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Table 6-1: Ideal and typi-
cal parameters of a direc-
tional coupler.

Parameter Ideal Ideal (dB) Typical

Coupling, C - - 3–40 dB

Transmission, T |
√

1− 1/C2| 20 log |
√

1− 1/C2| −0.5 dB
Directivity, D ∞ ∞ 40 dB
Isolation, I ∞ ∞ 40 dB

wavelength, with longer lengths of line resulting in broader bandwidth
operation. Directional couplers are used to sample a traveling wave on one
line and to induce a usually much smaller image of the wave on another line.
That is, the forward- and backward-traveling waves are separated. Here a
prescribed amount of the incident power is coupled out of the system. Thus,
for example, a 20 dB microstrip coupler is a pair of coupled microstrip lines
in which 1/100 of the power input is coupled from one microstrip line onto
the another.

Referring to Figure 6-7, a coupler is specified in terms of the following pa-
rameters (always check the magnitude of the factors, as some papers and
books on couplers use the inverse of the C used here):

• Coupling factor:
C = V +

1 /V −
3 = inverse of the voltage fraction “transferred”

(coupled) across to the opposite arm (C > 1).
• Transmission factor ( inverse of insertion loss):

T = V −
2 /V +

1 = transmission directly through the “primary” arm
of the structure (T < 1).

• Directivity factor:
D = V −

3 /V −
4 = measure of the undesired coupling from Port 1 to

Port 4 relative to the signal level at Port 3 (D > 1).
• Isolation factor:

I = V +
1 /V −

4 = isolation between Port 4 and Port 1 (I > 1).

It is usual to quote these quantities in decibels. For example, the coupling
factor in decibels is C|dB = 20 logC. So 20 dB coupling indicates that the
coupling factor is 10. An ideal quarter-wave coupler has D = ∞ (i.e., infinite
directivity) and

C =
Z0e + Z0o

Z0e − Z0o
. (6.29)

In decibels the coupling is

C|dB = 20 log

(

Z0e + Z0o

Z0e − Z0o

)

. (6.30)

Typical and ideal parameters of a directional coupler are given in Table
6-1. Since an ideal coupler does not dissipate power, the magnitude of the
transmission coefficient is

|T | = |
√

1− 1/C2|. (6.31)

There are many types of directional couplers, and the phases of the
traveling waves at the ports will not necessarily coincide. The microstrip
coupler shown in Figure 6-7(b) has maximum coupling when the lines are
one-quarter wavelength long.3 At the frequency where they are one-quarter

3 This is shown in a detailed derivation provided in Section 11.4 of [1].
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Figure 6-8: Parallel coupled lines with lumped capacitors reducing
the length of the coupled lines.

wavelength long, the phase difference between traveling waves entering at
Port 1 and leaving at Port 2 will be 90◦.

EXAMPLE 6.1 Directional Coupler Isolation

A lossless directional coupler has coupling C = 20 dB, transmission factor 0.8, and directivity
20 dB. What is the isolation? Express your answer in decibels.

Solution:

Coupling factor: C = V +
1 /V −

3

Transmission factor: T = V −
2 /V +

1

Directivity factor: D = V −
3 /V −

4

Isolation factor: I = V +
1 /V −

4

D = 20 dB = 10 and C = 20 dB = 10,

so the isolation is
I =

V +
1

V −
4

=
V −
3

V −
4

· V
+
1

V −
3

= D · C = 10 · 10 = 100 = 40 dB.

6.5.1 Directional Coupler With Lumped Capacitors

Directional couplers using only coupled transmission lines can be large at
low frequencies, as the minimum length is approximately one-quarter of a
wavelength. This can be a problem at RF and low microwave frequencies,
say, below 3 GHz. The length of the line can be reduced by incorporating
lumped elements, as shown in Figure 6-8(a).

6.6 Summary

Coupling from one transmission line to a nearby neighbor may often be
undesirable. However, the coupling can be controlled and coupled lines have
become an important circuit component in distributed microwave circuits.
The suite of microwave elements that exploit distributed effects available to
a microwave designer is surprisingly large. Coupled lines comprise a large
proportion of these elements. This chapter concludes with an example of the
broadband response of a pair of coupled microstrip lines.

6.7 References

[1] T. Edwards and M. Steer, Foundations for Mi-
crostrip Circuit Design. John Wiley & Sons,

2016.
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6.8 Exercises

1. Consider the cross section of a coupled transmis-
sion line, as shown in Figure 6-1, with even and
odd modes both traveling out of the page.

(a) For an even mode on the coupled line, con-
sider a phasor voltage of 1 V on each of the
lines above the ground plane at 0 V. Sketch
the directed electric field in the transverse
plane, i.e. show the direction of the electric
field.

(b) For the even mode, sketch the directed mag-
netic fields in the transverse plane (the plane
of the cross section).

(c) For an odd mode on the coupled line, con-
sider a phasor voltage of +1 V on the left line
and a phasor voltage of −1 V on the right
line. Sketch the directed electric fields in the
transverse plane (the plane of the cross sec-
tion).

(d) For the odd mode, sketch the directed mag-
netic fields in the transverse plane (the plane
of the cross section).

2. An ideal directional coupler is lossless and there
are no reflections at the ports. If the coupling fac-
tor is 10, what is the the magnitude of the trans-
mission coefficient?

3. A directional coupler has the following charac-

teristics: coupling factor C = 20, transmission
factor 0.9, and directivity factor 25 dB. Also, the
coupler is matched so that there is no reflection
at any of the ports. What is the isolation in deci-
bels?

4. A lossy 6 dB directional coupler is matched so
that there is no reflection at any of the ports. The
insertion loss (considering the through path) is
2 dB. If 1 mW is input to the directional cou-
pler, what is the power in microwatts dissipated
in the directional coupler? Ignore power leaving
the isolated port.

5. A matched directional coupler has a coupling
factor C of 20, transmission factor 0.9, and di-
rectivity of 25 dB. What is the power dissipated
in the directional coupler if the input power to
Port 1 is 1 W.

6. Consider a pair of parallel microstrip lines sepa-
rated by a spacing, s, of 100 µm.

(a) What happens to the coupling factor of the
lines as s reduces?

(b) What happens to the system impedance as s
reduces and no other dimensions change?

(c) In terms of wavelengths, what is the opti-
mum length of the coupled lines for maxi-
mum coupling?

6.8.1 Exercises by Section
†challenging

§6.2 1† §6.5 2, 3, 4, 5, 6†

6.8.2 Answers to Selected Exercises

2 0.9950 3(b) 187 mW
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7.1 Introduction

Analog circuits at frequencies up to a few tens of megahertz are characterized
by admittances, impedances, voltages, and currents. Above these frequencies
it is not possible to measure voltage, current, or impedance directly. It
is better to use quantities such as voltage reflection and transmission
coefficients that can be quite readily measured and are related to power flow.
As well, in RF and microwave circuit design the power of signals and of noise
is always of interest. Thus there is a predisposition to focus on measurement
parameters that are related to the reflection and transmission of power.

Scattering parameters, S parameters, embody the effects of reflection
and transmission. As will be seen, it is easy to convert these to more
familiar network parameters such as admittance and impedance parameters.
In this chapter S parameters will be defined and related to impedance
and admittance parameters, then it will be demonstrated that the use
of S parameters helps in the design and interpretation of RF circuits.
S parameters have become the most important parameters for RF and
microwave engineers and many design methodologies have been developed
around them.

This chapter presents microwave circuit theory which is based on the
representation of distributed structures such as transmission lines, and other
structures that are too large to be considered to be dimensionless, by lumped
element circuits.
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7.2 Two-Port Networks

In microwave circuits it is generally difficult to do this. Recall that with
transmission lines it is not possible to establish a common ground point.
However, with transmission lines it was seen that for each signal current
there is a signal return current. Thus at radio frequencies, and for circuits
that are distributed, ports are used, as shown in Figure 7-1(a), which define
the voltages and currents for a two-port network, or just two-port.1 The
network in Figure 7-1(a) has four terminals and two ports. A port voltage is
defined as the voltage difference between a pair of terminals with one of the
terminals in the pair becoming the reference terminal. The current entering
the network at the top terminal of Port 1 is I1 and there is an equal current
leaving the reference terminal. This arrangement clearly makes sense when
transmission lines are attached to Ports 1 and 2, as in Figure 7-1(b). With
transmission lines at Ports 1 and 2 there will be traveling-wave voltages, and
at the ports the traveling-wave components add to give the total port voltage.
In dealing with nondistributed circuits it is preferable to use the total port
voltages and currents—V1, I1, V2, and I2, shown in Figure 7-1(a). However,
with distributed elements it is preferable to deal with traveling voltages and
currents—V +

1 , V −
1 , V +

2 , and V −
2 , shown in Figure 7-1(b). RF and microwave

design necessarily requires switching between the two forms.

7.2.1 Reciprocity, Symmetry, Passivity, and Linearity

Reciprocity, symmetry, passivity, and linearity are fundamental properties
of networks. A network is linear if the response is linearly dependent on
the drive level, and superposition also applies. So if the two-port shown
in Figure 7-1(a) is linear, the currents I1 and I2 are linear functions of V1

and V2. An example of a linear network would be one with resistors and
capacitors. A network with a diode would be nonlinear. A passive network
has no internal sources of power and a symmetrical two-port has the same
characteristics at each of the ports. An example of a symmetrical network is
a transmission line with a uniform cross section.

A reciprocal two-port has a response at Port 2 from an excitation at Port
1 that is the same as the response at Port 1 to the same excitation at Port
2. As an example, consider the two-port in Figure 7-1(a) with V2 = 0. If the
network is reciprocal, then the ratio I2/V1 with V2 = 0 will be the same as the
ratio I1/V2 with V1 = 0. Networks with resistors, capacitors, and transmission
lines are reciprocal. A transistor amplifier is not reciprocal as gain is in one

1 Even when the term “two-port” is used on its own, the hyphen is used, as it is referring to a
two-port network.

Figure 7-1: A two-
port network: (a)
port voltages; and
(b) with transmis-
sion lines at the
ports. (a) (b)
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Port-based Global ground-based

(a) Port-based z parameters (b) z parameters with global ground

(c) Port-based y parameters (d) y parameters with global ground

Figure 7-2: The z- and y-parameter equivalent circuits for port-based and global ground
representations. The immittances are shown as impedances.

(a) z parameters (b) y parameters

Figure 7-3: Circuit equivalence of
the z and y parameters for a recip-
rocal network (in (b) the elements
are admittances).

direction.

7.2.2 Parameters Based on Total Voltage and Current

Here port-based impedance (z), admittance (y), and hybrid (h) parameters
will be described. These are similar to the more conventional z, y, and
h parameters defined with respect to a common or global ground. The
contrasting circuit representations of the parameters are shown in Figure 7-2.

Impedance parameters

With reference to Figure 7-1the port-based impedance parameters, or z pa-
rameters, are defined as

V1 = z11I1 + z12I2 (7.1) V2 = z21I1 + z22I2, (7.2)

or in matrix form as V = ZI. (7.3)

The double subscript on a parameter is ordered so that the first refers to the
output and the second refers to the input, so zij relates the voltage output
at Port i to the current input at Port j. If the network is reciprocal, then
z12 = z21, but this simple type of relationship does not apply to all network
parameters. The reciprocal circuit equivalence of the z parameters is shown
in Figure 7-3(a).
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EXAMPLE 7.1 Thevenin equivalent of a source with a two-port

What is the Thevenin equivalent circuit of the
source-terminated two-port network on the
right.

Original circuit Thevenin equivalent
Solution:
From the original circuit

V1=Z11I1 + Z12I2 (7.4)

V2=Z21I1 + Z22I2 (7.5)

V2=E − I2ZL (7.6)

Substituting Equation (7.6) in Equation (7.5)

E=Z21I1 + (Z22 + ZL)I2 (7.7)

Multiplying Equation (7.4) by (Z22 + ZL) and

Equation (7.7) by Z12

(Z22 + ZL)V1 = (Z22 + ZL)Z11I1

+(Z22 + ZL)Z12I2 (7.8)

Z12E = Z12Z21I1 + Z12(Z22 + ZL)I2 (7.9)

Subtracting Equation (7.9) from Equation (7.8)

(Z22 + ZL)V1 − Z12E = [(Z22 + ZL)Z11−]I1

V1 =
Z12E

Z22 + ZL
+

(

Z11 − Z12Z21

Z22 + ZL

)

I1 (7.10)

For the Thevenin equivalent circuit V1 = ETH + I1ZTH and so

ZTH=

(

Z11 − Z12Z21

Z22 + ZL

)

and ETH =
Z12E

Z22 + ZL
(7.11)

Admittance parameters

The port-based admittance parameters, or y parameters, are defined as

I1 = y11V1 + y12V2 (7.12) I2 =y21V1 + y22V2, (7.13)

or in matrix form as I = YV. (7.14)

Now, for reciprocity, y12 = y21 and the circuit equivalence of the y parameters
is shown in Figure 7-3(b).

7.3 Scattering Parameters

Direct measurement of the z and y parameters requires that the ports be
terminated in either short or open circuits. For active circuits this could result
in undesired behavior, including oscillation or destruction. Also, at RF it is
difficult to realize a good open or short. Since RF circuits are designed with
close attention to maximum power transfer conditions, resistive terminations
are preferred, as these are closer to the actual operating conditions. Thus the
effect of measurement errors will have less impact. This is the way scattering
parameters are measured.

The discussion of scattering parameters, S parameters2, begins by
considering the reflection coefficient, which is the S parameter of a one-port
network.

2 For historical reasons a capital “S” is used when referring to S parameters. For most other
network parameters, lowercase is used (e.g., z parameters for impedance parameters).



MICROWAVE NETWORK ANALYSIS 113

7.3.1 Reflection Coefficient

The reflection coefficient, Γ, of a load ZL can be determined by separately
measuring the forward- and backward-traveling voltages on a transmission
line terminated by the load:

Γ(x) =
V −(x)

V +(x)
. (7.15)

Imagine between the source and the load that there is a line of characteristic
impedance Z0 and with infinitesimal length, then Γ at the load is related to
the impedance ZL by

Γ(0) =
ZL − Z0

ZL + Z0
, (7.16)

where Z0 is the characteristic impedance of the connecting transmission line.
This can also be written as

Γ(0) =
Y0 − YL

Y0 + YL
, (7.17)

where Y0 = 1/Z0 and YL = 1/ZL. More completely, Γ as defined above is
called the voltage reflection coefficient sometimes denoted ΓV .

Recall that the current reflection coefficient ΓI = −ΓV .

7.3.2 Two-Port S Parameters

Two-port S parameters are defined in terms of traveling waves on transmis-
sion lines with real characteristic impedance Z0 attached to each of the ports
of a network, see Figure 7-1(b):

V −
1 = S11V

+
1 + S12V

+
2 (7.18) V −

2 = S21V
+
1 + S22V

+
2 , (7.19)

where Sij are the individual S parameters. In matrix form

[

V −
1

V −
2

]

=

[

S11 S12

S21 S22

] [

V +
1

V +
2

]

= S

[

V +
1

V +
2

]

. (7.20)

Individual S parameters are determined by measuring the forward- and
backward-traveling waves with loads Z0 at the ports. Since the load is Z0 it
cannot reflect power and so V +

2 = 0, then

S11 =
V −
1

V +
1

∣

∣

∣

∣

∣

V +

2
=0

. (7.21)

The remaining parameters are determined similarly and so S22 is found as

S22 =
V −
2

V +
2

∣

∣

∣

∣

∣

V +

1
=0

(7.22)

and the transmission parameter as

S21 =
V −
2

V +
1

∣

∣

∣

∣

∣

V +

2
=0

. (7.23)
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Table 7-1: Two-port S parameter conversion chart. The z, and y parameters are normalized to
Z0. Z ′ and Y ′ are the actual parameters.

S In terms of S

z Z′
11 = z11Z0 Z′

12 = z12Z0 Z′
21 = z21Z0 Z′

22 = z22Z0

δz = (1 + z11)(1 + z22)− z12z21 δS = (1− S11)(1− S22)− S12S21

S11 = [(z11 − 1)(z22 + 1)− z12z21]/δz z11 = [(1 + S11)(1− S22) + S12S21]/δS
S12 = 2z12/δz z12 = 2S12/δS
S21 = 2z21/δz z21 = 2S21/δS
S22 = [(z11 + 1)(z22 − 1)− z12z21]/δz z22 = [(1− S11)(1 + S22) + S12S21]/δS

y Y ′
11 = y11/Z0 Y ′

12 = y12/Z0 Y ′
21 = y21/Z0 Y ′

22 = y22/Z0

δy = (1 + y11)(1 + y22)− y12y21 δS = (1 + S11)(1 + S22)− S12S21

S11 = [(1− y11)(1 + y22) + y12y21]/δy y11 = [(1− S11)(1 + S22) + S12S21]/δS
S12 = −2y12/δy y12 = −2S12/δS
S21 = −2y21/δy y21 = −2S21/δS
S22 = [(1 + y11)(1− y22) + y12y21]/δy y22 = [(1 + S11)(1− S22) + S12S21]/δS

In the reverse direction,

S12 =
V −
1

V +
2

∣

∣

∣

∣

∣

V +

1
=0

. (7.24)

In the above Z0 is referred to as the normalization impedance or
equivalently the reference impedance. In some circumstances ZREF is
used to denote reference impedance to avoid possible confusion with a
transmission line impedance that is not the same as the reference impedance.
The S parameters here are also called normalized S parameters, and the S
parameters are normalized to the same real reference impedance at each port.

The relationships between the two-port S parameters and the common
network parameters are given in Table 7-1. It is interesting to note that
S21/S12 = z21/z12 = y21/y12. That is, the ratio of the forward to reverse
parameters (at least for S, z, and y parameters) are the same and this ratio is
one for a reciprocal device. An S parameter is a voltage ratio, so when it is
expressed in decibels Sij |dB = 20 log(Sij).

A reciprocal network has S12 = S21. If unit power flows into a two-port,

a fraction, |S11|2, is reflected and a further fraction, |S21|2, is transmitted
through the network.

EXAMPLE 7.2 Two-Port S Parameters

What are the S parameters of a 30 dB attenuator?

Solution:

An attenuator is shown with a system impedance
of Z0. An ideal attenuator has no reflection at each
of the two ports when the attenuator is embedded
in its system impedance. Thus Γin = 0 = Γout.
Since there is no reflection from the load or the
source, this implies that S11 = 0 = S22.
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Since this is a 30 dB attenuator, the power delivered to the load impedance Z0 is 30 dB
below the power available from the source, thus S21 = −30 dB = 0.0316. The attenuator
is reciprocal and so S12 = S21. Thus the S parameters of the attenuator are

S =

[

0 0.0316
0.0316 0

]

. (7.25)

Note that the reference impedance did not need to be known to develop the S parameters.

7.3.3 Input Reflection Coefficient of a Terminated Two-Port
Network

A two-port is shown in Figure 7-4 that is terminated at Port 2 in a load with
a reflection coefficient ΓL. The lines at each of the ports are of infinitesimal
length (i.e., ℓ1 → 0 and ℓ2 → 0) and are used to make it easier to visualize the
separation of the voltage into forward- and backward-traveling components.
The aim in this section is to develop a formula for the input reflection
coefficient Γin = V −

1 /V +
1 . For the circuit in Figure 7-4 , three equations can

be developed:

V −
1 = S11V

+
1 + S12V

+
2 (7.26)

V −
2 = S21V

+
1 + S22V

+
2 (7.27)

V +
2 = ΓLV

−
2 , i.e., V −

2 = V +
2 /ΓL. (7.28)

Note that V −
2 is the voltage wave that leaves the two-port but is incident on

the load ΓL. The aim here is to eliminate V +
2 and V −

2 . Substituting Equation
(7.28) into Equation (7.27) leads to

V +
2 /ΓL = S21V

+
1 + S22V

+
2 (7.29)

V +
2

(

1− S22ΓL

ΓL

)

= S21V
+
1 (7.30)

V +
2 =

(

S21ΓL

1− S22ΓL

)

V +
1 . (7.31)

Now substituting Equation (7.31) in Equation (7.26) yields

V −
1 = S11V

+
1 + S12

(

S21ΓL

1− S22ΓL

)

V +
1 (7.32)

and so Γin = S11 +
S12S21ΓL

1− S22ΓL
. (7.33)

Figure 7-4: A terminated two-port network with
transmission lines of infinitesimal length at the
ports.
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7.3.4 Properties of a Two-Port in Terms of S Parameters

The properties of most interest are whether the two-port network is lossless,
passive, or reciprocal.

If a network is lossless, all of the power input to the network must leave
the network. The power incident on Port 1 of a network is

P+
1 =

∣

∣

∣

∣

∣

1
2V

+
1

Z0

∣

∣

∣

∣

∣

2

(7.34)

and the power leaving Port 1 is

P−
1 =

∣

∣

∣

∣

∣

1
2V

−
1

Z0

∣

∣

∣

∣

∣

2

. (7.35)

This can be repeated for Port 2 and the factor 1
2/Z0 appears in all expressions.

So cancelling this factor, the condition for the network to be lossless is

|S11|2 + |S21|2 = 1 and |S12|2 + |S22|2 = 1. (7.36)

For a network to be passive, no more power can leave the network than
enters it. So the condition for passivity is

|S11|2 + |S21|2 ≤ 1 and |S12|2 + |S22|2 ≤ 1. (7.37)

Reciprocity requires that S21 = S12.

7.4 Return Loss, Substitution Loss, and Insertion Loss

7.4.1 Return Loss

Return loss, also known as reflection loss, is a measure of the fraction of
available power that is not delivered by a source to a load. If the power
incident on a load is Pi and the power reflected by the load is Pr, then the
return loss in decibels is [1, 2]

RLdB = 10 log
Pi

Pr
. (7.38)

The better the load is matched to the source, the lower the reflected power
and hence the higher the return loss. RL is a positive quantity if the reflected
power is less than the incident power. If the load has a complex reflection
coefficient ρ, then

RLdB = 10 log

∣

∣

∣

∣

1

ρ2

∣

∣

∣

∣

= −20 log |ρ| . (7.39)

That is, the return loss is the negative of the reflection coefficient expressed
in decibels [3].

When generalized to terminated two ports, the return loss is defined with
respect to the input reflection coefficient of a terminated two port [4]. The
two port in Figure 7-5 has the input reflection coefficient

Γin = S11 +
ΓLS12S21

(1− ΓLS22)
, (7.40)
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where ΓL is the reflection coefficient of the load. Thus the return loss of a
terminated two-port is

RLdB = −20 log |Γin| = −20 log

∣

∣

∣

∣

S11 +
ΓLS12S21

(1− ΓLS22)

∣

∣

∣

∣

. (7.41)

If the load is matched, i.e. ZL = Z∗
0 (the system reference impedance), then

RLdB = −20 log |S11| . (7.42)

This return loss is also called the input return loss since the reflection
coefficient is calculated at Port 1. The output return loss is calculated looking
into Port 2 of the two-port, where now the termination at Port 1 is just the
source impedance.

7.4.2 Substitution Loss and Insertion Loss

The substitution loss is the ratio of the power, iPL, delivered to the load by
an initial two-port identified by the leading superscript ‘i’, and the power
delivered to the load, fPL, with a substituted final two-port identified by
the leading superscript ‘f ’. In terms of scattering parameters with reference
impedances ZREF, the substitution loss in decibels is (using the results in [5]
and noting that ΓS and ΓL are referred to ZREF)

LS | dB =
iPL

fPL
= 10 log

∣

∣

∣

∣

∣

iS21

fS21

[

(1− fS11ΓS)(1 − fS22ΓL)− fS12
fS21ΓSΓL

]

[(1− iS11ΓS)(1 − iS22ΓL)− iS12
iS21ΓSΓL]

∣

∣

∣

∣

∣

2

.

(7.43)

Insertion loss is a special case of substitution loss with a particular type of
initial two-port networks.

Insertion Loss with an Ideal Adaptor

Insertion loss is the substitution loss when the initial two-poort is a direct
connection so iS11 = 0 = iS22 (for no reflection), iS12

iS21 = 1 (for no loss
in the adaptor and there is no phase shift), and iS12 = iS21 (for reciprocity),
insertion loss in decibels is, using Equation (7.43):

IL|dB = 10 log

[

∣

∣

∣

∣

(1− fS11ΓS)(1− fS22ΓL)− fS12
fS21ΓSΓL

fS12 (1− ΓSΓ)

∣

∣

∣

∣

2
]

(7.44)

Attenuation is defined as the insertion loss without source and load

Figure 7-5: Terminated two-port used to define return loss.
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Figure 7-6: Schematic of a directional coupler.

reflections (ΓS = 0 = ΓL) [6], and Equation (7.44) becomes

A| dB = 10 log

�

Z02

Z01

1

|S21|2

�

(= IL with ΓS = 0 = ΓL) (7.45)

7.5 Scattering Parameters and Directional Couplers

Directional couplers were described in Section 6.5, but without the use of S
parameters. A directional coupler with ports defined as in Figure 7-6, and
with the ports matched (so that S11 = 0 = S22 = S33 = S44), has the
following scattering parameter matrix:

S =









0 T 1/C 1/I
T 0 1/I 1/C

1/C 1/I 0 T
1/I 1/C T 0









. (7.46)

There are many types of directional couplers, and the phases of the traveling
waves at the ports will not necessarily be in phase as Equation (7.46) implies.
When the phase difference between traveling waves entering at Port 1 and
leaving at Port 2 is 90◦, Equation (7.46) becomes

S =









0 −T 1/C 1/I
−T 0 1/I 1/C
1/C 1/I 0 −T
1/I 1/C −T 0









. (7.47)

EXAMPLE 7.3 Identifying Ports of a Directional Coupler

A directional coupler has the following S parameters:

S =









0 0.9 0.001 0.1
0.9 0 0.1 0.001

0.001 0.1 0 0.9
0.1 0.001 0.9 0









.

(a) What are the through (i.e., transmission) paths? Identify two paths. That is, identify the
pairs of ports at the ends of the through paths.
First note that the assignment of ports to a directional coupler is arbitrary. So the
S parameters need to be considered to figure out how the ports are related. The S
parameters relate the forward-traveling waves to the backward-traveling waves and this
leads to the required understanding, thus









V −
1

V −
2

V −
3

V −
4









= S









V +
1

V +
2

V +
3

V +
4









=









0 0.9 0.001 0.1
0.9 0 0.1 0.001

0.001 0.1 0 0.9
0.1 0.001 0.9 0

















V +
1

V +
2

V +
3

V +
4









.
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Figure 7-7: Directional coupler schematic drawn with each of the four possible input ports.

Writing the S parameters out this way makes it easier to identify the largest backward-
traveling waves for each of the inputs at Ports 1, 2, 3, and 4. The backward-traveling
wave will leave the directional coupler and the inputs will be forward-traveling waves.
Consider Port 1, the largest backward-traveling wave is at Port 2, and so Ports 1 and 2
define one of the through paths. The other through path is between Ports 3 and 4.
So the through paths are 1–2 and 3–4.

(b) What is the coupled port for the signal entering Port 1?
The coupled port is identified by the port with the largest backward-traveling signal not
including the port at the other end of the through path. For Port 1 the coupled port is
Port 4.

(c) What is the coupling factor?

C =
V +
1

V −
4

=
1

0.1
= 10 = 20 dB.

(d) What is the isolated port for the signal entering Port 1?
The isolated port is Port 3. The backward-traveling wave at this port is the smallest given
an input at Port 1.

(e) What is the isolation factor?

I =
V +
1

V −
3

=
1

0.001
= 1000 = 60 dB.

(f) What is the directivity factor?
The directivity factor indicates how much stronger the signal is at the coupled port
compared to the isolated port for a signal at the input. For an input at Port 1, the
directivity factor is

D =
V −
4

V −
3

=
0.1

0.001
= 100 = 40 dB.

As a check D = I/C = 1000/10 = 100.
(g) Draw a schematic of the directional coupler.

There are four ways to draw it depending on the input port chosen, see Figure 7-7.

7.6 Summary

There are several network parameters used with RF and microwave circuits.
Which is used depends on which makes the task of visualizing circuit
operation more clear, which makes analyzing circuits more convenient, and
which enables different circuits to be made electrically equivalent.

Scattering parameters are parameters that are almost exclusively used
by RF and microwave engineers. They describe power flow and traveling
waves and are essential to describing distributed circuits. Much of RF and
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microwave engineering is concerned with managing the signal-to-noise
power ratio and with power efficiency. It is therefore natural to work with
parameters that directly relate to power flow. RF and microwave design
is characterized by conceptual insight and it is essential to use parameters
and graphical representations that are close to the physical world. Scattering
parameters have very natural graphical representations, as will be seen in
the next chapter.
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7.8 Exercises

1. A load has a reflection coefficient of 0.5 − 0.1
in a 75 Ω reference system. What is the reflection
coefficient in a 50 Ω reference system?

2. The 50 Ω S parameters of a two-port are S11 =
0.5+ 0.5, S12 = 0.95+ 0.25, S21 = 0.15− 0.05,
and S22 = 0.5 − 0.5. Port 1 is connected to a
50 Ω source with an available power of 1 W and
Port 2 is terminated in 50 Ω. What is the power
reflected from Port 1?

3. The scattering parameters of a certain two-port
are S11 = 0.5 + 0.5, S12 = 0.95 + 0.25, S21 =
0.15 − 0.05, and S22 = 0.5 − 0.5. The system
reference impedance is 50 Ω.

(a) Is the two-port reciprocal? Explain.
(b) Consider that Port 1 is connected to a 50 Ω

source with an available power of 1 W. What
is the power delivered to a 50 Ω load placed
at Port 2?

(c) What is the reflection coefficient of the load
required for maximum power transfer at
Port 2?

4. In characterizing a two-port, power could only
be applied at Port 1. The signal reflected was
measured and the signal at a 50 Ω load at Port 2
was also measured. This yielded two S param-
eters referenced to 50 Ω: S11 = 0.3 − 0.4 and
S21 = 0.5.

(a) If the network is reciprocal, what is S12?
(b) Is the two-port lossless?

(c) What is the power delivered into the 50 Ω
load at Port 2 when the available power at
Port 1 is 0 dBm?

5. A matched lossless transmission line has a
length of one-quarter wavelength. What are the
scattering parameters of the two-port?

6. A connector has the scattering parameters S11 =
0.05, S21 = 0.9, S12 = 0.9, and S22 = 0.04 and
the reference impedance is 50 Ω. What is the re-
turn loss in dB of the connector at Port 1 in a 50 Ω
system?

7. The scattering parameters of an amplifier are
S11 = 0.5, S21 = 2., S12 = 0.1, and S22 = −0.2
and the reference impedance is 50 Ω. If the am-
plifier is terminated at Port 2 in a resistance of
25 Ω, what is the return loss in dB at Port 1?

8. A two-port network has the scattering param-
eters S11 = −0.5, S21 = 0.9, S12 = 0.8, and
S22 = 0.04 and the reference impedance is 50 Ω.

(a) What is the return loss in dB of the connector
at Port 1 in a 50 Ω system?

(b) Is the two-port reciprocal and why?

9. A two-port network has the scattering param-
eters S11 = −0.2, S21 = 0.8, S12 = 0.7, and
S22 = 0.5 and the reference impedance is 75 Ω.

(a) What is the return loss in dB of the connector
at Port 1 in a 75 Ω system?

(b) Is the two-port reciprocal and why?
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10. A cable has the scattering parameters S11 = 0.1,
S21 = 0.7, S12 = 0.7, and S22 = 0.1. At Port 2 is
a 55 Ω load and the S parameters and reflection
coefficients are referred to 50 Ω.

(a) What is the load’s reflection coefficient?
(b) What is the input reflection coefficient of the

terminated cable?
(c) What is the return loss, at Port 1 and in dB,

of the cable terminated in the load?

11. A cable has the 50 Ω scattering parameters S11 =
0.05, S21 = 0.5, S12 = 0.5, and S22 = 0.05. What
is the insertion loss of the cable if the source at
Port 1 has a 50 Ω Thevenin impedance and the
termination at Port 2 is 50 Ω? Express your an-
swer in decibels.

12. A 1 m long cable has the 50 Ω scattering pa-
rameters S11 = 0.1, S21 = 0.7, S12 = 0.7, and
S22 = 0.1. The cable is used in a 55 Ω system.
Express your answers in decibels.

(a) What is the return loss of the cable
in the 55 Ω system? (Hint see Section
sec:input:terminated:two:port and consider
finding Zin.]

(b) What is the insertion loss of the cable in the
55 Ω system? Follow the procedure in Exam-
ple 7.0

(c) What is the return loss of the cable in a 50 Ω
system?

(d) What is the insertion loss of the cable in a
50 Ω system?

13. A 1 m long cable has the 50 Ω scattering param-
eters S11 = 0.05, S21 = 0.5, S12 = 0.5, and
S22 = 0.05. The Thevenin equivalent impedance
of the source and terminating load impedances
of the cable are 50 Ω. Express your answers in
decibels.

(a) What is the return loss of the cable?
(b) What is the insertion loss of the cable?

14. A lossy directional coupler has the following

50 Ω S parameters:

S =









0 −0.95 0.005 0.1
−0.95 0 0.1 0.005
0.005 0.1 0 −0.95
0.1 0.005 −0.95 0









.

(a) What are the through (transmission) paths
(identify two paths)? That is, identify the
pairs of ports at the ends of the through
paths.

(b) What is the coupling in decibels?
(c) What is the isolation in decibels?
(d) What is the directivity in decibels?

15. A directional coupler has the following charac-
teristics: coupling factor C = 20, transmission
factor 0.9, and directivity factor 25 dB. Also, the
coupler is matched so that S11 = 0 = S22 =
S33 = S44.

(a) What is the isolation factor in decibels?
(b) Determine the power dissipated in the direc-

tional coupler if the input power to Port 1 is
1 W.

16. A lossy directional coupler has the following
50 Ω S parameters:

S =









0 0.25 −0.9 0.01
0.25 0 0.01 −0.9
−0.9 0.01 0 0.25
0.01 −0.9 0.25 0









.

(a) Which port is the input port (there could be
more than one answer)?

(b) What is the coupling in decibels?
(c) What is the isolation in decibels?
(d) What is the directivity factor in decibels?

17. A directional coupler using coupled lines has
a coupling factor of 3.38, a transmission factor
of −0.955, and infinite directivity and isolation.
The input port is Port 2 and the through port is
Port 2. Write down the 4× 4 S parameter matrix
of the coupler.

7.8.1 Exercises by Section
†challenging

§7.3 1, 2, 3†, 4†, 5† §7.4 6, 7, 8, 9, 10, 11, 12†, 13 §7.5 14†, 15†, 16†, 17†

7.8.2 Answers to Selected Exercises

1 0.638 − 0.079
3(d) 50 + 100 Ω

6 26 dB
12(b) 2.99 dB

15(b) 187 mW
16(d) 28 dB
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8.1 Introduction

This chapter introduces the Smith chart, most widely used graphical
technique for describing and solving problems using S parameters. The
Smith chart is an annotated polar plot of S parameters and is one of the
most powerful tools in RF and microwave engineering and is used to present
measured results, to conceptualize designs, and to intuitively solve problems
involving distributed networks.

8.2 Polar Representations of Scattering Parameters

Scattering parameters are most naturally represented in polar form with the
square of the magnitude relating to power flow. In this section a greater
rationale for representing S parameters on a polar plot is presented and this
serves as the basis for a more complicated representation of S parameters on
a Smith chart to be described in the next section.

8.2.1 Shift of Reference Planes as a S Parameter Rotation

A polar plot is a natural way to present S parameters graphically. Adding
additional lengths of the lines at each port rotates the S parameters. Consider
the two-port in Figure 8-1. Here the original two-port with scattering

Figure 8-1: A two-port with scattering parameter
matrix S augmented by lines at each port with the lines
having the reference characteristic impedance Z0 and
electrical length θn. The scattering parameter matrix of
the augmented two-port is S′.
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parameter matrix S is augmented by lines at each port with each having a
characteristic impedance equal to the reference impedance. The S parameter
matrix of the augmented two-port, S

′, are the same as the original S
parameter matrix but phase-shifted. That is

S
′ =

[

S′
11 S′

12

S′
21 S′

22

]

=

[

S11e
−2Θ1 S12e

−(Θ1+Θ2)

S21e
−(Θ1+Θ2) S22e

−2Θ2

]

. (8.1)

The shift in reference planes simply rotates the S parameters. This is one of
the main reasons why S parameters are commonly plotted on a polar plot.

8.2.2 Polar Plot of Reflection Coefficient

The polar plot of reflection coefficient is simply the polar plot of a complex
number. Figure 8-2 is used in plotting reflection coefficients and is a polar
plot that has a radius of one. So a reflection coefficient with a magnitude
of one is on the unit circle. The center of the polar plot is zero so the
reflection coefficient of a matched load, which is zero, is plotted at the
center of the circle. Plotting a reflection coefficient on the polar plot enables
convenient interpretation of the properties of a reflection. The graph has
additional notation that enables easy plotting of an S parameter on the
graph. Conversely, the magnitude and phase of an S parameter can be
easily read from the graph. The horizontal label going from 0 to 1 is used
in determining magnitude. The notation arranged on the outer perimeter of
the polar plot is used to read off angle information. Notice the additional
notation “ANGLE OF REFLECTION COEFFICIENT IN DEGREES” and the
scale relates to the actual angle of the polar plot. Verify that the 90◦ point is
just where one would expect it to be.

Figure 8-3 annotates the polar plot of reflection coefficient with real and
imaginary axes and shows the location of the short circuit and open circuit
points. Note that the reflection coefficient of an inductive impedance is in
the top half of the polar plot while the reflection coefficient of a capacitive
impedance is in the bottom half of the polar plot.

The nomograph shown in Figure 8-4 aids in interpretation of polar
reflection coefficient plots. The nomograph relates the reflection coefficient
(RFL. COEFFICIENT), ρ (ρ was originally used instead of Γ and is still used
with the Smith chart); the return loss (RTN. LOSS) (in decibels); and the
standing wave ratio (SWR); and the standing wave ratio (in decibels) as
20 log(SWR). When printed together with the reflection coefficient polar
plot (Figures 8-2 and 8-4 combined) the nomograph is scaled properly, but
it is expanded here so that it can be read more easily. So with the aid of a
compass with one point on the zero point of the polar plot and the other at
the reflection coefficient (as plotted on the polar plot), the magnitude of the
reflection coefficient is captured. The compass can then be brought down to
the nomograph to read ρ, the return loss, and VSWR directly.

8.3 Smith Chart

The Smith chart is a powerful graphical tool and mastering the Smith chart
is essential to entering the world of RF and microwave circuit design as all
practitioners use this as if it is well understood by others. It takes effort to
master but fundamentally it is quite simple combining a polar plot used for
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Figure 8-2: Polar chart for plotting reflection coefficient and transmission coefficient.

plotting S parameters directly, curves that enable normalized impedances
and admittances to be plotted directly, and scales that enable electrical
lengths in terms of wavelengths and degrees to be read off. The chart has
many numbers printed in quite small font and with signs dropped off as
there is limited room.

The Smith chart was invented by Phillip Smith and presented in close to its
current form in 1937, see [1–4]. Once nomographs and graphical calculators
were common engineering tools mainly because of limited computing
resources. Only a few have survived in electrical engineering usage, with
Smith charts being overwhelmingly the most important.

This section first presents the impedance Smith chart and then the
admittance Smith chart before introducing a combined Smith chart which
is the form needed in design. A number of examples are presented to
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Figure 8-3: Annotated polar plot of reflection
coefficient with real, ℜ, and imaginary, ℑ, axes.
The short circuit Γ = −1 and open circuit
Γ = +1 are indicated. The reflection coefficient
is referenced to a reference impedance ZREF .
Thus an impedance ZL has the reflection
coefficient Γ = (ZL − ZREF)/(ZL + ZREF)).
An interesting observation is that the angle
of Γ when ZL is inductive, i.e. has a positive
reactance, has a positive angle between 0◦ and
180◦ and so Γ is in the top half of the polar plot.
Similarly the angle of Γ when ZL is capacitive,
i.e. has a negative reactance, has a negative
angle between 0◦ and −180◦ and so Γ is in the
bottom half of the polar plot.

Figure 8-4: Nomograph relating the reflection coefficient (RFL. COEFFICIENT), ρ; the return loss
(RTN. LOSS) (in decibels); and the standing wave ratio (SWR).

illustrate how a Smith chart is read and used to implement simple designs.
The Smith chart presents a large amount of information in a confined
space and interpretation, such as applying appropriate signs, is required to
extract values. The Smith chart is a ‘back-of-the-envelope’ tool that RF and
microwave circuit designers use to sketch out designs.

8.3.1 Impedance Smith Chart

The reflection coefficient, Γ, is related to a load, ZL, by

Γ =
ZL − ZREF

ZL + ZREF
, (8.2)

where ZREF is the system reference impedance. With normalized load
impedance zl = r + x = ZL/ZREF, this becomes

Γ =
r + x− 1

r + x+ 1
. (8.3)

Commonly in network design reactive elements are added either in shunt
or in series to an existing network. If a reactive element is added in series
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then the input reactance, x, is changed while the input resistance, r, is held
constant. So superimposing the loci of Γ (on the S parameter polar plot) with
fixed values of r, but varying values of x (x varying from −∞ to ∞), proves
useful, as will be seen. Also, plotting the loci of Γ with fixed values of x and
varying values of r (r varying from 0 to ∞) is also useful. The combination
of the reflection/transmission polar plots, the nomographs, and the r and x
loci is called the impedance Smith chart, see Figure 8-5. This is still a polar
plot of reflection coefficient and the arcs and circles of constant and resistance
enable easy conversion between reflection coefficient and impedance.

The full impedance Smith chart shown in Figure 8-5 is daunting so
discussion will begin with the less dense form of the impedance Smith chart
shown in Figure 8-6(a) which is annotated in Figure 8-6(b). Referring to
Figure 8-6(b), the unit circle corresponds to a reflection coefficient magnitude
of one and hence a pure reactance. Note that there are lines of constant
resistance and arcs of constant reactance. All points in the top half of the
Smith chart have positive reactances and so all reflection coefficient points
plotted in the top half of the Smith chart indicate inductive impedances. All
points in the bottom half of the Smith chart have negative reactances and so
all reflection coefficient points plotted in the bottom half of the Smith chart
indicate capacitive impedances. The horizontal line across the middle of the
Smith chart indicates pure resistance just as the unit circle indicates a pure
reactance.

One big difference between the less dense form of the impedance Smith
chart, Figure 8-6(a), and the full impedance Smith chart of Figure 8-5 is that
the signs of the reactances are missing in the full impedance Smith chart.
This is simply because there is not enough room and the user must add the
appropriate sign when reading the chart. Thus it is essential that the user
keep the annotations in Figure 8-6(b) in mind. Yet another factor that makes
it difficult to develop essential Smith chart skills.

EXAMPLE 8.1 Impedance Plotting

Plot the normalized impedances zA = 1− 2
and zB = 0.3 + 0.6 on an impedance Smith
chart.

Solution:
The impedance zA = 1 − 2 is plotted
as Point A to the right. To plot this first
identify the circle of constant normalized
resistance r = 1, and then identify the arc
of constant normalized reactance x = −2.
The intersection of the circle and arc locates
zA at point A. The reader is encouraged to
do this with the full impedance Smith chart
as shown in Figure 8-5. Recall that signs
of reactances are missing on the full chart.
As an exercise read off the reflection coeffi-
cient (the answer is 0.5−0.5 = 0.707� −45◦).

The impedance zB = 0.3 + 0.6 is plotted as Point B which is at the intersection of the circle
r = 0.3 and the arc x = +0.6. Interpolation is required to identify the required circle and arc.
The reader should do this with the full impedance Smith chart. As an exercise read off the
reflection coefficient (the answer is −0.268 + 0.585 = 0.644� 115◦).
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Figure 8-5: Impedance Smith chart. Also called a normalized Smith chart since resistances and
reactances have been normalized to the system reference impedance ZREF: z = Z/ZREF.
A point plotted on the Smith chart represents a complex number A. The magnitude of A is
obtained by measuring the distance from the origin of the polar plot (the same as the origin of
the Smith chart in the center of the unit circle) to point A, say using a ruler, and comparing that
to the measurement of the radius of the unit circle which corresponds to a complex number with
a magnitude of 1. The angle in degrees of the complex number A is read from the innermost
circular scale. The technique used is to draw a straight line from the origin through point A out
to the circular scale.
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(a) Impedance Smith chart (b) Annotated impedance Smith chart

Figure 8-6: Normalized impedance Smith charts.

EXAMPLE 8.2 Impedance Synthesis

Use a length of terminated transmission line to realize an impedance of
Zin = 140 Ω.

Solution:
The impedance to be synthesized is reactive so the termination must also
be lossless. The simplest termination is either a short circuit or an open
circuit. Both cases will be considered. Choose a transmission line with
a characteristic impedance, Z0, of 100 Ω so that the desired normalized
input impedance is 140 Ω/Z0 = 1.4, plotted as point B in Figure 8-7.

First, the short-circuit case. In Figure 8-7, consider the path AB. The termination is a short
circuit and the impedance of this load is Point A with a reference length of ℓA = 0 λ (from the
outermost circular scale). The corresponding reflection coefficient reference angle from the
scale is θA = 180◦ (from the innermost circular scale labeled ‘WAVELENGTHS TOWARDS
THE GENERATOR’ which is the same as ‘wavelengths away from the load’). As the line
length increases, the input impedance of the terminated line follows the clockwise path
to Point B where the normalized input impedance is 1.4. (To verify your understanding
that the locus of the refection coefficient rotates in the clockwise direction, i.e. increasingly
negative angle as the line length increases, see Section 3.3.3 .) At Point B the reference line
length ℓB = 0.1515 λ and the corresponding reflection coefficient reference angle from the
scale is θB = 71.2◦ . The reflection coefficient angle and length in terms of wavelengths
were read directly off the Smith chart and care needs to be taken that the right sign and
correct scale are used. A good strategy is to correlate the scales with the easily remembered
properties at the open-circuit and short-circuit points. Here the line length is

ℓ = ℓB − ℓA = 0.1515λ − 0λ = 0.1515λ, (8.4)

and the electrical length is half of the difference in the reflection coefficient angles,

θ = 1
2
|θB − θA| = 1

2
|71.2◦ − 180◦| = 54.4◦, (8.5)
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corresponding to a length of (54.4◦/360◦)λ = 0.1511λ (the discrepancy with the previously
determine line length of 0.1515λ is small). This is as close as could be expected from using
the scales. So the length of the stub with a short-circuit termination is 0.1515λ.

For the open-circuited stub, the path begins at the infinite impedance point Γ = +1 and
rotates clockwise to Point A (this is a 90◦ or 0.25λ rotation) before continuing on to Point B.
For the open-circuited stub,

ℓ = 0.1515λ + 0.25λ = 0.4015λ. (8.6)

Figure 8-7: Design of a short-circuit stub with a normalized input impedance of 1.4. The path
AB is actually on the unit circle but has been displaced here to avoid covering numbers. The
electrical length in wavelengths has been read from the outermost circular scale, and the angle,
Θ, in degrees refers to the angle of the polar plot (and is twice the electrical length).
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8.3.2 Admittance Smith Chart

The admittance Smith chart has loci for discrete constant susceptances
ranging from −∞ to ∞, and for discrete constant conductance ranging from
0 to ∞, see Figure 8-8. A less dense form is shown in Figure 8-9(a). This
chart looks like the flipped version of the impedance Smith chart but it is
the same polar plot of a reflection coefficient so that the positions of the
open and short circuit remain the same as do the capacitive and inductive
halves of the Smith chart. In the full version of the admittance Smith chart,
Figure 8-8, signs have been dropped as there is not room for them. Thus
interpreting admittances from the chart requires that the user separately
determine the signs of susceptances. The less dense version, Figure 8-9(a),

Figure 8-8: Admittance Smith chart.
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2 (a) Admittance Smith chart (b) Annotated admittance Smith chart

Figure 8-9: Normalized admittance Smith chart.

retains the signs making it easier to follow some of the discussions and
examples. It is important that the user readily understand the annotations
on the less dense form of the Smith chart, see Figure 8-9(b).

8.3.3 Combined Smith Chart

The combination of the reflection/transmission polar plots, nomographs,
and the impedance and admittance Smith chart leads to the combined
Smith chart (see Figure 8-10). This color Smith chart is the preferred version
for use in design and the separate impedance and admittance versions
of the Smith chart are rarely used. The combined Smith charts is rich
with information and care is required to identify the lines that correspond
to admittances (specifically lines of constant normalized conductance
and constant normalized susceptance), and the lines that correspond to
impedances (constant normalized resistances and constant normalized
reactances). The signs of the reactances and susceptible are missing and left
to the user to add them depending on whether a reflection coefficient point
is capacitive (in the lower half of the Smith chart and hence susceptances
are positive and reactances are negative) or whether a point is inductive (in
the upper half of the Smith chart and hence susceptances are negative and
reactances are positive). A less dense version of the combined Smith chart,
with the addition of signs, is shown in Figure 8-11(a).
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Figure 8-10: Normalized combined Smith chart combining impedance and admittance Smith
charts.
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(a) Combined impedance and admittance Smith chart (b) Smith chart used in Example 8.3

Figure 8-11: Combined impedance and admittance Smith chart.

EXAMPLE 8.3 Impedance to Admittance Conversion

Use a Smith chart to convert the impedance z = 1− 2 to an admittance.

Solution:

The impedance z = 1−2 is plotted as Point A in Figure 8-11(b). To read the admittance from
the chart, the lines of constant conductance and constant susceptance must be interpolated
from the arcs and circles provided. The interpolations are shown in the figure, indicating a
conductance of 0.2 and a susceptance of 0.4. Thus

y = 0.2 + 0.4.

(This agrees with the calculation: y = 1/z = 1/(1− 2) = 0.2 + 0.4.)

Adding Reactance and Susceptance

A good amount of microwave design, such as designing a matching network
for maximum power transfer, involves beginning with a load impedance
plotted on a Smith chart and inserting series and shunt reactances, and
transmission lines, to transform the impedance to another value. The
preferred view of the design process is that of a reflection coefficient that
gradually evolves from one value to another. That is, in the case of a series
reactance, the effect is that of a reflection coefficient gradually changing as
the reactances increase from zero to its actual value. The path traced out by
the gradually evolving reflection coefficient value is called a locus. The loci
of common circuit elements added to various loads are shown in Figure 8-
12. For each locus the load is at the start of the arrow with the value of the
element increasing from zero to its actual final value at the arrow head.
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x→ more positive x→ more negative b → more negative b→ more positive

(a) Series L (b) Series C (c) Shunt L (d) Shunt C

ℓ increasing ℓ increasing ℓ increasing ℓ increasing

(e)Transmission line (f) Line with reactive (g) Transmission line (h) Transmission line

Z0 = ZREF load, Z0 has any value Z0 < ZREF Z0 > ZREF

Figure 8-12: Reflection coefficient loci of a load augmented by elements as indicated. The original
load is at the start of the arrowed arc. In (a) and (b) each locus is with respect to increasing
|x| (normalized reactance magnitude), in (c) and (d) the locus is with respect to increasing |b|
(normalized susceptance magnitude), and in (e)–(h) with respect to increasing length ℓ. In (e)–
(h) the loci are parts of circles centered on the x = 0 line. x indicates that the locus cannot cross
infinity (open circuit for (a) and (b), short circuit for (c) and (d)).

8.3.4 Smith Chart Manipulations

Microwave design often proceeds by taking a known load and transforming
it into another impedance, perhaps for maximum power transfer. Smith
charts are used to show these manipulations. In design the manipulations
required are not known up front and the Smith chart enables identification
of those required. Except for particular situations, lossless elements such
as reactances and transmission lines are used. The few situations where
resistances are introduced include introducing stability in oscillators and
amplifiers, and deliberately reduce signals levels. Most of the time
introducing resistances unnecessarily increases noise and reduces signal
levels thus reducing critical signal-to-noise ratios.

The circuit in Figure 8-13 will be used to illustrate the manipulations on
a Smith chart. The most common view is to consider that the Smith chart
is a plot of the reflection coefficient at various stages in the circuit, i.e., ΓA,
ΓB , ΓC , ΓD, and ΓIN. Additionally the load, ZL, is plotted and reactances,
susceptances, or transmission lines transform the reflection coefficient from
one stage to the next. Yet another concept is the idea that the effect of an
element is regarded as gradually increasing from a negligible value up to the
final actual value and in so doing tracing out a locus which ends in an arrow
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head. This is the approach nearly all RF and microwave engineers use. The
manipulations corresponding to the circuit are illustrated in Figure 8-14. The
individual steps are identified in Figure 8-15. The first few steps are confined
to the top half of the Smith chart which is repeated on a larger scale in Figure
8-16 for the first three steps.

Step 1 L, a, b, c, d, e, f
The first step is to plot the load ZL on a Smith chart and this is the
Point L in Figures 8-14–8-16. The reference impedance ZREF is chosen to
be 50 Ω, the same as the characteristic impedance of the transmission line
in the circuit. This is a common choice because then the locus of reflection
coefficient variation introduced by the line will be a circle centered at the
origin of the Smith chart. To plot L derive the normalized load impedance
zL = ZL/ZREF = 0.3 + 0.6 (future numerical values are given in Figure
8-13).

To plot zL the normalized resistance circle for 0.3 and the normalized
reactance arc for +0.3 must be located. The resistance circle is identified
from the scale on the horizontal axis of the Smith chart, see the circled value
labeled ‘a’. Locating the +0.3 reactance arc is not as direct as the signs of
reactance are missing on the Smith chart. Referring back to Figure 8-6 it is
noted that an inductive impedance is in the top half of the Smith chart and
so positive reactances are in the top half. Thus the +0.3 reactance arc is in
the top half of the Smith chart and the correct arc is identified by ‘c’. From
the curves identified by ‘a’ and ‘c’ the arcs ‘b’ and ‘d’ are drawn with the
impedance zL, i.e. point L, at the intersection of the arcs.

It is instructive to determine ΓL, the reflection coefficient at L. On the Smith
chart the reflection coefficient vector ΓL is drawn from the origin to the point
L. ΓL is evaluated by separately determining its magnitude and angle. To
determine the magnitude measure the length of the ΓL| vector either using a
ruler, a compass, or marking the edge of a piece of paper. Then this length can
be compared against the reflection coefficient scale shown at the bottom of
Figure 8-14 yielding |ΓL| = 0.644. Alternatively the distance from the origin
to the unit circle can be measured using a ruler and the ratio of the |ΓL|
measurement and of the unit circle measurement taken as the value of |ΓL|.
The angle of ΓL is read by extending the ΓL vector out to the inner most
circular scale on the Smith chart. This extension is labeled as e. The angle is

Figure 8-13: Circuit used
in illustrating Smith
chart manipulations.
ZREF = 50 Ω,

YREF = 1/ZREF = 20 mS,

z = Z/ZREF, y = Y/YREF,

ZIN = ZREF = 50 Ω.
In the circuit B indicates
susceptance and X indi-
cates reactiance.

Circuit elements Normalized Derived values

ZL = 15 + 30 Ω
XAL = 30 Ω
BBA = 4.6 mS
XCB = −180 Ω
Z0 = 50 Ω
Θ = 83◦

BID = 54.2 mS

zL = 0.3 + 0.6
xAL = 0.600
bBA = 0.230
xCB = −3.600
Z0 = 1
Θ = 83◦

bID = 2.71

ΓL = 0.644� 115◦

ΓA = 0.785� 115◦

ΓB = 0.741� 59◦

ΓC = 0.805� −50◦

ΓD = 0.805� 144◦

ΓIN = 0

zA = 0.300 + 1.200
yA = 0.196 − 0.784
yB = 0.196 − 0.554
zB = 0.567 + 1.603
zC = 0.567 − 1.997
yD = 0.998 − 2.71
zIN = 1, yIN = 1
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Figure 8-14: Smith chart manipulations corresponding to the circuit in Figure 8-13 with circuit
elements added one at a time beginning with the load impedance at Point L.
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Figure 8-15: Steps
in the Smith chart
manipulations
shown in Figures
8-14 and 8-16.

Step 1 Step 2 Step 3

Locate ZL xA = xL + xAL bB = bA + bBA

zL = 0.3 + 0.6 zA = zL + xAL yB = yA + bBA

xAL = 0.600 bBA = 0.230

xL = 0.600, xA = 1.200 bA = −0.784, bB = −0.554

Step 4 Step 5 Step 6

xC = xB + xCB ΓD = ΓC� ∆φ, ∆φ = −2Θ bI = bD + bID
zC = zB + xCB Θ = 46.6◦,∆φ = 93.2◦ zI = zD + bID = 1

xCB = −3.600 φC = −50◦, φD = −144◦ bID = 2.717

xB = 1.603, xC = −1.997 bD = −2.717, bI = 0

read at point ‘f’ as 115◦. Thus ΓL = 0.644� 115◦.

Step 2 Add the series reactance XAL, path L to A, g
In step 2 an inductor with reactance XAL is in series with ZL and the
reflection coefficient transitions from point L to point A. Now xL = ℑ{zL} =
0.6. To this xAL = 0.6 is added so that the normalized reactance at A is
xA = xL + xAL = 0.6 + 0.6 = 1.2. The locus of this operation is the arc,
‘g’, extending from L with gradually increasing series reactance until the full
value xAL, at the arrowhead of the locus, is obtained. The procedure is to
identify the arc of xA = +1.2 reactance and then follow the circle of constant
resistance (since the resistance is not changing) up to this arc. This operation
traces out the locus ’g’.

Step 3 Add the shunt susceptance BBA, path A to B, h
In step 3 a capacitor with susceptance XBA is in shunt with ZA and
the reflection coefficient transitions from point A to point B. The locus
of this operation follows a circle of constant conductance with only they
susceptance changing. The final value must be calculated as bB = bA + bBA.
The susceptance bB is read from the graph as −0.784. This value is read
by following the arc of constant susceptance out to the unit circle where
a value of 0.784 is read. Note that the arc must be interpolated and that
the user must realize that the susceptance is negative in the top half of the
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Figure 8-16: The first three steps in the Smith chart manipulations in Figure 8-14.
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Smith chart so the susceptance must be negative even though a minus sign is
not shown on the Smith chart. Thus the correct reading for xA is −0.784.
Now bBA = +0.230 so the locus, ‘h’, of the transition follows the circle
of constant conductance ending at the (interpolated arc) with susceptance
bB = ba + bBA = −0.784 + 0.230 = −0.554.

Step 4 Add the series reactance XCB , path B to C, i
In step 4 a capacitor with reactance XCB is in series with ZB and the
reflection coefficient transitions from point B to point C. Now xB is read
from the graph as +1.603. To this add xCB = −3.600 so that the normalized
reactance at C is xC = xB + xCB = 1.603 + (−3.600) = −1.997. The locus
from B to C, path ‘i’ begins at B and follows a circle of constant resistance
up to the arc with normalized reactance xC = −1.997. This reactance arc
is in the bottom half of the Smith chart as reactances are negative there
even though the signs are missing on the labels of the reactance arcs in the
bottom half of the chart. The locus of this operation is the arc, ‘g’, from L
with gradually increasing series reactance until the full value zCB, at the
arrowhead of the locus, is obtained. The procedure is to identify the arc of
xC = −1.997 reactance and then follow the circle of constant resistance (since
the resistance is not changing) up to this arc. This operation traces out the
locus ’i’.

Step 5 Insert the transmission line, path C to D, j
Step 5 illustrates a different type of manipulation as now there is a
transmission line and the reflection coefficient transitions from ΓC , i.e. point
C to the input reflection coefficient of the line ΓD. The locus of this transition
must be clockwise, i.e. having increasingly negative angle (as discussed
in Section 3.3.3 of [5]). The electrical length of the transmission line is
Θ = 83◦ and the reflection coefficient changes by the negative of twice this
amount, φDC = −2Θ = −166◦. The locus is drawn in Figure 8-14 with the
transmission line gradually increasing in length tracing out a circle which,
since Z0 = ZREF, is centered at the origin of the Smith cart. The procedure is
to find the scale value of the angle at point C which is read by drawing a line
from the origin through C intersecting the reflection coefficient angle scale
(the innermost circular scale) yielding φC = −50.4◦ and so φD = φC+φDC =
−50.4◦ − 166◦ + 360◦) = +143.6◦. The locus from C to D is drawn by first
drawing a line from the origin to the φD = −143.6◦ point on the angle scale.
Then point D will be at the intersection of this line and a circle of constant
radius drawn through C. The locus is shown as path ’j’ in Figure 8-14.

Step 6 Add the shunt susceptance BID, path D to I, k
The final step is to add the shunt capacitor with susceptance BID to ZD.
Following the previous procedure bD is read as −2.71 to which bID = 2.71 is
added so that bI = 0 which is just the horizontal line across the middle of the
Smith chart. This line corresponds to zero reactance and zero susceptance.
The locus, path ’k’, extends from D to I following the circle of constant
conductance. The final result is that zIN = 1.00 and ZIN = zIN · Z0 = 50 Ω.

Summary

The Smith chart manipulations considered here modified the reflection
coefficient of a load by adding shunt and series reactive elements. The final
result of the circuit manipulations is that the input impedance is ZIN =
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50 Ω. If the source has a Thevenin source impedance of 50 Ω then there is
maximum power transfer to the circuit. Since all of the elements in the circuit
manipulations are lossless this means that there is maximum power transfer
from the source to the load ZL. Of course fewer circuit manipulations could
have been used to achieve this result. Note that manipulations resulting from
adding series and/or shunt resistances were not considered. It is rare that
this would be desired as that simply means that power is absorbed in the
resistance and additional noise is added to the circuit.

EXAMPLE 8.4 Reflection Coefficient of a Shorted Microstrip Line on a Smith Chart

Design Environment Project File: RFDesign Shorted Microstrip Line Smith.emp

A shorted microstrip line on an alumina substrate is shown in Figure 8-17. The line has low
loss and so Γ is always close to 1. The microstrip line was designed to be 50 Ω and Γ of the
low loss line is plotted on a 50 Ω Smith chart in Figure 8-18(a). Plotting Γ on a 50 Ω Smith
chart indicates that the reflection coefficient was calculated with respect to 50 Ω. At a very
low frequency, 0.1 GHz is the lowest frequency here, the locus of the reflection coefficient
is very close to Γ = −1, identifying a short circuit. As the electrical length increases, in
this case the frequency increases as the physical length of the line is fixed, the locus of the
reflection coefficient moves clockwise, hugging the unity reflection coefficient circle. At the
highest frequency, 30 GHz, the reflection coefficient is less than 1 and the locus starts moving
in from the unity circle. It is interesting to see what happens with a high-loss line, and this
is achieved by changing the loss tangent, tan δ, of the substrate from 0.001 to 0.1. The locus
of the reflection coefficient of the high-loss line is shown in Figure 8-18(b). Loss increases as
the electrical length of the line increases and the locus of the reflection coefficient traces out
a clockwise inward spiral.

8.3.5 An Alternative Admittance Chart

Design often requires switching between admittance and impedance. So it is
convenient to use the colored combined Smith chart shown in Figure 8-10.
Monochrome charts were once the only ones available and an impedance
Smith chart was used for admittance-based calculations provided that
reflection coefficients were rotated by 180◦. This form of the Smith chart is
not used now and is very confusing.

8.3.6 Summary

The Smith chart is the most powerful of tools used in RF and Microwave
Design. Design using Smith charts will be considered in other chapters but
at this stage the reader should be totally conversant with the techniques
described in this section.

8.4 Summary

Graphical representations of power flow enable RF and microwave
engineers to quickly ascertain circuit performance and arrive at qualitative
design decisions. Humans are very good at processing graphical information
and seeing patterns, anomalies, and the path from one point to another.

Figure 8-17: A 50 Ω shorted gold microstrip line with width w =
500 µm, length ℓ = 1 cm on a 600 µm thick alumina substrate with
relative permittivity εr = 9.8 and loss tangent tan δ = 0.001.
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The Smith chart is a richly annotated polar plot for representing reflection
and transmission coefficients, and more generally, scattering parameters.
The Smith chart representation of scattering parameter data aligns very
well with the intuitive understanding of an RF designer. The experienced
RF designer is intrinsically familiar with the Smith chart and prefers that
circuit performance during design be represented on one. Representing
something as simple as an extension of a line length to a two-port is
quite complex if described using network parameters other than scattering
parameters. However, with scattering parameters this extension results in a
change of the angle of a scattering parameter, or on a Smith chart an arc.
Scattering parameters relate directly to power flow. So from a Smith chart an
experienced designer can ascertain the effect of circuit design on power flow,
which then relates to signal-to-noise ratio and power gain.

(a) tan δ = 0.001 (b) tan δ = 0.1

Figure 8-18: Smith chart plot of the reflection coefficient of the shorted 1 cm-long microstrip
line in Figure 8-17: (a) a low-loss substrate with tan δ = 0.001; and (b) a high-loss substrate
with tan δ = 0.1. Frequencies are marked in gigahertz.
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8.6 Exercises

1. In the distribution of signals on a cable TV sys-
tem a 75 Ω coaxial cable is used, with a loss of
0.1 dB/m at 1 GHz. If a subscriber disconnects
a television set from the cable so that the load
impedance looks like an open circuit, estimate

the input impedance of the cable at 1 GHz and
1 km from the subscriber. An answer within 1%
is required. Estimate the error of your answer.
Indicate the input impedance on a Smith chart,
drawing the locus of the input impedance as the
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line is increased in length from nothing to 1 km.
(Consider that the dielectric filling the line has
ǫr = 1.)

2. A resistive load has a reflection coefficient with a
magnitude of 0.7. If a transmission line is placed
in series with the load, on a polar plot sketch the
locus of the input reflection coefficient looking
into the input of the terminated line as the line
increases in electrical length from zero to λ/2. By
reading the Smith chart, determine the normal-
ized input impedance of the line when it has an
electrical length of π/2.

3. A complex load has a reflection coefficient of
0.5+0.5. If a transmission line is placed in series
with the load, on a polar plot sketch the locus of
the input reflection coefficient looking into the
input of the terminated line as the line increases
in electrical length from zero to π/2.

4. A resistive load has a reflection coefficient of
−0.5. If a transmission line is placed in series
with the load, on a polar plot sketch the locus of
the input reflection coefficient looking into the
input of the terminated line as the line increases
in electrical length from 0 to 3λ/8.

5. S21 of a two-port is 0.5. If a transmission line
is placed in series with Port 1, on a polar plot
sketch the locus of S21 of the augmented two-
port as the electrical length of the line increases
from zero to λ/2.

6. A load has an impedance Z = 115− 20 Ω.

(a) What is the reflection coefficient, ΓL, of the
load in a 50 Ω reference system?

(b) Plot the reflection coefficient on a polar plot
of reflection coefficient.

(c) If a one-eighth wavelength long lossless
50 Ω transmission line is connected to the
load, what is the reflection coefficient, Γin,
looking into the transmission line? (Again,
use the 50 Ω reference system.) Plot Γin on
the polar reflection coefficient plot of part
(b). Clearly identify Γin and ΓL on the plot.

(d) On the Smith chart, identify the locus of Γin

as the length of the transmission line in-
creases from 0 to λ/8 long. That is, on the
Smith chart, plot Γin as the length of the
transmission line varies.

7. A load has a reflection coefficient with a mag-
nitude of 0.5. If a transmission line is placed in
series with the load, on a polar plot sketch the
locus of the input reflection coefficient looking
into the input of the terminated line as the line
increases in electrical length from zero to λ/2.
What is the normalized input impedance of the
line when it has an electrical length of λ/2?

8. A resistive load has a reflection coefficient with a
magnitude of 0.7. If a transmission line is placed
in series with the load, on a polar plot sketch the
locus of the input reflection coefficient looking
into the input of the terminated line as the line
increases in electrical length from zero to λ/4. By
reading the Smith chart, determine the normal-
ized input impedance of the line when it has an
electrical length of λ/4.

Problems 9–15 refer to the normalized Smith
chart in Figure 8-20 with reference impedance
ZREF = 50Ω and reflection coefficientΓ, voltage
reflection coefficient V Γ, current reflection coef-
ficient IΓ, and normalized impedance z = r+x
and admittance y = g + b. Γ should be given in
magnitude-angle format.

9. (a) What is V Γ at A?
(b) What is IΓ at A?
(c) What is r at B?
(d) What is z at C?
(e) What is y at D?

(f) What is |Γ| at F?
(g) What is b at I?
(h) What is Γ at P?
(i) What is Γ at D?
(j) What is Γ at T?

10. (a) What is z at A?
(b) What is y at I?
(c) What is z at E?
(d) What is y at Z?
(e) What is y at H?

(f) What is |Γ| at W?
(g) What is b at F?
(h) What is x at K?
(i) What is Γ at K?
(j) What is Γ at R?

11. (a) What is y at A?
(b) What is y at I?
(c) What is z at G?
(d) What is y at O?
(e) What is y at V?
(f) What is Γ at B?
(g) What is x at C?

(h) What is Γ at G?
(i) What is z at L,

label this zL?
(j) Use the Smith

chart to find zin of a 50 Ω
λ/8-long line with load
zL?

12. (a) What is V Γ at M?
(b) What is IΓ at M?
(c) What is r at W?
(d) What is z at Y?
(e) What is y at V?

(f) What is |Γ| at B?
(g) What is b at K?
(h) What is Γ at V?
(i) What is Γ at P?
(j) What is Γ at N?

13. (a) What is z at M?
(b) What is y at K?
(c) What is z at S?
(d) What is y at R?
(e) What is g at B?

(f) What is |Γ| at F?
(g) What is b at B?
(h) What is x at I?
(i) What is Γ at I?
(j) What is Γ at Q?

14. (a) What is g at M?
(b) What is r at K?
(c) What is y at S?
(d) What is z at R?
(e) What is y at Z?
(f) What is Γ at W?
(g) What is x at Y?

(h) What is Γ at T?
(i) What is z at O,

label this zO?
(j) Using the Smith

chart find zin of a 3λ/8-
long 50 Ω line with load
zO?

15. (a) What is g at P?
(b) What is y at J?
(c) What is Γ at L?
(d) What is z at N?
(e) What is y at S?

(f) What is |Γ| at U?
(g) What is V Γ at X?
(h) What is IΓ at X?
(i) What is g at B?
(j) What is x at I?



144 STEER FUNDAMENTALS OF MICROWAVE AND RF DESIGN

16. Design a short-circuited stub to realize a normal-
ized susceptance of 2.15. Show the locus of the
stub as its length increases from zero to its final
length. What is the minimum length of the stub
in terms of wavelengths?

17. Design a short-circuited stub to realize a normal-
ized susceptance of −0.56. Show the locus of the
stub as its length increases from zero to its final
length. What is the minimum length of the stub
in terms of wavelengths?

18. Design a short-circuited stub to realize a normal-
ized susceptance of −2.2. Show the locus of the
stub as its length increases from zero to its final
length. What is the minimum length of the stub
in terms of wavelengths?

19. A 75 Ω transmission line is terminated in a load
with a reflection coefficient, Γ, normalized to
75 Ω, of 0.5� 45◦. If Γ at the input of the line
is 0.5� −135◦, what is the minimum electrical
length of the line in degrees.

20. An open-circuited 75 Ω transmission line has an
input reflection coefficient with an angle of 40◦

what is the electrical length of the line in de-
grees? If there is more than one answer provide
at least two correct answers.

21. Repeat Example 8.1 using the full impedance
Smith chart of Figure 8-5.

22. Plot the normalized impedances zA = 0.5+0.5,
zA = 0.5 + 0.5, and zB = 0.185 − 1.05 on the
full impedance Smith chart of Figure 8-5. [Paral-
lels Example 8.1]

23. A 50 Ω lossy transmission line is shorted at
one end. The line loss is 2 dB per wavelength.
Note that since the line is lossy the characteristic
impedance will be complex, but close to 50 Ω,
since it is only slightly lossy. There is no way
to calculate the actual characteristic impedance
with the information provided. That is, prob-
lems must be solved with small inconsistencies.
Microwave engineers do the best they can in de-
sign and always rely on measurements to cali-
brate results.

(a) What is the reflection coefficient at the load
(in this case the short)?

(b) Consider the input reflection coefficient, Γin,
at a distance ℓ from the load. Determine Γin

for ℓ going from 0.1λ to λ in steps of 0.1λ.
(c) On a Smith chart plot the locus of Γin from

ℓ = 0 to λ.
(d) Calculate the input impedance, Zin, when

the line is 3λ/8 long using the telegrapher’s
equation.

(e) Repeat part (d) using a Smith chart.

24. In Figure 8-19 the results of several different ex-
periments are plotted on a Smith chart. Each ex-
periment measured the input reflection coeffi-
cient from a low frequency (denoted by a cir-
cle) to a high frequency (denoted by a square)
of a one-port. Determine the load that was mea-
sured. The loads that were measured are one of
those shown below.

Load Description

i An inductor

ii A capacitor
iii A reactive load at the end of a

transmission line
iv A resistive load at the end of a

transmission line
v A parallel connection of an induc-

tor, a resistor, and a capacitor go-
ing through resonance and with a
transmission line offset

vi A series connection of a resistor,
an inductor and a capacitor go-
ing through resonance and with a
transmission line offset

vii A series resistor and inductor
viii An unknown load and not one of

the above

For each of the measurements below indicate
the load or loads using the load identifier above
(e.g., i, ii, etc.).

(a) What load(s) is indicated by curve A?
(a) What load(s) is indicated by curve A?
(b) What load(s) is indicated by curve B?
(c) What load(s) is indicated by curve C?
(d) What load(s) is indicated by curve D?
(e) What load(s) is indicated by curve E?
(f) What load(s) is indicated by curve F?

25. Design an open-circuited stub with an input
impedance of +75 Ω. Use a transmission line
with a characteristic impedance of 75 Ω. [Paral-
lels Example 8.2]

26. Design a short-circuited stub with an input
impedance of −50 Ω. Use a transmission line
with a characteristic impedance of 100 Ω. [Paral-
lels Example 8.2]

27. A load has an impedance ZL = 25− 100 Ω.

(a) What is the reflection coefficient, ΓL, of the
load in a 50 Ω reference system?

(b) If a one-quarter wavelength long 50 Ω trans-
mission line is connected to the load, what
is the reflection coefficient, Γin, looking into
the transmission line?

(c) Describe the locus of Γin, as the length of the
transmission line is varied from zero length
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to one-half wavelength long. Use a Smith
chart to illustrate your answer

28. A network consists of a source with a Thevenin
equivalent impedance of 50 Ω driving first a se-
ries reactance of −50 Ω followed by a one-eighth
wavelength long transmission line with a char-
acteristic impedance of 40 Ω and an element
with a reactive impedance of 25 Ω in shunt with
a load having an impedance ZL = 25 − 50 Ω.
This problem must be solved graphically and no
credit will be given if this is not done.

(a) Draw the network.
(b) On a Smith chart, plot the locus of the reflec-

tion coefficient first for the load, then with
the element in shunt, then looking into the
transmission line, and finally the series ele-
ment. Use letters to identify each point on
the Smith chart. Write down the reflection
coefficient at each point.

(c) What is the impedance presented by the net-
work to the source?

8.6.1 Exercises by Section
†challenging

§8.3 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23†, 24†, 25†, 26†, 27†, 28†

8.6.2 Answers to Selected Exercises

1 ΓIN = 10−10

23(c) ii & iii
24(d) 8.37− 49.3 Ω

27 0.825� −50.9◦
28 ≈ 250− 41 Ω

Figure 8-19: The locus of various loads plotted on a Smith chart.
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Figure 8-20:
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9.1 Introduction

This chapter introduces a wide variety of passive components. It is not
possible to be comprehensive, as there is an enormous catalog of microwave
elements and scores of variations, and new concepts are introduced every
year. At microwave frequencies distributed components can be constructed
that have features with particular properties related to coupling, to traveling
waves, and to storage of EM energy. Sometimes it is possible to develop
lumped-element equivalents of the distributed elements by using the LC
ladder model of a transmission line thus realizing lumped-element circuits
that would be difficult to imagine otherwise.

9.2 Q Factor

RF inductors and capacitors also have loss and parasitic elements. With
inductors there is both series resistance and shunt capacitance mainly
from interwinding capacitance, while with capacitors there will be shunt
resistance and series inductance. A practical inductor or capacitor is limited
to operation below the self-resonant frequency determined by the inductance
and capacitance itself resonating with its reactive parasitics. The impact of
loss is quantified by the Q factor (the quality factor). Q is loosely related to
bandwidth in general and the strict relationship is based on the response
of a series or parallel connection of a resistor (R), an inductor (L), and a
capacitor (C). The response of an RLC network is described by a second-



148 STEER FUNDAMENTALS OF MICROWAVE AND RF DESIGN

Figure 9-1: Transfer characteristic of a
resonant circuit. (The transfer function
is V/I for the parallel resonant circuit
of Figure 9-2(a) and I/V for the series
resonant circuit of Figure 9-2(b).)

Figure 9-2: Second-order resonant
circuits. (a) Parallel (b) Series

order differential equation with the conclusion that the 3 dB fractional
bandwidth of the response (i.e., when the power response is at its half-power
level below its peak response) is 1/Q. (The fractional bandwidth is ∆f/f0
where f0 = fr is the resonant frequency at the center of the band and ∆f is
the 3 dB bandwidth.) This is not true for any network other than a second-
order circuit, but as a guiding principle, networks with higher Qs will have
narrower bandwidths.

9.2.1 Definition

The Q factor of a component at frequency f is defined as the ratio of 2πf
times the maximum energy stored to the energy lost per cycle. In a lumped-
element resonant circuit, stored energy is transferred between an inductor,
which stores magnetic energy, and a capacitor, which stores electric energy,
and back again every period. Distributed resonators function the same way,
exchanging energy stored in electric and magnetic forms, but with the energy
stored spatially. The quality factor is

Q = 2πf0

(

average energy stored in the resonator at f0
power lost in the resonator

)

, (9.1)

where f0 is the resonant frequency.
A simple response is shown in Figure 9-1 for a parallel resonant circuit with
elements L, C, and G = 1/R (see Figure 9-2(a)),

Q = ωrC/G = 1/(ωrLG), (9.2)

where fr = ωr/(2π) is the resonant frequency and is the frequency at which
the maximum amount of energy is stored in a resonator. The conductance,
G, describes the energy lost in a cycle. For a series resonant circuit (Figure
9-2(b)) with L, C, and R elements,

Q = ωrL/R = 1/(ωrCR). (9.3)

These second-order resonant circuits have a bandpass transfer characteristic
(see Figure 9-1) with Q being the inverse of the fractional bandwidth of the
resonator. The fractional bandwidth, ∆f/f , is measured at the half-power
points as shown in Figure 9-1. (∆f is also referred to as the two-sided −3 dB
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(a) (b)

Figure 9-3: Loss elements of practical inductors and capacitors:
(a) an inductor has a series resistance R; and (b) for a capacitor,
the dominant loss mechanism is a shunt conductance G = 1/R.

bandwidth.) Then

Q = fr/∆f. (9.4)

Thus the Q is a measure of the sharpness of the bandpass frequency response.
The determination of Q using the measurement of bandwidth together
with Equation (9.4) is often not very precise, so another definition that
uses the much more sensitive phase change at resonance is preferred when
measurements are being used. With φ being the phase (in radians) of the
transfer characteristic, the definition of Q is now

Q =
ωr

2

∣

∣

∣

∣

dφ

dω

∣

∣

∣

∣

. (9.5)

Equation (9.5) is another equivalent definition of Q for parallel RLC or series
RLC resonant circuits. It is meaningful to talk about the Q of circuits other
than three-elementRLC circuits, and then its meaning is always a ratio of the
energy stored to the energy dissipated per cycle. The Q of these structures
can no longer be determined by bandwidth or by the rate of phase change.

9.2.2 Q of Lumped Elements

Q is also used to characterize the loss of lumped inductors and capacitors.
Inductors have a series resistance R, and the main loss mechanism of a
capacitor is a shunt conductance G (see Figure 9-3).
The Q of an inductor at frequency f = ω/(2π) with a series resistance R and
inductance L is

QINDUCTOR =
ωL

R
. (9.6)

Since R is approximately constant with respect to frequency for an inductor,
the Q will vary with frequency.
The Q of a capacitor with a shunt conductance G and capacitance C is

QCAPACITOR =
ωC

G
. (9.7)

G is due mainly to relaxation loss mechanisms of the dielectric of a capacitor
and so varies linearly with frequency but also it is usually very small.
Thus the Q of a capacitor is almost constant with respect to frequency.
For microwave components QCAPACITOR ≫ QINDUCTOR, and both are
smaller than the Q of most transmission line networks. Thus, if the length
of a transmission line is not too long for an application, transmission
line networks are preferred. If lumped elements must be used, the use of
inductors should be minimized.
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9.2.3 Loaded Q Factor

The Q of a component as defined in the previous section is called the
unloaded Q, QU . However, if a component is to be measured or used in any
way, it is necessary to couple energy in and out of it. The Q is reduced and
thus the resonator bandwidth is increased by the power lost to the external
circuit so that the loaded Q, the Q that is measured, is

QL = 2πf0

(

average energy stored in the resonator atf0
power lost in the resonator and to the external circuit

)

=
1

1/Q+ 1/QX
, (9.8)

and QX =

(

1

QL
− 1

QU

)−1

. (9.9)

where QX is called the external Q. QL accounts for the power extracted from
the resonant circuit. If the loading is kept very small, QL ≈ QU .

9.2.4 Summary of the Properties of Q

In summary:
(a) Q is properly defined and related to the energy stored in a resonator

for a second-order network, one with two reactive elements of opposite
types.

(b) Q is not well defined for networks with three or more reactive elements.
(e) It is only used (as defined or some approximation of it) for guiding the

design.

9.3 Surface-Mount Components

The majority of the RF and microwave design effort goes into developing
modules and interconnecting modules on circuit boards. With these the most
common type of component to use is a surface-mount component. Figure 9-
4(a) shows a two-terminal element, such as a resistor or capacitor, in the form
of a surface-mount component. Figure 9-4(b and c) show the use of surface-
mount components on a microwave circuit board.
A two-terminal surface-mount resistor or capacitor is commonly called a
chip resistor or chip capacitor. These can be very small, and the smaller
the component often the higher the operating frequency due to reduced
parasitic capacitance or inductance. Common sizes of two-terminal chip
components are listed in Table 9-1. The resonance when a chip capacitor
(inductor) resonates with the parasitic inductance (capacitance) is called self-
resonance and the resonant frequency is called the self-resonance frequency.
Figure 9-5(a) shows an inductor in a surface-mount package and details
are shown in Figure 9-5(b) and the inductor is useable as an inductor at a
frequency backed-off from the SRF, see Table 9-2.
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(a) (b)

Figure 9-4: Circuit board showing the use of surface-mount components: (a) chip resistor or
capacitor with metal terminals at the two ends; and (b) a populated RF microstrip circuit board
of a 5 GHz tunable resonator [1]. The larger components have dimensions 1.6 mm × 0.8mm. The
shorting bar is a 0 Ω chip resistor.

Designation Size Metric Size
(inch × inch) designation (mm × mm)

01005 0.016 × 0.0079 0402 0.4× 0.2
0201 0.024 × 0.012 0603 0.6× 0.3
0402 0.039 × 0.020 1005 1.0× 0.5
0603 0.063 × 0.031 1608 1.6× 0.8
0805 0.079 × 0.049 2012 2.0 × 1.25
1008 0.098 × 0.079 2520 2.5× 2.0
1206 0.13 × 0.063 3216 3.2× 1.6
1210 0.13 × 0.098 3225 3.2× 2.5
1806 0.18 × 0.063 4516 4.5× 1.6
1812 0.18 × 0.13 4532 4.5× 3.2
2010 0.20 × 0.098 5025 5.0× 2.5
2512 0.25 × 0.13 6432 6.4× 3.2
2920 0.29 × 0.20 – 7.4× 5.1

Table 9-1: Sizes and designation of
two-terminal surface mount com-
ponents. Note the designation of
a surface-mount component refers
(approximately) to its dimensions in
hundredths of an inch.
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(a) (b)

Figure 9-5: Chip inductor: (a) in an 0603 surface-mount package; and (b) schematic showing
sizes and pads to be provided on a circuit board (A=64 mils (1.63 mm), B=33 mils (0.84 mm),
C=24 mils (0.61 mm), D=13 mils (0.33 mm), E=30 mils (0.76 mm), F=25 mils (0.64 mm), G=25 mils
(0.64 mm), and H=40 mils (1.02 mm)). Copyright Coilcraft, Inc., used with permission [2].

9.4 Terminations and Attenuators

9.4.1 Terminations

Terminations are used to completely absorb a forward-traveling wave and
the reflection coefficient of a termination is ideally zero. If a transmission
line has a resistive characteristic impedance R0 = Z0, then terminating the
line in a resistance R0 will fully absorb the forward-traveling wave and
there will be no reflection. The line is then said to be matched. At RF and
microwave frequencies some refinements to this simple circuit connection
are required. On a transmission line the energy is contained in the EM
fields. For the coaxial line, a simple resistive connection between the inner
and outer conductors would not terminate the fields and there would be
some reflection. Instead, coaxial line terminations generally comprise a disk
of resistive material (see Figure 9-6(a)). The total resistance of the disk
from the inner to the outer conductor is the characteristic resistance of the
line, however, the resistive material is distributed and so creates a good
termination of the fields.
Terminations are a problem with microstrip, as the characteristic impedance
varies with frequency, is in general complex, and the vias that would
be required if a lumped resistor was used has appreciable inductance at
frequencies above a few gigahertz. A high-quality termination is realized
using a section of lossy line as shown in Figure 9-6(b). Here lossy material
is deposited on top of an open-circuited microstrip line. This increases the
loss of the line appreciably without significantly affecting the characteristic

Table 9-2: Parameters of the induc-
tors in Figure 9-5. Lnom is the nom-
inal inductance, SRF is the self-
resonance frequency, RDC is the
inductor’s series resistance, and
Imax is the maximum RMS current
supported.

Lnom 900 MHz 1.7 GHz SRF RDC Imax

(nH) L (nH) Q L (nH) Q (GHz) (Ω) (mA)

1.0 0.98 39 0.99 58 16.0 0.045 1600
2.0 1.98 46 1.98 70 12.0 0.034 1900
5.1 5.12 68 5.18 93 5.50 0.050 1400
10 10.0 67 10.4 85 3.95 0.092 1100
20 20.2 67 21.6 80 2.90 0.175 760
56 59.4 54 75.4 48 1.75 0.700 420
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Component Symbol Alternate

Attenuator, fixed

Attenuator, balanced

Attenuator, unbalanced

Attenuator, variable

Attenuator, continuously variable

Attenuator, stepped variable

Table 9-3: IEEE standard symbols
for attenuators [3].

impedance of the line. If the length of the lossy line is sufficiently long, say
one wavelength, the forward-traveling wave will be totally absorbed and
there will be no reflection. Tapering the lossy material, as shown in Figure
9-6(b), reduces the discontinuity between the lossless microstrip line and the
lossy line by ensuring that some of the power in the forward-traveling wave
is dissipated before the maximum impact of the lossy material occurs. Thus
a matched termination is achieved without the use of a via.

9.4.2 Attenuators

An attenuator is a two-port network that reduces the amplitude of a signal
and it does this by absorbing power and without distorting the signal.
The input and output of the attenuator are both matched, so there are no
reflections. An attenuator may be fixed, continuously variable, or discretely
variable. The IEEE standard symbols for attenuators are shown in Table 9-3.
When the attenuation is fixed, an attenuator is commonly called a pad.
Balanced and unbalanced resistive pads are shown in Figures 9-7 and 9-8
together with their design equations. The attenuators in Figure 9-7 are T
or Tee attenuators, where Z01 is the system impedance to the left of the
pad and Z02 is the system impedance to the right of the pad. The defining
characteristic is that the reflection coefficient looking into the pad from the

(a) (b)

Figure 9-6: Terminations: (a) coax-
ial line resistive termination; (b)
microstrip matched load.
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(a) Unbalanced (b) Balanced

R1 =
Z01(K + 1) − 2

√
KZ01Z02

K − 1
R2 =

Z02(K + 1)− 2
√
KZ01Z02

K − 1

R3 =
2
√
KZ01Z02

K − 1
(9.10)

If Z01 = Z02 = Z0, then

R1 = R2 = Z0

(
√
K − 1√
K + 1

)

and R3 =
2Z0

√
K

K − 1
(9.11)

Figure 9-7: T (Tee) attenuator. K is the (power) attenuation factor, e.g. a 3 dB
attenuator has K = 103/10 = 1.995.

(a) Unbalanced (b) Balanced

R1 =
Z01(K − 1)

√
Z02

(K + 1)
√
Z02 − 2

√
KZ01

R2 =
Z02(K − 1)

√
Z01

(K + 1)
√
Z01 − 2

√
KZ02

(9.12)

R3 =
(K − 1)

2

√

Z01Z02

K
(9.13)

If Z01 = Z02 = Z0, then

R1 = R2 = Z0

(
√
K + 1√
K − 1

)

and R3 =
Z0(K − 1)

2
√
K

. (9.14)

If R1 = R2, then Z01 = Z02 = Z0

Z0 =

√

R2
1R3

2R1 +R3
, and K =

(

R1 + Z0

R1 − Z0

)2

. (9.15)

Figure 9-8: Pi (Π) attenuator. K is the (power) attenuation factor, e.g. a 20 dB
attenuator has K = 1020/10 = 100.

left is zero when referred to Z01. Similarly, the reflection coefficient looking
into the right of the pad is zero with respect to Z02. The attenuation factor is

K =
Power in

Power out
. (9.16)

In decibels, the attenuation is

K|dB = 10 log10 K = (Power in)|dBm − (Power out)|dBm . (9.17)

If the left and right system impedances are different, then there is a minimum
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(a) Coaxial attenuator (b) Microstrip attenuator (c) Precision fixed coaxial attenuators

Figure 9-9: Distributed attenuators. The attenuators in (c) have power handling ratings of 2W,
5W and 20 W (left to right). Copyright 2012 Scientific Components Corporation d/b/a Mini-
Circuits, used with permission [4].

attenuation factor that can be achieved:

KMIN =
2Z01

Z02
− 1 + 2

√

Z01

Z02

(

Z01

Z02 − 1

)

. (9.18)

This limitation comes from the simultaneous requirement that the pad be
matched. If there is a single system impedance, Z0 = Z01 = Z02, then
KMIN = 1, and so any value of attenuation can be obtained.
Lumped attenuators are useful up to 10 GHz above which the size of
resistive elements becomes large compared to a wavelength. Also, for planar
circuits, vias are required, and these are undesirable from a manufacturing
standpoint, and electrically they have a small inductance. Fortunately
attenuators can be realized using a lossy section of transmission line, as
shown in Figure 9-9. Here, lossy material results in a section of line with
a high-attenuation constant. Generally the lossy material has little effect on
the characteristic impedance of the line, so there is little reflection at the
input and output of the attenuator. Distributed attenuators can be used at
frequencies higher than lumped-element attenuators can, and they can be
realized with any transmission line structure.

EXAMPLE 9.1 Pad Design

Design an unbalanced 20 dB pad in a 75 Ω system.

Solution:

There are two possible designs using resistive pads. These are the unbalanced Tee and Pi
pads shown in Figures 9-7 and 9-8. The Tee design will be chosen. The K factor is

K = 10(K|dB/10) = 10(20/10) = 100. (9.19)

Since Z01 = Z02 = 75 Ω, Equation (9.11) yields

R1 = R2 = 75

(
√
100− 1√
100 + 1

)

= 75

(

9

11

)

= 61.4 Ω (9.20)
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(a) Mitered bend (b) T junction

(c) Impedance step

Figure 9-10: Microstrip discontinuities.

R3 =
2 · 75

√
100

100− 1
= 150

(

10

99

)

= 15.2 Ω. (9.21)

The final design is

9.5 Transmission Line Stubs and Discontinuities

Interruptions of the magnetic or electric field create regions where additional
magnetic energy or electric energy is stored. If the additional energy stored
is predominantly magnetic, the discontinuity will introduce an inductance.
If the additional energy stored is predominantly electric, the discontinuity
will introduce a capacitance. Such discontinuities occur with all transmission
lines. In some cases transmission line discontinuities introduce undesired
parasitics, but they also provide an opportunity to effectively introduce
lumped-element components.
The simplest microwave circuit element is a uniform section of transmission
line that can be used to introduce a time delay or a frequency-dependent
phase shift. More commonly it is used to interconnect other components.
Other line segments including bends and junctions are shown in Figure 9-10.

9.5.1 Open

Many transmission line discontinuities arise from fringing fields. One
element is the microstrip open, shown in Figure 9-11. The fringing fields at
the end of the transmission line in Figure 9-11(a) store energy in the electric
field, and this can be modeled by the fringing capacitance, CF , shown in
Figure 9-11(b). This effect can also be modeled by an extended transmission
line, as shown in Figure 9-11(c). For a typical microstrip line with εr = 9.6,
h = 600 µm, and w/h = 1, CF is approximately 36 fF. However, CF varies
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Figure 9-11: An open on a mi-
crostrip transmission line: (a) mi-
crostrip line showing fringing
fields at the open; (b) fringing
capacitance model of the open;
and (c) an extended line model of
the open with ∆x being the extra
transmission line length that cap-
tures the open.

Figure 9-12:
Microstrip dis-
continuities: (a)
quarter-wave
impedance trans-
former; (b) open
microstrip stub; (c)
step; (d) notch; (e)
gap; (f) crossover;
and (g) bend.

with frequency, and the extended length is a much better approximation
to the effect of fringing [5]. For the same dimensions, the length section is
approximately 0.35h and almost independent of frequency [6]. As with many
fringing effects, a capacitance or inductance can be used to model the effect
of fringing, but generally a distributed model is better.

9.5.2 Discontinuities

Several microstrip discontinuities and their equivalent circuits are shown
in Figure 9-12. Discontinuities (Figure 9-12(b–g)) are modeled by capacitive
elements if the E field is affected and by inductive elements if the H field
(or current) is disturbed. The stub shown in Figure 9-12(b), for example,
is best modeled using lumped elements describing the junction as well as
the transmission line of the stub itself. Current bunches at the right angle
bends from the through line to the stub. The current bunching leads to excess
energy being stored in the magnetic field, and hence an inductive effect.
There is also excess charge storage in the parallel plate region bounded by
the left- and right-hand through lines and the stub. This is modeled by a
capacitance.
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Figure 9-13: Microstrip stubs: (a) radial
shunt-connected stub; (b) conventional
shunt stub; and (c) butterfly radial stub. (a) (b) (c)

9.5.3 Impedance Transformer

Impedance transformers interface two lines of different characteristic
impedance. The smoothest transition and the one with the broadest
bandwidth is a tapered line. This element can be long and then a quarter-
wave impedance transformer (see Figure 9-12(a)) is sometimes used,
although its bandwidth is relatively small and centered on the frequency at
which l = λg/4. Ideally Z0,2 =

√

Z0,1Z0,3.

9.5.4 Planar Radial Stub

The use of a radial stub (Figure 9-13(a)), as opposed to the conventional
microstrip stub (Figure 9-13(b)), can improve the bandwidth of many
microstrip circuits. A major advantage of a radial stub is that the input
impedance presented to the through line has broader bandwidth than that
obtained with the conventional stub. When two shunt-connected radial stubs
are introduced in parallel (i.e., one on each side of the microstrip feeder line)
the resulting configuration is termed a “butterfly” stub (see Figure 9-13(c)).

9.6 Magnetic Transformer

In this section the use of magnetic transformers in microwave circuits will be
discussed. Magnetic transformers can be used directly up to a few hundred
megahertz or so, but the same transforming properties can be achieved using
coupled transmission lines.

9.6.1 Properties of a Magnetic Transformer

A magnetic transformer (see Figure 9-14) magnetically couples the current
in one wire to current in another. The effect is amplified using coils of wires
and using a core of magnetic material (material with high permeability)
to create greater magnetic flux density. When coils are used, the symbol
shown in Figure 9-14(a) is used, with one of the windings called the primary
winding and the other called the secondary winding. If there is a magnetic
core around which the coils are wound, then the symbol shown in Figure
9-14(b) is used, with the vertical lines indicating the core. However, even
if there is a core, the simpler transformer symbol in Figure 9-14(a) is more
commonly used. Magnetic cores are useful up to several hundred megahertz
and rely on the alignment of magnetic dipoles in the core material. Above
a few hundred megahertz the magnetic dipoles cannot react quickly enough
and so the core looks like an open circuit to magnetic flux. Thus the core is not
useful for magnetically coupling signals above a few hundred megahertz. As
mentioned, the dots above the coils in Figure 9-14(a) indicate the polarity of
the magnetic flux with respect to the currents in the coils so that, as shown,
V1 and V2 will have the same sign. Even if the magnetic polarity is not
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specifically shown, it is implied (see Figure 9-14(c)). There are two ways
of showing inversion of the magnetic polarity, as shown in Figure 9-14(d),
where a negative number of windings indicates opposite magnetic polarity.
The interest in using magnetic transformers in high-frequency circuit design
is that configurations of magnetic transformers can be realized using
coupled transmission lines to extend operation to hundreds of gigahertz.
The transformer is easy to conceptualize, so it is convenient to first develop
circuits using the transformer and then translate it to transmission line form.
That is, in “back-of-the-envelope” microwave design, transformers can be
used to indicate coupling, with the details of the coupling left until later
when the electrical design is translated into a physical design.
The following notation is used with a magnetic transformer:
L1, L2: the self-inductances of the two coils
M : the mutual inductance
k: the coupling factor,

k =
M√
L1L2

. (9.22)

Referring to Figure 9-14(e), the voltage transformer ratio is

V2 = nV1, (9.23)

where n is the ratio of the number of secondary to primary windings. An
ideal transformer has “perfect coupling,” indicated by k = 1, and the self-
inductances are proportional to the square of the number of windings, so

V2

V1
=

√

L2

L1
. (9.24)

The general equation relating the currents of the circuit in Figure 9-14(e) is

RI2 + ωL2I2 + ωMI1 = 0, (9.25)

and so
I1
I2

= −R+ ωL2

ωM
. (9.26)

(a) (b) (c)

(d) (e)

Figure 9-14: Magnetic transformers: (a) a transformer as two magnetically coupled windings
with n1 windings on the primary (on the left) and n2 windings on the secondary (on the
right) (the dots indicate magnetic polarity so that the voltages V1 and V2 have the same sign);
(b) a magnetic transformer with a magnetic core; (c) identical representations of a magnetic
transformer with the magnetic polarity implied for the transformer on the right; (d) two
equivalent representations of a transformer having opposite magnetic polarities (an inverting
transformer); and (e) a magnetic transformer circuit.
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Figure 9-15: A balun: (a) as a two-port
with four terminals; (b) IEEE standard
schematic symbol for a balun [3]; and (c)
an (unbalanced) coaxial cable driving a
dipole antenna through a balun. (a) (b) (c)

If R ≪ ωL2, then the current transformer ratio is

I1
I2

≈ −L2

M
= −

√

L2

L1
. (9.27)

Notice that combining Equations (9.24) and (9.27) leads to calculation of the
transforming effect on impedance. On the Coil 1 side, the input impedance is

Zin =
V1

I1
= −V2

I2

(

L1

L2

)

= R
L1

L2
. (9.28)

In practice, however, there is always some magnetic field leakage—not all
of the magnetic field created by the current in Coil 1 goes through (or links)
Coil 2—and so k < 1. Then from Equations (9.24)–(9.28),

V1 = ωL1I1 + ωMI2 (9.29)

0 = RI2 + ωL2I2 + ωMI1. (9.30)

Again, assuming that R ≪ ωL2, a modified expression for the input
impedance is obtained that accounts for nonideal coupling:

Zin = R
L1

L2
+ ωL1(1− k2). (9.31)

Imperfect coupling, k < 1, causes the input impedance to be reactive and this
limits the bandwidth of the transformer. Stray capacitance is another factor
that impacts the bandwidth of the transformer.

9.7 Baluns

A balun [7, 8] is a structure that joins balanced and unbalanced circuits. The
word itself (balun) is a contraction of balanced-to-unbalanced transformer.
Representations of a balun are shown in Figure 9-15. A situation when a
balun is required is with an antenna. Many antennas do not operate correctly
if part of the antenna is at the same potential electrically as the ground.
Instead, the antenna should be electrically isolated from the ground (i.e.,
balanced). The antenna would usually be fed by a coaxial cable with its outer
conductor connected to ground.
The schematic of a magnetic transformer used as a balun is shown in Figure
9-16(a) with one terminal of the unbalanced port grounded. Figure 9-15(b) is
the standard schematic symbol for a balun and its use with a dipole antenna
is shown in Figure 9-15(c). The second port is floating and is not referenced
to ground. An example of the use of a balun is shown in Figure 9-16(b),
where the output of a single-ended amplifier is unbalanced, being referred
to ground. A balun transitions from the unbalanced transistor output to a
balanced output.
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(a) (b)

Figure 9-16: Balun: (a) schematic represen-
tation as a transformer showing unbal-
anced and balanced ports; and (b) con-
nected to a single-ended unbalanced am-
plifier yielding a balanced output.

(a) (b)

Figure 9-17: Marchand
balun: (a) coaxial form
of the Marchand balun;
and (b) its equivalent
circuit.

9.7.1 Marchand Balun

The most common form of microwave balun is the Marchand balun [7, 9–12].
An implementation of the Marchand balun using coaxial transmission lines
is shown in Figure 9-17(a) [13]. The Z2 line acts as both a series stub and a
shunt stub. Thus the model of the Marchand balun is as shown in Figure
9-17(b).

9.8 Wilkinson Combiner and Divider

A combiner is used to combine power from two or more sources. A typical
use is to combine power from two high power amplifiers to obtain a higher
power than would be otherwise be available. Dividers divide power so that
the power from an amplifier can be routed to different parts of a circuit.
The Wilkinson divider can be used as a combiner or divider that divides
input power among the output ports [14]. Figure 9-18(a) is a two-way divider
that splits the power at Port 1 equally between the two output ports at Ports
2 and 3. A particular insight that Wilkinson brought was the introduction of
the resistor between the output ports and this acts to suppress any imbalance
between the output signals due to nonidealities. If the division is exact, no
current will flow in the resistor. The circuit works less well as a general
purpose combiner. Ideally power entering Ports 2 and 3 would combine
losslessly and appear at Port 1. A typical application is to combine the power
at the output of two matched transistors where the amplitude and the phase
of the signals can be expected to be closely matched. However, if the signals
are not identical, the portion that is mismatched will be absorbed in the
resistor. The bandwidth of the Wilkinson combiner/divider is limited by the
one-quarter wavelength long lines.
The S parameters of the two-way Wilkinson power divider with an equal
split of the output power are therefore

S =





0 −/
√
2 −/

√
2

−/
√
2 0 0

−/
√
2 0 0



 . (9.32)

Figure 9-18(b) is a compact representation of the two-way Wilkinson divider,
and a three-way Wilkinson divider is shown in Figure 9-18(d). This pattern
can be repeated to produce N -way power dividing. The lumped-element
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version of the Wilkinson divider shown in Figure 9-18(c) is based on the LC
model of a one-quarter wavelength long transmission line segment. With a
50 Ω system impedance and center frequency of 400 MHz, the elements of the
lumped element are (from Section 22.7.2 of [15]) L = 28.13 nH, C1 = 11.25 pF,
C2 = 5.627 pF, and R = 100 Ω.
Figure 9-19(a) is the layout of a direct microstrip realization of a Wilkinson
divider. A high-performance microstrip layout is shown in Figure 9-19(b),
where the transmission lines are curved to bring the output ports near each
other so that a chip resistor can be used.

Figure 9-18: Wilkinson
divider: (a) two-way
divider with Port 1 being
the combined signal and
Ports 2 and 3 being the
divided signals; (b) less
cluttered representation;
(c) lumped-element
implementation; (d)
three-way divider with
Port 1 being the com-
bined signal and Ports
2, 3, and 4 being the di-
vided signals; and (e)–(h)
steps in the derivation of
the input impedance.

Figure 9-19:
Wilkinson combiner
and divider: (a) mi-
crostrip realization;
and (b) higher per-
formance microstrip
implementation. (a) (b)
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EXAMPLE 9.2 Lumped-Element Wilkinson Divider

Design a lumped-element 2-way Wilkinson divider in a 60 Ω system. The center frequency
of the design should be 10 GHz.

Solution:

The design begins with the transmission line form of the Wilkinson
divider which will be converted to a lumped-element form latter. The
design parameters are Z0 = 60 Ω, f = 10 GHz, ω = 2π1010 =
2.283 · 1010 and so

Z01 =
√
2Z0 = 84.85 Ω, R = 2Z0 = 120 Ω. ,

The next stage is to convert the transmission lines to lumped elements. A broadband design
of a quarter-wavelength transmission line is presented in Section 22.7.2 of [15]. That is, each
of the quarter-wave lines has the model

with L = Z01/ω = 84.85/ω = 954.9 pH,
C = 1/(Z01ω) = 1/(84.85ω) = 265.3 fF.

So the final lumped element design is

with
C1 = 2C = 530.6 fF,
C2 = C = 265.3 fF,
L = 954.9 pH,
R = 120 Ω.

9.9 Summary

This chapter introduced the richness of microwave components available
to the RF designer. Microwave lumped-element R, L, and C components
are carefully constructed so that they function as intended up to 10 or
so. They are usually in surface-mount form so that they can be integrated
in design while minimizing the parasitic effects introduced by leads. To
a limited extent, transmission line discontinuities can be used as lumped
elements. Even if the transmission line discontinuities are not specifically
introduced for this purpose, their lumped-element equivalent circuits must
be included in circuit analysis. Transmission line stubs are widely used
to introduce capacitance and inductance in circuits. In most transmission
line technologies only shunt stubs are available, and thus there is a strong
preference for shunt elements in circuit designs.
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9.11 Exercises

1. A spiral inductor is modeled as an ideal induc-
tor of 10 nH in series with a 5 Ω resistor. What is
the Q of the spiral inductor at 1 GHz?

2. Consider the design of a 50 dB resistive T atten-
uator in a 75 Ω system. [Parallels Example 9.1]

(a) Draw the topology of the attenuator.
(b) Write down the design equations.
(c) Complete the design of the attenuator.

3. Consider the design of a 50 dB resistive Pi atten-
uator in a 75 Ω system. [Parallels Example 9.1]

(a) Draw the topology of the attenuator.
(b) Write down the design equations.
(c) Complete the design of the attenuator.

4. A 20 dB attenuator in a 17 Ω system is ide-
ally matched at both the input and output. Thus
there are no reflections and the power delivered
to the load is reduced by 20 dB from the applied
power. If a 5 W signal is applied to the attenua-
tor, how much power is dissipated in the atten-
uator?

5. A resistive Pi attenuator has shunt resistors of
R1 = R2 = 294 Ω and a series resistor R3 =

17.4 Ω. What is the attenuation (in decibels) and
the characteristic impedance of the attenuator?

6. Design a resistive Pi attenuator with an attenua-
tion of 10 dB in a 100 Ω system.

7. Design a 3 dB resistive Pi attenuator in a 50 Ω
system.

8. A resistive Pi attenuator has shunt resistors
R1 = R2 = 86.4 Ω and a series resistor R3 =
350 Ω. What is the attenuation (in decibels) and
the system impedance of the attenuator?

9. A balun can be realized using a wire-wound
transformer, and by changing the number
of windings on the transformer it is possi-
ble to achieve impedance transformation as
well as balanced-to-unbalanced functionality. A
500 MHz balun based on a magnetic transformer
is required to achieve impedance transformation
from an unbalanced impedance of 50 Ω to a bal-
anced impedance of 200 Ω. If there are 20 wind-
ings on the balanced port of the balun trans-
former, how many windings are there on the un-
balanced port of the balun?

9.11.1 Exercises by Section
†challenging

§9.2 1, 2, 3, 4 §9.4 5†, 6, 7, 8† §9.7 9†

9.11.2 Answers to Selected Exercises

1 12.57
2 R1=R2=74.5 Ω

3 75.48 Ω
4 4.95 W
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10.1 Introduction

The maximum transfer of signal power is one of the prime objectives in RF
and microwave circuit design. Power traverses a network from a source to a
load generally through a sequence of two-port networks. Maximum power
transfer requires that the Thevenin equivalent impedance of a source be
matched to the impedance seen from the source. That is, the source should
be presented with the complex conjugate of the source impedance. This is
achieved by designing what is called a matching network inserted between
the source and load. Design of the matching network is called impedance
matching.
Section 10.2 describes two common matching objectives. Then design
approaches for impedance matching are presented first with an algorithmic
approach in Sections 10.3–10.6 and then a graphical approach based on using
a Smith chart in Sections 10.7 and 10.9.

10.2 Matching Networks

Matching networks are constructed using lossless elements such as lumped
capacitors, lumped inductors and transmission lines and so have, ideally,
no loss and introduce no additional noise. This section discusses matching
objectives and the types of matching networks.
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Figure 10-1: A source with Thevenin equivalent
impedance ZS and load with impedance ZL

interfaced by a matching network presenting an
impedance Zin to the source.

10.2.1 Matching for Zero Reflection or for Maximum Power
Transfer

With RF circuits the aim of matching is to achieve maximum power transfer.
With reference to Figure 10-1 the condition for maximum power transfer is
Zin = Z∗

S . which is equivalent to Γin = Γ∗
S . The proof is as follows:

Γin =

(

Zin − ZREF

Zin + ZREF

)

, (10.1)

and for maximum power transfer Zin = Z∗
S , so

Γ∗
in =

Zin − ZREF

Zin + ZREF
=

(

Z∗
S − ZREF

Z∗
S + ZREF

)∗

=
(Z∗

S − Z0)
∗

(Z∗
S + Z0)∗

=
(Z∗

S)
∗ − Z∗

REF

(Z∗
S)

∗ + Z∗
REF

=
ZS − Z∗

REF

ZS + Z∗
REF

= ΓS . (10.2)

If ZREF is real, Z∗
REF = ZREF and then the condition for maximum power

transfer is

Γ∗
in =

ZS − ZREF

ZS + ZREF
= ΓS . (10.3)

Thus, provided that ZREF is real, the condition for maximum power transfer
in terms of reflection coefficients is Γ∗

in = ΓS or Γin = Γ∗
S .

10.2.2 Types of Matching Networks

Up to a few gigahertz, lumped inductors and capacitors can be used
in matching networks. Above a few gigahertz parasitics result in self-
resonance. Lumped elements are also lossy. Segments of transmission lines
are also used in matching networks as the loss of a transmission line
component is always much less than the loss of a lumped inductor. However
the length of a transmission line segement is up to λ/4 which is far too large
to fit in consumer wireless products operating below a few gigahertz.
An impedance matching network may consist of

(a) Lumped elements only. These are the smallest networks, but have
the most stringent limit on the maximum frequency of operation. The
relatively high resistive loss of an inductor is the main limiting factor
limiting performance. The self resonant frequency of an inductor limits
operation to low microwave frequencies.

(b) Distributed elements (microstrip or other transmission line circuits)
only. These have excellent performance, but their size restricts their use
in systems to above a few gigahertz.

(c) A hybrid design combining lumped and distributed elements,
primarily small sections of lines with capacitors. These lines are shorter
than in a design with distributed elements only, but the hybrid design
has higher performance than a lumped-element-only design.
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Figure 10-2: A transformer as a match-
ing network. Port 1 is on the left or pri-
mary side and Port 2 is on the right or
secondary side.

(a) (b)

Figure 10-3: Matching us-
ing a series reactance: (a)
the series reactive element;
and (b) its equivalent shunt
circuit.

10.3 Impedance Transforming Networks

Transformers and reactive elements considered in this section can be used to
losslessly transform impedance levels. his is a basic aspect of network design.

10.3.1 The Ideal Transformer

The ideal transformer shown in Figure 10-2 can be used to match a load to a
source if the source and load impedances are resistances. This will be shown
by starting with the constitutive relations of the transformer:

V1 = nV2 and I1 = −I2/n. (10.4)

Here n is the transformer ratio. For a wire-wound transformer, n is the ratio
of the number of windings on the primary side, Port 1, to the number of
windings on the secondary side, Port 2. Thus the input resistance, Rin, is
related to the load resistance, RL, by

Rin =
V1

I1
= −n2V2

I2
= n2RL. (10.5)

The matching problem with purely resistive load and source impedances is
solved by choosing the appropriate winding ratio, n. However, resistive-only
problems are rare at RF, and so other matching circuits must be used.

10.3.2 A Series Reactive Element

Matching using lumped elements is based on the impedance and admittance
transforming properties of series and shunt reactive elements. Even a
single reactive element can achieve limited impedance matching. Consider
the series reactive element shown in Figure 10-3(a). Here the reactive
element, XS , is in series with a resistance R. The shunt equivalent of this
network is shown in Figure 10-3(b) with a shunt susceptance of B. In this
transformation the resistanceR has been converted to a resistanceRP = 1/G.
The mathematics describing this transformation is as follows. The input
admittance of the series connection (Figure 10-3(a)) is

Yin(ω) =
1

Zin(ω)
=

1

R+ XS
=

R

R2 +X2
S

− 
XS

R2 +X2
S

. (10.6)

Thus the elements of the equivalent shunt network, Figure 10-3(b), are

G =
R

R2 +X2
S

and B = − XS

R2 +X2
S

. (10.7)
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Figure 10-4: Impedance transfor-
mation by a series reactive ele-
ment: (a) a resistor with a series
capacitor; (b) its equivalent shunt
circuit; and (c) an LC network. (a) (b) (c)

The “resistance” of the network, R, has been transformed to a new value,

RP = G−1 =
R2 +X2

S

R
> R. (10.8)

This is an important start to matching, as XS can be chosen to convert R (a
load, for example) to any desired resistance value (such as the resistance of a
source). However there is still a residual reactance that must be removed to
complete the matching network design. Before moving on to the solution of
this problem consider the following example.

EXAMPLE 10.1 Capacitive Impedance Transformation

Consider the impedance transforming properties of the capacitive series element in Figure
10-4(a). Show that the capacitor can be adjusted to obtain any positive shunt resistance.

Solution:

The concept here is that the series resistor and capacitor network has an equivalent shunt
circuit that includes a capacitor and a resistor. By adjusting CS any value can be obtained
for RP . From Equation (10.8),

RP =
R2

0 + (1/ω2C2
S)

R0
=

1 + ω2C2
SR

2
0

ω2C2
SR0

(10.9)

and the susceptance is B =
(1/ωCS)

R2
0 + 1/ω2C2

S

= ω
CS

1 + ω2C2
SR

2
0

. (10.10)

Thus CP =
B

ω
=

CS

1 + ω2C2
SR

2
0

. (10.11)

To match R0 to a resistive load RP (> R0) at a radian frequency ωd, then, from Equation
(10.9), the series capacitance required, i.e. the design equation for CS , comes from

ωdCS = 1/
√

R0RP −R2
0, (10.12)

To complete the matching design, use a shunt inductor L, as shown in Figure 10-4(c), where
ωdCP = 1/(ωdL). The equivalent impedance in Figure 10-4(c) is a resistor of value RP , with
a value that can be adjusted by choosing CS which then requires L to be adjusted.
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(a) (b)

Figure 10-5: A resistor with (a) a shunt
parallel reactive element where B is a
susceptance, and (b) its equivalent series
circuit.

(a) (b) (c)

Figure 10-6: Parallel-to-
series transformation: (a)
resistor with shunt ca-
pacitor; (b) its equivalent
series circuit; and (c) the
transforming circuit with
added series inductor.

10.3.3 A Parallel Reactive Element

The dual of the series matching procedure is the use of a parallel reactive
element, as shown in Figure 10-5(a). The input admittance of the shunt circuit

Yin =
1

R
+ B. (10.13)

This can be converted to a series circuit by calculating Zin = 1/Yin:

Zin =
R

1 + BR
=

R

1 +B2R2
− 

BR2

1 +B2R2
. (10.14)

So RS =
R

1 + B2R2
and XS =

−BR2

1 +B2R2
. (10.15)

Notice that RS < R.

EXAMPLE 10.2 Parallel Tuning

As an example of the use of a parallel reactive element to tune a resistance value, consider
the circuit in Figure 10-6(a) where a capacitor tunes the effective resistance value so that the
series equivalent circuit (Figure 10-6(b)) has elements

RS =
R0

1 + ω2C2
PR

2
0

and XS = − ωCPR
2
0

1 + ω2C2
PR

2
0

= − 1

ωCS
. (10.16)

So CS =
1 + ω2C2

PR
2
0

ω2CPR2
0

. (10.17)

Now consider matching R0 to a resistive load RS , which is less than R0 at a given frequency
ωd. This requires that

ωdCP =
√

1/(RSR0)− 1/R2
0.

To complete the design, use a series inductor to remove the reactive effect of the capacitor, as
shown in Figure 10-6(C). The value of the inductor required is found from

ωdL =
1

ωdCS
, that is, L =

1

ω2
dCS

. (10.18)

10.4 The L Matching Network

The examples in the previous two sections suggest the basic concept behind
lossless matching of two different resistance levels using an L network:
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Step 1: Use a series (shunt) reactive element to transform a smaller (larger)
resistance up (down) to a larger (smaller) value with a real part equal
to the desired resistance value.

Step 2: Use a shunt (series) reactive element to resonate with (or cancel) the
imaginary part of the impedance that results from Step 1.

So a resistance can be transformed to any resistive value by using an LC
transforming circuit. A summary of the L matching networks is given in
Figure 10-7. The two possible cases, RS < RL and RL < RS , will be
considered in the following subsections.

10.4.1 Design Equations for RS < RL

Consider the matching network topology of Figure 10-8. Here

Zin =
RL(XP )

RL + XP
=

RLX
2
P

R2
L +X2

P

+ 
XPR

2
L

R2
L +X2

P

(10.19)

Figure 10-7: L matching
networks consisting of one
shunt reactive element and
one series reactive element.
(RS is matched to RL.)
XC is the reactance of the
capacitor C, and XL is the
reactance of the inductor L.
Note that with a two-
element matching network
the Q and thus bandwidth
of the match is fixed.

(a) Lowpass RS < RL.

Q =
√

RL/RS − 1
Q = |XL|/RS = RL/|XC |

(b) Lowpass RS > RL.

Q =
√

RS/RL − 1
Q = |XL|/RL = RS/|XC |

(c) Highpass RS < RL.

Q =
√

RL/RS − 1
Q = |XC |/RS = RL/|XL|

(d) Highpass RS > RL.

Q =
√

RS/RL − 1
Q = |XC |/RL = RS/|XL|

Figure 10-8: Two-element matching network topology for RS <
RL. XS is the series reactance and XP is the parallel reactance.
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and the matching objective is Zin = RS − XS so that

RS =
RLX

2
P

R2
L +X2

P

and XS =
−XPR

2
L

X2
P +R2

L

. (10.20)

From these
RS

RL
=

1

(RL/XP )
2 + 1

and − XS

RS
=

RL

XP
. (10.21)

Introducing the quantities

QS = the Q of the series leg = |XS/RS | (10.22)

QP = the Q of the shunt leg = |RL/XP | (10.23)

leads to the final design equations for RS < RL:

|QS| = |QP | =
√

RL

RS
− 1. (10.24)

The L matching network principle is that XP and XS will be either capacitive
or inductive and they will have the opposite sign (i.e., the L matching
network comprises one inductor and one capacitor). Also, once RS and RL

are given, the Q of the network and thus bandwidth is defined; with the L
network, the designer does not have a choice of circuit Q.

EXAMPLE 10.3 Matching Network Design

Design a circuit to match a 100 Ω source to a 1700 Ω load at 900 MHz. Assume that a DC
voltage must also be transferred from the source to the load.

Solution:

Here RS < RL, and so the topology of Figure 10-9(a) can be used and there are two versions,
one with a series inductor and one with a series capacitor. The series inductor version (see
Figure 10-9(b)) is chosen as this enables DC bias to be applied. From Equations (10.22)–
(10.24) the design equations are

|QS| = |QP | =
√

1700

100
− 1 =

√
16 = 4,

XS

RS
= 4, and XS = 4 · 100 = 400. (10.25)

This indicates that ωL = 400 Ω, and so the series element is

L =
400

2π · 9 · 108 = 70.7 nH. (10.26)

For the shunt element next to the load, |RL/XC | = 4, and so

|XC | = RL

4
=

1700

4
= 425. (10.27)

Thus 1/ωC = 425 and C =
1

2π · 9 · 108 · 425 = 0.416 pF. (10.28)

The final matching network design is shown in Figure 10-9(c).

(a) (b) (c)

Figure 10-9: Matching
network development
for Example 10.3.
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Figure 10-10: Two-element matching network
topology for RS > RL.

10.4.2 L Network Design for RS > RL

For RS > RL, the topology shown in Figure 10-10 is used. The design
equations for the L network for RS > RL are similarly derived and are

|QS| = |QP | =
√

RS

RL
− 1 (10.29)

−QS = QP , QS =
XS

RL
, and QP =

RS

XP
. (10.30)

EXAMPLE 10.4 Two-Element Matching Network

Design a passive two-element matching network that will achieve maximum power transfer
from a source with an impedance of 50 Ω to a load with an impedance of 75 Ω. Choose a
matching network that will not allow DC to pass.

Solution:

RL > RS , so, from Figure 10-7, the appropriate matching network topology is

This topology can be either high pass or low pass
depending on the choice of XS and XP . Design
proceeds by finding the magnitudes of XS and XP .
In two-element matching the circuit Q is fixed. With
RL = 75 Ω and RS = 50 Ω.

The Q of the matching network is the same for the series and parallel elements:

|QS | = |XS |
RS

=

√

RL

RS
− 1 = 0.7071 and |QP | = RL

|XP |
= |QS| = 0.7071,

therefore |XS | = RS · |QS| = 50 · 0.7071 = 35.35 Ω. Also

|XP | = RL/|QP | = 75/0.7071 = 106.1 Ω.

Specific element types can now be assigned to XS and XP , and note that they must be of
opposite type.

The lowpass matching network is

XS = +35.35 Ω, XP = −106.1 Ω.

The highpass matching network is

XS = −35.35 Ω, XP = +106.1 Ω.

This highpass design satisfies the design criterion that DC is not passed, as DC is
blocked by the series capacitor.
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Figure 10-11: A matching net-
work matching a complex
load to a source with a com-
plex Thevenin impedance.

10.5 Dealing with Complex Sources and Loads

This section presents strategies for dealing with complex loads. In the
algorithmic matching approach design proceeds first by ignoring the
complex load and source and then accounting for them either through
topology choice or canceling their effect through resonance.

10.5.1 Matching

Input and output impedances of transistors, mixers, antennas, etc., contain
both resistive and reactive components. Thus a realistic impedance matching
problem looks like that shown in Figure 10-11. The matching approaches that
were presented in the previous sections can be directly applied if XS and XL

are treated as stray reactances that need to be either canceled or, ideally, used
as part of the matching network. There are two basic approaches to handling
complex impedances:

(a) Absorption: Absorb source and load reactances into the impedance
matching network itself. This is done through careful placement of
each matching element such that capacitors are placed in parallel with
source and load capacitances, and inductors in series with source and
load inductances. The stray values are then subtracted from the L
and C values for the matching network calculated on the basis of
the resistive parts of ZS and ZL only. The new (smaller) values, L′

and C′, constitute the elements of the matching network. Sometimes
it is necessary to perform a series-to-parallel, or parallel-to-series,
conversion of the source or load impedances so that the reactive
elements are in the correct series or shunt arrangement for absorption.

(b) Resonance: Resonate source and load reactances with an equal and
opposite reactance at the frequency of interest.

The presence of reactance in a load indicates energy storage, and therefore
bandwidth limiting. In the above approaches to handling a reactive load, the
resonance approach could easily result in a narrowband matching solution.
The major problem in matching is often to obtain sufficient bandwidth. What
is sufficient will vary depending on the application. To maximize bandwidth
the general goal is to minimize the total energy storage. Roughly the total
energy stored will be proportional to the sum of the magnitudes of the
reactances in the circuit. Of course, the actual energy storage depends on the
voltage and current levels, which will themselves vary in the circuit. A good
approach leading to large bandwidths is to incorporate the load reactance
into the matching network. Thus the choice of appropriate matching network
topology is critical. However, if the source and load reactance value is larger
than the calculated matching network element value, then absorption on its
own cannot be used. In this situation resonance must be combined with
absorption. The majority of impedance matching designs are based on a
combination of resonance and absorption.
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EXAMPLE 10.5 Matching Network Design Using Resonance

For the configuration shown in Figure 10-12, design an impedance matching network that
will block the flow of DC current from the source to the load. The frequency of operation
is 1 GHz. Design the matching network, neglecting the presence of the 10 pF capacitance at
the load. Since RS = 50 Ω < RL = 500 Ω, and from Figure 10-7, consider the topologies of
Figures 10-13(a) and 10-13(b). The design criterion of blocking flow of DC from the source
to the load narrows the choice to the topology of Figure 10-13(b).

Solution:

Step 1: |QS| =
∣

∣

∣

∣

XS

RS

∣

∣

∣

∣

= |QP | =
∣

∣

∣

∣

RL

XP

∣

∣

∣

∣

=

√

RL

RS
− 1 = 3 and QP =

RL

XP
. (10.31)

So XP = ωL = RL/QP = 500/3. Reducing this gives

ωL =
500

3
, and so L =

500

3× 2π × 109
= 26.5 nH. (10.32)

Similarly −XS/RS = 3 and so

1/(ω C)

RS
= 3 or C =

1

3ωRS
=

1

3× 2π × 109 × 50
= 1.06 pF. (10.33)

Step 2:

Resonate the 10 pF capacitor using an inductor in parallel:

(

ωL′)−1
= ω × 10× 10−12 (10.34)

L′ =
1

ω210−11
=

1

(2π)2 1018 × 10−11
= 2.533 nH. (10.35)

Thus Figure 10-13(c) is the required matching network. Two inductors are in parallel and
the circuit can be simplified to that shown in Figure 10-14, where

LX = (26.5 nH � 2.533 nH) =
2.533 × 26.5

2.533 + 26.5
nH = 2.312 nH. (10.36)

Figure 10-12: Matching problem
considered in Example 10.5. (a) Source (b) Load

(a) (b) (c)

Figure 10-13: Matching network topology used in Example 10.5: a) and (b)
topology; and (c) intermediate matching network.
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Figure 10-14: Final matching
network in Example 10.5.

(a) Source (b) Load

Figure 10-15: Matching problem in Example
10.6.

(a) (b)

Figure 10-16: Topologies referred to in Example
10.6.

EXAMPLE 10.6 Matching Network Design Using Resonance and Absorption

For the source and load configurations shown in Figure 10-15, design a lowpass impedance
matching network at f = 1 GHz.

Solution:

Since RS < RL, use the topology shown in Figure 10-16(a). For a lowpass response, the
topology is that of Figure 10-16(b). Notice that absorption is the natural way of handling the
3 nH at the source and the 5 pF at the load. The design process is as follows:

Step 1:

Design the matching network, neglecting the reactive elements at the source and load:

|QS| = |QP | =
√

RL

RS
− 1 =

√
10− 1 = 3 (10.37)

XS

RS
= 3, XS = 3× 100, ωL = 300 and L =

300

2π × 109
= 47.75 nH (10.38)

RP

XP
= −3 and

1000

−(1/ωC)
= −3 and C =

3

1000× 2π × 109
= 0.477 pF. (10.39)

This design is shown in Figure 10-17(a). This is the matching network that matches the 100 Ω
source resistance to the 1000 Ω load with the source and load reactances ignored.

Step 2:

Figure 10-17(b) is the interim matching solution. The source inductance is absorbed into
the matching network, reducing the required series inductance of the matching network.
The capacitance of the load cannot be fully absorbed. The design for the resistance-only case
requires a shunt capacitance of 0.477 pF, but 5 pF is available from the load. Thus there is an
excess capacitance of 4.523 pF that must be resonated out by the inductance L′′:

1

ωL′′
= ω4.523 × 10−12. So L′′ =

1

(2π)2 × 1018 × 4.523 × 10−12
= 5.600 nH. (10.40)

The final matching network design (Figure 10-17(c)) fully absorbs the source inductance into
the matching network, but only partly absorbs the load capacitance.
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Figure 10-17: Evolution of the
matching network in Exam-
ple 10.6: (a) matching net-
work design considering only
the source and load resis-
tors; (b) matching network
with the reactive parts of the
source and load impedances
included; and (c) final design.

(a)

(b)

(c)

(a) One-stage matching (c) Two-stage matching

(b) One-stage matching (d) Stage 1 (e) Stage 2

Figure 10-18: Matching in stages: (a) matching network M matching RS to RL; (b) without an
explicit source; (c) two-stage matching with a virtual resistor RV ; (d) matching RS to RV ; and
(e) matching RV to RL.

10.6 Multielement Matching

The bandwidth of a matching network can be controlled by using multiple
matching stages either making the matching bandwidth wider or narrower.
This concept is elaborated on in this and several design approaches
presented.

10.6.1 Design Concept for Manipulating Bandwidth

The concept for manipulating matching network bandwidth is to do the
matching in stages as shown in Figure 10-18. Figure 10-18(a) shows the one-
stage matching problem using the common identification of the matching
network as ‘M’. The one-stage matching problem is repeated in Figure 10-
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QT = QSL

Fixed bandwidth

(a) One-stage matching of RS to RL

QV L ≫ QSV , QV L > QSL

1

QT
≈ 1

QSV
+

1

QV L
≈ 1

QV L

QT ≈ QV L, lower bandwidth than (a)

(b) Two-stage matching of RS to RV to RL, (RV < min(RS , RL))

QSV ≫ QV L, QSV > QSL

1

QT
≈ 1

QSV
+

1

QV L
≈ 1

QSV

QT ≈ QSV , lower bandwidth than (a)

(c) Two-stage matching of RS to RV to RL, (RV > max(RS, RL))

(QSV = QLV ) < QSL

1

QT
≈ 1

QSV
+

1

QV L
<

1

QSL

QT < QSL, higher bandwidth than (a)

(d) Two-stage matching of RS to RV to RL, (RV =
√
RSRL)

(QS1 = Q12 = Q2L) < QSL

1

QT
≈ 1

QS1
+

1

Q12
+

1

Q2L
<

1

QSL

QT < QSV , higher bandwidth than (a), (d)

(e) Three-stage matching of RS to RV 1 to RV 2 to RL, (RV n = (RSRL)
n
3

Figure 10-19: Effect of
multi-stage matching
on total circuit Q, QT ,
and matching band-
width (which is ap-
proximately inversely
proportional to QT .)

18(b) without explicitly showing the source generator. A two-stage matching
problem is shown in Figure 10-18(c) with the introduction of a virtual resistor
RV between the first, M1, and second, M2, stage matching networks. RV

is shown as a virtual connection as it is not actually inserted in the circuit.
Instead this is a short-hand way of indicating the matching problem to be
done in two stages as shown in Figure 10-18(d and e) with the first stage
matching the source resistor RS to RV and the second stage matching RV

to the load resistor RL. After M1 has been designed the resistance looking
into the right-hand port of M1, see Figure 10-18(d), will be RV so RV is the
Thevenin equivalent source resistance to M2. Similarly the input impedance
looking into the left-hand port of M2 is RV so RV is the effective load
resistor of M1. Of course these are the impedances at the center frequency
and away from the center frequency of the match the input impedances will
be complex.
The concept behind multi-stage matching network design is shown in Figure
10-19 where the standard one-stage match is shown in Figure 10-19(a). While
this is shown for RL > RS the concept holds for RL < RS . The arrows
follow the that design begins with the load and ends at the source. With
the one stage match the circuit Q is fixed and designated here as the total
circuit Q, QT being the same as the Q of the one-stage RL to RS matching
network, QSL. The two-stage match that reduces bandwidth (compared to
the one-stage match) is shown in Figure 10-19(b). The total Q, QT , of the
second stage is higher than for the one-stage design because the ratio of RL

to RV is greater than the ratio of RV to RS . Bandwidth can also be reduced
relative to the one-stage match by assigning RV to be greater than both RL
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Figure 10-20: Two three-
element matching networks. (a) T network (b) Pi network

and RS , see Figure 10-19(c).
Choosing RV to be between RS and RL will result in a circuit with lower
QT and the bandwidth of the match will increase, see Figure 10-19(d). The
maximum bandwidth for a two-stage match is to choose RV as the geometric
mean of RS and RL. This concept can be extended to multiple stages as
shown for a three-stage match in Figure 10-19(e).
This section presents various matching network designs for manipulating
bandwidth and all are based on the concept of choosing a virtual resistor.

10.6.2 Three-Element Matching Networks

With the L network (i.e., two-element matching), the circuit Q is fixed once
the source and load resistances, RS and RL, are fixed:

Q =

√

RL

RS
− 1, (RL > RS). (10.41)

Thus the designer does not have a choice of circuit Q. Breaking the matching
problem into parts enables the circuit Q to be controlled. Introducing a third
element in the matching network provides the extra degree of freedom in the
design for adjusting Q, and hence bandwidth.
Two three-element matching networks, the T network and the Pi network,
are shown in Figure 10-20. Which network is used depends on

(a) the realization constraints associated with the specific design, and
(b) the nature of the reactive parts of the source and load impedances and

whether they can be used as part of the matching network.
The three-element matching network comprises 2 two-element (or L)
matching networks and is used to increase the overall Q and thus narrow
bandwidth. Given RS and RL, the circuit Q established by an L matching
network is the minimum circuit Q available in the three-element matching
arrangement. With three-element matching, the Q can only increase, so three-
element matching is used for narrowband (high-Q) applications. However,
lower Q can be obtained with more than three elements. The next subsections
consider matching with more than three elements.

10.6.3 The Pi Network

The Pi network may be thought of as two back-to-back L networks that are
used to match the load and the source to a virtual resistance, RV , placed
at the junction between the two networks, as shown in Figure 10-21(b). The
design of each section of the Pi network is as for the L network matching. RS

is matched to RV and RV is matched to RL.
RV must be selected smaller than RS and RL since it is connected to the
series arm of each L section. Furthermore, RV can be any value that is smaller
than the smaller of RS , RL. However, it is customarily used as the design
parameter for specifying the desired Q.
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(a) (b)

Figure 10-21: Pi matching networks: (a) view of a Pi network; and (b) as two back-to-back L
networks with a virtual resistance, RV , between the networks.

As a useful design approximation, the loaded Q of the Pi network can be
taken as the Q of the L section with the highest Q:

Q =

√

max(RS , RL)

RV
− 1. (10.42)

Given RS , RL, and Q, the above equation yields the value of RV .

EXAMPLE 10.7 Three-Element Matching Network Design

Design a Pi network to match a 50 Ω source to a 500 Ω load. The desired Q is 10. A suitable
matching network topology is shown in Figure 10-22 together with the virtual resistance,
RV , to be used in design.

Solution: RS = 50 Ω and RL = 500 Ω so max(RS, RL) = 500 Ω and so the virtual resistor is

RV =
max(RS , RL)

Q2 + 1
=

500

101
= 4.95 Ω. (10.43)

Design proceeds by separately designing the L networks to the left and right of RV . For the
L network on the left,

Qleft =

√

50

4.95
− 1 = 3.017. so Qleft =

|Xa|
RV

=
RS

|X1|
= 3.017, (10.44)

Note that X1 and Xa must be of opposite types (one is capacitive and the other is inductive).
The left L network has elements

|Xa| = 14.933 Ω and |X1| = 16.6 Ω. (10.45)

For the L network on the right of RV ,

Qright = Q = 10, thus
|Xb|
RV

=
RL

X3
= 10. (10.46)

Xb, X3 are of opposite types, and

|Xb| = 49.5 Ω and |X3| = 50 Ω. (10.47)

The resulting Pi network is shown in Figure 10-23 with the values

|X1| = 16.6 Ω, |X3| = 50 Ω, |Xa| = 14.933 Ω, and |Xb| = 49.5 Ω. (10.48)

Note that the pair Xa, X1 are of opposite types and similarly Xb, X3 are of opposite types.
So there are four possible realizations, as shown in Figure 10-24.
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Figure 10-22: Matching network problem of
Example 10.7.

Figure 10-23: Final matching network in
Example 10.7.

Figure 10-24: Four possible
Pi matching networks: (a),
(c), (e), and (g) conceptual
circuits; and (b), (d), (f),
and (h), respectively, their
final reduced Pi networks.

Conceptual → Final network

(a) (b)

(c) (d)

(e) (f)

(g) (h)

In the previous example there were four possible realizations of the three-
element matching network, and this is true in general. The specific choice
of one of the four possible realizations will depend on specific application-
related factors such as

(a) elimination of stray reactances,
(b) the need to pass or block DC current, and
(c) the need for harmonic filtering.

It is fortunate that it may be possible to achieve multiple functions with the
same network.
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EXAMPLE 10.8 Three-Element Matching with Reactive Source and Load

Design a Pi network to match the source to the load
shown. The design frequency is 900 MHz and the
desired Q is 10.

Solution:

The design objective is to arrive at an overall network which has a Q of 10. To achieve this
it is necessary to absorb the source and load reactances into the matching network. If they
were resonated instead, the overall Q of the network can be expected to higher than the Q of
the L matching network on its own.

Design begins by considering the matching
of RS = 50 Ω to RL = 500 Ω. Since the
Q is specified, three (or more) matching
elements must be used. The design starting
point is shown on the right:

The virtual resistor RV = max (Rs, RL)/(1 +
Q2) = (500 Ω)/(1 + 100) = 4.95 Ω.
The left subnetwork with X1 and Xa has
QLEFT =

√

RS/RV − 1 =
√

50/4.95 − 1 =
3.017. The right subnetwork with X2 and
Xb has QRIGHT =

√

RL/RV − 1 =
√

500/4.95 − 1 = 10.001.

Note that QRIGHT is almost exactly the
desired Q of the network and QLEFT

will have little effect on the Q of the
overall circuit. Now QLEFT = |Xa|/RV =
RS/|X1|, so |Xa| = 14.9 Ω and |X1| =
16.57 Ω. QRIGHT = |Xb|/RV = RS/|X2|,
so |Xb| = 49.5 Ω and |X2| = 50.0 Ω.

X1 must be chosen to be a capacitor C1 =
10.67 pF so that the 2 pF source capacitance
can be absorbed. Similarly X2 is a capacitor
C2 = 3.53 pF. Xa and Xb are both inductors
that combine in series for a total inductance
L3 = 11.38 nH. This leads to the final design
shown on the right where the matching
network is in the dashed box.

10.6.4 Matching Network Q Revisited

To demonstrate that the circuitQ established by an L matching network is the
minimum circuit Q for a network having at most three elements, consider the
design equations for RS > RL. Referring to Figure 10-25,

X1 =
RS

Q
, X3 = RL

(

RS/RL

Q2 + 1−RS/RL

)

1
2
, X2 =

QRS +RSRL/X3

Q2 + 1
. (10.49)

Notice that the denominator of X3 can be written as

Q2 + 1− RS

RL
=

(

Q+

√

RS

RL
− 1

)(

Q−
√

RS

RL
− 1

)

. (10.50)

Figure 10-25: A three-element matching
network.
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Figure 10-26:
T network
design
approach. (a) T network (b) Virtual intermediate matching network view

(a) (b)

Figure 10-27: Broadband matching networks.

Then for a real solution we must have

Q ≥
√

RS

RL
− 1, (10.51)

and so Q ≥ QL network. For Q = QL network, X3 → ∞ and the Pi network
reduces to an L network that has two elements. Thus it is not possible to
have a lower Q with a three-element matching network than the Q of a two-
element matching network. Thus a three-element matching network must
have lower bandwidth than that of a two-element matching network.

10.6.5 The T Network

The T network may be thought of as two back-to-back L networks that are
used to match the load and the source to a virtual resistance, RV , placed
at the junction between the two L networks (see Figure 10-26). RV must be
selected to be larger than both RS and RL since it is connected to the shunt
leg of each L section. RV is chosen according to the equation

Q =

√

RV

min(RS , RL)
− 1, (10.52)

where Q is the desired loaded Q of the network. Each L network is calculated
in exactly the same manner as was done for the Pi network matching. That
is, RS is matched to RV and RV is matched to RL. Once again there will be
four possible designs for the T network, given RS , RL, and Q.

10.6.6 Broadband (Low Q) Matching

L network matching does not allow the circuit Q, and hence bandwidth, to be
selected. However, Pi network and T network matching allows the circuit Q
to be selected independent of the source and load impedances, provided that
the chosen Q is larger than that which can be obtained with an L network.
Thus the Pi and T networks result in narrower bandwidth designs.
One design solution for broadband matching is to use two (or more) series-
connected L sections (see Figure 10-27). Design is still based on the concept
of a virtual resistor, RV , placed at the junction of the two L networks (as in
Figure 10-28), but now RV is chosen to be between RS and RL:
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Figure 10-28: Matching network with
two L networks.

Figure 10-29:
Cascaded L
networks for
broadband
matching.

Rmin ≤ RV ≤ Rmax, (10.53)

where Rmin = min(RL, RS) and Rmax = max(RL, RS). Then one of the two
networks will have

Q1 =

√

RV

Rmin
− 1 and the other Q2 =

√

Rmax

RV
− 1. (10.54)

The maximum bandwidth (minimum Q) available is obtained when

Q1 = Q2 =

√

RV

Rmin
− 1 =

√

Rmax

RV
− 1 . (10.55)

That is, the maximum matching bandwidth is obtained when RV is the
geometric mean of RS and RL:

RV =
√

RLRS . (10.56)

Even wider bandwidths can be obtained by cascading more than two L
networks, as shown in Figure 10-29. In this circuit

RS < RV 1 < RV 2 . . . < RV n−1 < RL. (10.57)

For optimum bandwidth the ratios should be equal,

RV1

RS
=

RV2

RV1

=
RV3

RV2

= · · · = RL

RVn−1

, (10.58)

and the Q is given by

Q =

√

RV1

RS
− 1 =

√

RV2

R1
− 1 = · · · =

√

RL

RVn−1

− 1. (10.59)

If there are N L networks used in the match, the maximum bandwidth will
be obtained if the ith virtual resistor is

RV i = (RSRL)
i/N

, i = 1, . . . , (N − 1). (10.60)



184 STEER FUNDAMENTALS OF MICROWAVE AND RF DESIGN

EXAMPLE 10.9 Two-Section Matching Network Design

Consider matching a 10 Ω source to a 1000 Ω load using two L matching networks and
designing for a Q of 3. How many matching sections are required?

Solution:

Here the approximate Qs achieved with a single L matching network and with an optimum
two-section design are compared. For a single L network design

Q =

√

RL

RS
− 1 = 9.95. (10.61)

Now consider an optimum two-section design:

RV =
√
RSRL; Q2 =

√

RL

RV
− 1 =

√

√

RL

RS
− 1 = 3. (10.62)

Thus the Q is 3 compared to the Q of an L section of 9.95. If the fractional bandwidth is
inversely proportional to Q, then the bandwidth of the two-section design is 9.95/3 = 3.32
times more than that of the L section.

Now consider how many sections are required to obtain a Q of 2:

(1 +Q2) =
RV1

RS
=

RV2

RV1

= . . . =
RL

RVn−1

⇒ (10.63)

(

1 +Q2
)n

=
RL

RS
⇒ n ln

(

1 +Q2
)

= ln
RL

RS
⇒ n =

ln(RL/RS)

ln (1 +Q2)
. (10.64)

For Q = 2 and RL/RS = 100, n = 2.86, which rounds to n = 3, and three sections are
required.

10.7 Impedance Matching Using Smith Charts

The lumped-element matching networks presented up to now can also be
developed using Smith charts which provide a fairly intuitive approach to
network design. With experience it will be found that this is the preferred
approach to developing designs, as trade-offs can be captured graphically.
Smith chart-based design will be presented using examples.

10.7.1 Two-Element Matching

The examples here build on the preceding lumped-element matching
network design and now use the Smith. Capacitive and inductive regions on
the Smith chart are shown in Figure 10-30. In the design examples presented
here, circles of constant resistance or constant conductance are followed and
these correspond to varying reactance or susceptance, respectively.
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(a) Impedance Smith chart (b) Admittance Smith chart

Figure 10-30: Inductive and capacitive regions on Smith charts. Increasing capacitive impedance
(Z) indicates smaller capacitance; increasing inductive admittance (Y ) indicates smaller
inductance.

EXAMPLE 10.10 Two-Element Matching Network Design Using a Smith Chart

Develop a two-element matching network to match a source with an impedance of RS =
25 Ω to a load RL = 200 Ω (see Figure 10-31).

Solution:

The design objective is to present conjugate matched impedances to the source and load.
However, since here the source and load impedances are real, the design objective is Z1 = RS

and Z2 = RL. The load and source resistances are plotted on the Smith chart in Figure 10-
33(a) after choosing a normalization impedance of Z0 = 50 Ω (and so rS = RS/Z0 = 0.5
and rL = RL/Z0 = 4). The normalized source impedance, rS , is Point A, and the normalized
load impedance, rL, is Point C. The matching network must be lossless, which means that
the design must follow lines of constant resistance (on the impedance part of the Smith chart)
or constant conductance (on the admittance part of the Smith chart). So Points A and C must
be on the above circles and the circles must intersect if a design is possible. The design can
be viewed as moving back from the source toward the load or moving back from the load
toward the source. (The views result in identical designs.) Here the view taken is moving
back from the source toward the load.

One possible design is shown in Figure 10-33(a). From Point A, the line of constant
resistance is followed to Point B (there is increasing series reactance along this path). From
Point B, the locus follows a line of constant conductance to the final point, Point C. There is
also an alternative design that follows the path shown in Figure 10-33(b). There are only two
designs that have a path from A to B following just two arcs. At this point two designs have
been outlined. The next step is assigning element values.

The design shown in Figure 10-33(a) begins with rS followed by a series reactance, xS ,
taking the locus from A to B. Then a shunt capacitive susceptance, bP , takes the locus from
B to C and rL. At Point A the reactance xA = 0, at Point B the reactance xB = 1.323. This
value is read off the Smith chart, requiring that an arc as shown be interpolated between the
arcs provided. It should be noted that not all versions of Smith charts include negative signs,
as the chart becomes too complicated. Thus the user needs to be aware and add signs where
appropriate. The normalized series reactance is
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xS = xB − xA = 1.323− 0 = 1.323, (10.65)

that is, XS = xsZ0 = 1.323× 50 = 66.1 Ω. (10.66)

A shunt capacitive element takes the locus from Point B to Point C and

bP = bC − bB = 0− (−0.661) = 0.661, (10.67)

so BP = bP /Z0 = 0.661/50 = 13.22 mS or XP = −1/BP = −75.6 Ω.
(10.68)

The final design is shown in Figure 10-32.

One of the advantages of using the Smith chart is that the design progresses
in stages, with the structure of the design developed before actual numerical
values are calculated. Of course, it is difficult to extract accurate values
from a chart, so designs are regularly roughed out on a Smith chart and
refined using CAD tools. Example 10.10 matched a resistive source to a
resistive load. The next example considers the matching of complex load

Figure 10-31: Design objectives for Example 10.10. RS =
15 Ω, RL = 200 Ω.

Figure 10-32: Final design for Exam-
ple 10.10 using the path shown in
Figure 10-33(a). XS = 66.1 Ω. XP = −75.6 Ω

(a) Design 1 (b) Design 2

Figure 10-33: Alternative designs for Example 10.10. The normalization impedance is 50 Ω.
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and source impedances. In the earlier algorithmic approach to matching
network design absorption and resonance were introduced as strategies for
dealing with complex terminations. Design was not always straightforward.
This complication disappears with a Smith chart-based design, as it is
conceptually not much different from the resistive problem of Example 10.10.

EXAMPLE 10.11 Matching Network Design With Complex Impedances

Develop a two-element matching network to match a source with an impedance of ZS =
12.5 + 12.5 Ω to a load ZL = 50− 50 Ω, as shown in Figure 10-34.

Solution:

The design objective is to present conjugate matched impedances to the source and load;
that is, Z1 = Z∗

S and Z2 = Z∗
L. The choice here is to design for Z1; that is, elements will

be inserted in front of ZL to produce the impedance Z1. The normalized source and load
impedances are plotted in Figure 10-35(a) using a normalization impedance of Z0 = 50 Ω,
so zS = ZS/Z0 = 0.25 + 0.25 (Point S) and zL = ZL/Z0 = 1−  (Point C).

The impedance to be synthesized is z1 = Z1/Z0 = z∗S = 0.25− 0.25 (Point A). The matching
network must be lossless, which means that the lumped-element design must follow lines of
constant resistance (on the impedance part of the Smith chart) or constant conductance (on
the admittance part of the Smith chart). Points A and C must be on the above circles and the
circles must intersect if a design is possible.

The design can be viewed as moving back from the load impedance toward the conjugate
of the source impedance. The direction of the impedance locus is important. One possible
design is shown in Figure 10-35(a). From Point C the line of constant conductance is followed
to Point B (there is increasing positive [i.e., capacitive] shunt susceptance along this path).
From Point B the locus follows a line of constant resistance to the final point, Point A.

The design shown in Figure 10-35(a) begins with a shunt susceptance, bP , taking the locus
from Point C to Point B and then a series inductive reactance, xS , taking the locus to Point A.
At Point C the susceptance bC = 0.5, at Point B the susceptance bB = 1.323. This value is read
off the Smith chart, requiring that an arc of constant susceptance, as shown, be interpolated
between the constant susceptance arcs provided. The normalized shunt susceptance is

bP = bB − bC = 1.323 − 0.5 = 0.823, (10.69)

that is, BP = bP /Z0 = 0.823/(50 Ω) = 16.5 mS or XP = −1/BP = −60.8 Ω. (10.70)

A series reactive element takes the locus from Point B to Point A, so

xS = xA − xB = −0.25 − (−0.661) = 0.411, (10.71)

so XS = xSZ0 = 0.411 × 50 Ω = 20.6 Ω. (10.72)

The final design is shown in Figure 10-36.

There are only two designs that have a path from Point C to Point A following just two
arcs. In Design 1, shown in Figure 10-35(a), Path CBA is much shorter than Path CHA for
Design 2 shown in Figure 10-35(b). The path length is an approximate indication of the total
reactance required, and the higher the reactance, the greater the energy storage and hence
the narrower the bandwidth of the design. (The actual relative bandwidth depends on the
voltage and current levels in the network; the path length criteria, however, is an important
rule of thumb.) Thus Design 1 can be expected to have a much higher bandwidth than Design
2. Since designing broader bandwidth is usually an objective, a design requiring a shorter
path on a Smith chart is usually preferable.
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Figure 10-34: Design objectives
for Example 10.11.

(a) Design 1 (b) Design 2

Figure 10-35: Smith chart-based designs used in Example 10.11. (50 Ω normalization used.)

Figure 10-36: Final circuit for
Design 1 of Example 10.11.
XS = 20.6 Ω, XP = −60.8 Ω.

10.8 Distributed Matching

Matching using lumped elements leads to series and shunt lumped elements.
The shunt elements can be implemented using shunt transmission lines, as
a short length (less than one-quarter wavelength long) of short-circuited
transmission line looks like an inductor and a short section of open-circuited
transmission line looks like a capacitor. However, in microstrip it is not
possible to realize the series elements as lengths of transmission lines. The
solution is to use lengths of transmission line together with shunt elements.
If space is not at a premium, this is an optimum solution, as transmission
lines have much lower loss than a lumped inductor. The series transmission
lines rotate the reflection coefficient on the Smith chart.
As with all matching design, using transmission lines begins with a topology
in mind. Several topologies are shown in Figure 10-37. Figure 10-37(a) is the
top view of a microstrip matching network with a series transmission line
and stub realized as an open-circuited transmission line. Figure 10-37(b) is a
shorthand schematic for this circuit. Matching network design then becomes
a problem of choosing the lengths and characteristic impedances of the lines.
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Figure 10-37: Matching net-
works with transmission line
elements.

The stub here is used to realize a capacitive shunt element. This network
corresponds to two-element matching with a shunt capacitor. The value of
the shunt capacitance can be increased using a dual stub, as shown in Figure
10-37(c), where the capacitive input impedances of each stub are in parallel.
The dual circuit to that in Figure 10-37(a) is shown in Figure 10-37(d) together
with its schematic representation in Figure 10-37(e). This circuit has a short-
circuited stub that realizes a shunt inductance.
Mixing lumped capacitors with a transmission line element, as shown in
Figure 10-37(f), realizes a much more space-efficient network design. There
are many variations to stub-based matching network design, including the
two-stub design in Figure 10-37(g).
A common situation encountered in the laboratory is the matching of circuits
that are in development. Laboratory items available for matching include
the stub tuner, shown in Figure 10-38(a), and the double-stub tuner, shown
in Figure 10-38(b). With the double-stub tuner the length of the series
transmission line is fixed, but stubs can have variable length using lengths
of transmission lines with sliding short circuits. Not all impedances can be
matched using a double stub tuner, however. A triple-stub tuner can match
all impedances presented to it [1]. The double-slug tuner shown in Figure
10-38(c) has dielectric slugs each of which introduces a short section of lower
impedance line. The slugs are moved up and down the line and avoid the
rapid changes in impedances that occur with the stub tuners and as a result
the double-slug tuner provides a broader bandwidth match than does the
double stub tuner.. The slide-screw slug tuner shown in Figure 10-38(d)
can achieve a broadband match. Here a metal slug can be lowered into
the slabline changing the impedance of a section of transmission line and
mostly affects the magnitude of the reflection coefficient while moving the
metal slug along the line mostly affects the phase. This is the type of tuner
incorporated in computer-controlled automated tuners.
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(c) Double-slug tuner

(a) Single-stub tuner (b) Double-stub tuner (d) Slide-screw slug tuner

Figure 10-38: Laboratory tuners.

Figure 10-39: Rotation of the input
impedance of a transmission line on a
Smith chart normalized to Z01 as the line
length increases.

10.8.1 Stub Matching

In this section matching using one series transmission line and one stub will
be considered. This corresponds to the microstrip circuit topologies shown
in Figures 10-37(a and d). First, consider the terminated transmission line
shown in Figure 10-39. When the length, ℓ1, of the line is zero, the input
impedance of the line, Zin, equals ZL. How it changes is best described by
considering the input reflection coefficient, Γin, of the line. If the reflection
coefficient is normalized to Z01, then the magnitude of Γin and its phase
varies as twice the electrical length of the line. This situation is shown on
the Smith chart in Figure 10-39, where ZL is chosen arbitrarily. The input
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Figure 10-40: Design for Ex-
ample 10.12.

reflection coefficient of the line rotates in a clockwise direction as the length
of the line increases. One way of remembering this is to consider an open-
circuited line. When the line length is zero, Yin = 0 and Γin = +1. A short
length of this line is capacitive so that its reflection coefficient will be in the
bottom half of the Smith chart. A length of line can be used to rotate the
impedance to an appropriate point to follow a line of constant conductance
to the desired input impedance.

EXAMPLE 10.12 Matching Network Design With a Transmission Line and a Single Stub

Design a two-element matching network to match a source with an impedance ZS =
12.5 + 12.5 Ω to a load ZL = 50 − 50 Ω, as shown in Figure 10-34. This example repeats
the design in Example 10.11, but now using a transmission line.

Solution:

As in Example 10.11, choose Z0 = 50 Ω and the design path is from zL = ZL/Z0 = 1 −  to
z∗s , where zs = 0.25 + 0.25. One possible design solution is indicated in Figure 10-40. The
line length, ℓ (taking the locus from Point C to Point B), is

ℓ = 0.4261λ − 0.3125λ = 0.1136λ,

and the normalized shunt susceptance, bP (taking the locus from Point B to Point C), is

bP = bA − bB = 2− 1 = 1.

Thus XP = (−1/bP )× 50 Ω = −50 Ω. The final design is shown in Figure 10-41(a). The stub
design of Figure 10-41(b) follows the procedure described in Example 6.5.

10.8.2 Hybrid Lumped-Distributed Matching

A lossless matching network can have transmission lines as well as inductors
and capacitors. If the system reference or normalization impedance is the
characteristic impedance of a transmission line, then the locus of the input
impedance (or reflection coefficient) of the line with respect to the length of
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Figure 10-41: Single-stub match-
ing network design of Example
10.12: (a) electrical design; and
(b) electrical design with a shunt
stub.

ℓ = 0.1136λ XP = −50 Ω.
(a) (b)

the line is an arc on a circle centered at the origin of the Smith chart. The
direction of the arc is clockwise as the electrical length of the line moves
away from the load. So a hybrid matching network is possible that combines
a length of transmission line with a lumped element (preferably a capacitor
rather than an a inductor as the inductor would have a relatively lower Q).

10.9 Matching Options Using the Smith Chart

The purpose of this section is to use the Smith chart to present several design
options for matching a source to a load, see Figure 10-42. The designs here
provide another view of design using the Smith chart.

10.9.1 Locating the Design Points

The first design choice to be made is the reference impedance to use. Here
ZREF = 50 Ω will be chosen largely because this is in the center of the design
space for microstrip lines. Generally the characteristic impedance, Z0, of a
microstrip line needs to be between 20 Ω and 100 Ω. A microstrip line with
Z0 < 20 Ω will be wide and there is a possibility of multimoding due to
transverse resonance. Also a 20 Ω line is about six times wider than a 50 Ω line
and so takes up a lot of room and there is a good chance that it could be close
to other microstrip lines or perhaps the wall of an enclosure. This is based

on the rule of thumb (developed in Example 3.4 of [2].) that Z0 ∝
√

h/w
where h is the substrate thickness and w is the strip width. The thickness
is usually fixed. If Z0 > 100 Ω the characteristic impedance is getting close
to the wave impedance of free space or of the dielectric of the substrate. As
such it is likely that field lines are not tightly constrained by the metal of the
strip and the fields can more likely radiate. Then radiation loss can be high
or coupling to a neighboring microstrip can be high.
The normalized source and load impedances are zS = ZS/ZREF = [(29.36−
12.05) Ω]/(50 Ω) = 0.587 − 0.241 and zL = ZL/ZREF = [(132.7 −
148.8) Ω/(50 Ω) = 2.655 − 2.976 = rL + xL, respectively. Maximum
power transfer requires that the input impedance of the matching network
terminated in ZL be Z1 = Z∗

S , i.e. z1 = z∗S = 0.587 + 0.241 = r1 + x1. These
impedances are plotted on the normalized Smith chart in Figure 10-43.
The normalized load impedance is Point L. To locate this point the
arcs corresponding to the real and imaginary parts of zL are considered

Figure 10-42: Matching problem with the matching net-
work between the source and load designed for maxium
power transfer. ZS = RS + XS = 29.36− 12.05,
Z1 = R1 + X1 = Z∗

S = RS − XS = 29.36 + 12.05,
and ZL = RL + XL = 32.7− 148.8.
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Figure 10-43: Locating ZL at Point L and Z1 = Z∗
S at Point 1.

separately. The resistive part of zL is rL = 2.655 and the resistance labels are
located on the horizontal axis (or equator) of the Smith chart. There are two
sets of labels, one for normalized resistance, r (which is above the horizontal
axis), and one for normalized conductance, g (which is below the horizontal
axis). The way to remember which is which is to realize that the infinite
impedance point is at the Γ = +1 (open circuit) location on the right of the
graph. At the origin (center) of the Smith chart r = 1 = g and to the right of
the center the values of r should be greater than one. The closest r labels to
rL = 2.655 are r = 2.0 and r = 3.0. There are five divisions so the unlabeled
curves correspond to 2.2, 2.4, . . . . The arc corresponding to r = 2.655 must
be interpolated and this interpolation is shown as the Path ‘a’.
The imaginary part of zL is xL = −2.976. The labels for the arcs of constant
reactance are given adjacent to the unit circle. There are two sets of labels,
one for reactance and one for susceptance. To recall which is which, the point
of infinite impedance can be used and the required reactance labels should
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increase towards the Γ = +1 point. Recall that the Smith chart does not
include signs of reactances (there is not enough room) so note must be made
that positive reactances are in the top half of the Smith chart and negative
reactances are in the bottom half. Since xL is negative it will be in the bottom
half of the Smith chart. The closest labels are x = 2.0 (this is actually −2.0)
and x = 3.0 (this is actually −3.0) so the arc for x = −2.976 is interpolated as
the Path ‘b’. Point L, i.e. zL, is located at the intersection of Paths ‘a’ and‘b’.
The normalized impedance z1 is located similarly at Point 1 by finding the
point of intersection of the r1 = 0.587 arc, Path ‘c’, and the x1 = +0.241 arc,
Path ‘d’.

10.9.2 Design Options

By convention design follows a process of beginning with zL and adding
series and shunt elements in front of it evolving the impedance (or reflection
coefficient) until the input impedance is z1 = z∗s . Two electrical designs
are shown in Figure 10-44 and the corresponding lumped-element and
microstrip topologies are shown in Figure 10-45. The subscript on the circuit
elements correspond to the paths on the Smith chart in Figure 10-44 . The
designs will be elaborated in the following subsections.

10.9.3 Design 1, Hybrid Design

Design 1 on its own is shown in Figure 10-46. The concept here is to use
a transmission line and a shunt to go from the load Point L to the Point 1.
The reason why a shunt element is chosen and not a series element is that
the shunt element can be implemented as a stub line and a series element,
i.e. a series stub, cannot be implemented in microstrip. A lumped element
limits a design to the low microwave range as losses become prohibitively
large especially for inductors. Also if a microstrip line is going to be used
anyway then a decision has already been made that there is enough room
to implement a transmission-line based design and so the shunt lumped
element can reasonably bereplaced by a stub.
Design follows trial and error. The first attempt, and the one that works here,
is to draw a circle through L centered on the origin at Point O. This circle
describes a transmission line whose characteristic impedance is the same
as the reference impedance of the Smith chart, here 50 Ω. The next step is
to draw a circle of constant conductance through Point 1. The combination
path from L to 1 needs to lie on these circles and the intermediate point
will be where these circles intersect. One other constraint is that with a
transmission line the locus (as the line length increases) of the input reflection
coefficient of the line must rotate in the clockwise direction. It is seen that
there are two points of intersection and the first of these, at A, is chosen in
design. So the electrical design is defined by the directed Paths ‘g’ and ‘h’.
Path ‘g’ defines the properties of the transmission line and Path ’h’ defines
the properties of the shunt element. As ‘h’ is directed towards the infinite
inductive susceptance point, Path ‘h’ defines an inductor. The topology of
this design is shown in Figure 10-45(a).
The characteristic impedance of the transmission line (defined by Path ‘g’)
is Z0g = 50 Ω and the electrical length of the line is defined by the angle
subtended by the arc ‘g’. The electrical length of the line is determined from
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Figure 10-44: Two matching network electrical designs matching a load impedance ZL at Point
L to a source ZS showing Z1 = Z∗

S at Point 1.

(a) Design 1. Hybrid (b) Design 1. Hybrid (c) Design 1 with s/c stub

alternative schematic

(d) Design 1 with o/c stub (e) Design 2. Lumped element

Figure 10-45: Matching network topologies using lumped elements and microstrip lines. In the
stub layouts x is a via to the ground plane implementing a short circuit (s/c) and an open circuit
o/c simply does not show a connection to the microstrip ground plane.
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Figure 10-46: Design 1. Hybrid design combining a transmission line with a lumped element in
shunt. The design is identified by paths ‘g’ and ‘h’.

the outermost circular scale which is labeled ‘WAVELENGTHS TOWARDS
GENERATOR.’ A line drawn from O through L intersecting the scale has a
scale reading of ℓL = 0.280λ. Then the scale reading at A is similarly found as
ℓA = 0.452λ and so the line length is ℓg = ℓA−ℓL = 0.452λ−0.280λ= 0.172λ.
Another way of determining the electrical length of the line is from the
change in reflection coefficient angle. For L the reflection coefficient angle
is φL = −21.8◦ read from the innermost circular scale. This angle is just the
angle from the polar plot. Then the angle at A is read as φA = −145.7◦. The
difference is |φA−φL| = |−145.7−(−21.8◦)| = 124.9◦. The electrical length of
the line is half the change in reflection coefficient angle and so the electrical
length of the line is θg = 1

2124.9
◦ = 62.5◦. Now λ corresponds to an electrical

length of 360◦ so θg corresponds to 62.5/360λ = 0.174λ corresponding to the
previously determined length of 0.172λ which is very good agreement given
that these were derived from graphical readings.
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Path ‘h’ defines a shunt inductor and a circle of constant conductance is
followed with only the susceptance changing. The susceptance indicated
by Path ‘h’ is bh = b1 − bA. To obtain bA extend the circle of constant
susceptance through A out to the unit circle. The extended circle crosses
the unit circle between the susceptance labels 2.0 and 3.0. A check is that
susceptance is positive in the bottom half of the Smith chart so the signs of
the labels do not need to be adjusted. There are two scales adjacent to the unit
circle, one for normalized susceptance and one for normalized reactance.
The intersection is close to the infinite susceptance point at the s/c (short-
circuit) so the values that are becoming very large towards s/c are used.
Interpolation results in the reading bA = 2.48. A similar process applied to
Point 1 results in b1 = −0.598 where the negative sign has been applied to
the scale reading since Point 1 is in the top half of the Smith chart. Thus
bh = b1− bA = −0.598−2.48 = −3.08 and so the normalized reactance of the
shunt element is xh = −1/bh = 0.325. The un-normalized reactance of the
shunt element is Xh = xhZREF = 16.2 Ω.
The final Design 1 hybrid layout is shown in Figure 10-45(a) with Xh =
16.2 Ω, Z0g = 50 Ω, and ℓg = 0.172λ. That is all that is needed to define
the electrical design, providing the electrical length in degrees, θg = 62.5◦

is redundant but provided anyway. The transmission line in Figure 10-45(a)
is shown as as the top view of the strip of a microstrip line as is commonly
done. A more common way of representing this schematic is shown in Figure
10-45(b) where the ground connections at Ports 1 and 2 have been removed
and the ground connection of the inductor shown separately.

10.9.4 Design 1 with an Open-Circuited Stub

In the previous section Design 1 was left as a hybrid design with a
transmission line and a lumped-element inductor. In this section the lumped-
element inductor is implemented as an open-circuited stub, see Figure
10-45(d). Recall that the 50 Ω-normalized susceptance of the inductor is
bh = −3.08. If the stub is also implemented as a 50 Ω line then bh can be
used unchanged. Point C in Figure 10-47 corresponds to the normalized
admittance 0 − 3.08. The unit circle is the zero conductance circle (and is
also the zero resistance circle) and the susceptance is read from the scale
adjacent to the unit circle again noting that susceptances in the top half of the
Smith chart need to incorporate a negative sign, and the susceptance scale is
identified by the susceptance values becoming larger approaching the s/c
point. Point C also corresponds to xh = −1/bh = 3.25 and indeed this is the
value read from the normalized reactance scale.
A transmission line needs to be designed to have a normalized input
susceptance of bh = −3.08. Choosing an open circuit, o/c, termination the
point corresponding to o/c is as identified in the figure. At the o/c point
the length scale reads ℓo/c = 0.250λ. The locus rotates in the clockwise
direction up to Point C where the direct electrical reading reading is ℓC =
0.050λ. Using this directly to determine the line length ℓk = ℓC − ℓo/c =
0.050λ − 0.250λ = −0.20λ which indicates that the stub has a negative
length. Clearly an erroneous result. This apparent discrepancy comes about
because the length scale resets at the short circuit point where the length scale
abruptly goes from 0.5λ to 0λ. Thus the corrected ℓC reading needs to have
an additional 0.5λ. Thus the corrected value of ℓC = (0.5 + 0.050)λ = 0.550λ
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Figure 10-47: Design 1. Design of an open-circuit stub having normalized input susceptance bh.

and ℓk = ℓC − ℓo/c = 0.550λ− 0.250λ = 0.300λ.
Thus the final design is as shown in Figure 10-45(d) with Z0k = 50 Ω, and
ℓg = 0.300λ, Z0g = 50 Ω, and ℓg = 0.172λ.
The stub could also have been implemented as a short-circuit stub as shown
in Figure 10-45(c). Now the beginning of the line would be at the s/c point
and the line length would be 0.050λ

10.9.5 Design 2, Lumped-Element Design

Design 2 is a lumped-element design and the Smith-chart-based electrical
design is shown in Figure 10-48 resulting in the schematic shown in
Figure 10-45(e). Design proceeds by identifying where circles of constant
conductance and constant resistance passing through the Points L and
1 intersect. One solution is shown in Figure 10-48. A circle of constant
conductance passes through L and part of a circle of constant resistance
passes through 1. If the circle had continued there would have been a
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Figure 10-48: Design 2.

second intersection with the circle through L. Both of these intersections
mean that there is a shunt element adjacent to the load and series element
adjacent to the source. Recall that in a lumped-element design that under
no circumstances can the locus a lumped element pass through the short
circuit or open-circuit points (the susceptance and reactance infinity points
respectively).
Returning to the actual design shown in Figure 10-48. The first intersection
of the two circles is Point B so that the design is specified by the Paths ‘e’
and ’f’. Design has largely been completed by identifying these paths and
the next stage is determining the circuit elements that correspond to these
paths. Path ‘e’ follows a circle of constant conductance and so indicates a
shunt susceptance and the direction of the locus indicates a capacitance. The
value of this normalized susceptance is be = bB − bL = 0.506−0.187 = 0.319.
(Remember to check the signs of the readings.) Path ‘f’ identifies a series
inductor with a reactance xf = x1 − xB = 0.241− (−1.78) = 2.02. The final
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design is shown in Figure 10-45(e) with Xe = Z0/be = 50/0.319 Ω = 158 Ω
and Xf = Z0xf = 50 · 2.02 Ω = 101 Ω.

10.9.6 Summary

This section presented two designs for a matching network. One of the
particular benefits of using the Smith chart is identifying topologies and
initial design values. Design can then transfer to a microwave circuit
simulator. The Smith chart enables back-of-the-envelope design studies.
While with experience it is possible to complete many of these steps with
a computer-based Smith chart tool, even experienced designers doodle with
a printed Smith chart when exploring design options.

10.10 Summary

This chapter presented techniques for impedance matching that achieve
maximum power transfer from a source to a load. The simplest matching
network uses a series and a shunt element, a two-element matching network,
to realize a single-frequency match. This type of impedance matching
network uses lumped elements and can be used up to a few gigahertz.
Performance is limited by the self-resonant frequency of lumped elements
and by their loss, particularly that of inductors. The shunt element can
be replaced by a shunt stub, but in most transmission line technologies,
including microstrip, the series element cannot be implemented as a stub.
Matching networks can also be realized using transmission line segments
only, principally shunt stubs and cascaded transmission lines. A tunable
double-stub matching network, which uses two stubs separated by a
transmission line, is standard equipment in microwave laboratories and
facilitates matching of a circuit under development.
The bandwidth of a matching network is set by the maximum allowable
reflection coefficient of the terminated network. Two-element matching
nearly always results in a narrow match and for typical communications
applications often achieves acceptable matching over bandwidths of only
1%–3%. The most significant determinant of the quality of the match that
can be achieved is the ratio of the source and load resistances, as well as the
reactive energy storage of the source and load.
An important concept in matching network design is a technique for
controlling bandwidth. The concept is based on matching to an intermediate
resistance, typically designated as Rv. Compared to a two-element network,
increased bandwidth is obtained if Rv is the geometric mean of the
source and load resistances. This new network consists of two two-element
matching networks. If Rv is greater or less than both the source and load
resistances, then the bandwidth of the matching network is reduced. The
matching network synthesis problem can also be addressed using filter
design techniques, and this enables simultaneous control over the quality
and bandwidth of the match. It is always a good idea to have no more
bandwidth in the system than is needed, as this minimizes the propagation
of noise.
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10.12 Exercises

1. Consider the design of a magnetic transformer
that will match the 3 Ω output resistance of a
power amplifier (this is the source) to a 50 Ω
load. The secondary of the transformer is on the
load side.

(a) What is the ratio of the number of primary
turns to the number of secondary turns for
ideal matching?

(b) If the transformer ratio could be imple-
mented exactly (the ideal situation), what is
the reflection coefficient normalized to 3 Ω
looking into the primary of the transformer
with the 50 Ω load?

(c) What is the ideal return loss of the loaded
transformer (looking into the primary)? Ex-
press your answer in dB.

(d) If there are 100 secondary windings, how
many primary windings are there in your
design? Note that the number of windings
must be an integer. (This practical situation
will be considered in the rest of the prob-
lem.)

(e) What is the input resistance of the trans-
former looking into the primary?

(f) What is the reflection coefficient normalized
to 3 Ω looking into the primary of the trans-
former with the 50 Ω load?

(g) What is the actual return loss (in dB) of
the loaded transformer (looking into the pri-
mary)?

(h) If the maximum available power from the
amplifier is 20 dBm, how much power (in
dBm) is reflected at the input of the trans-
former?

(i) Thus, how much power (in dBm) is deliv-
ered to the load ignoring loss in the trans-
former?

2. Consider the design of a magnetic transformer
that will match a 50 Ω output resistance to the
100 Ω load presented by an amplifier. The sec-
ondary of the transformer is on the load (ampli-
fier) side.

(a) What is the ratio of the number of primary
turns to the number of secondary turns for
ideal matching?

(b) If the transformer ratio could be imple-
mented exactly (the ideal situation), what is

the reflection coefficient normalized to 50 Ω
looking into the primary of the transformer
with the load?

(c) What is the ideal return loss of the loaded
transformer (looking into the primary)? Ex-
press your answer in dB.

(d) If there are 20 secondary windings, how
many primary windings are there in your
design? Note that the number of windings
must be an integer? (This situation will be
considered in the rest of the problem.)

(e) What is the input resistance of the trans-
former looking into the primary?

(f) What is the reflection coefficient normal-
ized to 50 Ω looking into the primary of the
loaded transformer?

(g) What is the actual return loss (in dB) of
the loaded transformer (looking into the pri-
mary)?

(h) If the maximum available power from the
source is −10 dBm, how much power (in
dBm) is reflected from the input of the trans-
former?

(i) Thus, how much power (in dBm) is deliv-
ered to the amplifier ignoring loss in the
transformer?

3. Consider the design of an L-matching network
centered at 1 GHz that will match the 2 Ω out-
put resistance of a power amplifier (this is the
source) to a 50 Ω load. [Parallels Example 10.3
but note the DC blocking requirement below.]

(a) What is the Q of the matching network?
(b) The matching network must block DC cur-

rent. Draw the topology of the matching net-
work.

(c) What is the reactance of the series element in
the matching network?

(d) What is the reactance of the shunt element
in the matching network?

(e) What is the value of the series element in the
matching network?

(f) What is the value of the shunt element in the
matching network?

(g) Draw and label the final design of your
matching network including the source and
load resistances.

(h) Approximately, what is the 3 dB bandwidth
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of the matching network?

4. Consider the design of an L-matching network
centered at 100 GHz that will match a source
with a Thevenin resistance of 50 Ω to the input
of an amplifier presenting a load resistance of
100 Ω to the matching network. [Parallels Exam-
ple 10.4 but note the DC blocking requirement
below.]

(a) What is the Q of the matching network?
(b) The matching network must block DC cur-

rent. Draw the topology of the matching net-
work.

(c) What is the reactance of the series element in
the matching network?

(d) What is the reactance of the shunt element
in the matching network?

(e) What is the value of the series element in the
matching network?

(f) What is the value of the shunt element in the
matching network?

(g) Draw and label the final design of your
matching network including the source and
load resistance.

(h) Approximately, what is the 3 dB bandwidth
of the matching network?

5. Design a Pi network to match the source con-
figuration to the load configuration below. The
design frequency is 900 MHz and the desired Q
is 10. [Parallels Example 10.8]

6. Design a Pi network to match the source con-
figuration to the load configuration below. The
design frequency is 900 MHz and the desired Q
is 10. [Parallels Example 10.8]

7. Develop the electrical design of an L-matching
network to match the source to the load below.

8. Develop the electrical design of an L-matching
network to match the source to the load below.

9. Design a lowpass lumped-element matching
network to match the source and load shown
below. The design frequency is 1 GHz. You must
use a Smith Chart and clearly show your work-
ing and derivations. You must develop the final
values of the elements.

10. Consider the design of an L-matching network
centered at 100 GHz that will match a source
with a Thevenin resistance of 50 Ω to the input
of an amplifier presenting a load resistance of
200 Ω to the matching network. [Parallels Exam-
ple 10.4 but note the DC blocking requirement
below.]

(a) What is the Q of the matching network?
(b) The matching network must block DC cur-

rent. Draw the topology of the matching net-
work.

(c) What is the reactance of the series element in
the matching network?

(d) What is the reactance of the shunt element
in the matching network?

(e) What is the value of the series element in the
matching network?

(f) What is the value of the shunt element in the
matching network?

(g) Draw and label the final design of your
matching network including the source and
load resistance.

(h) Approximately, what is the 3 dB bandwidth
of the matching network?

11. Design a two-element matching network to in-
terface a source with a 25 Ω Thevenin equivalent
impedance to a load consisting of a capacitor in
parallel with a resistor so that the load admit-
tance is YL = 0.02 + 0.02 S. Use the absorption
method to handle the reactive load.

12. Design a matching network to interface a source
with a 25 Ω Thevenin equivalent impedance to
a load consisting of a capacitor in parallel with
a resistor so that the load admittance is YL =
0.01 + 0.01 S.

(a) If the complexity of the matching network
is not limited, what is the minimum Q that
could possibly be achieved in the complete
network consisting of the matching network
and the source and load impedances?

(b) Outline the procedure for designing the
matching network for maximum bandwidth
if only four elements can be used in the net-
work. You do not need to design the net-
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work.

13. Design a Pi network to match the source config-
uration to the load configuration below. The de-
sign frequency is 900 MHz and the desired Q is
10.

14. Design a passive matching network that will
achieve maximum bandwidth matching from a
source with an impedance of 2 Ω (typical of the
output impedance of a power amplifier) to a
load with an impedance of 50 Ω. The match-
ing network can have a maximum of three re-
active elements. You need only calculate reac-
tances and not the capacitor and inductor val-
ues.

15. Design a passive matching network that will
achieve maximum bandwidth matching from a
source with an impedance of 20 Ω to a load with
an impedance of 125 Ω. The matching network
can have a maximum of four reactive elements.
You need only calculate reactances and not the
capacitor and inductor values.

(a) Will you use two, three, or four elements in
your matching network?

(b) With a diagram, and perhaps equations, in-
dicate the design procedure.

(c) Design the matching network. It is sufficient
to use reactance values.

16. Design a passive matching network that will
achieve maximum bandwidth matching from a
source with an impedance of 60 Ω to a load with
an impedance of 5 Ω. The matching network can
have a maximum of four reactive elements. You
need only calculate reactances and not the ca-
pacitor and inductor values.

(a) Will you use two, three, or four elements in
your matching network?

(b) With a diagram and perhaps equations, in-
dicate the design procedure.

(c) Design the matching network. It is sufficient
to use reactance values.

17. Design a T network to match a 50 Ω source to a
1000 Ω load. The desired loaded Q is 15.

18. Repeat Example 10.2 with an inductor in series
with the load. Show that the inductance can be
adjusted to obtain any positive shunt resistance
value.

19. Design a three-lumped-element matching net-
work that interfaces a source with an impedance
of 5 Ω to a load with an impedance consisting of

a resistor with an impedance of 10 Ω. The net-
work must have a Q of 6.

20. A two-port matching network is shown below
with a generator and a load. The generator
impedance is 40 Ω and the load impedance is
ZL = 50 − 20 Ω. Use a Smith chart to design
the matching network.

(a) What is the condition for maximum power
transfer from the generator? Express your
answer using impedances.

(b) What is the condition for maximum power
transfer from the generator? Express your
answer using reflection coefficients.

(c) What system reference impedance are you
going to use to solve the problem?

(d) Plot ZL on the Smith chart and label the
point. (Remember to use impedance nor-
malization if required.)

(e) Plot ZG on the Smith chart and label the
point.

(f) Design a matching network using only
transmission lines. Show your work on the
Smith chart. You must express the lengths
of the lines in terms of electrical length (ei-
ther degrees or wavelengths). Characteristic
impedances of the lines are required. (You
will therefore have a design that consists of
one stub and one other length of transmis-
sion line.)

21. Use a lossless transmission line and a series reac-
tive element to match a source with a Thevenin
equivalent impedance of 25 + 50 Ω to a load
of 100 Ω. (That is, use one transmission line and
one series reactance only.)

(a) Draw the matching network with the source
and load.

(b) What is the value of the series reactance in
the matching network (you can leave this in
ohms)?

(c) What is the length and characteristic
impedance of the transmission line?

22. Consider a load ZL = 80 + 40 Ω. Use the Smith
chart to design a matching network consisting of
only two transmission lines that will match the
load to a generator of 40 Ω.

(a) Draw the matching network with transmis-
sion lines. If you use a stub, it should be a
short-circuited stub.
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(b) Indicate your choice of characteristic
impedance for your transmission lines.
What is the normalized load impedance?
What is the normalized source impedance?

(c) Briefly outline the design procedure you
will use. You will need to use Smith chart
sketches.

(d) Plot the load and source on a Smith chart.
(e) Complete the design of the matching net-

work, providing the lengths of the transmis-
sion lines.

23. A two-port matching network is shown below
with a generator and a load. The generator
impedance is 40 Ω and the load impedance is
ZL = 20 − 50 Ω. Use a Smith chart to design
the matching network.

(a) What is the condition for maximum power
transfer from the generator? Express your
answer using impedances.

(b) What is the condition for maximum power
transfer from the generator? Express your
answer using reflection coefficients.

(c) What system reference impedance are you
going to use to solve the problem?

(d) Plot ZL on a Smith chart and label the point.
(Remember to use impedance normalization
if required.)

(e) Plot ZG on a Smith chart and label the point.
(f) Design a matching network using only

transmission lines and show your work on a
Smith chart. You must express the lengths of
the lines in terms of electrical length (either
degrees or wavelengths long). Characteristic
impedances of the lines are required. (You
will therefore have a design that consists of

one stub and one other length of transmis-
sion line.)

24. Use a Smith chart to design a microstrip network
to match a load ZL = 100 − 100 Ω to a source
ZS = 34 − 40 Ω). Use transmission lines only
and do not use short-circuited stubs. Use a refer-
ence impedance of 40 Ω.

(a) Draw the matching network problem label-
ing impedances and the impedance looking
into the matching network from the source
as Z1.

(b) What is the condition for maximum power
transfer in terms of impedances?

(c) What is the condition for maximum power
transfer in terms of reflection coefficients?

(d) Identify, i.e. draw, at least two suitable mi-
crostrip matching networks.

(e) Develop the electrical design of the match-
ing network using the Smith chart using
40 Ω lines only. You only need do one de-
sign.

(f) Draw the microstrip layout of the match-
ing network identify critical parameters
such characteristic impedances and electri-
cal length. Ensure that you identify which is
the source side and which is the load side.
You do not need to determine the widths of
the lies or their physical lengths.

25. Repeat exercise 36 but now with ZL = 10−40 Ω
and ZS = 28− 28 Ω).

26. Use a Smith chart to design a two-element
lumped-element lossless matching network to
interface a source with an admittance YS =
6 − 12 mS to a load with admittance YL =
70− 50 mS.

27. Use a Smith chart to design a two-element
lumped-element lossless matching network to
interface a load ZL = 50 + 50 Ω to a source
ZS = 10 Ω.

10.12.1 Exercises by Section
†challenging

§10.3 1, 2
§10.4 3, 4

§10.5 5, 6, 7, 8, 9, 10, 11†, 12†, 13†

§10.6 14†, 15†, 16†, 17†, 18†, 19†
§10.7 20†, 21†, 22†, 23†

§10.9 24, 25, 26, 27

10.12.2 Answers to Selected Exercises

15(c) Q = 1.22467
18 C = 1/(ω2

dLP )
20(d) 1.25 − 0.5

21(b) −50 Ω
23(f) 40 Ω, 0.085 λ-long line be-

fore load, 40 Ω, 0.076 λ-

long shorted stub
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11.1 Introduction to Microwave Modules

Most microwave design uses modules such amplifiers, integrated circuits
(ICs), filters, frequency multipliers, and passive components to create
systems. Economics necessitate that since modules are expensive to design
that they be developed for multiple applications. In system design
modules are chosen for their dynamic range, noise performance, DC
power consumption, and cost. Foremost the system designer must have
knowledge of available modules and be prepared to design a module itself
if this results in competitive performance or better manages cost. Modules
are interconnected by transmission lines, and bias settings and matching
networks must be designed. The system frequency plan must be developed
that trades-off cost and performance while minimizing interference. This
chapter begins with examples of module usage and then develops metrics
that characterize microwave modules. These include characterizations of
nonlinear distortion, noise, and dynamic range.
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11.2 RF System as a Cascade of Modules

Most RF and microwave engineers work at the circuit board level and begin
system design using modules. Some companies develop some of their own
proprietary modules, thus providing a competitive advantage, but still use
many modules developed by others. Examples of commercially available
modules are shown in Figure 11-1. Modules can range in complexity from
the simple surface mount resistor of Figure 11-1(a) and the transformer of
Figure 11-1(d), up to the mixer and synthesizer modules shown in Figure 11-
1(b and c). Modules can have very good performance as it is cost effective
to put considerable design effort into a module that can be used in many
applications and thus design costs shared.
Modules comprising a receiver are shown in Figure 11-2. Beginning with
the bandpass filter after the antenna, each module contributes noise and
nonlinear distortion. The system design objectives are generally to maximize
dynamic range, the region between the signal being sufficiently above the
noise level to be detected but before nonlinear distortion introduces spurious
signals that limit the detectability of signals. At the same time power
consumption and time to market must be minimized.

11.2.1 A 15 GHz Receiver Subsystem

An example of a microwave subsystem is the 15 GHz receiver shown in
Figure 11-3 with details of the frequency conversion section shown in Figure
11-4. This subsystem is itself a module used in a point-to-point microwave
link. The amplifier, frequency multiplier, mixer, circulator, and waveguide
adaptor modules are available as off-the-shelf components from companies
that specialize in particular types of modules.

11.3 Amplifiers

Amplifier modules must be optimized for low noise, moderate to high gain,
high efficiency, stability, low distortion, and particular output power. Usually

Figure 11-1:
Modules in
surface-mount
packages. Copy-
right Synergy
Microwave Cor-
poration, used
with permis-
sion [1]. (a) Resistor (b) Mixer (c) Synthesizer (d) Transformer

Figure 11-2: Receiver as a
cascade of modules.
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an application note provided by the amplifier module vendor indicates how
to do this for their module. Amplifiers require input and output matching
networks as shown in Figure 11-5. The DC bias control circuit is fairly
standard and the lowpass filters (in the bias circuits) are often incorporated
into the input and output matching networks. Manufacturers of amplifier
modules provide substantial information, including S parameters and, in
many cases, reference designs.
Some amplifier modules come with input and output matching networks
embodied in the module package. Since matching networks have limited
bandwidth, incorporating them in the module sets the operating frequency
range. Alternatively the designer can design the input and output matching
networks and thus control the operating frequency.
Usually the module manufacturer provides a reference design and often

A SMA connector, Reference LO in
B Attenuator
C DC blocking capacitor
D Reference LO amplifier
E Bias line
F Radial stub
G High-impedance transmission line

H 50 Ω transmission line
I DC blocking capacitor
J Mitered bend
K 50 Ω transmission line
L Waveguide-to-microstrip adaptor, RF in
M Interface to frequency conversion section
N Interface to IF section

Figure 11-3: A 14.4–15.35 GHz receiver consisting of cascaded modules interconnected by
microstrip lines. Surrounding the microwave circuit are DC conditioning and control circuitry.
RF in is 14.4 GHz to 15.35 GHz, LO in is 1600.625 MHz to 1741.875 MHz. The frequency of the
IF is 70–1595 MHz. Detail of the frequency conversion section is shown in Figure 11-4.
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A Reference LO amplifier
B Power supply decoupling capacitor
C ×2 frequency multiplier
D Edge-coupled PCL bandpass filter
E Microstrip bend
F Microstrip transmission line
G ×2 frequency multiplier
H Power supply decoupling capacitor
I stepped impedance lowpass filter
J Microstrip transmission line

K RF amplifier
L Power supply decoupling capacitor
M Power supply decoupling capacitor
N Voltage variable attenuator
O Power supply decoupling capacitor
P Power supply decoupling capacitor
Q RF amplifier
R Microstrip transmission line and bend
S Edge-coupled PCL bandpass filter
T Subharmonic mixer

Figure 11-4: Frequency conversion section of the receiver module. The reference LO is applied
at c, the RF is applied at h following the isolator. The IF is output at j .

Figure 11-5: Block diagram of an
RF amplifier including biasing
networks.

an evaluation board, e.g. see the evaluation board in Figure 11-6 for a
power amplifier. This module does not include input and output matching
networks but these are provided on the evaluation board.
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(a) Evaluation board

(b) Schematic of the evaluation board

Figure 11-6: Evaluation
board for the HMC414MS8G
GaAs InGaP HBT MMIC
power amplifier module
operating between 2.2 and
2.8 GHz. The amplifier
provides 20 dB of gain and
+30 dBm of saturated power
at 32% PAE from a +5V
supply voltage. The ampli-
fier can also operate with
a 3.6 V supply selectable
by the resistors R1 and R2.
Copyright Hittite Microwave
Corporation, used with
permission [2].

11.4 Filters

A microwave filter can consist solely of lumped elements, solely of
distributed elements, or a mix. Loss of lumped elements, particularly
above a few gigahertz, means that the performance of distributed filters
nearly always exceeds that of lumped-element filters. However, since the
basic component of a distributed filter is a one-quarter wavelength long
transmission line, distributed filters can be prohibitively large below a few
gigahertz. The basic types of responses required at RF as follows:

(a) Lowpass—providing maximum power transfer at frequencies below
the corner frequency, f0. See Figure 11-7(a).

(b) Highpass—passing signals at frequencies above f0. Below f0, transmis-
sion is blocked. See Figure 11-7(b).

(c) Bandpass—passing signals at frequencies between lower and upper
corner frequencies (defining the passband) and blocking transmission
outside the band. This is the most common type. See Figure 11-7(c).

(d) Bandstop (or notch)—which blocks signals between lower and upper
corner frequencies (defining the stopband). See Figure 11-7(d).

(e) Allpass—which equalizes a signal by adjusting the phase generally to
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correct for phase distortion elsewhere. See Figure 11-7(e).

In the passband, filters can be treated as though they are attenuators with
typical losses, or attenuation, of 0.1 dB for a large basestation filter to 3 dB
for a miniature filter in a handset. Out-of-band losses are typically at least
40 dB for a handset filter to 120 dB or more for a basestation filter.

11.5 Noise

Amplifiers, filters, and mixers in an RF front end process (e.g., amplify, filter,
and mix) input noise the same way as an input signal. In addition, these
modules contribute excess noise of their own. Without loss of generality, the
following discussion considers noise with respect to the amplifier shown in
Figure 11-8(a), where vs is the input signal. The noise signal, with source
designated by vn, is uncorrelated and random, and described as an RMS
voltage or by its noise power.

11.5.1 Noise Figure

The most important noise-related metric is the SNR. Denoting the noise
power input to the amplifier as Ni, and denoting the signal power input to
the amplifier as Si, the input signal-to-noise power ratio is SNRi = Si/Ni.
If the amplifier is noise free, then the input noise and signal powers are
amplified by the power gain of the amplifier, G. Thus the output noise power
is No = GNi, the output signal power is So = GSi, and the output SNR is

(a) Lowpass (LPF) (b) Highpass (HPF) (c) Bandpass (BPF) (d) Bandstop (BSF)

(e) Allpass

Figure 11-7: Ideal filter transfer function, T (f), responses.

Figure 11-8: Noise
and two-ports: (a)
amplifier; (b) am-
plifier with excess
noise; and (c) noisy
two-port network. (a) (b) (c)
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SNRo = So/No = SNRi.
In practice, an amplifier is noisy, with the addition of excess noise,
Ne, indicated in Figure 11-8(b). The excess noise originates in different
components in the amplifier and is either referenced to the input or to the
output of the amplifier. Most commonly it is referenced to the output so that
the total output noise power is No = GNi +Ne. In the absence of a qualifier,
the excess noise should be assumed to be referred to the output. Ne is not
measured directly. Instead, the ratio of the SNR at the input to that at the
output is measured and called the noise factor, F :

F =
SNRi

SNRo
, (11.1)

If the circuit is noise free, then SNRo = SNRi and F = 1. If the circuit is not
noise free, then SNRo < SNRi and F > 1. With the excess noise, referred to
the output,

F =
SNRi

SNRo
=

SNRi

1

1

SNRo
=

Si

Ni

No

So
=

Si

Ni

GNi +Ne

GSi
= 1 +

Ne

GNi
. (11.2)

One of the conclusions that can be drawn from this is that F depends on the
available noise power at the input of the circuit. As reference, the available
noise power, NR, from a resistor at standard temperature, T0 (290 K), and
over bandwidth, B (in Hz), is used,

Ni = NR = kT0B, (11.3)

where k (= 1.381× 10−23 J/K) is the Boltzmann constant. If the input of an
amplifier is connected to this resistor and all of the available noise power is
delivered to the amplifier, then

F = 1 +
Ne

GNi
= 1 +

Ne

GkT0B
. (11.4)

When expressed in decibels, the noise figure (NF) is used:

NF = 10 log10 F = SNRi|dB − SNRo|dB .

where the SNR is expressed in decibels. Rearranging Equation (11.4), the
output-referred excess noise power is

Ne = (F − 1)GkT0B. (11.5)

Also from Equation (11.4), the output noise is

No = GNi +Ne = FGNi. (11.6)

That is, No|dBm = NF +G|dB +Ni|dBm . (11.7)
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EXAMPLE 11.1 Noise Figure of an Attenuator

What is the noise figure of a 20 dB attenuator in a 50 Ω system?

Solution:

The appropriate circuit model to use in the analysis consists of the attenuator driven by a
generator with a 50 Ω source impedance, and the attenuator drives a 50 Ω load. Also, the
input impedance of the terminated attenuator is 50 Ω, as is the impedance looking into the
output of the attenuator when it is connected to the source. The key point is that the noise
coming from the source is the noise thermally generated in the 50 Ω source impedance, and
this noise is equal to the noise that is delivered to the load. So the input noise, Ni, is equal to
the output noise:

No = Ni. (11.8)

The input signal is attenuated by 20 dB (= 100), so So = Si/100, (11.9)

and thus the noise factor is F =
SNRi

SNRo
=

Si

Ni

No

So
=

Si

Ni

Ni

Si/100
= 100 (11.10)

and the noise figure is NF = 20 dB. (11.11)

THat is, the noise figure of an attenuator (or a filter) is just the loss of the component.
This is not true for amplifiers of course, as there are other sources of noise, and the output
impedance of a transistor is not a thermal resistance.

11.5.2 Noise of a Cascaded System

Section 11.5.1 developed the noise factor and noise figure measures for a two-
port. This can be generalized for a system. Considering the second stage of
the cascade in Figure 11-9, the excess noise at the output of the second stage,
due solely to the noise generated internally in the second stage, is

N2e = (F2 − 1)kT0BG2. (11.12)

Then the total noise power at the output of the two-stage cascade is

N2o = (F2 − 1)kT0BG2 +No,1G2

= (F2 − 1)kT0BG2 + F1kT0BG1G2. (11.13)

This assumes (correctly) that the excess noise added in one stage is
uncorrelated to the other sources of noise. Thus noise powers can be added.
Generalizing this result the total system noise factor:

FT = F1 +
F2 − 1

G1
+

F3 − 1

G1G2
+

F4 − 1

G1G2G3
+ · · · . (11.14)

This equation is known as Friis’s formula [3].

Figure 11-9: Cascaded noisy two-
ports.



RF AND MICROWAVE MODULES 213

Figure 11-10: Differential ampli-
fier followed by a differential
filter.

EXAMPLE 11.2 Noise Figure of Cascaded Stages

Consider the cascade of a differential amplifier and a filter shown in Figure 11-10.

(a) What is the midband gain of the filter in decibels? Note that IL is insertion loss.
(b) What is the midband noise figure of the filter?
(c) The amplifier has a gain G1 = 20 dB and a noise figure of 2 dB. What is the overall gain

of the cascade system in the middle of the band?
(d) What is the noise factor of the cascade system?
(e) What is the noise figure of the cascade system?

Solution:

(a) G2 = 1/IL, thus G2 = −3 dB.
(b) For a passive element, NF2 = IL = 3 dB.
(c) G1 = 20 dB and G2 = −3 dB, so GTOTAL = G1|dB + G2|dB = 17 dB.

(d) F1 = 10NF1/10 = 102/10 = 1.585, F2 = 10NF2/10 = 103/10 = 1.995, G1 = 1020/10 = 100,
and G2 = 10−3/10 = 0.5. Using Friis’s formula

FTOTAL = F1 +
F2 − 1

G1
= 1.585 +

1.995 − 1

100
= 1.594. (11.15)

(e) NFTOTAL = 10 log10(FTOTAL) = 10 log10(1.594) = 2.03 dB.

EXAMPLE 11.3 Noise Figure of a Two-Stage Amplifier

Consider a room-temperature (20◦C) two-stage amplifier where the first stage has a gain of
10 dB and the second stage has a gain of 20 dB. The noise figure of the first stage is 3 dB and
the second stage is 6 dB. The amplifier has a bandwidth of 10 MHz.

(a) What is the noise power presented to the amplifier in 10 MHz?
(b) What is the total gain of the amplifier?
(c) What is the total noise factor of the amplifier?
(d) What is the total noise figure of the amplifier?
(e) What is the noise power at the output of the amplifier in 10 MHz?

Solution:

(a) Noise power of a resistor at room temperature is −174 dBm/Hz (or more precisely
−173.86 dBm/Hz at 293 K). In 10 MHz the input noise power is
Ni = −173.86 dBm+ 10 log(107) = −173.86 + 70 dBm = −103.86 dBm.

(b) Total gain GT = G1G2 = 10 dB + 20 dB = 30 dB = 1000.
(c) F1 = 10NF1/10 = 103/10 = 1.995, F2 = 10NF2/10 = 106/10 = 3.981. Using Friis’s formula,

the total noise figure is FT = F1 +
F2 − 1

G1
= 1.995 +

3.981 − 1

10
= 2.393.

(d) The total noise figure is NFT = 10 log10(F
T) = 10 log10(2.393) = 3.79 dB.

(e) Output noise power in 10 MHz bandwidth is No = FTkT0BGT = (2.393) · (1.3807 ·
10−23 · J ·K−1) · (293 K) · (107 · s−1)(1000) = 9.846 · 10−11 W = −70.07 dBm.
Alternatively, No|dBm = Ni|dBm + GT

∣

∣

dB
+NFT = −103.86 dBm+ 30 dB+ 3.79 dB =

−70.07 dBm.
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Figure 11-11:
Characteristics of a
pn junction diode
or a Schottky diode:
(a) current-voltage
characteristic; (b)
capacitance-voltage
characteristic; and (c)
diode model. (a) (b) (c)

11.6 Diodes

Diodes are two-terminal devices that have nonlinear current-voltage
characteristics. The most common diodes are listed in Table 11-1.

Junction and Schottky Diodes: A junction diode has an asymmetric
current-voltage characteristic, see Figure 11-11(a),

I = I0

[

exp

(

qV

nkT

)

− 1

]

, (11.16)

where q(= −e) is the absolute value of the charge of an electron, k is the
Boltzmann constant (1.37 · 10−23 J/K), and T is the absolute temperature (in
kelvin). I0 is the reverse saturation current and is small, with values ranging
from 1 pA to 1 nA. The quantity n is the diode ideality factor, with n = 2
for a graded junction pn junction diode, and n = 1.0 when the interface
between p-type and n-type semiconductor materials is abrupt. The abrupt
junction is most closely realized by a Schottky diode, where a metal forms
one side of the interface. When the applied voltage is sufficiently positive to
cause a large current to flow, the diode is said to be forward biased. When
the voltage is negative, the current flow is negligible and the diode is said
to be reverse biased. In a diode, charge is separated over distance and so a
diode has junction capacitance modeled as

Cj(V ) =
Cj0

(1− (V/φ))
γ , (11.17)

Table 11-1: IEEE standard symbols for
diodes and a rectifier [4]. (1In the
direction of anode (A) to cathode (K).
2Use symbol for general diode unless
it is essential to show the intrinsic
region.)

Component Symbol

Diode, general (including Schottky)1

IMPATT diode1

Gunn diode

PIN diode1,2

Light emitting diode (LED)1

Rectifier1

Tunnel diode1

Varactor diode1 or

Zener diode1
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where φ is the built-in potential difference across the diode. This capacitance
profile is shown in Figure 11-11(b). The built-in potential is typically 0.6 V
for silicon diodes and 0.75 V for GaAs diodes. The doping profile can be
adjusted so that γ can be less than the ideal 1

2 of an abrupt junction diode.
Current must flow through bulk semiconductor before reaching the active
region of the semiconductor diode, and so there will be a resistive voltage
drop. Combining effects leads to the equivalent circuit of a pn junction or
Schottky diode, shown in Figure 11-11(c).

Varactor Diode: A varactor diode is a pn junction diode operated in reverse
bias and optimized for good performance as a tunable capacitor. A common
application of a varactor diode is as the tunable element in a voltage-
controlled oscillator (VCO) where the varactor, with voltage-dependent
capacitance, C, is part of a resonant circuit.

PIN Diode: A PIN diode is a variation on a pn junction diode with a region
of intrinsic semiconductor (the I in PIN) between the p-type and n-type
semiconductor regions. The properties of the PIN diode depend on whether
there are carriers in the intrinsic region. The PIN diode has the current-
voltage characteristics of a pn junction diode at low frequencies; however,
at high frequencies it looks like a linear resistor, as carriers in the intrinsic
region move slowly. When a forward DC voltage is applied to the PIN diode,
the intrinsic region floods with carriers, and at microwave frequencies the
PIN diode is then modeled as a low-value resistor. At high frequencies there
is not enough time to remove the carriers in the intrinsic region, so even if
the total voltage (DC plus RF) across the PIN diode is negative, there are
carriers in the intrinsic region throughout the RF cycle. If the DC voltage is
negative, carriers are removed from the intrinsic region and the diode looks
like a large-value resistor at RF. The PIN diode is used as a microwave switch
controlled by a DC voltage.

Zener Diode: Zener diodes are pn junction or Schottky diodes that have
been specially designed to have sharp reverse breakdown characteristics.
They can be used to establish a voltage reference or, used as a limiter diode, to
provide protection of more sensitive circuitry. As a limiter, they are found in
communication devices in a back-to-back configuration to limit the voltages
that can be applied to sensitive RF circuitry.

11.7 Switch

In many cellular systems a phone does not transmit and receive
simultaneously. Consequently a switch can be used to alternately connect
a transmitter and a receiver to an antenna. An ideal switch is shown in
Figure 11-12(a), where an input port, RFIN, and an output port, RFOUT, are
shown. At microwave frequencies, realistic switches must be modeled with
parasitics and with finite on and off resistances. A realistic model applicable
to many switch types is shown in Figure 11-12(b). The capacitive parasitics,
the CP s, limit the frequency of operation and the on resistance, RON, causes
loss. Ideally the off resistance, ROFF, is very large, however, the parasitic
shunt capacitance, COFF, is nearly always more significant. The result is that
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Table 11-2:
Typical properties
of small microwave
switches. (Sources:
1Radant MEMS,
2RF Micro Devices,
and 3Tyco Electronics.)

Switch Power Insertion Operating Actuation Response
type handling loss frequency voltage time

MEMS1 0.5 W 0.5 dB to 10 GHz 90 V 10 µs
MEMS1 4 W 0.8 dB to 35 GHz 110 V 10 µs

pHEMT2 10 W 0.3 dB to 6.5 GHz 5 V 0.5 µs
pHEMT2 0.3 W 1.1 dB to 25 GHz 5 V 0.5 µs

PIN3 13 W 0.35 dB to 2 GHz 12 V 0.5 µs
PIN3 10 W 0.4 dB to 6 GHz 12 V 0.5 µs

at high frequencies there is an alternative capacitive connection between the
input and output through COFF. The on resistance of the switch introduces
voltage division that can be seen by comparing the ideal connection shown
in Figure 11-12(c) and the more realistic connection shown in Figure 11-12(d).
There are four main types of microwave switches: mechanical (rarely used
except in instrumentation), PIN diode, FET, and microelectromechanical
system (MEMS), see Figures 11-12(e–g) and Table 11-2.
A MEMS switch is fabricated using photolithographic techniques similar to
those used in semiconductor manufacturing. They are essentially miniature
mechanical switches with a voltage used to control the position of a shorting
arm, see Figure 11-13.

Figure 11-12: Microwave switches: (a) ideal switch connecting RFIN and RFOUT ports; (b) model
of a microwave switch; (c) ideal circuit model with switch on and with source and load; (d)
realistic low-frequency circuit model with switch on; (e) switch realized using a PIN diode; (f)
switch realized using an FET; and (g) switch realized using a MEMS switch.
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(a) On (b) Off

Figure 11-13: RF MEMS
switch: (a) the RFin

line in contact with the
RFout line; and (b) the
cantlever beam electro-
statically attracted to
the pedestal and there
is no RF connection.

Figure 11-14: Model used in calculating the loss of a switch
in a 50 Ω system.

EXAMPLE 11.4 Insertion Loss of a Switch

What is the insertion loss of a switch with a 1 Ω on resistance when it used in a 50 Ω system?

Solution:

The model to be used for evaluating the insertion loss of the switch is shown in Figure
11-14. The insertion loss is found by first determining the available power from the source
and then the actual power delivered to the load. The available input power is calculated
by first ignoring the 1 Ω switch resistance. Then there is maximum power transfer from the
source to the load. The available input power is

PAi =
1

2

(

1
2
E
)2

50
=

E2

400
, (11.18)

where E is the peak RF voltage at the Thevenin equivalent source generator. The power
delivered to the 50 Ω load is found after first determining the peak load voltage:

VL =
50

50 + 1 + 50
E =

50

101
E. (11.19)

Thus the power delivered to the load is

PD =
1

2

V 2
L

50
=

1

100

(

50

101

)2

E2. (11.20)

The insertion loss is

IL =
PAi

PD
=

E2

400

100

E2

(

101

50

)2

= 1.020 = 0.086 dB. (11.21)
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11.8 Ferrite Components: Circulators and Isolators

Circulators and isolators are nonreciprocal devices that preferentially route
microwave signals. The essential element is a disc (puck) of ferrite which
when magnetized supports a preferred direction of propagation due to the
gyromagnetic effect.

11.8.1 Gyromagnetic Effect

An electron has a quantum mechanical property called spin (there is not a
spinning electron) creating a magnetic moment m, see Figure 11-15(a). In
most materials the electron spin occurs in pairs with the magnetic moment
of one electron canceled by the oppositely-directed magnetic moment of an
other electron. However, in some materials the spin does not occur in pairs
and there is a net magnetic moment.
A most interesting microwave property occurs when a magnetic material
is biased by a DC magnetic field resulting in the gyromagnetic effect. This
affects the way an RF field propagates and this is described by a nine
element permeability called a tensor. The permeability of a magnetically
biased magnetic material is:

[µ] =





µxx µxy µxz

µyx µyy µyz

µzx µzy µzz



 =





µ0 0 0
0 µ κ
0 −κ µ



 . (11.22)

That is,




Bx

By

Bz



 =





µ0 0 0
0 µ κ
0 −κ µ









Hx

Hy

Hz



 . (11.23)

Thus a z-directed H field produces a y-directed B field. The effect on
propagation of an EM field is shown in Figure 11-15(b). The EM wave
does not travel in a straight line and instead curves, in this case, to the
right. Thus forward- and backward-traveling waves diverge from each other
and propagation is not reciprocal. This separates forward- and backward-
traveling waves.

11.8.2 Circulator

A circulator exploits the gyromagnetic effect. Referring to the schematic of
a circulator shown in Figure 11-16(a), where the arrows indicate that the
signal that enters Port 1 of the circulator leaves the circulator at Port 2 and
not at Port 3. Similarly power that enters at Port 2 is routed to Port 3, and

Figure 11-15: Magnetic moments: (a) electron spin;
and (b) Gyromagnetic effect impact on the propa-
gation of EM waves in a magnetic material with an
externally applied magnetic bias field. (a) (b)
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(a) Circulator schematic (b) Microstrip circulator (c) Microstrip isolator

Figure 11-16: Ferrite
components with a
magnetized ferrite
puck in the center in
(b) and (c).

power entering at Port 3 is routed to Port 1. In terms of S parameters, an
ideal circulator has the scattering matrix

S =





0 0 S13

S21 0 0
0 S32 0



 =





0 0 1
1 0 0
0 1 0



 . (11.24)

A microstrip circulator is shown in Figure 11-16(b), where a disc of
magnetized ferrite can be placed on top of a microstrip Y junction to realize
a preferential direction of propagation of the EM fields. In the absence of the
biasing magnetic field, the circulation function does not occur.

11.8.3 Circulator Isolation

The isolation of a circulator is the insertion loss from what is the output port
to the input port, i.e. in the reverse direction. Referring to the circulator in
Figure 11-16(a), if port 1 is the input port there are two output ports and so
there are two isolations equal to the return loss from port 3 to port 2, and
from port 2 to port 1. The smaller of these is the quoted isolation. If this is an
ideal circulator and port 2 is perfectly matched, then the isolation would be
infinite. Then the S parameters of the circulator are

S =





Γ α T
T Γ α
α T Γ



 ≈





0 0 1
1 0 0
0 1 0



 (11.25)

where T is the transmission factor, Γ is the reflection coefficient at the ports,
and α is the leakage.

11.8.4 Isolator

Isolators are devices that allow power flow in only one direction. Figures
11-16(c) and 11-17 show microstrip isolators based on three-port circulators.
Power entering Port 1 as a traveling wave is transferred to the ferrite and
emerges at Port 2. Virtually none of the power emerges at Port 3. A traveling
wave signal applied at Port 2 appears at Port 3, where it is absorbed in a
termination created by resistive material placed on top of the microstrip. The
resistive material forms a lossy transmission line and no power is reflected.
Thus power can travel from Port 1 to Port 2, but not in the reverse direction.
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(a) Layout with carrier (b) Image

Figure 11-17: A microstrip isolator operating from 29 to 31.5 GHz. Isolator in (b) has the
dimensions 5 mm × 6 mm and is 6 mm high. The isolator supports 2 W of forward and reverse
power with an isolation of 18 dB and insertion loss of 1 dB. Renaissance 2W9 series, copyright
Renaissance Electronics Corporation, used with permission.

Figure 11-18: Frequency
conversion using a mixer.

(a) Down-conversion

(b) Up-conversion

11.9 Mixer

Frequency conversion or mixing is the process of converting information
centered at one frequency (present in the form of a modulated carrier)
to another frequency. The second frequency is either higher, in the case
of frequency up-conversion, where it is more easily transmitted; or lower
when mixing is called frequency down-conversion, where it is more easily
captured, see Figure 11-18.
Conversion loss, LC : This is the ratio of the available power of the input
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signal, Pin(RF), to that of the output signal after mixing, Pout(IF):

LC =
Pin(RF)

Pout(IF)
. (11.26)

EXAMPLE 11.5 Mixer Calculations

A mixer has an LO of 10 GHz. The mixer is used to down-convert a signal at 10.1 GHz and
has a conversion loss,Lc of 3 dB and an image rejection of 20 dB. A 100 nW signal is presented
to the mixer at 10.1 GHz. What is the frequency and output power of the down-converted
signal at the IF?

Solution:

The IF is at 100 MHz. Lc = 3 dB = 2 and from Equation (11.26) the output power at IF of the
intended signal is

Pout = Pin(RF)/Lc = 100 nW/2 = 50 nW = −43 dBm. (11.27)

11.10 Local Oscillator

In an oscillator noise close to the oscillation center frequency is called flicker
noise or 1/f noise and in offsets below a few tens of megahertzis much larger
than thermal noise and so a big concern in microwave systems. The noise
manifests itself as random fluctuations of amplitude and phase of the carrier.
The amplitude fluctuations are quenched by saturation in the oscillator and
so are not of concern. Thus the close-in noise of concern is just phase noise.
The phase noise of an oscillator with a low Q feedback loop is shown in
Figure 11-19(a) and in Figure 11-19(b) for a high Q loop. The physical origin
of the straight line phase regions is nt understood.
Phase noise is expressed as the ratio of the phase noise power in a 1 Hz
bandwidth of a single sideband (SSB) to the total signal power. This is
measured at a frequency fm offset from the carrier and denoted L(fm) with
the units of dBc/Hz (i.e., decibels relative to the carrier power per hertz).
The phase noise that is important in RF and microwave oscillators (having
relatively low Q) is usually dominated by a 1/f2

m shape. Then the phase noise

(a) Closed loop (b) Closed loop

Figure 11-19: Log-log plot of oscillator noise spectra: (a) closed-loop noise with low-Q loop; and
(b) closed-loop noise with high-Q loop.
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at 1 MHz (a common frequency for comparing the phase noise performance
of different oscillators) is related to the phase noise measured at fm by

L(1 MHz) = L(fm)− 10 log

(

1 MHz

fm

)2

. (11.28)

11.11 Frequency Multiplier

A microwave frequency multiplier uses a nonlinear element to generate
harmonics and a bandpass filter selects the appropriate harmonic for the
output, see Figure 11-20. If the input signal is

x(t) = A cos(ωt + φ) (11.29)

then the output at the n harmonic is

y(t) = An cos(nωt + nφ). (11.30)

11.12 Summary

The use of modules has become increasingly important in microwave
engineering. A wide variety of passive and active modules are available
and high-performance systems can be realized enabling many microwave
systems of low to medium volumes to be realized cost effectively and
with stellar performance. Module vendors are encouraged by the market
to develop competitive modules that can be used in a wide variety of
applications.

Figure 11-20: Frequency multiplier using a
nonlinear tuned circuit.
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11.14 Exercises

1. An amplifier consists of three cascaded stages
with the following characteristics:

Stage 1 Stage 2 Stage 3

Gain (dB) −3 15 5

NF (dB) 3 2 2

(a) What is the overall gain of the amplifier?
(b) What is the overall noise figure of the ampli-

fier?

2. What is the available noise power of a 50 Ω re-
sistor in a 10 MHz bandwidth. The resistor is at
standard temperature.

3. A 50 Ω resistor a 20 Ω resistor are in shunt. If
both resistors have a temperature of 300 K, what
is the total available noise power spectral den-
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sity of the shunt resistors?

4. A 2 GHz amplifier in a 50 Ω system has a band-
width of 10 MHz, a gain of 40 dB, and a noise
figure of 3 dB. The amplifier is driven by a circuit
with a Thevenin equivalent resistance of 50 Ω
held at 290 K (standard temperature). What is
the available noise power at the output of the
amplifier?

5. A 30 dB attenuator is terminated at Port 2 in a
matched resistor and both are at 290 K. What is
the noise temperature at Port 1 of the attenuator?

6. A receive amplifier with a gain of 30 dB, a noise
figure of 2 dB, and bandwidth of 5 MHz is con-
nected to an antenna which has a noise temper-
ature of 20 K. [Parallels Example 11.2]

(a) What is the available noise power presented
to the input of the amplifier in the 5 MHz
bandwidth (recall that the antenna noise
temperature is 20 K?

(b) If instead the input of the amplifier is con-
nected to a resistor held at standard temper-
ature, what is the available noise power pre-
sented to the input of the amplifier in the
5 MHz bandwidth?

(c) What is the noise factor of the amplifier?
(d) What is the excess noise power of the ampli-

fier referred to the its output?
(e) What is the effective noise temperature of

the amplifier when the amplifier is con-
nected to the antenna with a noise temper-
ature of 20 K. That is, what is the effec-
tive noise temperature of the resistor in the
Thevenin equivalent circuit of the amplifier
output?

7. A receive amplifier has a bandwidth of 5 MHz,
a 1 dB noise figure, a linear gain of 20 dB. The
minimum acceptable SNR is 10 dB.

(a) What is the output noise power in dBm?
(b) What is the minimum detectable output sig-

nal in dBm?
(c) What is the minimum detectable input sig-

nal in dBm?

8. The system shown below is a receiver with
bandpass filters, amplifiers, and a mixer. [Paral-
lels Example 11.2]

(a) What is the total gain of the system?
(b) What is the noise factor of the first filter?
(c) What is the system noise factor?

(d) What is the system noise figure?

9. An amplifier consists of three cascaded stages
with the following characteristics:

Stage 1 Stage 2 Stage 3

Gain 10 dB 15 dB 30 dB
NF 0.8 dB 2 dB 2 dB

What is the noise figure (NF) and gain of the cas-
cade amplifier?

10. The first stage of a two-stage amplifier has a lin-
ear gain of 40 dB and a noise figure if 3 dB. The
second stage has a gain of 10 dB and a noise fig-
ure of 5 dB.

(a) What is the overall gain of the amplifier?
(b) What is the overall noise figure of the ampli-

fier?

11. A subsystem consists of a matched filter with an
insertion loss of 2 dB then an amplifier with a
gain of 20 dB and a noise figure, NF, of 3 dB.

(a) What is the overall gain of the subsystem?
(b) What is NF of the filter?
(c) What is NF of the subsystem?

12. A subsystem consists of a matched amplifier
with a gain of 20 dB and a noise figure of 2 dB,
followed by a 2 dB attenuator, and then another
amplifier with a gain of 10 dB and NF of 3 dB.

(a) What is the overall gain of the subsystem?
(b) What is NF of the attenuator?
(c) What is NF of the subsystem?

13. A connector used in a 50 Ω system introduces a
series resistance of 0.5 Ω. What is the insertion
loss of the connector?

14. A microwave switch is used in a 75 Ω system
and has a 5 Ω on resistance. The reactive para-
sitics of the switch are negligible.

(a) What is the insertion loss of the switch in
the on state?

(b) What is the return loss of the switch in the
on state?

15. A microwave switch is used in a 50 Ω system
and has a 5 Ω on resistance. The reactive para-
sitics of the switch are negligible.

(a) What is the insertion loss of the switch in
the on state?

(b) If the available power of the source is
50 W, what is the power dissipated by the
switch?

16. A microwave switch is used at 1 GHz in a 50 Ω
system and it has a 2 Ω on resistance and a
2 kΩ off resistance. The reactive parasitics of the
switch are negligible.

(a) What is the insertion loss of the switch?
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(b) What is the isolation of the switch (i.e.,
what is the insertion loss of the switch
when it is in the off state)?

17. The RF front end of a communications unit con-
sists of a switch, then an amplifier, and then a
mixer. The switch has a loss of 0.5 dB, the am-
plifier has a gain of 20 dB, and the mixer has a
conversion gain of 3 dB. What is the overall gain
of the cascade?

18. A three-port circulator has the S parameters




0 0 0.5
20.5 0 0
0 0.5 0



 .

Port 3 is terminated in a matched load creating a
two-port network.

(a) Find the S parameters of the two-port.
(b) What is the return loss in dB at Port 1 if Port

2 is terminated in a matched load?
(c) What is the insertion loss in dB for a signal

applied at Port 1 and leaving at Port 2 with
matched source and load impedances?

(d) What is the insertion loss in dB for a signal
applied at Port 2 and leaving at Port 1 with
matched source and load impedances?

19. Two isolators are used in cascade. Each isola-
tor has an isolation of 20 dB. The isolators are
matched so that their input and output reflection
coefficients are zero. Determine the isolation of
the cascaded isolator system?

20. A three-port circulator in a 50-Ω system has the
S parameters 



0.1 0.01 0.5
0.5 0.1 0.01
0.01 0.5 0.1



 .

If port 3 is terminated in a matched load to cre-
ate a two-port network

(a) Find the S parameters of the two-port.
(b) What is the return loss in dB at Port 1 if Port

2 is terminated in 50-Ω?
(c) What is the insertion loss in dB for a signal

applied at Port 2 and leaving at Port 1 with
50-Ω source and load impedances?

(d) What is the insertion loss in dB for a signal
applied at Port 1 and leaving at Port 2 with
50-Ω source and load impedances?

(e) What is is the name of this network?

21. A mixer in a receiver has a conversion loss of
16 dB. If the applied RF signal has an available
power of 100 µW, what is the available power of
the IF at the output of the mixer?

22. The RF signal applied to the input of a mixer has
a power of 1 nW and the output of the mixer at
the IF has a power level of 100 pW. What is the
conversion loss of the mixer in decibels?

23. A mixer in a receiver has a conversion gain of
10 dB. If the applied RF signal has a power of
100 µW, what is the available power of the IF at
the output of the mixer?

24. A mixer in a receiver has a conversion loss of
6 dB. If the applied RF signal has a power of
1 µW, what is the available power of the IF at
the output of the mixer?

25. The phase noise of an oscillator was measured as
−125 dBc/Hz at 100 kHz offset. What is the nor-
malized phase noise at 1 MHz offset, assuming
that the phase noise power varies as the square
of the inverse of frequency?

26. The phase noise of an oscillator was measured
as −125 dBc/Hz at 100 kHz offset. What is the
normalized phase noise at 1 MHz offset, assum-
ing that the phase noise power varies inversely
with frequency offset?

11.14.1 Exercises by Section
†challenging,

§11.5 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12
§11.7 13, 14†, 15†, 16†, 17†

§11.8 18, 19, 20
§11.9 21, 22, 23, 24

§11.10 25†, 26

11.14.2 Answers to Selected Exercises

8(d) 5.17 dB
10(b) 3 dB
12(b) 60 dB

14(b) 29.8 dB
15(a) 0.424 dB

17 22.5 dB

19 40 dB
21 −26 dBm
23 0 dBm
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∇·, 5

∇×, 5

α, 46, 48

β, 46, 47

γ, 45, 47

δ, 90

ε0, 3

ε′, 74

ε′′, 74

εe, 78

µ0, 3

λ, 46

λ0, 43

λg , 43

ρV , 5

ρmV , 5

σ, 75

σ, 90

ω, 46

A, 10

absorption, 175

admittance parameters,
114

air, electrical properties, 75

allpass, 211

alumina

electrical properties, 75

microstrip, 81

ampere, 10

Ampere’s law, 4

amplifier, 208

antenna, 15

aperture, 17, 27

directivity, 24

efficiency, 24

gain, 24, 27

isotropic, 23

loss, 24, 27

main lobe, 23

major lobe, 23

resonant, 16

stacked dipole, 21

standing-wave, 16

traveling-wave, 16, 22

Vivaldi, 22

wire, 19

antenna array, 35

aperture, 27

aperture antenna, 17

attenuation, 119

coefficient, 45

constant, 47, 48

definition, 46

attenuator, 155

B, 3, 9

B, 213

backward-traveling wave,
45, 52

balanced

circuit, 162

balun, 162, 163

Marchand, 163

symbol, 162

bandpass filter, 211

bandstop filter, 211

bel, 9

bend, 159

Biot–Savart law, 3

Boltzmann constant, 213

broadcast

radio, 6

butterfly radial stub, 160

C, 10

C, 41, 108

candela, 10

cascade

noise, 214

cd, 10

cell

definition, 6

cellular

communications, 6

characteristic

impedance, 45, 48, 50, 53,
78, 79

effective, 78

microstrip, 79

charge

electric, 5

magnetic, 5

circulator, 220

cluster, 7

definition, 6

coaxial

attenuator, 157

line, 42

termination, 155

coefficient

attenuation, 45

phase-change, 45

coil, 161
combiner

Wilkinson, 163
component

lumped-element, 152
conductivity, 75
constitutive relations, 169

conventional radio, 6
conversion, 222

down, 222
loss, 222

parameter
S–y, 116
S–z, 116

up-conversion, 222

corner frequency, 211
coulomb, 10
coupled lines, 101

directional coupler, 107,
108

even mode, 102
model
low frequency, 104

modes, 102, 103
odd mode, 102
physics, 101

symmetric, 106
coupler, 107

20 dB, 108
coupling

coefficient, 161
factor, 107, 108
directional coupler, 108

CPW, 76

crossover, 159
curl, 5
current

bunching, 88
electric, 5
filament, 17
magnetic, 5

D, 3

D, 108
dB, 9

Np equivalence, 48
dBm, 9

dBW, 9
decibel, 9
dielectric, 48, 74

damping, 74

dispersion, 91
effect of, 74

loss, 74
mode, 95
relaxation, 74

differential

line, 76
embedded, 76

diffraction, 29

diode, 216
junction, 216
PIN, 217

Schottky, 216
varactor, 217
Zenner, 217

directional

coupler, 107, 108
coupling factor, 108
design example, 109

hybrid, 109
isolation, 108
transmission factor, 108
with lumped capacitors,
109

directivity, 23, 108
antenna, 24
directional coupler, 108

factor, 107
directivity gain, 24
discontinuity, 159

microstrip, 159
dispersion, 74, 91
distributed

matching network, 190

div, 5
divider

Wilkinson, 163

double
slug tuner tuner, 191
stub matching, 192
stub tuner, 191

down-conversion, 222
ducting, 30
duroid, electrical

properties, 75

e, natural number, 8
ET , 42

effective
aperture, 27
size, 33

characteristic impedance,
78

isotropic radiated power,
27
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permittivity, 77–79

radiated

isotropic power, 27

power, 27

relative permittivity, 79

efficiency

antenna, 24

EIRP, 27

electric

charge, 5

current, 5

field, 3

flux, 3

wall, 92, 94

electrical length, 46

electron spin, 220

equation

Laplace, 77

wave, 45

even-mode, 102

characteristic impedance,
103

coupled lines, 102

F , 213

fading, 30

fast, 32

flat, 30

multipath, 32

rain, 32

Rayleigh, 32

Rician , 32

shadow, 31

slow, 31

thermal, 30

Faraday’s law, 4

fast fading, 32

FCC, 6

ferrite, 220

electrical properties, 75

field

electric, 3

magnetic, 3

filament, 17

filling factor, 80

filter, 211

allpass, 211

bandpass, 211

bandstop, 211

highpass, 211

lowpass, 211

YIG, 221

flat fading, 30

flicker noise, 223

flux

electric, 3

magnetic, 3

formulas

logarithm, 8

telegrapher’s equation,
45

forward

traveling wave, 45, 52

FR4

electrical properties, 75

microstrip, 81

fractional bandwidth, 150

free space, 79

frequency, 46

conversion, see
conversion

down-conversion, see
down-conversion

multiplier, 224

radian, 46

reuse, 7

up-conversion, see
up-conversion

Friis’s formula, 214

fundamental units, 10

g, 10

GaAs

electrical properties, 75

gain

antenna, 24

gallium arsenide

electrical properties, 75

gap, 159

Gauss’s law, 4

Gbps, 12

GiB, 12

gibi, 12

gibibit, 12

Gibit, 12

gigabit, 12

glass, electrical properties,
75

gram, 10

grating lobe, 35

ground

reflection, 32

group

velocity, 43, 46

and phase velocity, 46

guide wavelength, see λg

gyromagnetic

effect, 220

highpass, 211

homogeneous line, 76

hybrid

directional coupler, 109

lumped-distributed

matching, 193

I , 108

ℑ{ }, 45

impedance

matching, 167

normalization, 116

parameters, 113

reference, 116

transformer, 160

transforming network,
169

Impedance matching, 167

impedance parameters,
113

inductance

internal conductor, 90

inhomogeneous

line, 76

medium, 77

InP

electrical properties, 75

input reflection coefficient

lossless line, 53

insertion loss, 119

interconnect, 73

interference, 6, 7

IRP, 27

isolation, 108

directional coupler, 108

isolator, 220, 221

isotropic

power, 27

radiated power, 27

isotropic antenna, 23

J, 10

J, 5

Joule, 10

junction diode, 216

K, 10

k, 18, 213

kbps, 12

Kelvin, 10

kg, 10

KiB, 12

kibi, 12

kibibit, 12

Kibit, 12

kilo, 12

kilobit, 12

kilogram, 10

Kirchoff’s laws, 45

L, 41

L matching network, 171

Laplace, 77

length

electrical, 46

line

lossless

input reflection
coefficient, 53

line of sight, 28

linearity, 112

link, 15, 28

loss, 33

ln, 8

LO, 223

phase noise, 223

loaded Q, 152

local oscillator, 223

phase noise, 223

log, 8

log10, 9

logarithm, 8

formulas, 8

longitudinal field, 74

LOS, 28, 32

loss

insertion, 119

reflection, 118

return, 118

substitution, 119

tangent, 75

lossless

line

input impedance, 55

two-port

S parameters, 118

scattering parameters,
118

lowpass filter, 65, 211

LTCC

electrical properties, 75

M, 5

m, 10

magnetic

charge, 5

core, 160

current, 5

energy, 3

field, 3

flux, 3

density, 160

material, 75, 220

moment, 220

transformer, 160

wall, 92, 94

main lobe, 23

major lobe, 23

Marchand balun, 163

matching, 167

complex conjugate, 168

double stub, 192

hybrid

lumped-distributed, 193

maximum power
transfer, 168

network
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absorption, 175

broadband, 184
complex load, 175
distributed, 190
L, 171

Pi network, 180
resonance, 175
T network, 184

three-element, 178, 180
two-element, 171, 174

reflectionless, 168

using stub, 192
maximum

power
transfer, 167

power transfer, 168
Maxwell, 5
Maxwell’s equations, 5

point form, 5
Mbps, 12
mebi, 12
mebibit, 12

medium, 75
megabit, 12
MEMS, 217, 218

switch, 218
meter, 10
MiB, 12

Mibit, 12
microstrip, 73, 74, 76, 160

alumina, 81
attenuator, 157

bend, 159
characteristic impedance
frequency-dependent,
92

circulator, 221
coupler, 108
crossover, 159
design formulas, 83

dielectric mode, 95
discontinuity, 159
FR4, 81

frequency-dependent, 87
frequency-dependent

characteristic
impedance, 92

gap, 159

higher-order mode, 95,
96

impedance transformer,
160

isolator, 221
matched load, 155

multimoding, 92, 95
notch, 159
operating frequency

limits, 95

PCB, 81
quarter-wave impedance

transformer, 159

quasi-TEM, 77

radial stub, 160

Si, 81

SiO2, 81

slab mode, 95

step, 159

substrate mode, 95

tapered line, 160

TE

mode, 95

TM

mode, 95

TM mode, 95

transverse

resonance, 95, 97

resonance mode, 95

via, 73

waveguide model, 97

wide strip, 83, 96

microwave

modules, 207

MIMO, 35

mixer, 222

conversion loss, 222

modes, 94

module, 207

mol, 10

mole, 10

multimoding, 92

microstrip, 95

multipath, 33

fading, 32

knife-edge diffraction, 29

multiple input

multiple output, 35

Multiple Input Multiple
Output, 35

multiplier

frequency, 224

mutual inductance, 161

N, 10

Napier, 47

natural

logarithm, 8

number, e, 8

Neper, 45, 48

network

analysis, 111

linear, 112

parameters, 113

passive, 112

reciprocal, 112

symmetrical, 112

newton, 10

NF, 213

NLOS, 30

noise

1/f , 223

cascaded stages, 214

cascaded system, 214

excess, 212
factor, 213
system, 214

figure, 213

system, 214
flicker, 223
Friis’s formula, 214

measures, 212
output of a two-port, 213
phase, 223
single sideband, 223

threshold, 6
nonhomogeneous

line, 74

medium, 74
normalization impedance,

116
normalized S parameters,

116

notch, 159
Np, 45, 47

dB equivalence, 48
definition, 48

odd-mode, 102
characteristic impedance,

103
coupled lines, 102

Okumura–Hata model, 34
open, 158

oscillator
local, 223
phase noise, 223

noise, 223
phase noise, 223

output
noise, 213

p.u.l. parameters, 44

PA, 59
Pa, 10
pad, 155
parallel

lines, 101
reactive element, 171

parallel coupled line, 101

parameters
admittance, 114
impedance, 113
scattering, 114

pascal, 10
passive

components, 149

two-port
S parameters, 118

passivity, 112
path loss, 33

PCB
microstrip, 81

PCL, 101

PD , 59
per unit length parameters,

44
permeability, 3

relative, 3

permittivity, 3, 74, 78
complex, 74
effective, 77, 78

imaginary part, 74
real part, 74
relative, 3

phase

change coefficient, 45
coefficient, 45
constant, 45, 47, 48

definition, 46
noise, 223
oscillator, 223

velocity, 43, 48, 77

and group velocity, 46
definition, 46

phasor, 45

Pi network, 180
PIN diode, 217
pine needle, 30

planar
interconnect, 73

polyimide, electrical
properties, 75

power

available, 59
delivered, 59

Poynting vector, 19

propagation
constant, 45
loss, 33
model, 34

Okumura–Hata, 34

Q, 149, 150
external, 152
loaded, 152
unloaded, 152

QL, 152
QU , 152
QX , 152

q, 80
Q-factor

loaded, 152
quality factor, see Q

quarter-wave
transformer, 66, 159, 160

quartz, electrical
properties, 75

quasi-TEM, 74
line, 76

R, 41
Rs, 91
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radial stub, 160

radian, 45, 47

radiation

density, 23

intensity, 23

radiation efficiency, 24

radio

broadcast, 6

conventional, 6

rain

scattering, 32

rain fading, 32

Rayleigh fading, 32

ℜ{ }, 45

reciprocal, 112

reciprocity, 112

S parameters, 116

y parameters, 114

z parameters, 113

reference impedance, 116

reflection

coefficient, 115

current, 51

formula, 51

graphical
representation, 126

voltage, 51

ground, 32

loss, 118

relative permeability, 75

resonant

circuit, 149, 150

frequency, 150

resonant antenna, 16

resonator

bandwidth, 152

return loss, 118

RF

link, 15, 28

modules, 207

Rician fading, 32

RTH , 59

S parameters, 114, 125, 126

conversion

to y, 116

to z, 116

definition, 115

graphical representation,
125, 126

normalized, 116

polar plot, 125

Smith chart, see Smith
chart

two-port

lossless condition, 118

passive condition, 118

s, 10

sapphire, electrical
properties, 75

scattering

rain, 32
resonant, 30

scattering parameters, 114,
125, 126

definition, 115

graphical representation,
125, 126

polar plot, 125
two-port

lossless condition, 118
Schottky

diode, 216
self-inductance, 161

self-resonant frequency,
149

series
reactive element, 169

shadow fading, 31
short circuit, 53
shunt

stub, 160

SI, 47
prefix, 11
unit combinations, 11

units, 10
Si

electrical properties, 75
microstrip, 81

side lobe, 35
signal

-to-noise ratio, see SNR

silicon
dioxide, see SiO2

SiO2

electrical properties, 75

microstrip, 81
SIR, 36

example, 16

skin
depth, 90
effect, 90, 91
resistance, 91

slab mode, 95
slide-screw slug tuner, 191
slow fading, 31

Smith, 127
Smith chart, 126, 129, 133,

134, 186
admittance chart, 143
path length, 189

two-element matching,
186

SNR, 212
spin, 220

sr, 23
standard

temperature, 213
standing-wave

antenna, 16
step, 159

steradian, 23

strip, 41

stripline, 76

stub, 132, 158, 160, 190

matching, 192

open, 63

radial, 160

stub tuner, 191

subscript order, 113

substitution loss, 119

substrate, 74, 75

properties, 75

substrate mode, 95

surface

mount, 152

switch, 217

MEMS, 217, 218

pHEMT, 217, 218

PIN diode, 217, 218

symmetry, 112

T , 108

T0, 213

T network, 184

tan δ, 74

tapered line, 160

Tbps, 12

tebi, 12

tebibit, 12

telegrapher’s equation, 107

even mode, 107

lossless, 55

odd mode, 107

TEM, 77

line, 76

temperature inversion, 30,
31

terabit, 12

termination, 154, 155, 157

thermal fading, 30

Thevenin, 59

resistance, see RTH

three

-element matching, 178

TiB, 12

Tibit, 12

total

current, 50

voltage, 50

transformer, 169

ideal, 169

inverting, 161

magnetic, 160

quarter-wave, 66

transmission

coefficient

coupled lines, 108

factor, 107, 108

directional coupler, 108

line, 41, 42, 53

current bunching, 88

discontinuities, 159

equations, 45

impedance transformer,
160

microstrip, see
microstrip

multimoding, 92

non-TEM, 77

nonhomogeneous, 74

open-circuited, 61

planar, 76

quasi-TEM, 77

short circuited, 60

stub, 158

tapered line, 160

terminated, 50, 54

theory, 44, 45

transformer, 66

line, lossless, 48, 50, 64

input impedance, 55

input reflection
coefficient, 53

line,lossless, 60

transverse

direction, 92

electromagnetic, 74

field, 42, 77

resonance, 97

traveling

pulse, 52

step, 53

wave, 50, 52

antenna, 22

traveling-wave antenna, 16

tuner, 192

slide-screw slug, 191

slug, 191

stub, 191

two-port network

S parameters

lossless condition, 118

input reflection, 117

insertion loss, 119

reflection loss, 118

return loss, 118

scattering parameters

lossless condition, 118

passive condition, 118

two-wire line, 41

unbalanced circuit, 162

unit

amount of substance, 10

charge, 10

current, 10

energy, 10

force, 10

length, 10

luminous intensity, 10
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power, 10
SI, 10
time, 10

unloaded Q, 152
up-conversion, 222

V, 10
vg , definition, 46
vp, definition, 46
varactor diode, 217
velocity

group, 43, 46
phase, 43, 46

volt, 10
voltage

reflection coefficient, 51
standing wave ratio, 57

VSWR, 56, 57

W, 9, 10
watt, 9, 10
wave equation, 45

wavelength, 6, 48
definition, 46

wavenumber, 18
definition, 46

Wilkinson
combiner, 163
divider, 163

WLAN, 35

y parameters, 113, 114
YIG

filter, 221

z parameters, 113
Z0, 45
Z0o, see odd-mode

impedance
Z0e, see even-mode

impedance
Zener diode, 217
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