich st.
Viéc biét s6 binh quén lich st cho phép tinh tham s6 phén ra, m.

1
:—_V\ 3 , =—=0,25
m " 1vay,m 4

Khi ky hiéu tham s6 phan ra la m, ham mét do6 xac suit dwoc trinh bay nhw sau f(x) =
1

me~™*, 36 don gidn 1a cong thitc gdc véi m thay thé cho %, hay f (x) = %e_ﬁx.
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Dé tinh xac suit phin phoi mi, ching ta cin st dung ham mét d6 xac suat. Nhw dwoc
thé hién duwdi day, dwong cong cia ham méat do xac suét la:

f(x) = 0,25e 02 trong d6 x > 0 vam = 0,25.
Vidu f (5) = 0,25e(-0.25)(5) = 0,072. N6i cach khac, ham c6 gia tri la 0,072 khi x = 5.

Biéu d6 nhuw sau:

0,2+ m=0.25

p=4
Hinh 5.17

Lwu y rang do thi 1a mot dwong cong gidm dan. Khi x = 0:
£(x) = 0,25e (-0.25)0) = (0,25) (1) = 0,25 = m.

Gid tri 1&n nhit trén truc tung (truc y) luén 1a m, térc 1a mét chia cho sé binh quéan.

Bai tap van dung 5.3

Thoi gian ma cac cdp vo chong danh dé chon thiép ky niém cé thé dwoc mé hinh héa
bang phan phdi mil véi thoi gian trung binh 1 tdm phuat. Hay viét biéu thirc clia phan
phéi, néu ham mat d6 xac suat, va vé do thi ciia phan phéi nay.

Vidu 5.4

Vdn dé

Str dung thong tin trong Vi du 5.3, hiy tim x4c sut rang mot nhan vién danh tir bén dén
ndm phut véi mot khach hang dwoc chon ngau nhién.

Loi gidi
TimP (4 <x<?5)
Ham phén phoi tich lily (CDF) cho biét dién tich bén trai cia do thi.
Px<X)=1-emx
P(x<5)=1-e(02(5)=0,7135vaP (x<4) =1 - el-029® = 0,6321
P(4<x<5)=0,7135-0,6321=0,0814
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Ving dwgc to dam
the hién xac suat
P(4<x<5)

o
N
-4

Hinh 5.8

Bai tap van dung 5.4

S8 ngay trwde khi hanh khach mua vé may bay c6 thé dwoc mo hinh héa bang phan phdéi
mil v&i thoi gian trung binh 13 15 ngdy. Hay tim x4c suit rang mot hanh khach sé mua
vé trde it hon mwdi ngay. Bao nhiéu ngay 1a thoi gian ma mét niva s6 hanh khach
cho?

Vidu 5.5

Trung binh, mét bd phidn mdy tinh nhit dinh cé tudi tho 1a mwdoi ndm. Thoi gian ma bd
phén may tinh nay hoat dong tuin theo phéan phoi mii.

Vdn dé
a. Xac suat, mot bo phan may tinh nhit dinh c6 tudi tho 1a mwdi nam.

b. Trung binh, ndm b6 phin may tinh sé hoat dong trong bao lau néu ching dwgc st
dung lan lwot, cai nay sau cai kia?

c. Xac suit rang mot bo phan may tinh hoat dong trong khoang tir 9 dén 11 nim 1a bao
nhiéu?

Loi gidi
a. Goi X 1a thoi gian (tinh bang ndm) ma bé phan may tinh hoat déng.

Tacopu=10dodém=== = =0,1.
u 10

Tim P (X > 7). Vé d6 thi.
PX>7)=1-P(X<7).
ViP(X<x)=1-em™nénP(X>x)=1-(1-e ™) =¢emx,

P (X>7) =e (017 = 0,4966. VAy x4c suidt rang mot bd phan may tinh hoat dong duoc
hon 7 nam 13 0,4966.
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Ving dwgc t6 dim
thé hién xac suat
P(x>7)

p=10
Hinh 5.19

b. Trung binh, mot b6 phin may tinh hoat dong trong 10 nam. Do d6, néu nam bd phéin
dwoc st dung 14n lwot, thi tong thoi gian trung binh sé 1a: (5) (10) = 50 nam.

c.TimP (9 <X < 11). Ve db thi.

Ving dwrge té dim
thé hién xic suat
PP<x=<11)

I I X
0 9 11
p=10
Hinh 5.20

P(9<X<11)=P(X<11)-P(X<9)=(1-etonOD)-(1-elt01®)=0,6671-0,5934 =
0,0737. Xac sudt mot bé6 phin may tinh hoat dong trong khodng tir 9 dén 11 nam la
0,0737.

Bai tap van dung 5.5

Trung binh, mot doi giay chay bo c6 thé str dung dwoc trong 18 thang néu dwoc sir dung
hang ngay. Thoi gian sir dung cua giay chay bo tuin theo phan phdi mii. Xac suit rang
mot doi giay chay bé co6 thé st dung dwoc hon 15 thang 1a bao nhiéu? Trung binh, sdu
do6i giay chay b sé sir dung dwgc bao 1du néu dung lan lwot, déi nay sau doi kia? TAm
muoi phan trdm s6 gidy chay bo sé& st dung duoc t6i da bao 1au néu dung hang ngay?
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Vidu 5.6

Gi st rang thoi lwong ctia mot cudc goi dién thoai (tinh bang phit) 1a mot bién ngau
nhién phan phoi mi véi tham s6 phinra 11—2 Néu c6 nguwoi khac dén tram dién thoai cong
cong ngay triéc ban, hay tim x4c suit rang ban sé phai chd hon nam phut. Goi X 1 thoi
lwong clia mot cudc goi dién thoai, tinh bang phut.
Vdn dé
Gi4 tri ciia m, y, va o 1a bao nhiéu? Xac sudt rang ban phai cho hon nam phatla
Lo gidi

1

m=-—
12

u=12
=12
P (X>5)=0,6592

Bai tap van dung 5.6

Gia st rang khoang c4ch (tinh bang ddm) ma moi ngwdi sdn sang di d€ dén noilam viéc
N Al X A A A P | . . .
la mot bién ngau nhién phan phoi mi véi mot tham s6 phan ra %" Goi X la khoang cach
(tinh bang ddm) ma moi ngwdi sdn sang di dé di lam. Gia tri cia m, y, va o 1a bao nhiéu?
X4c suit rang mot ngwdi san sang di 1am véi khoang cach hon 25 dam 13 bao nhiéu?

Vidu 5.7

Thoi gian cho giira cac sw kién thwdng dwo'c mo hinh héa bang phan phéi mii. Vi
du, gia str rang trung binh c6 30 khach hang dén cira hang mdi gi¢ va thoi gian gitra cac
lAn dén tuan theo phan phoi ma.

Vin dé
a. Trung binh cé bao nhiéu phut tréi qua gitra hai lwgt khach dén lién ti€p?
b. Khi clra hang vira m& ctra, trung binh mat bao 1au dé c6 ba khach hang dén?

c. Sau khi mot khach hang dén, tim xac suit rang mit dwdi mét phut dé khach hang
ti€p theo dén.

d. Sau khi mot khach hang dén, tim xac suit rang mat hon nim phut dé khach hang tiép
theo dén.

e. Liéu phan phdi mii ¢ hop 1y cho tinh huoéng nay khong?

Lo gidi

a. Vi chung ta ky vong 30 khach hang d&én mdi gi¢ (tirc 60 phut), nén ky vong trung binh
s& c6 mot khach hang dén moi 2 phut.
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b. Vi trung binh mot khach hang dén madi 2 phut, nén sé mat trung binh 6 phut dé c6 3
khach hang dén.

c. Goi X 12 thoi gian gitra cdc lwot khach dén, tinh bang phut. Theo phina,p=2nén m
1

==-=0,5.

2

Ham phéan phéi tich lily (CDF) 1a: P (X <x) = 1 - e(-05)®
Vivay P (X< 1) =1 -e (051 = 0,3935.

fx)

0,5
Viing dwgc td dim
0,4 1\ tné hién xac suat
0,3935
0,3 -
0,2
091 1
T T | X
1 5 10 15
Hinh 5.21
d.P(X>5)=1-P(X<5)=1-e(056) =¢25= (,0821.
fix)

0.5

0.4

0,3

0,2

0,1 Ving dwgc to dam thé hién xac suat

P(x>5)=1-P(x<5)=0,0821
T ] ; | X
1 5 10 15
Hinh 5.22

e. M6 hinh ndy gia dinh rang mdi 1an chi c6 mot khach hang dén, diéu nay c6 thé khong
hop 1y vi moi ngwoi c6 thé di mua sim theo nhém, dan dén nhiéu khach hang dén cuing
lac. M6 hinh ciing gid dinh rang dong khach hang khong thay ddi trong sudt ca ngay,
diéu nay khong ding néu c6 nhirng thoi diém trong ngay dong khach hon nhirng thoi
diém khac.
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Bai tap van dung 5.7

Gi4 st rang trén mot doan dwong cao tdc nhit dinh, xe 6 td di qua véi mat do trung binh
12 ndm xe mdi phut. Gia dinh rang khoang thoi gian gitra cac xe lién tiép tuan theo phan
phéi mii.

a. Trung binh c6 bao nhiéu gidy tr6i qua giira hai xe lién tiép?

b. Sau khi mot chiéc xe di qua, trung binh mat bao lau dé bay chiéc xe tiép theo di qua?
c. Tim x4c suit rang sau khi mot chiéc xe di qua, chiéc xe tiép theo sé di qua trong vong
20 giay téi.

d. Tim x4c sut rang sau khi mot chiéc xe di qua, sé khéng cé chiéc xe nao di qua trong
it nhat 15 giay tiép theo.

Tinh chiat khong nhé ctia phan phéi mi

Trong vi du 5.7 khoang thoi gian gitra hai 1an khach hang dén ctra hang dwoc mo hinh héa
theo phan phd6i mii véi mot sé binh quan la hai phat. Gia st da tréi qua nam phut ké twr
khi khach hang cu6i cung dén. Vi mot khoang thoi gian kha dai da tréi qua, ta c6 thé nghi
rang kha ning c6 khach hang dén trong phut tiép theo sé& cao hon. Tuy nhién, véi phan
phéi md, diéu nay khéng diing — khoang thoi gian cho thém cho dén khach hang tiép
theo khéng phu thudc vao thoi gian da tréi qua ké tir 1an khach trwéce. Pay chinh 1a Tinh
chat khong nhé (memoryless property). Phan phdi mii va phan phdi hinh hoc la hai loai
phin phéi duy nhit c6 Tinh chit khéng nhé nay. Cu thé, Tinh chiat khong nhé
(memoryless property) phat biéu rang:

PX>r+t|X>r)=P(X>t)véimoir=0vat=0

Vi dy, néu da trdi qua 5 phut ké tir khi khach hang cudi ciing dén, thi xac suit rang sé con
hon mot phit nita cho dén khi khach tiép theo dén dworc tinh bang cach st dungr = 5 va
t = 1 trong phwong trinh trén:

P(X>5+1|X>5)=P(X>1)=el05 =0,6065.

DPay chinh la xac suat cho viéc phai ché hon mot phut dé c6 mot khach hang méi dén tiép
theo sau bat ky khach nao truwéc do.

Phan phéi mi thwong dwoc dung dé mé hinh hoa tudi tho ciia mét thiét bi dién hoic co
khi. Trong Vi du 5.5, tuéi tho cia mét bd phin mdy tinh tuin theo phan ph6i mi véi trung
binh 12 10 nidm. Tinh chidt khéng nhé chi ra rang nhirng gi da xay ra trong qua khit khong
anh hwdng dén xac sult trong twong lai. Trong tredmg hop nay, diéu dé c6 nghia la mot
b0 phéin cii khong c6 kha nang hong hdc cao hon tai bat ky thoi diém nao so véi mot bo
phan ma&i. No6i cach khac, b phin hoat dong nhw méi cho dén khi n6 dét ngdt hong. Vi du,
néu mot bo phan da hoat dong dwgc 10 ndm, thi xac suit né hoat dong thém dwoc 7 nim
nita la:

P (X>17|X>10)=0,4966, trong d6 ky hiéu “|” dwoc docla "cho trwéc”, hodc "néu nhu".
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Vidu 5.8

Quay lai vi du vé nhan vién buwu dién, trong d6 thoi gian ma mét nhan vién bwu dién
danh cho mot khach hang tuin theo phin ph6i mii véi trung binh la bén phut. Gia st
mot khach hang da dwoc phuc vu bén phut. Vay xac suit rang khach hang dé sé tiép tuc
dwgc phuc vu it nhat thém ba phit nira 1a bao nhiéu?

Tham sé phidnricuiaXlam = i =0,25,do dé X ~ Exp(0,25).
Ham phéan phoi tich liiy (CDF) la: P (X <x) =1 - e -025x,
Tacintim P(X>7 | X > 4).

Tinh chat khong nhé cho ta biét rang: P(X > 7 | X > 4) = P (X > 3). Vi v4y, ta chi cn tim
xac suit rang mot khach hang s& dwoc phuc vu hon ba phit nira bdi nhan vién buu dién.

P61AP (X>3)=1-P (X<3)=1-(1-el0250) = e-075 ~ 0,4724.

0,25

0.2 -
0,15 A

0,1
0,05 - Viing dwge to dam thé hién xac suat

P (x>3)=0,4724
I | X
3 10 20 30
Hinh 5.23

Bai tap van dung 5.8

Gia sir rang tudi tho cia mot bong dén tuan theo phan phdi mii véi tudi tho trung binh
1a tAm nam. Néu mot bong dén da st dung dwoc 12 niam, hiy tim xac suit rang né sé
str dung dwoc tong cong hon 19 nam.

Moi quan hé gitra phan phdi Poisson va phan phoi mii

C6 moOt mdbi quan hé thu vi gitta phan ph6i mi va phan phéi Poisson. Gia st rang khoang
thoi gian tréi qua gitra hai sw kién lién tiép tuan theo phan phoi mii véi mot s6 binh quan
theo thoi gian 13 w. Cling gia dinh rang cac khoang thoi gian nay doc 14p véi nhau, tire 1a
thoi gian gitra cac sw kién khong bi anh huwdng béi nhitng khoang thoi gian gitra cac sw
kién truwdc dé.
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5 Bién ngau nhién lién tuc

Néu cac gia dinh nay dung, thi s6 lwong sw kién xay ra trong mot don vi thoi gian sé tuin
theo phan phdi Poisson véi s binh quan 1a p. Ta biét rang néu X tuan theo phan phdi
pre™#

Poisson v&i s6 binh quan y, thi P (X = x) = ~

Trong khi d6 cong thirc clia phén ph6i mi: P (X = x) = me ™™ = %e W, v&im latham
s6 phan r3, p 1a thoi gian trung binh gitra cac lan xay ra.

Ta thdy rang phan phdi miila "ho hang" v&i phan phéi Poisson, va ching lién két véi nhau
thong qua cong thirc trén. Tuy nhién, c6 nhitng khic biét quan trong khién mdi phan phdi
phu hop véi cac loai bai toan xac suit khac nhau.

Trwdc hét, phan phdi Poisson 1a phan phéi v&i bién ngau nhién roi rac X, trong do thoi
gian la mot bién lién tuc la dwgc chia nho thanh cac phan roi rac. Nhw ta da biét, s6 lan
xay ra cia mot sw kién trong mot khoang thoi gian xac dinh, x, tudn theo phan phoi
Poisson. Vi du: S6 1an dién thoai d6 chuéng trong mot gio.

Nguoec lai, khoang thoi gian gitra cac 1an xay ra sw kién tuin theo phan phoi mda. Vi du:
Pién thoai vira @5 chudng, mat bao lau nita dé n6é d6 chudng lai? O day ta do do dai thoi
gian gitra cac su kién, 1a mot bién ngiu nhién lién tuc str dung phan phdi mii, khong phai
s6 1an xay ra suw kién trong khoang st dung phan phoi Poisson.

Phan phdi mii so véi phian phdi Poisson

Mot cach truc quan dé thé hién ca sw twong dong va khiac biét gitra hai phan phdi nay la
dung mot dong thoi gian.

Phén phoi ma ' o
X = thoi diém da qua: t1 dén sw kién tiep theo

[ 4
t

(.
Nt

,_
[

Phéan phoi Poison
X =50 lwong sy kién tir t1 dén t

Hinh 5.24

Bién ngiu nhién trong phan phéi Poisson 1a r&i rac, dém s6 1an xay ra sw kién trong
mot khoang thoi gian xac dinh, tir t1 dén t2 nhw minh hoa trong Hinh 5.24, va ham phan
phdi Poisson tinh xac suit xay ra s6 lan xuat hién dé. S6 lan xay ra sw kién (4 lan trong do6
thi) dwoc do bang s6 dém vi vay bién ngiu nhién trong phan phdi Poisson 1a bién rovi rac.

Phan phdi xac suat mii thi tinh xac suit dua trén thei gian troi qua - mot bién ngau
nhién lién tuc. Trong Hinh 5.24, diéu nay dwoc thé hién bang doan d4u ngoic tir t1 dén

thoi diém sw kién tiép theo xay ra dwoc danh d4u bang hinh tam giac.

Cac ciu héi kinh dién cho phan phoi Poisson la: “Sé c6 bao nhiéu ngwoi dén quiy thanh
toan cua toi trong gio t¢i?”

Cac cau hoi kinh dién cho phan ph6i mii la: “Sé mat bao 1au niva cho dén khi ngwoi tiép
theo dén?” hodc mot bién thé: “Ngwori do6 sé & lai quiy bao 1au sau Khi dén?”

Mot lan nira, cong thirc cia phan phéi mi la:
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5 Bién ngau nhién lién tuc

f(X) =me ™ hOéCf(x) = %e_%x

Ta c6 thé thiy ngay sw twong dong gitra cong thirc phan phdi mii va phan phdi Poisson.

preH
x!

P(x)=

Ca hai ham phan phéi xac suit déu dwa trén mai quan hé gitra thoi gian va sy tang tredng
hodc suy gidm theo cip s6 mil. Chir “e” trong cong thirc 1a mot hang sd cé gia tri xap xi
2,71828 vala co s6 ctia ham logarit tw nhién — cong thirc nén tang cho ting trwedng theo
ham mii. Khi ngwoi ta néi thi gl d6 “tang trwedng theo cip s6 mi”, thi dé chinh la diéu dang
dwoc noi dén.

Vi du vé phian phdi mii va Poisson sé lam ro sw Khac biét giira hai phan phdéi nay va
dong thoi cho thiy rng dung tha vi cia chang.

Phan phoi Poisson

Gia str rang trong qua Khit, c6 10 khach hang dén quiy thanh todn mdi gi¢r. Hiy nhé ring
day van 12 bai todn x4c suit, nén cac gia tri qua khi phai dwoc cung cip. Ta nhan thiy
day 1a mo6t bai toan phan phdéi Poisson.

Ta c6 thé dwa théng tin nay vao ham méat do xac suit Poisson dé€ c6 mdt cong thirc tong
quat dung dé tinh xac suit cho bat ky s6 lwong khach cu thé nao sé dén trong gio tiép
theo.

Cong thirc c6 thé ap dung duoc véi bat ky gia tri nao cia bién ngiu nhién roi rac dwoc
chon, va khi dé x dwoc dat vao cong thirc. Trong vi du nay, p = 10 vi ta ky vong 10 khach
mdi gidy, nén dua p = 10 vao cong thic.

X ,—10
)=
Tiép theo, vi du xac suat c6 15 ngwoi dén quay thanh toan trong gio téi la:
1015-10
P(x =15) = B 0,0347

Sau khi thay s6 x = 15 va tinh toan, ta dwoc két qua xac suat c6 15 ngwoi dén trong gio
téila 0,035.

Phin phdi mii

Néu ta gitr nguyén dir liéu qua khir ring c6 10 khach hang dén mdi gio, nhung bay gid
quan tim dén th¢i gian phuc vu ciia mot ngweoi tai quay, thi ta st dung phan phdéi
mii. Him x4c suit mi cho bat ky gia tri ndo cta x (bién ngau nhién lién tuc) véi dir liéu
qua kht nay la:

1

f (.X') — ﬁe—x/o,l — 108—1036
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5 Bién ngau nhién lién tuc

DéE tinh y, th&i gian phuc vu trung binh, ta don gian chia s6 ngudi dén trong mdi gid, 10,
trong khoang thoi gian mot gior va c6 p = 0,1 nghia 1a trung binh mdi ngwdi mat 0,1 gio
hoac 6 phit tai quay. Day chinh la ly do tai sao c6 s6 0,1 trong cong thirc.

C6 mot sw nham 1an phd bién v&i ky hiéu p trong ca hai cdng thirc ciia Poisson va mil.
Mic du ky hiéu giong nhau, nhwng y nghia cta p la khac nhau:

e Trong Poisson, y 1a s6 sw kién trung binh xay ra trong mot don vi thoi gian.
e Trong phan phdi mii, p la thei gian trung binh giira cac sw kién.
Chung c6 mdi quan hé nghich dao.

Tiép tuc véi vi du tai quay thanh toan; néu ta mudn biét xac suit rang mét nguwdi sé mat
Khong qua 9 phit dé thanh toan, thi:

e Déidonvi: 9 phut=0,15 gio

e Vi dang hoi vé mot khoang gia tri (dwdi 9 phut), va diy 1a bién lién tuc, nén ciu
héi xacsuatla: P (x<9)=1-10e10x,

Thay s6 vao cong thirc, ta tinh dwoc: P (x =0,15) =1 - 10 e-10(0.15) = 0,77609.
Viy xac suat mot khach hang sé roi khoi quay trong vong 9 phut la 0,7769.

Ta thiy rang xac sudt roi di trong vong 9 phit 1a kha cao, trong khi xac suit cé 15
Khach hang dén trong gio tiép theo la rat nhé (0,035).

Vidu 5.9

Tai mot don canh sat & mot thanh phd 16, s6 cudc goi dén véi téc do trung binh 1a bén
cudc goi moi phut. Luu y rang ching ta chi quan tim dén mat dd cac cuéc goi dén,
va bo qua thai gian thwce hién cudc goi. Ta cling can gia dinh rang Khoang thoi gian
gitra cac cudc goi la doc lap. biéu nay c6 nghia la mot khoang thoi gian cho dai gitra
hai cudc goi khong lam tang kha nang cudc goi tiép theo dén sém hon. Tir d6, ta cé thé
suy luin rang téng s6 cudc goi nhan dwoc trong mot khoang th¢i gian nhit dinh sé
tuan theo phan phadi Poisson.

Vdn dé

a. Tim thoi gian trung binh gitra hai cudc goi lién tiép.

b. Tim xac suét rang sau khi mot cudc goi dwgc nhan, cudc goi tiép theo sé dén trong
vong chwa day 10 giay.

c. Tim xac suat c6 dung 5 cudc goi xay ra trong mot phut.
d. Tim xac suit cé it hon 5 cudc goi xay ra trong mot phut.

e. Tim xac sudt c6 nhiéu ho'n 40 cudc goi xay ra trong vong 8 phut.
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5 Bién ngau nhién lién tuc

Lo gidi
a. Trung binh cé 4 cudc goi xay ra mbi phit — tirc 1a mot cudc goi xay ra moi 15 gidy
hay la 0,25 phut 1a Khoang thai gian trung binh giira hai cudc goi lién tiép.

b. Goi T la thai gian gitra hai cudc goi. Ttr phén a, ta c6 u = 0,25 vi viy m = 4. Do d6
T~Exp(4).

Ham phén phéitichliylaP (T<t)=1-e -4,

Xac suat cudc goi tiép theo xay ra trong vong chwa day muwoi gidy ( muoi gidy = % phit)
1a

1 1
P (T < 8) —1-e 6 = 0,4866.

Vilng dwgc to dam
3 thé hién xdc suat

P(t<§)=0.4366

t
1 T T T T T ! T |
0 0,1667 0,3334 0,5001 0,6668 0,8335 1,0002 1,1669 1,3336 1,5003

Hinh 5.25

Cho X = s cudc goi mdi phit. Nhw da néu trudc dé, sé cudc goi mdi phiit c6 phan phdi

Poisson, véi gia tri binh quan 1a bon cudc goi méi phuit.

Do d6, X ~ Poisson (4 )vado dé

45¢4
5!

P(X=5)= ~ 0,1563 5! =(5) (4) (3) (2) (1)

d. Hay nhé rang X phéi la mot s6 nguyén,dodé P (X <5) =P (X <4).

Dé tinh toan diéu nay, ta co thé:
P(X=0)+P(X=1)+P(X=2)+P(X=3)+P(X=4)

St dung phan mém dé tinh toan, chiing ta thdy rang P (X < 4)=10,6288

e. Cho Y = s0 cudc goi xay ra trong khoang thoi gian tam phut.

Vi c6 trung binh bén cudc goi mdi phut, nén c6 trung binh (8)(4) = 32 cudc goi trong moi

khoang th&i gian tam phut.

Do d6, Y~ Poisson (32). Do d6, P(Y>40)=1—-P(Y <40)=1-0,9294 =

0,0707.
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5 Bién ngau nhién lién tuc

Bai tap van dung 5.9

Tai mot thanh phd nho, s6 vu tai nan 6 té xay ra tuin theo phan phdi Poisson véi
trung binh 1a 3 vu moi tuan.

a. Tinh x4c suit rang c6 nhiéu nhit 2 vu tai nan xay ra trong mot tuan batky.

b. X4c sudt rang c6 it nhat hai tuin giira hai vu tai nan bat ky 1a bao nhiéu?

Thuat ngir chinh

Phan phéi déong nhat (Uniform Distribution): mét bién ngau nhién lién tuc (RV) c6 cac
két qua xay ra déng déu trén mién a < x < b. N6 cling thwong dwoc goi 1a phan ph6i hinh
AL AW L 1A AL an a1 1y A N4 A L A b\ an
chit nhat vi do thi ham mat d6 xac suat l1a hinh chit nhat. N6 c6 binh quan p = % va do
A . / b-a)? .. Ar A s x L. <
léch chuan o = % Ham mat do xacsuat f(x) = ﬁ v0i a<x<b hodca<x<bh.

Ham phan phoi tich liy: P (X <x) = g.
Phan phdi mii (Exponential Distribution): mdt bién ngiu nhién lién tuc (RV) dung dé mo ta
khoéang thoi gian gitra cac sw kién ngiu nhién — vi du nhw khoang thoi gian gitra cac ca

cip ctru dén bénh vién. S6 binh quan p, va d6 1éch chudno=pu = i Ham mat do xac suit:
1
£ (x) = me™™ hoic f (x) = %e_ﬁx ,x >0, va ham phan phéi tich liy: P(X < x ) =1-e-mx
1
hodcP (X<x)=1-e ¥ .

Phin phai Poisson (Poisson distribution): néu cé trung binh p sw kién xay ra trong méot
don vi thoi gian, va cac sy kién nay la doc 1ap, thi s sw kién X xay ra trong mot don vi thoi
gian sé tuin theo phan phéi Poisson. Xac suat dé c6 x sw kién trong mot don vi thoi gian

dwoc tinh béi: P (X = x) = pre

x!

Tham s6 phan ra (decay parameter): mo ta téc d6 ma xac suit giam vé 0 khi gia tri x tang.

bay la gia tri m trong ham mat d6 xac suat f (x) = m e-™ cia mot bién ngau nhién phan
Ne o o 1 L IN WA Ty A vax x A s

phéi mii. m = 7 trong do p 1a s6 binh quéan cua bién ngau nhién dé.

Tinh chit khong nhé (memoryless property): Vi bién ngau nhién phan phdi mi X,
thudc tinh khong ghi nhé phat biéu rang nhitng gi da xay ra trong qua khit khéng anh
hwdng dén xac suit trong twong lai. Piéu nay c6 nghia la xac suit dé bién X 16n hon (x +
t), biét rang X 16n hon x, sé giéng nhw xac suit bién X 16n hon t trong diéu kién ta khéng
thong tin ndo khac. Bang ky hiéu, chung tandirang P (X>x+t|X>x) =P (X > t).

Xac suit co6 diéu Kién (conditional probability): khd ning x4y ra cia mot sw kién khi mot
s kién khac da xay ra.
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5 Bién ngau nhién lién tuc

T6m tat chwong

5.1 Cac tinh chat ctia ham mat do xac suatlién tuc

Ham mét do xac sult (probability density function - pdf) dwoc st dung dé mé ta xac suat
clia cac bién ngau nhién lién tuc. Dién tich duéi dwong cong mat do nam gitra hai diém
twong &ng véi xac suit rang bién ngau nhién roi vao khoang gitra hai gia tri d6. Néi cach
khéc, dién tich dw¢i dwong cong gitta diém a va b bang véi xac suit P(a < x < b).

Ham phén phoi tich liy (CDF) thé hién xac suit dwéi dang dién tich. Néu X 1a mot bién
ngiu nhién lién tuc, thi hAm mat do xac suit f(x) dwoc st dung dé vé do thi ctia phan phdi
xac suit. Tong dién tich dwdi do thi cta f(x) 1a bang 1. Dién tich dwdi do thi ca f(x) nam
gitra hai gia tri a va b chinh l1a xac sut P (a < x < b).

Jfx) fx)
Ving dwgc to6 dim Ving dwgc to dim thé hién
thé hién xdc suat 1 P(a<x<b)
y=1fx) y = fix)
X 1 1
a b
(a) (b)
Hinh 5.26

Ham phan phdi tich lily (CDF) cta bién ngiu nhién X dwoc dinh nghiala P (X < x). Pay la
mot ham theo bién x, bi€u dién xac suit rang bién ngiu nhién nhan gia tri nhé hon hoic
bang x.

5.2 Phin phoi dong nhat

Néu X c6 phan phéi dong nhit trén khodng a < x < b hay a < x < b, thi X nhan cac gia tri

nam trong khoang tir a dén b (c6 thé bao gdbm ca a va b). T4t ca cac gia tri x trong khoang

dé déu c6 xac suat nhw nhau. Ta ky hiéu X~U (a, b). Binh quin cia Xla pu = asz .bo6 léch
~ 7 by b_ 2 \ A A 7 e 2 \ 7 .

chudn ctaXlao = /% Ham mat do xac suat cia X1a f(x) = ﬁvm as<x<bh.

Ham phan phéi tich litly cia X1a P (X <x) = E Bién X 12 lién tuc.
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5 Bién ngau nhién lién tuc

1Ong dién tich=1

(b-a)

Hinh 5.27

X4c suit P(c < X < d) ¢6 thé duogc tinh bang cach 14y dién tich dwdi dwong f(x) trong
khodng tlr ¢ dén d. Vi trong phan phéi dong nhat, dién tich twong &ng la mot hinh chiv
nhat, nén ta chi cin nhan chiéu rong véi chiéu cao dé tinh dién tich.

5.3 Phan phéi mi

Né&u X 12 mot bién ngiu nhién c6 phan phéi mii v&i s6 binh quan y, thi tham sé phan ra
1

lam= 1; . Ham mat d6 xac suat cua X 1a f(x) = me ™, ( hoic twong dwong f (x) = % e K.

Ham phén phdi tich liily cia X1aP (X <x) =1 - emx,

T6m tat cong thirc

5.1 Cac tinh chat cia ham mat do xac suatlién tuc
Ham mat do xac suat (PDF) f(x)
o f(x)=0
e Tdng dién tich dwéi do thi caa f(x) 1a bang 1
5.2 Phin phoi dong nhat
X = mot s6 thwe ndm gitra a va b (trong mot s6 truong hop, X c6 thé nhan gidtriavab). a=X
nhd nhit; b = X Ié6n nhit.
X~U (a,b).

Binh quan cia Xlap = %b

(b-a)?

Poléch chudnciaXlao = -

R Ae AA oA py 2 \ 1.
Ham mat do xacsuatcuaXla f(x) = nVO’IaSXSb

Diéntichbéntrdictax: P (X <x) = (x —a) (ﬁ)

Dién tich bén phai ciax: P (X > x) = (b — x) (ﬁ)
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5 Bién ngau nhién lién tuc

Dién tich giira c va d: P(c < x < d) = (base)(height) = (d — ¢) (=)
° pdf:f(x)zﬁvc’riaﬁxsb
o CcdfiP(Xsx)=i—

e Binhquanp= aTer

(b—a)?
12

e Doléchchudno =

« Pe<X<d)=@d-0o(=)

5.3 Phan phéi mii

o pdf: f(x) = me(mx) trong d6 x=0va>0
o cdf:iP(X<x)=1- ety
e Binhquanu = %
e Doléchchuidno = u
e Ngoaira
o PX>x)=elm
o P(a<x<b)=elma)- e(-mb)

Xe™H ... A \ . .
= V&i binh quan va phwong sai cua
x!

Phan phoi poisson: P(X = x) =

Tai liéu tham khao

5.2 Phan phoi dong nhat

McDougall, John A. The McDougall Program for Maximum Weight Loss. Plume, 1995.
5.3 Phin phoi mii

Data from the United States Census Bureau.

Data from World Earthquakes, 2013. Available online at http://www.world-earthquakes.com/
(accessed June 11, 2013).

“No-hitter.” Baseball-Reference.com, 2013. Available online at http://www.baseball-
reference.com/bullpen/No-hitter (accessed June 11, 2013).

Zhou, Rick. “Exponential Distribution lecture slides.” Available online at
www.public.iastate.edu/~riczw/stat330s11/lecture/lec13.pdf (accessed June 11, 2013).
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6 Phan phdi chuin

6 PHAN PHOI CHUAN

Hinh 6.1: Néu ban hdi mot s6 lwong du nhiéu nguwoi vé kich c& giay ctia ho, ban sé thay
rang dit liéu c6 thé vé thanh db thi c6 hinh dang giéng nhw mot dwdng cong hinh chudng
va c6 thé dwge mo ta 1a tudn theo phin phdéi chuin. (nguén anh: chinh stra tir tic phdm
“Shoe shop” ctia Lo/ Flickr, pham vi cong cong)

Gii thiéu

Ham mat dé xac suit chuan (normal probability density function) - mot phan phdi lién
tuc, 1a ham phan phdéi quan trong nhat trong tit ca cac loai phin phéi. N6 dwoc st dung
rat pho bién. P6 thi cia né c6 dang hinh chuéng. Ban sé thiy duwong cong hinh chuéng
trong hau hét moi linh vwc. Mot trong cac linh vuwc nay 1a tAm Iy hoc, kinh doanh, kinh té
hoc, khoa hoc tw nhién, diéu duéng va tat nhién la toan hoc. Mot s gidng vién cta ban cé
thé st dung phan phoi chudn dé gitp xac dinh diém s6 cua ban. Hiu hét cac diém IQ 1a
tudn theo phan phéi chuin. Thadm chi gia bt déng san trong nhiéu khu vwe cling thwong
c6 dang phan phéi chuén.

Phan phéi chuin cwc ky quan trong, tuy nhién n6 khéng thé dwgc ap dung cho moi thi
trong thé gi¢i thwc. Luu y rang & day ching ta vin dang néi vé phan phdi dit liéu quan
thé. Pay 1a mét cudc thao luin vé xac suit va do do, néu dir liéu quan tuin theo phan phéi
chuén thi diy la cich ching ta c6 thé tim xac suit cia cc suw kién cu thé, giong nhw cach
ching ta da lam déi v&i dir liéu quan thé cé thé c6 phan phéi nhi thirc hodc phan phéi
Poisson. Lwu y nay dwgc néu 1én & day vi trong chuong tiép theo chiing ta sé& thiy rang
phén phéi chudn mo td mot s6 diéu rat khac tir dir liéu tho va tao thanh nén tang ctia thdng
ké suy luan.

Phan phéi chuin c6 hai tham sé (hai s6 do m6 ta): binh quan (W) va dd 1éch chuin (o). Néu
X 1a mot dai lwong dwoc do lwdng, cd phan phdi chuin véi binh quén (p) va do 1éch chuin
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6 Phan phdi chuin

(o), chiing ta biéu thi diéu nay bang cach viét cdng thirc ciia ham mat dd xac suit chuin
nhu sau:

Chuén : X~N (p, @)

"
Hinh 6.2
Ham mit d6 xac suat chuin la mot ham toan hoc kha phirc tap. Ban khéng cin phai ghi
nh¢é céng thirc nay. Piéu dé khéng can thiét.

1 _1 (x=p)?
)

flx) =

Duwong cong clia phan phdi chuin c6 tinh ddi xitng quanh mot dwong thang dirng di qua
binh quan p. Binh quan ciing chinh 14 trung vi va bang véi yéu vi, vi dd thi phan phdi chuin
c6 tinh ddi x*ng quanh binh quan p. Theo nhw ky hiéu da thé hién, phan phoi chuin chi
phu thudc vao binh quan va do 1éch chuin. Lwu y rang diéu nay khac véi mot s6 ham mat
do6 xac suit ma ban da dwoc hoc trwdc d6, ching han nhuw Poisson, trong dé binh quan
bang p va do 1éch chudn don gidn 1a cin bac hai ctia binh quan, hoic phan phdi nhi thitc,
trong d6 p dwoc str dung dé xac dinh ca binh quén va dé léch chuin. Vi dién tich dwdi
dudng cong ciia ham mat do xac suit phai bang mot, nén sw thay déi vé do 1éch chuin o
sé giy ra su thay doi hinh dang ciia dwong cong chuin; dwong cong tré nén phinh ra va
rong hon, hoic hep lai va cao hon tuy thudc vao o. Sw thay doi vé p khién d6 thi dich
chuyén sang trai hodc phai ma khong lam thay doi hinh dang ctia n6. biéu nay c6 nghia la
c6 vO s6 phan phdi xac suit chuin khac nhau trong thwc té. Mot phan phdi dic biét dwoc
quan tAm dwoc goi la phan phoi chuin don vi (standard normal distribution, unit normal
distribution)13.

6.1. Phan phéi chuan don vi

Phén phéi chuan don vi (standard normal distribution) 14 phin phéi chuin cho cac gia
tri chuin hoa c6 tén 1a diém chuan héa z (z-score). Mot diém chuin hoa z dwoc do lwong
bang don vi d6 1éch chuin.

Phan phéi chuin don vi 1a c6 binh quan bang 0 va do 1éch chuin bang 1. Piéu nay lam don
gian héa dang ké phép tinh toan hoc vé xac suit. Hiy danh mot chit thoi gian va thay thé

13 Mot s tai liéu st dung tir “phan phdi chuln tic” dé chi “standard normal distribution”, tuy nhién “chuin

tac” cling hay dwoc dung dé dich tir “normative” véi y nghia “quy chudn, quy tic dwgc khuyén cio phai tuan
theo” nhu trong tir “normative economics”.
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6 Phan phdi chuin

0 va 1 vao nhirng vi tri thich hop trong cong thirc trén va ban c6 thé thiy rang phuong
trinh thu gon thanh mot phwong trinh c6 thé giai dé dang hon nhiéu bang phép tinh tich
phén. Cho mot gia tri x c6 phan phoi chuin véi binh quan p va d6 1éch chuin o. Phép bién
déiz= % sé tao ra cac diém chudn hoéa z c6 phan phéi Z ~ N (0, 1). Piém chuin héa z cho
biét khoang cach tir mot gia tri x cu thé téi diém binh quan p bang bao nhiéu dd 1éch chuin
o.

Piém chuin héa z

Né&u X 12 mot bién ngau nhién tuan theo phan phéi chuin X ~ N (, ¢), thi diém chuin héa
z (z-score) cila mot gia tri cu thé x dwgc tinh theo cong thirc:

7 =
o
Piém chuin hoéa z cho ban biét cin bao nhiéu d6 1éch chuin o tir gia tri x nam phia
trén (vé bén phai truc) hay phia dwéi (vé bén trai) dén s6 binh quan p. Cic gia tri x
1é6m hon s6 binh quan c6 diém z 1a s6 dwong, va cac gia tri x nhé hon sé binh quan c6 diém
z1a s6 4m. Néu x bang s6 binh quan (x = ), thi x c6 diém z bang khéng.

Vidu 6.1

Gia stt X ~ N (5,6). Diéu nay cho thdy rang X 1a mot bién phan phdi chuin ngau nhién
v&i binh quin y = 5 va do 1éch chuan o = 6. Gid strx = 17 thi:
x—pu 17-=5
— p—vl — 2
z o 6
Diéu nay c6 nghiala x = 17 cach hai @9 1éch chuin (two standard deviations) (20) phia
trén hodc vé bén phai cia sé binh quan u = 5.

Bay gid, gid dinhx = 1. Thiz = % = %5 = —0,67 (1am tron dén hai chit s6 thip phén)

Piéu nay c6 nghia rang x = 1 cach 0,67 dd 1éch chuin phia duéi (-0,670) hoic vé
bén trai cuia sd binh quan y = 5.

Bai tap van dung 6.1

Dién vao cac chd tréng.

Jerome ghi trung binh 16 diém trong mot tran diu véi do 1éch chuin 1a bén diém. x ~ N
(16,4). Gia st Jerome ghi dwoc 10 diém trong mot tran ddu. Piém chuin héa z cho x =
1013 -1,5. Piém nay cho biétrangx=101a____ dod1éch chudn cia____ (bén phai hoic
bén trai) cia s6 binh quian ____ (S6 binh quéin la bao nhiéu?).
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6 Phan phdi chuin

Quy tic thwc nghiém

Néu X 12 mot bién ngiu nhién va c6 phan phdi chuin véi binh quin p va doé 1éch chuén o,
thi Quy tic thwc nghiém (empirical rule) phat biéu nhu sau:

e Khoang 68% gia tri x nam trong khoang tir -10 dén +1c cta binh quan p (trong
pham vi mot d6 1éch chuin cda binh quéan).

e Khoadng 95% gia tri x ndm trong khoang tir -2¢ dén +20 ctia binh quan p (trong
pham vi hai d6 léch chuin cda binh quéan).

e Khoang 99,7% gia tri x nam trong khoang tir -3¢ dén +30 cta binh quan p (trong
pham vi ba d6 léch chuin cta binh quéin).

LUU Y riang hau hét cac gia tri x ndm trong pham vi gitta ba dé léch chuan quanh sé binh
quan.

e Diém chuin hba z cho +10 va -10 la twong rng +1 va -1.
e Diém chuin hba z cho +20 va -20 la twong rng +2 va -2.

e Diém chuin héa z cho +30 va -3¢ la twong rng +3 va -3.

i f | | X
-30 -20 -lo u 10 20 30

Hinh 6.3

Vi du 6.2

Gia str X c6 mdt phan phoi chuan véi binh quin 50 va d6 1éch chuan 6.

Khodng 68% culia gia tri x ndm trong mot do 1éch chuin caa binh quan. Do d4, khoang
68% gia tri x nam gitra -10 = (-1)(6) = -6 va 1o = (1)(6) = 6 cta s6 binh quan 50. Cac
gia tri 50 - 6 = 44 va 50 + 6 = 56 nam trong mot do 1éch chuin so véi s6 binh quan 50.
Dbiém z lan lwot1a -1 va +1 twong ng cho 44 va 56.
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6 Phan phdi chuin

Khoang 95% gia tri x ndm trong hai do léch chuin cta binh quan. Do d6, khodng 95%
gid tri x nam gitta -20 = (-2)(6) = -12 va 20 = (2)(6) = 12. Cac gid tri 50 - 12 = 38 va 50
+ 12 = 62 nam trong hai d6 1éch chuin so v&i s6 binh quin 50. Diém z 12 -2 va +2 twong
rng voi 38 va 62.

Khoang 99,7% gia tri x ndm trong ba dd léch chuin so véi binh quan. Do d6, khoang
99,7% gia tri x nam gitra -30 = (-3)(6) = -18 va 30 = (3)(6) = 18 clia gia tri trung binh
50. CAc gia tri 50 - 18 = 32 va 50 + 18 = 68 nam trong ba do 1éch chuin so véi s6 binh
quan 50. Piém z lan lwot 1a -3 va +3 twong rng cho 32 va 68.

Bai tap van dung 6.2

Gia dinh X c6 mot phan phdi chuln véi binh quan 25 va d6 1éch chuan 5,68% ctia cac gia
tri x nam gitra nhirng gia tri?

6.2 Str dung phin phdi chuan

Khu vuc dwoc t6 ddm trong biéu do6 sau day biéu thi khu viec bén phai x. Khu vuc nay dwoc
biéu dién bang x4c suit P (X > x). Trong cac gido trinh thdng ké thwdng c6 cac bang phan
phdi chuin (normal table), cung cip xac suit gitra s6 binh quan (s6 khong d6i v&i phan
phéi chuan don vi) va mot gia tri cu thé nhw x1. 6 chinh 1a phan khong tdé dadm cta biéu
d6 tir s6 binh quan dén xi1.

Ving td dim bidu thi
xac sudt P (X = x1)

B e

Hinh 6.4

Vi phén phéi chuin la d6i xirng, néu x1 cing khodng cach vé bén trai cia s6 binh quin thi
phan dién tich, xac suit, & dudi bén trai, sé giong v&i dién tich dwoc té ddm & dudi bén
phai. Ngoai ra, cAn lwu y rang vi tinh d8i xirng ctia phan phdi nay, mot nira xac suit nam &
bén phai ctia s6 binh quin u va mot nira con lai nam & bén trai cia s6 binh quan u.
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6 Phan phdi chuin

Tinh toan xac suat

DE tim x4c suit cho cAc ham mat dd xac suit ¢ bién ngau nhién lién tuc, chiing ta cin tinh
dién tich phia dwéi dwong cong cia ham tai cac gia tri x ma chdng ta quan tim. D6i véi
phan phoi chuln, diéu nay thoat nhin c6 vé khé khian do sw phirc tap ctia cong thirc. Tuy
nhién, c6 mét cach don gidn dé c6 dat dwoc diéu ching ta cin. Dwéi day la cong thirc cho
phan phéi chuin:

f(x) = m/lﬁ e_zl(%)z

Nhin vao cdng thirc phan phdi chuin ta khong thiy ro lam cach nao dé tinh dworc xac suit
theo cach giong nhw véi cdc ham xac suat trwdre ddy. Trwdce do, ta chi viéc thay dir liéu vao
cong thirc va tinh toan.

DE giai cAu dd nay, diéu quan trong 1a ching ta hiéu rang dién tich dw¢i do thi ciia mot
ham mat d6 xac suit chinh 13 xac suat.

u X, X

P(x, <X < X,)
Hinh 6.5

Do thi nay cho thiy rang dién tich gitra x1 va xz chinh 1a x4c suit nhw duoc thé hién trong
cong thirc: P (x1 < X < x2).

Céng cu todn hoc can thiét dé tim dién tich dwdi mot dwong cong la phép tinh tich phan.
Tich phin cia ham méit dd xac suit chuin trong khoang gitra hai diém x1 va xz 1a dién tich
dwdi dwong cong gitra hai diém nay va ciing chinh 1a xac suit gitra hai diém dé.

Viéc tinh toan cac tich phan nay khong hé dé dang va c6 thé t6n rat nhiéu thoi gian. Nhung
bay gio, ta hay nhé rang c6 vo sd phan phdi chuin nira, ching ta c6 thé xem xét mot phan
phdi chuin c6 s8 binh quan bang 0 va do léch chuin bang 1. Phan phdi chuin dic biét nay
dwgc goi 1a Phan phéi chudn don vi. Khi thay cac gia tri nay vao céng thirc, n6 dwgc rut
gon thanh mot phwong trinh rat don gian. Gi¢r day, ta c6 thé dé dang tinh toan tit ca cac
xac suit cho bat ky gia tri x ndo trong phan phdi chuin dic biét nay, c6 s6 binh quan bang
0 va do 1éch chuin bang 1. Cac x4c suit twong ng da duoc tinh sin va cé thé tim thiy &
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6 Phan phdi chuin

phu luc ctia gido trinh hodc trén mang Internet. Nhitng bang nay dwoc trinh bay theo
nhiéu cach khac nhau. Bang trong gido trinh nay la dang trinh bay pho bién nhit va dwoc
hién thi x4c sudt cho moét nira phan phdi bat d4u tir 0 (s6 binh quin) va mé rong ra ngoai.
Dién tich dwoc t6 ddm trong do thi & dau bang (trong phan Bang thong ké) - dai dién cho
xac sudt tir 0 dén gia tri cu thé z dwoc ghi trén truc hoanh, z.

Van dé la dit liéu cua ching ta néu tudn theo phin phéi chuin thi ciing hiém khi c6 binh
quan bang 0 va do léch chuin ding bang 1. Giai phap 1a chuyén d6i phan phdi binh quan
p va do léch chuin o sang phin phdéi chudn don vi méi nay. Phan phoi chuan don vi c6
mot bién ngiu nhién duoc goila Z.

Gia st can tim xac sudt clia z c6 gia tri mot do 1éch chuin. S&r dung bang phan phdi chuin
don vi (thwong dwgc goi la bAng phin phdi chudn - normal table), ta nhin c6t z, tim xuéng
dén hang 1,0 va sau d6 doc & cot 0. Gia tri 0,3413 1a xac suat dé z tir 0 dén 1 d6 1éch chuan.
O dau bang (trong phan Bang Théng ké) ta thdy phan dién tich dwoc té6 dam trong db thi
thé hién dwoc cung cip trong bang. Bang z gitp ta gidi quyét bai toan tich phin, nhung
chi khi dir liéu ctia chiing ta c6 s6 binh quin bang 0 va do 1éch chuin bang 1.

Tuy nhién, diém mau chét ¢ day la xac sudt cho mot do 1éch chuén trong mot phan phai
chuén thi giéng nhau trén moi phan phdi chuin. Néu quin thé dir liéu c6 so6 binh quan la
10 va dé léch chuan la 5, thi xac suat tir 10 dén 15 (mot d6 1éch chuin) giong nhw xac suit
tir 0 dén 1 (mdt d6 1éch chuin) trong phan phéi chuin don vi. D€ tinh xac suat (tircla dién
tich dwéi dwong cong) cho bit ky phan phoi chuan nao, ching ta chi cadn chuyén déi phan
phdi chuin cu thé sang phin phéi chuin don vi va tra ctru ciu tra 1i trong bang Z. Nhac
lai, diy 1a cong thirc chuin héa (standardizing formula):

X —p
7 =
o

Trong d6 z la gia tri trén phan ph6i chuin don vi, x 1a gia tri tir phan phéi chuan ma nguwoi
ta muén chuyén d6i sang phan phdéi chuin don vi, g va o lan lwot 1a binh quan va do 1éch
chuin ctia phan phdi quan thé dé. CAn nhé rang phwong trinh st dung p va o 1a cac tham
s6 quan thé. Khi 1am viéc véi xac sudt & day, chung ta van ludn lam viéc véi quan thé cé
cac gia tri tham s6 da biét va phan phdi da biét. biéu quan trong can lwu y la vi phan phoi
chuan c6 tinh d6i xirng nén khéng quan trong la diém z dwong hay 4m khi tinh xac suit.
Mot dd 1éch chuin vé bén trai (diém z 4m) van c6 dién tich (x4c suit) twong tw nhu mot
d6 1éch chuin vé bén phai (diém z dwong). P6 1a ly do tai sao Bang phan phoi chuin don
vi khéng cung cip so0 liéu (dién tich) cho phia bén trai cia phan phéi. Do tinh doi xing
nay, cong thirc chuin héa déi khi dwoc viét 1a:

|x — ul
7 =
o

Trong d6 cac dwong thang dirng || trong cong thirc c6 nghia la gia tri tuyét d6i cia sé.

Coéng thirc chuin héa thuc té dang tinh toan xem gia tri x cach s6 binh quin bao nhiéu do
1éch chuén trong chinh phan phoi cia né. Cong thirc chuin héa va khai niém dém cac dé
1éch chuén tir s6 binh quéan 1a bi quyét cta tit ca nhirng gi ching ta sé lam trong kho4 hoc
théng ké nay. D6 1a vi tit cd thong ké déu quy vé khai niém bién thién, va viéc dém cac do
1éch chuan chinh la cach do lwong sy bién thién dé.
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6 Phan phdi chuin

Cong thirc nay, dwdi nhiéu hinh thirc khac nhau, sé xuat hién 1ap di 13p lai trong gido trinh
nay.

Vidu 6.3

Diém thi cudi ky trong mot 1¢p théng ké dwoc tudn theo phan phéi chuidn véi binh quan
1a 63 va do 1éch chuinla 5.

Vén dé

a. Tim xac suit d€ mot sinh vién dwgc chon ngiu nhién dat diém cao hon 65 trong ky
thi.

b. Tim x4c suit dé mot sinh vién dwgc chon ngiu nhién dat diém thip hon 85.
Lo gidi

a.

Goi X = diém s06 trong bai thi cudi ky. X ~ N (63, 5), trong d6 p = 63 va o = 5.
Vé do thi.

Sau dé, tim P (X > 65).

P (X > 65) = 0,3446

Hinh 6.6

x1—1  65-63
Z1=—"—— = =0,4

o 5

P(X = x1) = P(Z = z1) = 0,3446

X4c suit dé mot sinh vién dwoc chon ngau nhién dat diém cao hon 65 12 0,3446. Day l1a
cach chung ta tim ra két qua nay.
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Bang phan phdi chuin cung cip xac suat tir 0 dén mot gia tri z1. DSi védi bai todn nay, ciu
hoi c6 thé dwoc viét lai nhw sau: P (X = 65) = P(Z > z1), day 1a x4c suit ndm & phan dudi
bén phai cia phan phéi. D€ tim dién tich nay, ta 4p dung céng thirc sé la: 0,5-P (X <
65). MOt nira xac sudt nam phia trén sd binh quin b&i vi phan phdi chuin 13 d6i xing.
Do thi trén cho thiy dién tich & phan dudi dwgc xac dinh bang cach trir phan d6 tir s6
binh quén, 0, dén gié tri z1. Cau tra 1&i cudi cung la: P (X = 65) = P(Z = 0,4) = 0,3446.

_ 65-63
5

Z1 =0,4

Dién tich phan bén trai tir z1 dén binh quén (s6 khéng) 1a 0,1554

Do d6 P (x> 65) = P(z > 0,4) = 0,5 - 0,1554 = 0,3446.

b.

Mot diém sé la 85, cach trung binh 63 dén 22 diém, tic la:
_x—p 85—-63

= =44
z o 5

gia tri nay lén hon gia tri téi da trong Bang phan phdi chudn don vi. Do d6, xac suit dé
mot sinh vién dat diém thip hon 85 1a x4p xi mot (hoac 100%).

biém 85 c6 4,4 do6 léch chuin cach xa binh quin 63, virot qua pham vi cia bang phin
phéi chuin don vi. Do d6, xac suat dé mot sinh vién dat diém thap hon 85 la xap xi mot
(hoac 100%).

Bai tap van dung 6.3

biém danh gbén ciia mét doi tuyén treong hoc tudn theo phin phéi chuln véi binh quin
1a 68 va do 1éch chuin 1a 3. Tim x4c suit d€ mot van dong vién danh gén dwoc chon ngau
nhién cé diém thap hon 65.

Vi du 6.4

M6t may tinh ca nhan dwoc st dung tai nha cho nhiéu muc dich nhw: céng viéc, nghién
ctru, giao tiép, tai chinh ca nhan, gido duc, giai tri, mang xa hdi va vo s6 nhirng hoat déng
khac. Gia st s gior trung binh ma mot may tinh ca nhan gia dinh dwoc str dung cho muc
dich gidi tri 12 hai gio» moi ngay. Gia dinh thoi gian str dung cho gii tri 1a dwoc tuan theo
phén phoi chuin va do 1éch chuan cta thoi gian 1a niva gio.

Vdn dé

a. Tim x4c sudt may tinh ca nhan gia dinh dwoc st dung dé giai tri trong khoang tir 1,8
dén 2,75 gior mdi ngay.

b. Tim sé gi¢r t6i da moi ngay st dung mdy tinh c4 nhan dé giai tri cia nhém gia dinh
trong t& phan vi nhé nhit.
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Loi gidi
d.

Goi X = lwong thoi gian (tinh bang gic) mot may tinh c4 nhan gia dinh dwoc st dung cho
muc dich gidi tri. X ~ N (2, 0,5) trongdé p=2vao =0,5.

Tim P (1,8 <X < 2,75).
Xac suit ta dang tim kiém la dién tich gittax = 1,8 vax=2,75.P (1,8 <X < 2,75) = 0,5886.

Hinh 6.7

P(1,8<x<2,75)=P (z1<2<22)
X4c sudt mot may tinh c4 nhan gia dinh dwoc sir dung tir 1,8 dén 2,75 gitr moi ngay dé
giai tri 1a 0,5886.
b.
DE tim s6 gi¢r t8i da moi ngay st dung may tinh ca nhan dé gii tri cla cic gia dinh trong
nhém t& phin vi nho nhit, hay tim phan vi thi 25, ky hiéu k sao cho P (X <k) = 0,25
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k= 1,66

Vimg t6 dam
biéu thi xac suat
P(x <k)=0,25 Ving khong to
biéu thi xic suat
P (x>k) =0,75

Hinh 6.8

f(z) =0,5—-0,25 = 0,25,
do d6 z = - 0,675 (hoac chi 0,67 khi st dung bang)

x-pu x-

2
7Z=—z=——
o 0,5

vivayx=-0,675*0,5+2=1,66 gio.

=-0,675,

S6 gior t6i da moi ngay st dung may tinh c4 nhan dé gidi tri cla cac gia dinh trong nhém
t& phan vi nhé nhatla 1,66 gio.

Bai tap van dung 6.4

Diém s6 choi danh gon ctia mot doi tredng hoc tudn theo phan phdi chuin véi s binh
quéan la 68 va dé léch chuin la 3. Tim xac suidt mot nguoi choi danh gon dat diém trong
khoang tir 66 dén 70.

Vidu 6.5

Tai Hoa Ky, dé tudi tir 13 dén 55+ ctia ngwdi dung dién thoai théng minh gan nhw tuin
theo phan phéi chuin vé&i binh quén va d6 1éch chuin xap xi lan lwot1a 36,9 ndm va 13,9
nam.

Vén dé

a. Xac dinh x4ac suat mot ngudi dung dién thoai thong minh ngau nhién trong do tudi tir
13 dén 55+ 12 ¢4 tudi ndm trong khoang tir 23 dén 64,7 tudi.

b. Xac dinh x4c sudt mot ngwoi dung dién thoai théng minh dwoc chon ngau nhién trong
d6 tudi tir 13 dén 55+ c6 tudi khdng vwrot qua 50,8.

Loi gidi

a.0,8186

b.0,8413
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Bai tap van dung 6.5

S dung thong tin trong Vi du 6.5 dé tra 1oi cac cau hai sau.
a. Tim s8 phan vi tht 30 va dién giai n6 trong mdt cau hoan chinh.

b. Tim x4c sudt ngwoi dung dién thoai thong minh dwgc chon ngiu nhién trong khoang
do tubi tir 13 dén 55+ c6 tubi nho hon 27 tudi.

Vidu 6.6

Mot ngwoi ndong dan trong quyt nhan thiy rang dwong kinh cia nhitng qua quyt dwoc
thu hoach trén trang trai ctia ho tuin theo phan phoi chuin véi binh quin p=5,85 cm va
do 1éch chuanla o = 0,24 cm.

Vén dé

Tim x4c sudt mot qua quyt dwoc chon ngiu nhién tir trang trai nay c6 dudong kinh lén
hon 6,0 cm. Phac thdo do thi.

20% gitra sO quyt cua trang trai nay c6 dwong kinh ti dén

Loi gidi

a.

Hinh 6.9
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6—5,85
71 =
0,24

P (x> 6) = P(z=> 0,625) = 0,2670

=0,625

f2) = 22 =010,viviyz~ +0,25

x—u _ x-5,85
o 0,24

= 40,25 - +0,25 * 0,24 + 5,85 = (5,79; 5,91)

Bai tap van dung 6.6

St dung thong tin tir Vi du 6.6, hay tra 1&i cac cau héi sau:

a. 40% gitra s6 quyt cla trang trai ndy nam trong khoang tir dén

b. Tim s6 phan vi thi 16 va dién giai trong mot cAu hoan chinh.

LUUY

S dung Excel, R dé€ tinh phan phoi chuin.

Excel: xac sudt phan phéi chuin P(X<x) ham NORM.DIST(x,m, s, 1); m 1a binh quin, s 1a @6 1éch
chuin cta bién X. Pé tim xac suit phan phoi chuan don vi P(Z<z), ta c6 thé sit dung ham
NORM.DIST v&éim = 0, s = 1; hodc stt dung ham NORM.S.DIST(z,1).

Né&u biét xac suit p = P(X<x), ta c6 thé tim gia tri x bing hAm NORM.INV(p, m ,s); m 1a binh
quan, s 12 d6 1éch chuin cua bién X. Twong tw cé thé tri gia tri z sao cho p = P(Zz) bang ham
NORM.S.INV(p).

R/stats package: xac suit phan phdi chuan P(X<x) ham pnorm(x,m, s, 1); m l1a binh quéin, s la
d6 1éch chuin cua bién X. D€ tim xac suat phan phoi chudn don vi P(Z<z), ta c6 thé sir dung
ham pnomrvéim=0,s =1.

Néu biét x4c suit p = P(X<x), ta c6 thé tim gia tri x bang ham gnorm(p, m,s); m 1a binh quan, s
1a d6 1éch chuin cta bién X.

6.3 U'¢'c lwong phan phdi nhi thirc bang phan phéi chuin

Chuing ta da tim hiéu trwdc d6 rang cdc ham mat do xac sudt khac nhau c6 thé 1a phan phdi
giéi han clia nhitng ham khac; do dd, ching ta ¢ thé wéc tinh mot phan phdi bang mot
phan phéi khac trong mot s& trwong hop nhit dinh. O day, ching ta sé thiy ring phan
phdi chuin c6 thé dwoc st dung dé wée tinh mot qua trinh nhi thire. O chwong trwée, phan
phéi Poisson da dwgc dung dé wéc tinh nhi thirc, va nhi thirc d3 dwgc st dung dé wéc tinh
phan phéi siéu boi.

Trong treong hop mdi quan hé gitra phin phoi siéu boi va nhi thirc, ching ta thiy mot

qua trinh nhi thitc gia dinh rang xac suit thanh cong la khong déi qua cac lan thir khac
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nhau: két qua dong xu ra mit ngtra & 1an tung trwdc khong hé anh hwdng dén xac suitra
mat ngtra & 1an tung ti€p theo. Trong phan phdi siéu boi, diy la cot 16i cia van dé vi thuc
nghiém siéu bdi gia dinh rang bat ky "lan rut" nao ciing 1a khong hoan lai. Néu rut khong
hoan lai, thi tat cd cac "lan rat" tiép theo déu la xac suat c6 diéu kién. Chung ta cling da
th4y rang néu thwc nghiém siéu bdi chi riat mot ty 1& nhé trong téng sé cac phan ti (trong
quén thé), thi ching ta cé thé bd qua tac déng 1én xac suit qua cac lan rat khac nhau.

Gia str c6 312 14 bai trong mot b bai bao gom 6 b0 bai tiy thong thwong. Néu thwe nghiém
yéu ciu rut chi 10 14 bai, it hon 5% ctia tong s6, thi ching ta c6 thé chip nhian wéc lwong
phan phdi nay bang phan phdi nhi thirc, mdc du diy vé ban chit 1a phan phdi siéu bdi vi
cac la bai dwoc rat ma khoéng hoan lai.

Twong tw, phan phéi Poisson dwoc coi la mét wéc lwong thich hop ctia phan phéi nhi thire
trong mot s trweong hop nhit dinh. Trong chwong bién ngiu nhién roi rac, ching ta da
thdy rang néu s6 lan thir 16m va xac suit thanh cong nho thi Poisson c6 thé wéc lwong phan
phdi nhi thitrc v&i nhitng két qua t6t. Can lwu y mot [An nita 12 nhitng quy tic nay khong
khang dinh 1a wéc lwgng xac suit sé hoan toan chinh xac, ma chi c6 nghia la sw chénh léch
sé & hang chir s6 thap phan thit ba hoidc thi tw va do d6 c6 thé bd qua.

(' day, mot lan nira, chiing ta sé thiy phan phéi chudn dwa ra cac wéc lwong dic biét chinh
xac vé mot qua trinh nhi thirc trong mot sé treong hop nhat dinh. Hinh 6.10 1a phan phéi
tAn suit ctia mot qua trinh nhi thitc cho thuc nghiém tung ba dong xu, trong do6 bién ngau
nhién 13 s8 1an ra mit ngira. Khong gian mau duwoc liét ké bén dwéi phan phéi (H = ngira,
T = s4p). Thuc nghiém gia dinh rang xac suit thanh céng 12 0,5; do dd, xac suit that bai,
mat sip, cling 1a 0,5. Khi quan sat Hinh 6.10, ching ta c6 thé thay 1a phin phoi c6 tinh doi
xtrng. G&c ré cta két qua nay xuit phat tir xac suit thanh céng va thit bai déu bing nhau,
0,5. Néu xac suit thanh cé6ng nho hon 0,5, phan phéi sé bi 1éch phai. Thit vay, khi xac suat
thanh cong giam, mirc d6 léch tang lén. Néu xac suat thanh céng tang tir 0,5, thi d6 1éch
ting & bén trai, din dén phan phdi léch trai.
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0 | , | : X = 50 lan mét ngira
0 1 2 3
.- (HHH)(HHT)(HTH)(THH)
| (TTTY(TTH)THT)(HTT)
Hinh 6.10

Do léch cia phan phéi nhi thirc ¢6 y nghia quan trong bdi vi néu ta mudn wéc lwong néd
bang phan phdi chuin, ching ta cAn nhan thirc rang phan phdi chuin 1a déi xirng. Phan
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phéi nhi thirc co ban cang gan véi sw ddi xikng, thi wéc lwong boi phan phoi chuidn cang
chinh x4c. Hinh 6.11 minh hoa mot phan phdi chuin déi xirng dwgc vé chong 1én do thi
ctia phan phéi nhi thirc véi p=0,2 va n = 5. C6 thé thiy ro s sai léch gilra xac suat wéc
lwgng béi phan phoi chuin va xac suit thit sw cia phan phoi nhi thirc. Do d6, dé cé thé st
dung phan phéi chuin cho wéc lwong phan phéi nhi thitc yéu cdu np VA n (1 - p) déu lén
hon ndm. Mot 1an niva, diy 1a mot quy tic kinh nghiém, nhung n6 hiéu qua va mang dén
cac wéc tinh chap nhin dwoc vé xac suit nhi thirc.

0 p=1 2 3 4 5

S6 lan mat ngira

Hinh 6.11

Vidu 6.7

Nguoi ta biét rang chi c6 10% ché con gidng chin ctru Uc dwoc sinh ra véi sw "déi
xtrng hoan hdo" trong ba mau 16ng: den, trang va dong. “Ddi xirng hoan hao” dwoc
dinh nghia la cAc mang mau dwoc phin b6 déu nhau & ca hai phia cia co thé ché khi
nhin chinh dién va chia theo dwong trung tam mat. M6t trai ché sé c6 dwoc danh gia
1a c6 danh tiéng tot vé viéc nhan gidng ché chin ctru Uc néu ho cé ty 1é ché dap ting
dwgc tiéu chi dac diém doi xirng nay cao. Trong 5 nam qua, trong sé 100 con cho6 dwgc
sinh ra tai Dundee Kennels, 16 con dwoc sinh ra véi ddc diém phéi mau 16ng nay.

Vin dé
Tim x4c sudt dé trong 100 l4n sinh, c6 hon 16 con ch6 cé dic diém nay?
Loi gidi

Né&u ching ta gia dinh rang mau 16ng ctia mot con ché ddc lap véi mau 16ng clia nhirng
con ché khac (mot gid dinh c6 phan tio bao), thi diy tré thanh mot bai toan xac suit
nhi thitc kinh dién.

Phat biéu vé xac sudt dwocyéucaulal-[p(x=0)+p(x=1)+p(x=2)+..+p(x=
16)]. Biéu nay doi héi ching ta phai tinh todn 17 céng thirc nhi thirc va cdng ching lai
véi nhau, sau d6 1ay 1 trir di két qua tong dé tim xac suit bén phai cta phan phai.
Ngoai ra, ching ta c6 thé st dung phan phéi chuin dé cé dwoc ciu tra 1oi mot cach
nhanh chéng chip nhan dwoc.
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DPau tién, chung ta cin ki€ém tra xem phan phdi nhi thirc c6 du doi xirng dé st dung
phan phdi chuin hay khong. Ching ta biét rang nhi thirc cho bai todn nay bi léch vi
xac suat thanh céng, 0,1, khong giong véi xac suat that bai, 0,9. Tuy nhién, ca hai np =
10 van (1 -p) =90 déu lén hon 5, ngwdng dé sit dung phan phoi chuin dé wéc tinh
phén phoi nhi thirc.

Hinh 6.12 dwéi diy cho thiy phan phdi nhi thirc va ddnh ddu khu vire ching ta muén
biét. Binh quan cta nhi thirc 1a 10, cling dwoc danh dau, va do 1éch chuin dwoc viét &
bén canh do6 thi: 0 = ,/npq = 3. Dién tich dw&i phin phdi tir 0 dén 16 1a xac suat dwoc
yéu cau va da dwoc to dim. Bén dwdi phan phdi nhi thirc 1a mot phan phéi chuin dwoc
st dung dé€ wéce tinh xac suit nay. Xac suit do ciing da dwoc t6 dam.
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U6 lwgng phan phéi nhi thirc bang phan phdi chuin ciing cAn chuin héa nhw di thuc
hién truéc day. bé tinh xac suat tir 16 dén vo cwc dwong (hodc la 100 trong trwong
hop nay), ta can xac dinh bao nhiéu do6 léch chudn ma gié tri 16 cach xa binh quén la
10.

x—u 16—-10
p— :2
o 3

7 =

Chung ta dang tim xac suat virot qua hai do 1éch chuin, moét sy kién rat hiém xay ra
trong phan phoi chuin. Ching ta tra ctu hai d6 1éch chuin trong bang phan phai
chuan don vi va tim thay dién tich tir 0 dén hai do léch chuan la 0,4772. Tuy nhién,
chiing ta quan tdm dén phan dudi bén phai, vi vy ching ta trir 0,4772 khoi 0,5 va do
dé tim thay dién tich & phan dubi. K&t luin ctia chung ta la xac sudt mot chuong ché
c6 16 con chd cé "tinh déi xirng hoan hdo" la 0,0228. Piéu nay cho thiy Dundee
Kennels c6 mot thanh tich xuat sic vé van dé nay.

Vé mat toan hoc, ching ta viét c6ng thirc nhw sau:
1-[p(x=0)+px=1)+p(x=2)+..+p(x=16)] =p(x>16)=p(z>2)=0,0228.

Bai tap van dung 6.7

Gia str rang chi c6 10% d6 noi that bang gb do mot tho mdc 1am ra dwoc 1am theo ding
kich thwéc chinh xac trong ban thiét ké. Trong 3 ndm qua, nguwoi tho méc da lam 100
mon dod noi thit bang gb va da tim thiy trong dé c6 16 moén dwoc 1am theo ding kich
thwéc trong ban thiét ké.

Tim x4c suit trong 100 mén dd ndi that bang gb, c6 hon 16 mén dugc lam theo ding
kich thwéc clia ban thiét ké?
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Thuat ngir chinh

- ~ 7 N 7 P 2 ~ s 7 xX— o P
Piém chuan héa z (z-score) la phép bién doi tuyén tinh c6 dang z = Tﬂ hoac duoc viét

la z="=£1; ngu phép bién déi nay dugrc 4p dung cho bét ky phan phéi chusn nao X ~ N(

U, o) thi két qua la phan phéi chuan don vi Z ~ N(0,1). Néu phép bién do6i nay dwoc ap
dung cho batky gia tri cu thé x ndo clia bién ngau nhién c6 s6 binh quin p va do 1éch chuin
o, thi két qua dwoc goi la diém chuin héa z cta x. Piém chuin héa z cho phép ching ta so
sanh dit liéu c6 cung phan phoi chudn nhwng cé thang do khac nhau. Piém chuin héa z la
s6 do 1éch chuan ctia mot gia tri x cu thé so véi binh quén cda no.

Phan phdi chuin (normal distribution) 1 bién ngiu nhién lién tuc (RV) c6 pdf f(x) =
—(x=p)?
m/lﬁ e 202, trong do6 pla binh quin cua phén phéi va o la do 1éch chuin; ky hiéu: x ~

N(y, 6). Néu p =0 va o = 1, bién ngiu nhién Z, dwoc goi 1a phan phdi chuin don vi.

Phan phéi chuidn don vi (Standard normal distribution) 12 bié€n ngiu nhién lién tuc (RV)
X ~N (0,1); khi X tudn theo phin phdi chuin don vi, n6 thwong dwoc ky hiéu la
7 ~N(0,1).

T6m tat chwong

6.1 Phan phéi chuian don vi

Piém chuin héa z (z- score) 12 mot gia tri da dwoc chudn héa. Phan phdi ctia né 1a phan
phéi chuan, Z ~ N (0, 1). Binh quin cta Z 1a 0 va do 1éch chuin l1a 1. Néu z la diém chuan
héa cho mot gié tri x tir phan phoi chudn N(y, o) thi z chi cho ching ta biét x cadch binh
quin u bao nhiéu do léch chuin phia trén (bén phai, Ién hon ) hodc phia dwéi (bén trai,
nhé hon).

6.3 Uéc lwong phan phdi nhi thirc bang phan phdi chuin

Phéin phdéi chuin (normal distribution), mot phan phdi lién tuc, 12 phan phdi xac suit
quan trong nhit. P6 thi cia n6 c6 dang hinh chuéng. Pwong cong hinh chuéng nay dwoc
st dung trong hau hét moi linh viec khoa hoc. Do né la phéin phoi lién tuc nén tong dién
tich dwdi dwong cong 1a mot. Cac tham sé cia phan phéi chuln 1a binh quan p va do 1éch
chun o. Mot phan phdi chudn dic biét, dwoc goi 1a phan ph6i chudn don vi 1a phan phéi
cda cac diém chuin héa z. Binh quan cta n6 la 0 va d6 1éch chuan ctiand la 1.
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T6m tat cong thirc

Gidi thiéu

x~N (i, o)

1 = binh quin; o = d6 léch chuin

6.1 Phan phéi chuin don vi

Z~N(0,1)

z = gia tri chuin héa (diém sé z)

binh quén = 0; d6 1éch chuidn =1

bé tim gia tri quan sat dwoc x, khi biét dwoc diém so z:
X=pu+(z)o

[x—p|
o

biém chudnhdaZ:z = X?T” orz=
Z = bién ngiu nhién cho diém chuin hda z

Z~N(0,1)

6.3 Ué'c lwong phan phdi nhi thirc bang phan phéi chuin

Phan phdi chuin: X ~ N (, 6) trong dé p 1a binh quan va o 1a d6 1éch chuin.

Phén phoi chuin donvi: Z ~ N (0, 1)
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