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Units and Vectors

1.1  Introduction

Physics is an exciting adventure that is concerned with unrav-
eling the secrets of nature based on observations and measure-
ments and also on intuition and imagination. Its beauty lies
in having few fundamental principles being able to reach out
to incorporate many phenomena from the atomic to the cos-
mic scale. It is a science that depends heavily on mathematics
to prove and express theories and laws and is considered to
be the most fundamental of physical sciences. Astronomy,
geology, and chemistry all involve applications of physics’
principles and concepts. Physics doesn’t only provide theo-
ries, but it also provides techniques that are used in every
area of life. Modern physical techniques were the major con-
tributors to the wealth of mankind’s knowledge in the past
century.

A simple law in physics can be used to explain a wide range
of complex phenomena that may appear to be not related.
When studying a complex physical system, a simplified model
of the system is usually used, where the minor effects are
neglected and the main features of the system are concen-
trated upon. For example, when dealing with an object falling
near the earth’s surface, air resistance can be neglected. In
addition, the earth is usually assumed to be spherical and
homogeneous. However, in reality, the earth is an ellipsoid
and is not homogeneous. The difference between the cal-
culations of these different models can be assumed to be
insignificant.

Physics can be divided into two branches namely: classical
physics and modern physics. This book focuses on mechanics,
which is a branch of classical physics. Other branches of clas-
sical physics are: light and optics, sound, electromagnetism,
and thermodynamics. Mechanics is the science of motion of
objects and is the core of classical physics. On the other hand,
modern branches of physics include theories that have been
developed during the past twentieth century. Two main the-
ories are the theory of relativity and the theory of quantum

© The Author(s) 2019
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mechanics. Modern physics explains many physical phenom-
ena that cannot be explained by classical physics.

1.2  The Sl Units

A physical quantity is a quantitative description of a physical
phenomenon. For a precise description, one has to measure the
physical quantity and represent this measurement by a num-
ber. Such a measurement is made by comparing the quantity
with a standard; this standard is called a unit. For example,
mass is a physical quantity that refers to the quantity of mat-
ter contained in an object. The unit kilogram is one of the
units used to measure mass and is defined as the mass of a
specific platinum—iridium alloy cylinder, kept at the Interna-
tional Bureau of Weights and Measures. Therefore, when we
say that a block’s mass is 300kg, we mean that it is 300 times
the mass of the cylindrical platinum—iridium alloy. All units
chosen should obey certain properties such as being accurate,
accessible, and should remain stable under varied environ-
mental conditions or time.

In 1960, the International System of units (SI) (formally
known as the Metric System MKS) was established. The
abbreviation is derived from the French phrase “System Inter-
national”. As shown in Table1.1, the SI system consists
of seven base fundamental units, each representing a quan-
tity assumed to be naturally independent. The system also
includes two supplementary units, the radian which is a unit
of the plane angle, and the steradian which is a unit of the solid
angle. All other quantities in physics are derived from these
base quantities. For example, mechanical quantities such as
force, velocity, volume, and energy can be derived from the
fundamental quantities length, mass, and time. Furthermore,
the powers of ten are used to represent the larger and smaller
values for a certain physical quantity as listed in Table 1.2.
The most recent definitions of the units of length, mass, and
time in the SI system are as follows:

1
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1 Units and Vectors

Table 1.1 The SIsystem consists of seven base fundamental units, each
representing a quantity assumed to be naturally independent

Quantity Unit name Unit symbol
Length Meter m
Mass Kilogram kg
Time Second S
Temperature Kelvin K
Electric Current Ampere A
Luminous Intensity Candela cd
Amount of Substance | mole mol
Table 1.2 Prefixes for Powers of Ten

Factor Prefix Symbol
10-24 yocto y
1072 zepto z
1018 atto a
10713 femto f
1012 pico p
1079 nano n
10~6 micro %
10-3 milli m
1072 centi c
107! deci d
10! deka da
102 hecto h
10° kilo k
109 mega M
10° giga G
1012 tera T
1013 peta P
108 exa E
10%! zetta Z

e The Meter: The distance that light travels in vacuum during
a time of 1/299792458s.

* The Kilogram: The mass of a specific platinum—iridium
alloy cylinder, which is kept at the International Bureau of
Weights and Measures.

* The Second: 9192631770 periods of the radiation from
cesium-133 atoms.

1.3  Conversion Factors

There are two other major systems of units besides the ST units.
The (CGS) system of units which uses the centimeter, gram
and second as its base units, and the (FPS) system of units
which uses the foot, pound, and second as its base units.The

conversion factors between the SI units and other systems of
units of length, mass, and time are

e 1m=239.37in=3281ft=6214 x 10~* mi

o 1kg=10%g=0.0685slug = 6.02 x 10*0 u

e 1s=1.667x 1072 min = 2.778 x 107* h = 3.169 x
1078 yr

Example 1.1 1f a tree is measured to be 10 m long, what is its
length in inches and in feet?

Solution 1.1
39.37in .
10m = (10m)<—) =393.7 in
I m
3.281ft
10m = (10m)<—) = 32.81 ft
1m

Example 1.2 1f a volume of a room is 32 m?3, what is the
volume in cubic inches?

Solution 1.2

39.371in

3
) =1.95 x 10° in3
1m

32m? = (32 m3)<

1.4  Dimension Analysis

The symbols used to specify the dimensions of length, mass,
and time are L, M and T, respectively. Dimension analysis is a
method used to check the validity of an equation and to derive
correct expressions. Only the same dimensions can be added
or subtracted, i.e., they obey the rules of algebra. To check
the validity of an equation, the terms on both sides must have
the same dimension. The dimension of a physical quantity is
denoted using brackets [ ]. For example, the dimension of the
volume is [V] = L3, and that of acceleration is [a] = L/T3.

Example 1.3 Show that the expression v> = 2ax is dimen-
sionally consistent, where v represents the speed, x repre-
sent the displacement, and a represents the acceleration of
the object.

Solution 1.3
[v’]=L%/T?

[xa] = (L/T?)(L) = L*/T?

Each term in the equation has the same dimension and there-
fore it is dimensionally correct.
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1.5 Vectors

When exploring physical quantities in nature, it is found that
some quantities can be completely described by giving a num-
ber along with its unit, such as the mass of an object or the time
between two events. These quantities are called scalar quanti-
ties. Itis also found that other quantities are fully described by
giving a number along with its unit in addition to a specified
direction, such as the force on an object. These quantities are
called vector quantities.

Scalar quantities have magnitude but don’t have a direc-
tion and obey the rules of ordinary arithmetic. Some examples
are mass, volume, temperature, energy, pressure, and time
intervals by a letter such as m, ¢, E. . ., etc. Vector quantities
have both magnitude and direction and obey the rules of vec-
tor algebra. Examples are displacement, force, velocity, and
acceleration. Analytically, a vector is specified by a bold face
letter such as A. This notation (as used in this book) is usually
used in printed material. In handwriting, the designation 74)
is used. The magnitude of A is written as |A| or A in print or
as |1_4>| in handwriting.

A vector is represented geometrically by an arrow PQ
drawn to scale as shown in Fig. 1.1. The length and direc-
tion of the arrow represent the magnitude and direction of
the vector, respectively, and is independent of the choice of
coordinate system. The point P is called the initial point (tail
of A) and Q is called the terminal point (head of A).

1.6  Vector Algebra
In this section, we will discuss how mathematical operations
are applied to vectors.

1.6.1 Equality of Two Vectors

The two vectors A and B are said to be equal (A = B) only
if they have the same magnitude and direction, whether or not
their initial points are the same as shown in
Fig.1.2.

Fig.1.2 The two vectors A and

B are said to be equal (A = B) > ®
only if they have the same

magnitude and direction

e e e

Fig.1.3 To add two vectors A and B using the geometric method, place
the head of A at the tail of B and draw a vector from the tail of A to the
head of B

G
¢ 2
K
&

Q

"

% &
&
-+
<

A A Vi
L;a

Fig. 1.4 Geometric method for summing more than two vectors

1.6.2 Addition

There are two ways to add vectors, geometrically and alge-
braically. Here, we will discuss the geometric method which
is useful for solving problems without using a coordinate sys-
tem. The algebraic method will be discussed later. To add two
vectors A and B using the geometric method, place the head
of A at the tail of B and draw a vector from the tail of A to
the head of B as shown in Fig. 1.3. This method is known as
the triangle method. An extension to sum up more than two
vectors is shown in Fig. 1.4. An alternative procedure of vec-
tor addition using the geometric method is shown in Fig. 1.5.
This is known as the parallelogram method, where C is the
diagonal of a parallelogram with sides A and B. To find C
analytically, Fig. 1.6 shows that

(DG)? = (DF)? + (FG)?, (1.1)

and that
DF =DFE+ EF = A+ Bcos?9,

Thus, Eq. 1.1 becomes

C?> = (A+ Bcos6)>+ (Bsin#)?> = A2+ B> +2AB cos 0,
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Fig. 1.6 Finding the magnitude and the direction of C

y(km)
11
0.5
/— HOME
' ' i x(km)
-1 -0 0 0.5 I

Fig.1.7 The total displacement of the jogger is the vector R

or

C =+/A2+ B2+ 2ABcosd,

The direction of C is

GF GF Bsin6
tanf = — = = ,
DF DE+ EF A+ Bcos6

Note that only when A and B are parallel, the magnitude
of the resultant vector C is equal to A + B (unlike the addition
of scalar quantities, the magnitude of the resultant vector C
is not necessarily equal to A + B).

Fig.1.8 The negative vector of A
is a vector of the same magnitude N
of A but in the opposite direction

.

Example 1.4 A jogger runs from her home a distance of
0.5km due south and then 1km to the west. Find the mag-
nitude and direction of her resultant displacement.

Solution 1.4 From Fig. 1.7, we can see that the magnitude of
the resultant displacement is given by

R=+v/(05km)?2+ (1km?2=11m

The direction of R is

_, (0.5m)
n —_— =
(1 m)

9 =ta 26.6°

south of west.

1.6.3 Negative of a Vector

The negative vector of A is a vector of the same magnitude
of A but in the opposite direction as shown in Fig. 1.8, and it
is denoted by —A.

1.6.4 The Zero Vector

The zero vector is a vector of zero magnitude and has no
defined direction. It may result from A = B — B = 0 or from
A=cB=0ifc=0.

1.6.5 Subtraction of Vectors

The vector A — B is defined as the vector that when added to
B gives us A. Equivalently, A — B can be defined as the vector
A added to vector —B (A + (—B)) as shown in Fig. 1.9.

Fig. 1.9 Subtraction of two Q

vectors : 3
hd ¢
©
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1.6.6 Multiplication of a Vector by a Scalar

The product of a vector A by a scalar g is a vector gA or
Agq. Its magnitude is g A and its direction is the same as A if
q is positive and opposite to A if ¢ is negative, as shown in
Fig.1.10.

1.6.7 Some Properties

¢ A+ B =B+ A (Commutative law of addition). This can
be seen in Fig. 1.11.

e A+B)+C=A+B+0),
(Associative law of addition).

*c A+0=A

c A+ (-A)=0

as seen from Fig.1.12

-2A
2A

A o

A

Fig.1.10 The product of a vector by a scalar

A
Fig.1.11 Commutative law of addition

Fig.1.12 Associative law of
addition

* p(@A) = (pg)A = qg(pA) (where p and g are scalars)
(Associative law for multiplication).

e (p+¢9)A = pA + gA (Distributive law).

* p(A+B) = pA+ pB (Distributive law).

e 1A = A, 0OA = 0 (Here, the zero vector has the same
direction as A, i.e., it can have any direction), g0 = 0

1.6.8 The UnitVector

The unit vector is a vector of magnitude equal to 1, and with
the same direction of A. For every A # 0,a = A/|A|is a
unit vector.

1.6.9 The Scalar (Dot) Product

The scalar product is a scalar quantity defined as A - B =
AB cosf, where 0 is the smaller angle between A and B
(0 <6 < m) (see Fig. 1.13).

1.6.9.1 Some Properties of the Scalar Product

e A-B =B A (Commutative law of scalar product).

e A-B+C)=A: B+ A - C (Distributive law).

e m(A-B)=mA)-B=A.-(mB) = (A-B)m, where m
is a scalar.

1.6.10 The Vector (Cross) Product

The vector product is a vector quantity defined as C =
A x B (read A cross B) with magnitude equal to |A x B| =
ABsin®, (0 < 6 < m) . The direction of C is found from the
right-hand rule or of advance of a right-handed screw rotated
from A to B as shown in Fig. 1.14. C is perpendicular to the
plane formed by A and B.

1.6.10.1 Some Properties

c ACA=A%20-A=0

e AXxB=-BxA

e Ax (B+C)=A xB+ A x C (Distributive law).
c A+B)xC=AxC+BxC

Beos6

Fig.1.13 The scalar product of two vectors
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Fig.1.14 The vector product of two vectors

Bsinf

A

Fig.1.15 The magnitude of the vector product |A x B| = is the area of
a parallelogram with sides A and B

* g(AxB)=(qA) x B=A x (¢gB) = (A x B)g, where
q is a scalar.

* |A x B| = The area of a parallelogram that has sides A
and B as shown in Fig. 1.15.

1.7  Coordinate Systems

To specify the location of a point in space, a coordinate sys-
tem must be used. A coordinate system consists of a reference
point called the origin O and a set of labeled axes. The positive
direction of an axis is in the direction of increasing numbers,
whereas the negative direction is opposite. Figures 1.16 and
1.17 show the rectangular (or Cartesian) coordinate system
and the polar coordinates of a point, respectively The rectan-
gular coordinates x and y are related to the polar coordinates
r and 6 by the following relations:

x =rcosf
y =rsinf
tanf = y/x

r = /x2+y2

In three dimensions, the cartesian coordinate system is shown
in Fig. 1.18. Other used coordinate systems in three dimen-
sions are the spherical and cylindrical coordinates (Figs. 1.19
and 1.20).

Y
Plxy)
.\‘
0 F X
Fig.1.16 The rectangular (cartesian) coordinate system
Y
Piro)
‘ ¥
0
0 % X
Fig.1.17 The polar coordinate system
Z
P(x,y,z)

(5]

X

Fig.1.18 The cartesian coordinate system in three dimensions
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Z
. P(r¢,0)
r
4
y
Y
x
0
X
Fig.1.19 The spherical coordinate system
Z
P(1,6,2)
Z
}_!
Y
X r
0
X

Fig.1.20 The cylindrical coordinate system

1.8  Vectors in Terms of Components

In two dimensions, the vector A can be expressed as the sum
of two other vectors A = A, + A, where A, = Acos6 and
Ay = Asin0 as shown in Fig. 1.21.

A and A are called the rectangular components, or sim-
ply components of A in the x and y directions respectively The
magnitude and direction of A are related to its components
through the expressions:

A= [AT+ A3

0 Ay

Fig.1.21 Intwo dimensions, the vector A can be expressed as the sum of
two other vectors A = A, + Ay, where Ay = Acosf and Ay, = Asinf

Z
# (AxAyAz)
A
4
N
B A,
Y
Ax %
X
Fig. 1.22 In three dimensions the magnitude of A is
A= A2+ A2 4 A2
tan6 = Ay /Ay

In three dimensions (see Fig. 1.22), the magnitude of A is

given by
A= /A2 + A% + A2

with directions given by

cosa = A, /A, cosB=A,/A, cosy =A;/A

1.8.1 Rectangular Unit Vectors

The rectangular unit vectors i, j, and k are unit vectors defined
to be in the direction of the positive x-, y-, and z-axes,
respectively, of the rectangular coordinate system as shown
in Fig. 1.23. Note that labeling the axes in this way forms a
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Fig.1.23 The rectangular unit
vectors i, j and k are unit vectors
defined to be in the direction of
the positive X, y, and z axes
respectively

right-handed system. This name derives from the fact that a
right- handed screw rotated through 90° from the x-axis into
the y-axis will advance in the positive z-direction. (Note that
throughout this book the right-handed coordinate system is
used). In terms of unit vectors, vector A can be written as

A=Ad+Aj+ Ak

1.8.2 Component Method
Suppose we have A = A,i+ Ayjand B = Bii + B,j

1.8.2.1 Addition
The resultant vector C is given by

C=A+B=(Ay+BYi+ (Ay+ B))j=C,i+Cyj
Cx = Ax + By
Cy=Ay+ By
Thus, the magnitude of C is
C=,C%+ C§
with a direction
Cy _ Ay + By

tanfd = — =
Cy Ay + By

in three dimensions
C = (Ax+By)i+(Ay+By)j = (A;+By)k = C,i+Cyj+Ck
the magnitude of C is

C=,/C3+C}+C?

And the directions are

y(km)
-+ 60
. 140
60 B/jc
420
A
J.;::R::.:x(km)
s0 60 40 -200| 20 40 60 80

Fig. 1.24 The displacements are drawn to scale with the head of A
placed at the tail of B and the head of B placed at the tail of C.The
resultant vector R is the vector that extends from the tail of A to the head
of C

cosa = Cy/C, cosB =C,/C, cosy =C,/C

This component method is easy to use in adding any number
of vectors.

Example 1.5 A truck travels northwest a distance of 30km,
and then 50km at 30° north of east, and finally travels a dis-
tance of 20km due south. Determine both graphically and
analytically the magnitude and direction of the resultant dis-
placement of the truck from its starting point.

Solution 1.5 Graphically, in Fig. 1.24 the displacements are
drawn to scale with the head of A placed at the tail of B and
the head of B placed at the tail of C.The resultant vector R
is the vector that extends from the tail of A to the head of C.
By using graph paper and a protractor, the magnitude of R
is measured to have the value of 34.8km and a direction of
49.8° from the positive x axis. Analytically, from Fig. 1.24,
we have

A, = Acos 135° = (30 km)(—0.707) = —21.2 km
A, = Asin135° = (30 km)(0.707) = 21.2 km
B, = B cos30° = (50 km)(0.866) = 43.3 km

By = Bsin30° = (50 km)(0.5) = 25 km
Cy =Cco0s270° = (20 km)(0) =0
Cy = Csin270° = (20 km)(—1) = —20 km

R=A+B+C = (Ay+Bx +Cx)i+(Ay+By+Cy)j+(A; +B; +C)k = 22.1i+26.2j

Thus, the magnitude of R is given by
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R =,/R*+ R2 = /(221 km)? + (262 km )? = 34.3 km

and its direction is

0 — tan—" (202KMY _ 4990
22.1 km

north of east.

1.8.2.2 Subtraction
C=A-B=(A;—Byi+ (A, —B))j+ (A, — Bk

The magnitude and direction of C are as in the case of addition
except that the plus sign is replaced by the minus sign.

1.8.2.3 Scalar Product
A-B = (Ayi+ Ayj+ AK) - (Byi+ Byj+ Bk)

Using the definition of scalar product and by applying the
distributive law we get nine terms: sincei-i=j-j=k -k, -
andi-j=j-k=j-k=0, we get

A-B=A,B,+AyBy+ A.B,

The dot product of any vector (for example A) by itself
is
2 2 2 2
A-A=A"=Ay + AY + A7

1.8.2.4 The Angle Between Two Vectors
A-B=ABcos = A;By +A,By+ A B,

AyBi + A B, + A,B,
AB

cosf =

Example 1.6 Two vectors A and B are given by A = i +
5j — 7k and B = 6i — 2j + 3k. Find the angle between
them.

Solution 1.6

A-B=ABcos¢ =A,B;+A,By,+A;B;

A= [AZ+ A3+ AZ=V1+25+49=87

B=/B2+B}+B:=+36+4+9=7

AxBy+ AyBy+ A:B.  6-10-21 _

cos¢p = =-04
AB ®&.7()

¢ = 113.6°

1.8.2.5 Perpendicular and Parallel Vectors

Nonzero vectors A and B are perpendicular if A - B = 0 or
AyB,+AyBy,+ A, B, = 0and they are parallel if A x B = 0.
For any two parallel vectors A and B, we have A = ¢B, where
they have the same direction if ¢ > 0, and are in opposite
direction if g < 0. Also we can write

or

1.8.2.6 Vector Product
From the vector product definition, we can see that

ixi=jxj=kxk=0
ixj=k,jxk=i, kxi=}j
jxi:—k,kxj:—i,ixk:—j

If we write the unit vectors around a circle as shown in
Fig. 1.25, then reading counterclockwise gives the positive
products and reading clockwise gives the negative products.
Note that these results are for a right-handed coordinate sys-
tem. We have

A x B = (Ayi+ Ayj+ AK) x (Byii+ Byj+ B.k)

using the distributive law and the above relations of unit vec-
tors we get

AxB = (AyB;— A By)i+(A; By — Ax B)j+ (Ax By — Ay Bo)k
since a determinant of order 2 is defined as

a) ap

bl bz = a1b2 — a2b1

Then, the above expression can be written as

Fig.1.25 If we write the unit
vectors around a circle, then
reading counter clockwise gives
the positive products and reading
clockwise gives the negative
products
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A, A A

AxB= y oz i—‘ * N j—i—‘ * Y k
‘By B, B. B, B, B,

A determinant of order 3 is

cl1 ¢y c3

ay az az | = 4243 Cl—‘ala3 c + ar a2 c3
T |byb b1 b b1 b

by by by 2 b3 1 b3 1 b2

Hence, the cross product can be expressed as

i j ok
Ax Ay A;
By By B;

AxB= = (AyB; — A;By)i+ (A;Bx — AxBy)j + (Ax By — AyBy)k

Note that this is not a determinant since the elements in
the first row are vectors and not scalars, but it is a convenient
way to represent the cross product.

Example 1.7 Two vectors A and B are given by A = —i+ 3j
and B = 2i + j. Find: (a) the sum of A and B, -(b) — B and
3A,-(¢)A-Band A x B.

Solution 1.7 (a)

R = A+B = (Ay+By)i+(Ay+By)j = (—14+2)i+(B+1)j = i+4j

Ry =1
R, =4
(b)
“B=-2i—]j
3A = —3i + 9
(©)
A-B=(—i+3))Qi+j) =—i-2i—i-j+3j-2i+3j-j=
—2+43=1

AxB=(—-i+3j) x 2i+j) =—-ixj+3jx2i=—-k—-6k=-7k

Example 1.8 Find a vector of magnitude 1 that is perpendicu-
lar to each of the vectors A = 5i+j—3kand B = 3i4-7j—2k.

Solution 1.8 By the definition of the unit vector, we have

AxB

= A xB|

where c is a unit vector perpendicular to the plane formed by
A and B. We have

K
—3| =19 +j + 32k
)

>

X

=

Il
w -
g = e

IA x B| = v/(19)2 + (1)2 + (32)2 = 37.23

194432k

— 0.5i + 0.027j + 0.86k
T3 0.5i + 0.027j + 0.86

Example 1.9 Given that A = 2i — 3j — k,B = 3i —j
and C = j — 4k, find (a) A x B (b)(A x B) x C (¢) A -
B x O).

Solution 1.9 (a)

i j k
AxB=[2 -3 —-1|=-i—-3j+7k
3 -1 0
(b)
i J k
AxBxC=|-1 -3 7 |=5i—4j—-k
0 1 —4
©
i j k
BxC=|3 —-1 0 |[=4i+12j+3k
0 1 —4

A-BxC) = 2i—3j—Kk)-(4i+12j+3k) = 8—36—3 = —31
Example 1.10 Using vectors method, find the area of a tri-
angle if the coordinates of its three vertices are A(2, 1, 3) ,
B2,5,7),C(—1,4,2).

Solution 1.10

AB=(2-2)i+ (5—Dj+ (7—3)k = 4j + 4k

AC=(-1-2i+@-Dj+2-Ik=-3i+3j-k
Area

1 1 1
= SIAB x AC| = J (4 +4k) x (=3i +3j k)| = S |4(~4i - 3+ 3K)|

=2V (=42 + (=32 + (32 = 11.7
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1

BxC

Fig. 1.26 The triple scalar product is equal to the volume of a par-
allepiped with sides A, B, and C

1.8.2.7 Triple Product
Scalar Triple Product

The triple scalar product is a scalar quantity defined as A -
(B x C) . This quantity can be represented by a determinant
that involves the components of the vectors,

Ay Ay A,
A-BxC)=|By By, B
C, Cy C

4

N

where A = Ayi+ A,j+ Ak, B = B,i + B,j + B/k, and
C = C,i+C,j+C,k. Furthermore, the triple scalar productis
equal to the volume of a parallepiped with sides A, B, and C as
shown in Fig. 1.26. Because any edges can be used, the triple
scalar product can be writtenas A- (B x C) oras A - (C x B)
. These products are positive and negative for a right-handed
coordinate system respectively. Therefore, there are 6 equal
triple scalar products or 12 if you include the terms of the
form (B x C) - A . A. Three of these six products are positive
and the rest are negative. By expanding the determinant, you
can prove that
A-BxC)=B-(CxA)=C-(AxB)=—-A-(CxB) =
-B-AxC)=-C-BxA)

Vector Triple Product

The triple vector product is a vector quantity defined as A x
(B x C) . You can prove by expanding this equation that

AxBxC)=(A-CB-(A-B)C

Example 1.1]1 Giventhat A = A,i, B = B,i+B;k,andC =
C,j, show that the identity A x (Bx C) = (A-C)B—(A-B)C
is correct.

Solution 1.11

i
BxC)=|B, 0
0

k
B.| = —B,Cyi+ B,Cyk
cy 0

i i k

Ax BxC)=|A, 0 0 = —AB,C,j
—~B.C, 0 B.C,
(A-C)B=0

—(A-B)C=—(A;B,)C = —-A,B,(C,j

Hence, the identity is valid.

1.9 Derivatives of Vectors
If A(t) is a vector function of 7, where ¢ is a scalar variable
such as

At) =A:®i+ A, (j+ A (DK

Then dA(1) dA, (1) dA,(t) dA,(1)
t x(1), y(1), 2(t
= k
dt dt It dt I+ dt
1.9.1 Some Rules

If A(t) and B(t) are vector functions and ¢(¢) is a scalar

function then
d dA  d¢

—(pA) = ¢p— + —A
dt(¢ ) d)dt + dt
d dB dA
ZA-B)=A-—4+.B
dt( ) dt + dt
d dB dA
—(AxB)=Ax —+—xB
dt( xB) x dt + dt x
Example 1.12 Two vectorsry and r; are givenbyr; = 212+
d2
costj+ 4k and r, = sinti + coszk, find at t = 0 (a)FI;1
d(ry -
and (b)M_
dt

Solution 1.12 (a)

d
M _ 44 — sinj
dt
d2
dTrzl =4i — costj
Att =0
d*ry 4
— 4i—
dt? !
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(b)

d(ry-ry)  d{(2t%i + cos1j + 4k)(sin ti + cos 1K)}
de dt n

d@i%sint + 4cost)

o = 4t sin t+2t2 cost—4sint = 4(t—1) sin t+2t2 cost

Atr=0

d(ry-ry)
e

1.9.2 Gradient, Divergence, and Curl

If A = A(x, y, z) is a vector function of x, y, and z then
A(x, y, z)is called a vector field. Similarly, the scalar func-
tion ¢ (x, y, z) is called a scalar field.

1.9.2.1 Del
The vector differential operator del is defined as

0

V=i 9 +j 9 +k
=ox Ty T2
1.9.2.2 Gradient

V¢:< o9 09 | 09

9 .0 d
i—+j— +k—)¢> =i—+j—+k

ox dy 9z ox ay 0z

The vector V¢ is called the gradient of ¢ (written
grado).

1.9.2.3 Divergence

a 9 a
V- A=li—+j—+k—
<lax iyt 0z

) (Ayi+ Ayj+ Ak)
dy

0A,  0Ay 0A;
ox ay 0z

V - A is called the divergence of A (written divA).

1.9.2.4 Curl

d a a
VxA=[i—+j—+k—| x(Adi+A)j+ Ak)
ox ay 9z

LK 9A, 0A,\. (A, 0A.\. (DA, dA,
Wﬁ&zay_az ' 3z_g']+ Bx_ayk
Ay Ay A.

V x A is called the curl of A (written curlA).

1.9.2.5 Some Identities
e divcurlA =V . (V x A) =0.
e curlgradg =V x (Vo) =0

Example 1.13 A vector field A and a scalar field B are given
by A = 3xyi 4+ (2y? — x)j and B = 3x?y, Find at the point
(—1,1)@) V-A (b) V x A(c) VB.

Solution 1.13 (a)

dA 0A
V- A= i y=3y+4y=7y
ax ay
at (—=1,1),V-A=17.
(b)
i J k
VxA=|Z % 2 |=(=3x - Dk
3xy (2y2—x) 0

at(—=1,1),V x A = 2k.
©

oB, 0B oB
VB = — +—_]+—k_6xy1+3x j
dax dy 0z

at (—1,1), VB = —6i + 3j.

1.10 Integrals of Vectors

If A(r) = Ax(Di + Ay(D)j + A (DK, where t is a scalar
variable, the indefinite integral is defined as

/A(t)dt =i/Ax(t)dt—I—j/.Ay(t)dt—i—k/A(t)dt
If A(r) = dB(t)/dt, then
/A(t)dt = / % {B(t)}dt =B(1) + C

where C is an arbitrary constant vector. The definite integral
between the limits = a and ¢ = b is defined as

b b
/A(t)dt:/ j—t{B(t)}dt:B(t)—f—Clla’:B(b)—B(a)

1.10.1 Line Integrals

The line integral refers to an integral along a line or a curve.
This curve may be open or closed. The line integral may
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0

dr

X

Fig.1.27 The line integral

appear in three different forms shown by / ¢dr, / A. dr,
c c

and | A x dr. The second is the most common one and it

will be used throughout this book. Suppose the position vec-
tor of any point (x, y, z) on the curve C (see Fig. 1.27) that
extends from P(xy, yi, z1) at 1 to Q(x2, y2, z2) at fp is
given by

r(t) =x@®i+ y@®)j+ z(H)k

where t is a scalar variable, and suppose that A = A(x, y, z) =
Axi+ A,j+ Ak is a vector field, then the line integral of A
is given by

0]
/ A-dr:/A-dr:/(Axdx+Aydy+AdZ) (1.2)
P C C

Note that A - r is the tangential component of A along C. If C
is a simple closed curve (does not intersect with itself) then
the line integral is written as

f A -dr = y{ (Aydx + Aydy + Adz)
C C

1.10.2 Independence of Path

The line integral in general depends on the path, but some-
times it does not. Instead, it depends only on the coordinates
of the end points of the curve (path) but not on the curve itself.
The line integral in Eq. 1.2 is independent of the path, joining
the points P and Q if and only if A = V¢, or equivalently
V x A = 0. The value of Eq. (1.2) is then given by

(9] Q
/pA"“’:/P b = p(P)—$(Q) = $(x2. y2. 22)—b(x1. y1. 21)

Note that ¢ (x, y, z) has continuous partial derivatives. Fur-
thermore, if the line integral of A is independent of the path
then the line integral of A about any closed path is equal to

Zero:
f A-dr=0
c

Example 1.14 A force field is given by F = (4xy? + z2)i +
(@4yx2)j+ (2xz — Dk

(a) Show that V x F,

(b) Find a scalar function ¢ such that F = V¢.

Solution 1.14 (a)

i j k
¥l o s
dx ay 9z
(ey? +2%)  @dyx?) (xz—1)

VxF = = (2z—22)j+(8xy—8xy)k =0

(b)

I} ¢ a¢p
F-dr=V¢ -dr= —dx+ —dy+ —dz=d¢
dax ay 0z

dp = (4xy? + 22)dx + (4yxHdy + 2xz — 1)dz
Hence
¢ = 2x%y* + 22x0) + 2y*x?) + (Z%x — 2)

Example 1.15 A vector F is given by F = 3x2yi — (4y +x)j.
Compute

(a) The sCtraight lines from (0, 0) to (0, 1) and thento (1, 1).
(b) Along the straight line y = x. (c) Along the curve
2
xX=ty=t"

F - dr along each of the following paths:

Solution 1.15 (a) Along the straight line from (0,0) to (0,1)
we have x = 0, and dx = 0, therefore

1

/F~dr:/ 3x2ydx—(4y+x)dy=[
c C y=0

Along the straight line from (0, 1) to (1,1) we have y =
1,dy = 1, hence

1
/F-dr:/ 3xdx = x|} =1
C x=0

Thus, we have for the total path

—4ydy = =2y’|p = -2

/F-dr=—2+1=—1
C

(b) Along the straight line y = x, we have dy = dx,
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~

(=1,0)

/ X
(1,—1)

Fig.1.28 The line integral along the curve using polar coordinates

1
/ F.-dr = / 3x2ydx — @y +x)dy = / (3)(3 —5x)dx
C C x=0

= 3/4x* —5/2x2|) = —=3/2.

(c) Finally along the curve x = 1,y = 2, we have dx =
dt,dy = 2tdt, furthermore the points (0, 0) and (1, 1) cor-
responds to ¢ = 0 and ¢ = 1, respectively. Hence

1
/F-dr:f 3x2ydx—(4y—|—x)dy=/ 3t%dr—2t (42 +-1)dt
C C t=0

=3/5t° — 2% — 2/313|) = —31/15.

Example 1.16 Tf a vector A is given by A = xyi — x?j, find
the line integral
Fig.1.28.

A - dr along the circular arc shown in

Solution 1.16 By using the polar coordinates, we have x =
cosf and y = sin6 (since r = 1) , dx = —sin6dO and
dy = cos0d#, also x> + y> = r?> = 1, therefore we have

—n/4 —n/4
/ A-dr = / — cos 6 sin% 0d6 — cos> d = / —cos 9(sin2 0 + cos® 0)do
c

O=m O=m

—r/4
= / —cosfdf = —sinf|;7/* =071
0

=T

Fig.1.29 Vectors A, B, Cand D D \
e

Problems

1. Check if the relation v = /2GMg/RE is dimensionally
correct, where v represents the escape speed of a body, Mg
and Rg are the mass and radius of the earth, respectively,
and G is the universal gravitational constant.

2. If the speed of a car is 180km/h, find its speed in m/s.

How many micrometers are there in an area of 3 km?.

4. Figure 1.29 shows vectors A, B, C, and D. Find graphically
the following vectors (a) A + 2B — C(b)2(A —B) + C —
2D(c) showthat A+B)+ C=A+ B+ C).

5. A cartravels a distance of 1 km due east and then a distance
of 0.5km north of east. Find the magnitude and direction
of the resultant displacement of the car using the algebraic
method.

6. Provethat A-B+C)=A-B+A-C.

7. A parallelogram has sides A and B. Prove that its area is
equal to |A x B|.

8. If A =2i—-3j+4kand B =i+ 5j — 2Kk, find (a) A —
2B(b)A x B (c)A - B (d) the length of A and the length of
B(e) the angle between A and B(f) the scalar projection of
A on B and the scalar projection of B on A.

9. Show that A is perpendicular to B if |A + B| = |A — B|.

. Giventhat A = 2i+j+k,B=i+3j—5kand C =

6i + 3j + 3k, determine which vectors are perpendicular

and which are parallel.

Use the vectors A = cos #i+sinfjand B = cos ¢i—sin ¢j

to prove that cos(6 + ¢) = cos6 cos ¢ — sin6 sin ¢.

If A = 5x2yi+ yzj— 3x22°k, B = 7yzi — 2zxj + xz°yk

and¢(x, y, z) = 2z%y,findat(—1,1,1)(a)d(¢A)/dx(b)d>

(A x B)/0z3y(c)Vo(d)V x (pA) .

Evaluate V x (r2r) where r = xi + yj — zk and r = |r|.

Ifr = A cos wti+A sin wtj, show that d’r/dt> +»’r = 0.

A force field is given by F = —kxi — kyj, find (a) V x F

(b) a scalar field ¢ such that F = V¢(c) Calculate the

line integral along the straight lines from (0, 0) to (1, 0) to

(1, 1) and from (0, 0) to (0, 1) to (1, 1). Is the line integral

independent of path?

et

11.

12.

13.

14.
15.
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Kinematics

2.1  Introduction
Mechanics is the science that studies the motion of objects
and can be divided into the following:

1. Kinematics: Describes how objects move in terms of space
and time.

2. Dynamics: Describes the cause of the object’s motion.

3. Statics: Deals with the conditions under which an object
subjected to various forces is in equilibrium.

This chapter is considered with kinematics which answers
many questions such as: How long it takes for an apple to reach
the ground when it falls from a tree? What is the maximum
height reached by a baseball when thrown into air? What is
the distance it takes an airplane to take off?

In physics, there are three types of motion: translational,
rotational, and vibrational. A block sliding on a surface is in
translational motion, a (Merry-go-Round) is an example of
rotational motion, and a mass—spring system when stretched
and released is in vibrational motion. From here until Chap. 7,
the object studied will be treated as a particle (i.e., a point
mass with no size). This assumption is possible only if the
object moves in translational motion without rotating and
by neglecting any internal motions that might exist in the
object.

That is, an object can be treated as a particle only if all of
its parts move in exactly the same way.

For example, if a man jumps into a pool without rotating by
doing a somersault (freezing his body), he can be treated as a
particle since all particles in his body will move in exactly the
same way. Another example of an object that can be treated
as a particle is the Earth in its motion about the Sun. Since the
dimensions of the Earth are small compared to the dimensions
of its path, it can be considered as a particle. The motion of
an object is described either by equations or by graphs. Both
ways provide information about the motion; however, equa-

© The Author(s) 2019
S. Alrasheed, Principles of Mechanics, Advances in Science,
Technology & Innovation, https://doi.org/10.1007/978-3-030-15195-9_2

tions provide precise information while graphs give greater
insight about the motion.

2.2 Displacement, Velocity, and Acceleration
This section will discuss the concepts of displacement, veloc-
ity, and acceleration in one dimension. These concepts are
essential in analyzing the motion of an object.

2.2.1 Displacement

Consider a car that is treated as a particle moving along the
straight-line path shown in Fig. 2.1. The x-axis of a coordinate
system is used to describe the position of the car with respect
to the origin O, where the points P and Q correspond to the
positions x; at #; and x s at f ¢, respectively. The position—time
graph of this motion is shown in Fig.2.2. The displacement
of the truck is a vector quantity defined as the change in its
position during the time interval from #; to ¢y and is given by

Ax =X —Xx;

Hence displacement is a quantity that depends only on the
initial and final positions of the object. The direction of the
displacement in one dimension is specified by a plus or minus
sign. It is positive if the particle is moving in the positive x
direction and negative if the particle is moving in the negative
x direction. In two or three dimensions, the displacement is
represented by a vector. The SI unit of the displacement is the
meter (m).

2.2.2 Average Speed

The average speed of an object is a scalar quantity defined as
the total distance traveled divided by the total time:

17
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Fig.2.1 A car that is treated as a
particle moving along the
straight-line path

40+ Ax

20
X

Fig.2.2 The position time graph of the cards motion

Total distance traveled
Average speed =

Total time

The SIunit of the average speed is meter per second (m/s)

2.2.3 Velocity

The average velocity v of an object is a vector quantity defined
in terms of displacement rather than the total distance traveled:

. Ax
i
At

vis positive if the motion is in the positive x-direction and neg-
ative if it is in the negative x-direction. On the position—time
graph in Fig.2.2, v is the slope of the straight line connecting
the points P and Q. The average velocity helps in describing
the overall motion of the particle in a certain time interval. To
describe the motion in more detail, the instantaneous velocity
is defined. This velocity corresponds to the velocity of a parti-
cle at a particular time. That involves allowing At to approach
Zero:

Ax  dx

v = lim = —

At—oo At dt

Geometrically, the instantaneous velocity of a particle at
a particular time on the position—time curve is the slope (the
tangent) to the position—time curve at that point or instance
(see Fig.2.3). The SI unit of the velocity is m/s.

@
Ax e
x(m)

80

Xpl

60 +

40 4

20 4

Xt~
| | - | | | | | 1 +
1 1 1(s) 1 1 1 1 1 1 1s)
5 6 o i, 2 3 Iry 5 6

Fig. 2.3 Geometrically, the instantaneous velocity of a particle at a
particular time on the position-time curve is the slope (the tangent) to
the position-time curve at that point or instance

2.24 Speed

The speed of the particle is defined as the magnitude of its
velocity. Note that speed and average speed are different since
speed is defined in terms of displacement, whereas average
speed is defined in terms of the total distance traveled.

2.2.5 Acceleration

If the particle’s velocity changes with time, it is said to be
accelerating. The average acceleration a of the particle is
defined as the ratio of the change of its velocity Av to the

time interval At:
Av

a=—
At

The SI unit of acceleration is m/s>. The instantaneous
acceleration is defined as

Av  dv
a= lim — = —
At—0 At dt

The average acceleration is the slope of the line joining the
points P and Q on the velocity—time graph, whereas the instan-
taneous acceleration is the slope of the curve at a particular
point (see Fig.2.4). Figure2.5 shows the position, velocity,
and acceleration for a particle simultaneously.

Example 2.1 A car travels along the path shown in Fig. 2.6,
where it is located at x; = 3km at #; = 0, and at xy = 19km
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0 I Iy

Fig. 2.4 The average acceleration is the slope of the line joining the
points P and Q on the velocity-time graph, whereas the instantaneous
acceleration is the slope of the curve at a particular point

X

9 ] 15 t3

a i

. — .1
o 1y 2 i3

Fig. 2.5 This figure shows the position, velocity and acceleration as a
function of time of a particle moving in one direction. The particle starts
from rest, accelerates to a certain speed, is maintained at that speed for
some time, then it decelerates back to rest

| /\

| |
0 | xp= 19km

x; = 3km

Fig.2.6 A carmovingalong the curved path whereitislocated atx; = 3
kmat#; =0,andatxy = 19 kmatty = 0.25 hr

at ty = 0.25h. Find the displacement, average velocity, and
average speed of the car during this time interval if the total
distance traveled is 20 km.

Solution 2.1 The displacement of the car is
Ax =xy —x; = (19 km) — (3 km) = 16 km
Its average velocity is

Ax  xp—x; (16 km)
At typ—t (0.25h)

=64 m/s

V=

Total distance traveled

Average speed =
verage sp Total time

_ (2.0km)

= B o0 km/h
(025 h) m/

Example 2.2 A particle moves along the x-axis according to
the expression x = 2¢%.The plot of this equation is shown
in Fig.2.7. Find : (a) the displacement and average velocity
of the particle during the time interval between t = 1 s and
t = 3 s, -(b) the instantaneous velocity of the particle as a
function of time and att = I sand r = 3 s.

Solution 2.2 (a)
xi =2’ =2(1)>=2m
xp=2t;=23)"=18m
The displacement of the particle is
Ax =x5—x;=(18m)— (2m)=16m

The average velocity is
x(m)

50
40
30
20

104

} ifs)
f

Fig.2.7 A particle moves along the x-axis according to the expression
x = 2¢2
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Ax  (16m)

V= = =8m/s
At 25s)

(b) The instantaneous velocity is given by

d
V= d—: = (4t) m/s

atr =1s,v=2m/s,andatt =3s,v=12m/s.

Example 2.3 A particle is moving along the x-axis. The
position—time graph of its motion is shown in Fig. 2.8. Find:
(a) the average velocity between a and b, -(b) the instanta-

neous velocity at the points a, c and d.

Solution 2.3 (a)

Ax _ (2m)—(~1.8m)

Vap = — = =19
Vab = ny Gs) —(s) m/s
(b)
Ax 00— (=2.5m)
va:—:—:0.83m/s
At 3s)—0
ve =0
Ax 0— (3m)
=" =" —_067
YOS AL T 858 — (4s) m/s
x(m)
4+
3+
FE
: t(s)
1
0
2 a
I
41

Fig.2.8 The position-time graph of a particle moving along the x-axis

Example 2.4 The acceleration of an object is given by a =
(1—4t) m/s2. If the object has an initial velocity of 3 m/s and
an initial displacement of 2 m, determine (a) its velocity and
displacement at any time; (b) the displacement of the object
when it reaches its maximum speed.

0

Ar Vave

ry
r; !

o) Y

X

Fig.2.9 A particle moving from point P to point Q along a path or curve
C during a time interval At =ty —t;

Solution 2.4 (a)
v=/adt=/(1 —4)dt =1 — 21> + ¢;
Att = 0,v = 3 m/s and therefore ¢y = 3 m/s. Thus
v=(t—2t>+3)m/s
x = /vdt = /(z — 212 4 3)dt = 0.5t — 0.661> + 3t + c»

Att =0, x =2 m and ¢, = 2 m. Therefore

x = (0.5t — 0.66> + 3t +2) m .1

d
(b) When the object reaches its maximum speed @ 0 and

hence 1 — 4t = 0, that gives + = 0.25s. Substituting into
Eq.2.1 gives

x = 1/2(0.25 )2 — 2/3(0.25 5)°> +3(0.25s) +2 = 2.8 m

2.3  Motion in Three Dimensions
Consider the particle moving from point P to point Q along a
path or curve C during a time interval At = ¢y —¢; as shown in
Fig.2.9. To locate the particle at any point the position vector
r = xi+ yj+zk is used. rj and ry corresponds to the position
vectors of the particle at #; and ¢y respectively. A position
vector should be drawn from a reference point (usually the
origin of the coordinate system).

The displacement vector is then given by

Ar=ryf—T;

The average velocity is
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_ Ar ry—r;
V="-—=—= —
At tr—t

The instantaneous velocity at a particular time is defined as

. Ar dr
v= lim — = —
At—>0 At dt

As At approaches zero, Ar becomes tangent to the path and
itis replaced by dr. The direction of y is in the direction of dr,
hence, y is always tangent to the path at any point. In terms
of components y is given by

V—dxi—i-
Tdr o dt

dy,  dz . .
yJ—l—Ek:vxl—i—vyJ—i—vzk

The magnitude of the instantaneous velocity is

dr dx\*> [dy\*> [(dz\?® ds

|V|=|E|=V= (E) +<E> +<E) =
where ds is the infinitesimal arc length along the path and
comes from the fact that as At approaches zero, the dis-
tance traveled by the particle along the path becomes equal to
the vector displacement |Ar|. Figure2.10 shows the instan-

taneous velocities along the path. The average acceleration
is

Av vy —;
N T

a=
The direction of a is of the same direction as Av. The instan-
taneous acceleration is then
. AV dv
a= lim — = —
At—0 At dt
In terms of components

dv,. dvy., dv . .
azd_:l+d_iJ+d_tZk:aXl+ayJ+aZk

Q

X

Fig.2.10 The instantaneous velocity vectors along the path

Another way to describe motion in three dimensions is by
using spherical or cylindrical coordinates. In this book, we
will only use rectangular coordinates for three-dimensional
motion.

2.3.1 Normal and Tangential Components of

Acceleration

The acceleration describes the change in both the magni-
tude and direction of the velocity. That is, the acceleration
is not necessarily produced due to the change in the magni-
tude of the velocity only. Sometimes, it is produced due to the
change in the direction of the velocity even if its magnitude
is unchanged, and sometimes due to the change in both the
magnitude and direction. Furthermore, the direction of a is
not necessarily in the direction of v. If v is changed in mag-
nitude only (motion along a straight line) then a is parallel to
v if v is increasing, and antiparallel if v is decreasing. If v is
changed in direction only (motion along a curved path with
constant speed), then a is always perpendicular to v at any
point (see Fig.2.11). Finally, if v is changed in both magni-
tude and direction then a will be directed at some angle to v
as in Fig.2.12.

In this case, the acceleration can be resolved into paral-
lel and perpendicular components. The parallel component
corresponds to the change in the magnitude of v, while the
perpendicular component corresponds to the change in the
direction of v. These components can be viewed to be directed
along arectangular coordinate system that moves with the par-
ticle (as it moves in space), where the particle is located at the
origin of this coordinate system. The parallel (or tangential)
component of the acceleration is always tangent to the path
while the perpendicular (or normal) component is normal to
the path at each point as shown in Fig.2.13.

Figure 2.14 shows the direction of the acceleration of a car
moving down a ramp under the influence of gravity.

In terms of unit vectors, let T be the unit vector along the
tangent axis, N is the unit vector along the normal axis (also
called the principal unit normal vector) and B a third unit
vector called the binormal vector defined by B = T x N.
These unit vectors form a frame called the TNB frame, where
it moves with the particle (see Fig.2.15). Since v is always
tangent to the path we may write

v dr/dt dr/di

vl ldr/al — ds/dt

Because T isaunit vector we have T-T = 1, differentiating
this with respect to s gives

T T T

T.Z—
ds ds ds

or
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Fig.2.11 If v is changed in
magnitude only (motion along a
straight line) then a is parallel to

em— =, Vi
\"-—__..___._

v if v is increasing, and ~ v
antiparallel if v is decreasing. If v i : | AV i a
is changed in direction only —_—
(motion along a curved path with Vi Vr vy
constant speed) then a is always ==
perpendicular to v at any point Av

—

a
Z
o
a P
—
Y Fig. 2.14 At A the acceleration of a car is in the same direction of

X

Fig.2.12 If v is changed in both magnitude and direction then a will
be directed at some angle to v

X

Fig.2.13 The parallel (or tangential) component of the acceleration is
always tangent to the path while the perpendicular (or normal) compo-
nent is normal to the path at each point

T

— =0
ds

Hence, T is perpendicular to dT/ds. Since N is also perpen-
dicular to T, then we have

dT/ds 1dT
N=—r—=-—
19T /ds|  k ds

k is called the curvature of C at a certain point and it has

the value k = |dT/ds|. The quantity R = 1/k is the radius
of curvature at that point. Thus, N = R(dT/ds) . The total

the velocity since the latter changes only in magnitude. As it moves its
velocity is changed in both magnitude and direction. Therefore at B the
direction of the acceleration is at some angle to the velocity. At C the
speed reaches a maximum and therefore the instantaneous change of
speed is zero at this point and the acceleration has only a perpendicular
component. As the car moves up its velocity decreases and changes in
direction also, thus the acceleration has both parallel and perpendicular
components. Finally at E, the acceleration is in the opposite direction of
the velocity since the velocity is decreasing but its direction is the same

Z n

X

Fig.2.15 The TNB frame moves with the particle

acceleration of the particle in terms of the unit tangent T vector
and the principal unit normal vector N can be written as

dv d dv dT
=—=—0wI)=—T — 2.2
a dt dt(v ) dt +th 22
Furthermore,
dT dTd Nd N
48 _ a1 2.3)

dt ~ dsdit  Rdr R

Substituting Eq. 2.2 into Eq. 2.3 gives
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ac Py VN
T odt R

Therefore, a, = V2 /R and a; = dv/dt. Note that unlike
d|v|/dt, |dv/dt| corresponds to the change in the magnitude
of the velocity or in its direction or in both (as it represents the
magnitude of the total acceleration vector), whereas d|v|/dt
corresponds to the change in the magnitude only.

Example 2.5 A particle is moving in space according to the
expression

r = (5costi+ Ssintj+ 7tk) m

Find the radius of curvature at any point on the space curve.

Solution 2.5
dr . .
7 = (—5sinti+ Scostj+ 7k) m/s
d dr
d—“; = || = V(=5sin1? + Scos )2 + (77 = 10 m/s
Hence
_dr/dt _ (—5sinti+Scostj+7k) _ A .
= dodi = 10 = —0.5sinti+0.5costj+ 0.7k
The radius of curvature is
b 1
ko 19T /44
dT  dTdt  dT/dt  —05costi—0.5sinsj
ds dt ds ds/dt 10 N

—0.05costi — 0.05sinzj

dT
‘d_‘ = /(=005 cos 1)2 4 (—005 sin )2 = 0.07
s

R= 1 =143 m
0.07
Example 2.6 A car moves with constant tangential accelera-
tion down a ramp as shown in Fig.2.16. If it starts from rest
at A and reaches B after 4s with a speed of 10 m/s, find the
radius of curvature at B if the total acceleration of the car at
that point is 3.2 m/s?.

Solution 2.6 Since the tangential acceleration of the car is
constant, it can be found from

VB — VA (10m/s) — 0
a; = =
! t 43

=25 m/s2

Fig.2.16 A car moving with a constant tangential acceleration down a
ramp

Since the total acceleration of the car at B is 2 m/s? then the
normal acceleration is

> =d® —a? = (32m/s?)? — (2.5 m/s%)? = 4 (m/s?)?
ap, =2 m/s’

The radius of curvature is

v2 (10 m/s)?

R=—=——"F=50m
ap (2 m/s?)
24  Some Applications
2.4.1 One-Dimensional Motion with Constant

Acceleration

An acceleration that does not change with time is said to be a
constant or uniform acceleration. In that case, the average and
instantaneous accelerations are equal. This type of motion is
more easily analyzed than when the acceleration is varied.
Since the motion is in one dimension, it follows that the y and
z components are zero. That is,

r =xi
Ar = (xp — x;)i

Hence, as we’ve mentioned earlier, the direction of the
displacement can be specified with a plus or minus sign, as
well as the directions of the velocity and acceleration. Let us
assume that t; = 0,7y =1, vy = v, vx; = Vo, X; = x¢ and
xy = x. Since the acceleration is constant, the velocity will
vary linearly with time, and thus the average velocity can be

expressed as
vo +Vv

2

V=

Vf—V
a:—:—f l:
ty—t t

v —1g

v =vy+at 2.4)
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v = Ax — (v +wo) Example 2.7 A train accelerates uniformly from rest and
At 2 travels a distance of 200 m in the first 8 s. Determine: (a) the
acceleration of the train; (b) the time it takes the train to reach
X —xp= l(v + o)t (2.5) avelocity of 70m/s,(c) the distance traveled during that time;
2 (d) the velocity of the train 5s later from the time calculated
Furthermore, in (b).
1 1 Solution 2.7 (a)
X —x9 = E(V + vo)t = E(VO + vo + at)t
1 )C—)C()ZV()I—Eal‘2
X —x9 = vot + Eaz‘2 (2.6)
Since vg = 0, we have
Finally, ) 5200
- m
a = (x2x0)= ( 2)=6.25m/52
1 1 v — Vo t (8 5)
x—xozz(v+vo)t=§(v+vo) P
(b)
V2 = v + 2a(x — xo) @2.7) v=vo+at
Equations 2.4, 2.5, 2.6, and 2.7 are called the kinematic equa- vo = 0 and therefore
tions for motion in a straight line under constant acceleration. v (70 m/s)
The motion graphs for an object moving with constant accel- = T 6 m) 11.2s
eration in the positive x-direction are shown in Fig.2.17. ’
(c)
1 5, 1 2
X —x9=—-at” = =(6.25)(11.2) =392 m
v 2 2
(d)

Position

Slope = v = vy+at
Xo LS!’ope =V, y
(o]
v
é e = !
.§ Slope ' lar

Slope = 0

Acceleration

QS

Fig.2.17 The motion graphs for an object moving with constant accel-
eration in the positive x-direction

v =vo+at = (70 m/s) + (6.25 m/s?)(5 s) = 101.25 m/s

Example 2.8 An airplane accelerates uniformly from rest at
arate of 3 m/s? before taking off. If it is to take off at a speed
of 100m/s : (a) how much time is required for it to take off;
(b) what distance will it have traveled before taking off?

Solution 2.8 (a)
v =y + at

We have vp = 0, this gives

_ v 400m/s) s
a (3 m/s?)

(b)
1 1
x = Eaﬁ =5 m/s>)(33.3s)> = 1.7 x 10> m

Example 2.9 A car moving ata constant velocity of 140km/h
passed a police car moving at a constant velocity of §0km/h.5 s
after the car had passed the police car, the police vehicle
begins to accelerate toward the car at a constant rate of
1.4 x 10* km/h? (a) How much time will it take the police
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car to catch the other car? (b) What is the distance traveled by
both during that time? (¢) How much time has passed from
where the car passed the police car to where it was caught?

Solution 2.9 Let’s assume that x = 0 at where the car passed
the police car and that t = 0 at the instant the police car begins
to accelerate. The velocity of the car is equal to 38.9m/s,
and the initial velocity and acceleration of the police car are
22.2m/s and 1.1m/s?, respectively The police will catch the
car when both their displacements from x = 0 are equal. (a)

. 1 .
From the expression x = x¢ + vot + Eatz, the displacement

of the car at any time is
Xe = X0c + voct = (194.5 m) + (38.9 m/s)¢t
The displacement of the police car at any time is
Xp = Xop +vopt + %apzz = (111 m)+(22.2 m/s)t + %(1.1 m/s%)1?

The police will catch the car when x. = x,, and therefore if
(194.5 m) + (38.9 m/s)r = (111 m) + (22.2 m/s)t +

5(1.1 m/sz)t2 or

2 —30.4t —151.8 =0

Thus

L _ B304 & V(304 + (4)(1518)
B 2

That gives t = 34.8 s.
(b) |
Xp =xc = (111 m)+ (22.2 m/s)(34.8 5) + 5(1.1 m/s?)

(348> =1.55%x 10°m
(@)
t=(5s)+ (34.85s) =398 s

2.4.2 Free-Falling Objects

Galileo Galilei (1564-1642) was an Italian scientist, who
studied and experimented the acceleration of falling objects.
By dropping various objects from the Leaning Tower of Pisa
(or by releasing objects from inclined planes according to
another story), Galileo discovered that when air resistance is
neglected then all objects would fall with the same constant
acceleration regardless of their mass or size. This acceleration,
denoted by g, is known as the free-fall acceleration since air
resistance is neglected and the object is assumed to be mov-
ing freely under gravity alone. The direction of the vector g is
downwards toward the earth’s center. However, g varies with

altitude as well as other factors which will be discussed in
Chap. 9.

In solving problems involving objects falling near the sur-
face of the earth, g can be assumed to be constant with a value
of 9.8 m/s? and air resistance can be neglected. A free-falling
motion is a motion along a straight line (for example along
the y-axis) where objects may move upwards or downwards.
The kinematics equations of the free-falling motion with con-
stant acceleration can be found from Egs. (2.4), (2.5), (2.6),
and (2.7) by simply replacing x with y and a with g. If the
positive direction of y is chosen to be upwards, then the accel-
eration is negative (downwards) and is given by (@ = —g) .
These substitutions give

v=vy— gt

1
y—Yyo= E(V‘FVO)I

= vot ! t2
o = vaf — —
Y —=Y0 0 2g

v =i —2g(y — yo0)

The displacement and velocity graphs are shown in Fig. 2.18.
Note that it does not matter whether the object is falling or
moving upward, it will experience the same acceleration g
which is directed downwards. Figure2.19 shows the impor-
tant features of a free-falling object that is dropped from rest.

vV

! \
1
) !

1 5]

Fig.2.18 The displacement and velocity graph for a free-falling object
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Fig.2.19 The important features
of a free falling object that is
dropped from rest
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i
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Example 2.10 A ball is thrown directly upwards with an ini-
tial velocity of 15m/s. On its way down, it was caught at
a distance of Im below the point from where it was thrown.
Determine (a) the maximum height reached by the ball; (b)
the time it takes the ball to reach that height; (c) the velocity
of the ball when it is caught; (d) the total time elapsed from
where the ball was thrown to where it was caught.

Solution 2.10 (a) First we take y = 0 at the position where

the ball is thrown and positive y to be upwards. At the maxi-
mum height the velocity of the ball is zero,

v =g —28(y = )
0= (15m/s)> — 2(9.8 m/s>)hmax
hmax = 11.5m
(b) Using the expression v = vy — gt we have
0= (15m/s) — (9.8 m/s>)¢
t=15s

(c) When the ball is caught its positionis y = —1 m,

v: = v —2g(y = y0)
taking the initial position of the ball at y = 0, we get

v? = (15m/s)? — 2(9.8 m/s*)((—1 m) — 0)

and
v=—156m/s

or if we take the initial position at y = 11.5 m we have
V2 =0-2(9.8m/s*)((—=1 m) — (11.5 m))

and
v=—15.6 m/s.

1(s)| v(m) | v(im/s) | a(m/s?) Thc:. ;Lcl}ir;;-if_\‘ The (:ﬁ.:j‘(cf;‘g;_‘mi()u
0 0 0| -98 v
| -49| -98| -98 v v
2 |-196| -196| -98 v v
3 |—44.1| =294 | -9.8 ’ v

(d) v = vy — gt, substituting for v and vy we have

(=15.6 m/s) = (15 m/s) — (9.8 m/s>)z

t=3.1s
Example 2.11 A tennis ball is dropped from a building that is
30 m high. Find (a) its position and velocity 2 s later; (b) the
total time it takes the ball to fall to the ground; (c) its velocity
just before it hits the ground.

Solution 2.11 (a) Taking yo = O and vg = O at¢r = 0 we
have

t 1t2
— = —_ =

y—=Yo 0 28
att=2s

1
y=0=0--08 m/s?)(2s)> = —19.6 m

v=vy—gt =0— (9.8 m/s?)(2s) = —19.6 m/s

(b)
Yy —=Yo="vo 28
1 2,2
(=30m)—0=0-— 5(9.8 m/s")t
t=25s
(©

y=vo—gr=0—(9.8m/s>)(2.55s)
v=—-245m/s

Example 2.12 A ball is thrown vertically downwards from a
100 m high building with an initial speed of 1 m/s.3s later a
second ball is thrown. What initial speed must the second ball
have so that the two balls hit the ground at the same time?
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Solution 2.12 The time it takes the first ball to hit the ground
is found from

= vot ! t2
v = vf — —
Y= yo=vot =58

1 25,2
0~ (100 m) = (~1 m/s)n — 598 m/s)j

11 =64s
The second ball must fall the same distance during a time of
t1 —(3s)=(64s)—(3s)=34s

and therefore

t : t?
— vo = vaf — =
Yy =0 0 28

0 — (100m) = vy(3.4's) — %(9.8 m/s?)(3.4 s)?
vo = —12.6 m/s
2.4.3 Motion in Two Dimensions with Constant
Acceleration
The position vector can be written as
r = xi—+ yj
V =Vl + vy
a=a,i+ayj

Because a is a constant both a, and ay, are constants. There-
fore, the kinematic in Sect.2.4.1 applies in each direction:

Vy = Vox + axt (2.8)
1 2
X = x0 + voxt + Eaxt 2.9)
Vy = Voy + ayt (2.10)
L5
Yy = Yo+ voyt + ant (2.11)

1 1
r=xi +yj= (xo+voxt + zaxlz)i + (yo + voyt + antz)j

1
r =rg+ vot + —ar?

2.12
> (2.12)
vV =i+ Vyj = (vox +axt)i+ (voy + ayt)j
= (voxi+ VOyj) + (axi+ ayj)t
vV =vy+at (2.13)

Example 2.13 1f the motion of a particle in a plane is described
by vy = (=8f) m/s and x = (5 — 212) m : (a) plot
the y component of the particle as a function of time if at
t =0,y =0, -(b) find the total speed and magnitude of the
acceleration of the particle at r = 2 s.

Solution 2.13 (a)The y-component of position is

y= / vydt = /(—St)dt =4’ +¢
since att = 0, y = 0, then
y=(—4)m

The plot of y against ¢ is shown in Fig. 2.20.
(b) The x-components of velocity and acceleration is

_dx _d(5-27)
S T dt

vy = (—4t) m/s

vim)
704
60 +
50+
401
30+
20+

104

1s)

5 6 7 8

Fig.2.20 The y component of the particle as a function of time
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dvy d(—41)
ax = —_— =
dt dt

ay = —4 m/s?

The y-component of acceleration is

dvy d(=8t)
ay = — =
dt dt
or
ay = (—8) m/s’
att =2s,vy, = —8m/s,vy = —16 m/s and the velocity is

v=/vx +vy, = \/(—8 m/s)2 4+ (=16 m/s)2 = 17.9 m/s
ay =—4 m/s2

and
ay = (—8) m/s?

Therefore, the acceleration of the particle is constant at any
time and is given by

a=./lax +a, = \/(—4 m/s2)2 + (—8 m/s2)2 = 8.9 m/s?

2.4.4 Projectile Motion

Projectile motion is the motion of an object thrown (projected)
into the air at some angle with respect to the surface of the
earth, such as the motion of a baseball thrown into the air or
an object dropped from a moving airplane. In the simplified
model where air resistance as well as other factors such as
the Earth’s curvature and rotation are neglected, and if the
free-fall acceleration g is assumed constant in magnitude and
direction throughout the motion of the object, then the path
of the projectile is always a parabola that depends on the
magnitude and direction of its initial velocity. Therefore, the
projectile can be considered as a combination of a vertical
motion with a constant acceleration directed downwards and
ahorizontal motion with zero acceleration (constant velocity).
We can see from Fig.2.21 that

cos by = vox /Vo

sin 6y = voy /vo

Att = 0, we have xo = yp = 0 and v; = vy. Because
ay = —g and a, = 0 and by substituting in Egs.2.8, 2.9,
2.10, and 2.11 gives

v )
0| Var 0=-0,

Fig.2.21 The projectile motion

Vy = Vox = Vo cos by = constant (2.14)

Vy = Vyo — 8t = vpsinfy — gt (2.15)

X = vyot = (vgcosbp)t (2.16)

Y = vyot — %gt2 = (vo sinfp)t — %gtz (2.17)

Combining and eliminating ¢ from Eqs.2.16 and 2.17 we
find that

8 2
= (tanfp)x — [ ———>——— )x
y = (tanbo) (2\%005290)

T
0 < 6 —
(<0<2)

This equation which is of the form y = ax—bx2 (a and b
are constants), is the equation of a parabola. Therefore, when
air resistance is neglected (when using the simplified model
of the system), the trajectory of the projectile is always a
parabola. At any instant, the velocity of the object is tangent
to its trajectory Its magnitude and direction with respect to
the positive x-direction are given by

and

6 = tan"! (vy/vx)
respectively The maximum height % of the projectile, as in
Fig.2.22 ,is found att = #; by noting that at the peak &, v, =

0. Substituting this in Eq.2.15 gives

Vo sin 6y = gh
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v

0 1 21

Fig.2.22 The maximum height of a projectile

Vg sin 6y
8

=
Substituting #; into Eq.2.17 we get

. 1
Ymax = h = (vo sinfp)t; — Eghz

in g 1 in 6\
h:(vosineo)(vosm 0) __g(vosm 0)
8 2 g

2 02
_ vysin 6o

= 2

The maximum range R is at ¢t = 2¢1. Substituting ¢ into
Eq.2.16 gives

2V() sin 90

2v(2) sin 6y cos By
x = R = (vg cosbp)2t; = (v cosBy) =
g

8

R v% sin 26y
g

Example 2.14 A baseball is thrown at angle of 35° to the hor-
izontal with an initial speed of 20m/s. Neglecting air resis-
tance, find: (a) the maximum height reached by the ball; (b)
the time it takes the ball to hit the ground; (c) the range; and
(d) the speed of the ball just before it strikes the ground.

Solution 2.14 (a) The maximum height reached by the ball

1S
_ vgsin®6y (20 m/s)?sin?(35°)

= = 6.7 m
2g 2(9.8 m/s?)
(b) The time it takes the ball to hit the ground is
=20 — 2v( sin Gy _ 2(20 m/s) sin(35°) 234

g (9.8 m/s2)

(c) The range is

Vi sin26p (20 m/s)? sin(70°)

=384m
g (9.8 m/s?)

(d) The x-component of the velocity of the ball just before it
hits the ground is

Ve = vox = Vg cos 8y = (20 m/s) cos(35°) = 16.4 m/s

The y-component is

vy = voy — gt = vg sinflp — gt = (20 m/s) sin(35°) — (9.8 m/sz)(2.34 s)=—11.5m/s

Hence, the speed is

v=/vi+vi= \/(164 m/s)? + (—11.5m/s)2 =20 m/s

Example 2.15 A boy throws a ball with a constant horizontal
velocity of 1 m/s at an altitude of 0.6 m. Find the horizontal
distance between the releasing point to the point where the
ball hits the ground.

Solution 2.15 Let the origin of the reference frame be the
releasing point. Since vg, = 0 we have

1

2
=——gt
y 28

and
X = Vox!t

Hence, when the ball reaches the ground, the elapsed time is

—2(0.6 m)

g (—9.8 m/s?)

x = (1 m/s)(0.34s) =0.34 m

and

2.4.5 Uniform Circular Motion

A particle moving in a circular path with constant speed is
said to be in uniform circular motion. The motion of the moon
about earth, and the motion of clothes in a washing machine
are examples of uniform circular motion. In this motion, the
direction of the velocity of the particle is continuously chang-
ing but its magnitude is constant. As we have mentioned in
Sect.2.3.1, when only the direction of the velocity changes,
the acceleration is then always perpendicular to the velocity
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Fig.2.23 The directions of y and a change continuously with time but
their magnitudes are constant

at any time. Therefore, we have only the normal component
of the acceleration a, = v?/R, and the tangential component
of the acceleration a; = dv/dt is zero. In the case of the cir-
cular path the radius of curvature R is constant, denoted by
r, and the normal acceleration is directed along the radius of

the circle

V2

Arad = —
r

The subscript rad is for radial. Thus, this radial or centripetal
acceleration a,,4 is always directed toward the center of
the circle. Therefore, the directions of v and a change con-
tinuously with time but their magnitudes are constant (see
Fig.2.23). The time required for the particle to complete one
revolution around the circle is called the period of revolution
and is given by
2rr

Thus

Example 2.16 In afun fair ride, the passengers rotate in a cir-
cle with a constant speed of 3m/s. If the period of revolution
is 1.5s, find the total acceleration of the passenger.

Solution 2.16 Since the speed of the passenger is constant,
it follows that the passenger’s total acceleration is just the
centripetal acceleration given by

V2

Arad = —
r

The radius of the circular path is

vT (B m/s)(1.55s)
=—=———————"=07m
2 2(3.14)

Fig.2.24 The velocity and total acceleration vectors of a particle mov-
ing in a circular path with increasing speed (clockwise) until it reaches
the maximum speed at the bottom, and then slows down as it goes back
up. An example of this motion is in a roller coaster ride in a vertical
circle

V2 @3 m/s)?

=—=-"—1" —1286m/s?
rad =" =707 m) m/s

2.4.6 Nonuniform Circular Motion

In nonuniform circular motion, the velocity of the particle
varies in both magnitude and direction. As mentioned in
Sect.2.3.1, when both the magnitude and direction of the
particle’s velocity change then its acceleration is directed at
some angle to v. Thus, in addition to the normal acceleration
in uniform circular motion that corresponds to the change in
the direction of v, there is a tangential component that cor-
responds to the change in the magnitude of v. Furthermore
arqq 18 not constant since v changes with time. Therefore, the
resultant acceleration is

2
a=a,+a = V—N—i—MT

r dt
In Chap. 8, the concepts of angular velocity and acceleration
and their vector relationship with the normal and tangential
accelerations are introduced. Figure2.24 shows the velocity
and total acceleration vectors of a particle moving in a circular
path with increasing speed (clockwise) until it reaches the
maximum speed at the bottom, and then slows down as it
goes back up. An example of this motion is in a roller coaster
ride in a vertical circle.

Example 2.17 A car moving on a circular track of a 20m
radius accelerates uniformly from a speed of 30km/h to a
speed of 50km/h in 3s. Find the total acceleration of the car
at the instant its speed is 40km/s.
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Solution 2.17 Since both the direction and the magnitude of
the car’s velocity change, its total acceleration is the vector
sum of its tangential and radial accelerations. The tangential
acceleration is

v—vo (13.8 m/s) — (8.3 m/s)

= 1.83 m/s’
! (3's)

ay =

When v = 40 km/h = 11.1 m/s the radial acceleration is

v2 (111 m/s)?

Argd = — = (20 m) =6.2 m/82

And the total acceleration is

a = /(183 m/$)? + (62 m/s2)? = 6.5 /s>

2,5 Relative Velocity
In this section, we will see how observers moving relative to
each other obtain different results when measuring the veloc-
ity of a moving body. Suppose two cars are moving besides
each other at the same speed of 120km/h with respect to
earth. In this case, any of the two cars is at rest relative to
the other. According to an observer who is stationary with
respect to earth, each car is moving with a speed of 120km/s.
A second observer, in any of the cars, will see the station-
ary observer moving backwards at a speed of 120km/h. In
addition, if a third car is moving ahead of the two cars at a
speed of 140 km /h relative to earth, then its speed relative to an
observer in any of the two cars is 20 km/s. Thus, the displace-
ment and velocities may have different values when measured
relative to different observers. Therefore, the description of
motion depends on the observer. By attaching a coordinate
system to an observer together with an appropriate time scale,
he or she are then said to be in a reference frame. In measur-
ing quantities, it is essential to specify the reference frame. In
most situations, the earth (the lab) is used as our frame of ref-
erence. To understand this, consider a particle moving in one
dimension in the positive x-direction. Suppose two observers
want to describe its motion, one is observer S who is station-
ary relative to the ground, and the other is observer S’, who
is moving in the positive x-direction with a constant velocity
relative to the ground (see Fig.2.25). At any instant, the posi-
tion of the particle relative to S is x p g, and its position relative
to S’ is x pgr. The relation between these two observations is
Xps =Xpy + x5 (2.18)
Therefore, the position of P relative to Og is equal to the
position of P relative to Og’ plus the distance between Og and
Og . Differentiating Eq.2.18 with respect to time we get

p ' o= Xg, Xg
Og o O Py 51 %8

*PS§

Fig.2.25 Observer S is stationary relative to the ground, and observer
S’ is moving in the positive x-direction with a constant velocity relative
to the ground

Fig.2.26 The velocity of S’ with respect to S(vg/s) is constant in both
magnitude and direction

dxps _ dxps n dxgs

dt dt dt

or
VPS =Vps +Vs's

We will extend this to three dimensions in the case where
the velocity of S’ with respect to S(vgg) is constant in both
magnitude and direction (see Fig.2.26). The position vector
of the particle P relative to S is given by

rPS:rPS/+rs/S (219)
Differentiating this with respect to time gives
Vps =Vps + Vs (2.20)

Equations 2.19 and 2.20 are called the Galilean transfor-
mation equations. In addition, for any two frames of reference
S and S we have

Vssr = —Vg's

Example 2.18 Two motor cyclists A and B are driving along
the sameroad (See Fig.2.27) with speeds 90 km /h and 50km/s,
respectively. Determine: (a) the velocity of motorcyclist A rel-
ative to B and of B relative to A?, - and (b) if the two motor
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cyclists approach each other along two parallel roads, (See
Fig.2.28), A moving at 80km/s, and B moving at 60 km/s,
what is the velocity of motorcyclist A relative to B and of B
relative to A.

Fig.2.27 Two motor cyclists A and B driving with speeds 90 km/h and
50 km/s respectively

Fig.2.28 A is moving at 80 km/s, and B moving at 60 km/s

Solution 2.18 Using the above discussion, consider S as the
Earth’s frame of reference denoted E, S’ as the frame of refer-

ence of motorcyclist B and the point P as the motor cyclist A

(a) The velocity of A relative to B is found from

vap = vag —vpe = (90 km/h) — (50 km/h) = 40 km/h
The velocity of B relative to A is
vpa = —40 km/h
(b)

vap = vag — vBe = (80 km) — (—60 km/h) = 140 km/h

vgA = —140 km/h

y(km)

Fig.2.29 A boatis traveling at 8 km /h north relative to the sea’s waves,
and the waves are traveling northeast relative to the earth at a constant
speed of 4 km/h

Example 2.19 A boat is traveling at sea at 8 km /h north rel-
ative to the sea’s waves, and the waves are traveling northeast
relative to the earth at a constant speed of 4km/h. What is the
velocity of the boat relative to the earth?

Solution 2.19 UsingFig.2.26, consider the Earth as S (denoted
E), the waves as S’, and the boat as the point P. As we can see
from Fig.2.29, the velocity of the boat relative to the earth
is given by v,g = Vpy + Vg, Where vy, and v, g are the
velocities of the boat relative to the waves and the velocity of
the waves relative to the earth respectively With the east as
the direction of the positive x-axis we get

V(bE)y = V(bw)y T V(WE)y = (8 km/h) + (4 km/h) sin45° = 10.83 km/h

V(bE)x = V(wE)x = (4 km/h) cos45° = 2.83 km/h

Hence

VbE = \/(v(bE)x)Z + (pE)y)? = \/(10.83 km/h)2 + (2.83 km/h)2 = 11.2 km/h

The direction of v, is

6 = tan™! eE)y = tan~! (10.83 km/h) = 75.35°
(VbE)x (2.83 km/h)
2.6 Motion in a Plane Using Polar

Coordinates

Consider a particle moving in the x—y plane. A useful way to
describe the position, velocity, and acceleration of the parti-
cle is by using its polar coordinates (r, ) . The relationship
between the polar and rectangular coordinates is
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Fig.2.30 1) is a unit vector ¥ 2
along the increasing r direction S
and 6 is a unit vector in the P /’
direction of increasing 0 6. o o 2T
(anticlockwise direction) s ‘\ > e Ar;
\\‘ \\\\ i ,/, r;+Ar;
6; r; r;
’f
/ AB,
}'+.&£‘/ 9;
// ’ 0,+A8,
(”
f‘ 9
0 X
x =rcosf 0 dby de. . do .
1= — = —cosf—i—sinfd—
dt dt dt )
y =rsinf
. .. . =-TI1—F = —él‘1
where 6 is measured from the positive x- axis. Suppose a par- dt
ticle is located at (r, 6) . If the particle moves in a straight line ) R
along the r direction, then 6 is constant through the motion The velocity of the particle is given by
of the particle. If the particle moves in a circle, then r is con- v d dr dr
stant. Let r; be a unit vector along the increasing r direction V= i d—(rrl) = d—rl + rd—1
and 6 to be a unit vector in the direction of increasing 6 ! ! ! !
(anticlockwise direction). From Fig.2.30, we have — i1 4 ri = i) + 106,
ry = cos 0+ sin 0] Hence, the velocity is (Fig.2.31)
and v =ir + r6; 2.21)

01 = —sin6i + cosfj

Unlike the rectangular unit vectors, the polar unit vectors are
not fixed in direction. Their direction changes as the particle
moves along some path. Therefore, when finding the velocity
and acceleration of a particle the derivatives of the polar unit
vectors must be considered. The position vector of the particle
is given by

r=rr

To find the velocity in terms of the polar unit vectors let us
differentiate r| and #; with respect to time. That gives

r dry si 9d9i+co Gdg'
= — = —SInv— SU—
! dt dt dt']
do .
=0— =60
ldt 1

We may write
vV =v,r] +vob1

where v, = 7 and vy = rf and v = ,/v,2 —i—vg. The total
acceleration is

d d . . .. ..
a=S% = Z (it 4760)) = Fri+if) +100, +r50, +r06)

dt dt

= Fri + 1(001) + 1601 + r60; + ré(—06r1)
a=(—ré>r + (rd +2i6)6; (2.22)
or
a=a,r| +apth

where

ar = (F — r6?)
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Fig.2.31 Unlike the rectangular
unit vectors, the polar unit vectors
are not fixed in direction. Their
direction changes as the particle
moves along some path

I 0, J
I I

0,

and
ag = (rf + 210)

S ) 2
a=,/a; +ag

Example 2.20 If a particle moves in a plane according to the
expressions 6 = 0.37 4 0.2¢> and r = 0.5¢ + 0.4¢2. Find its
velocity and acceleration at t = 2 s

and

Solution2.20 Att = 2 5,60 = 0.3t + 0.2t> = 1.4 rad,
6 = 03+04r = 1.1 rad/s and § = 0.4 rad/s2. Also
r=054+04> =26 mi=05+0.8 = 2.1 m/s and
# = 0.8 m/s2. Therefore

v =r=2.1m/s

vg =rf = (2.6 m)(1.1rad/s) = 2.9 m/s

V= \/vf +v3 = \/(2.1 m/s)2 + (2.9 m/s)2 =3.6 m/s
and

ar =¥ —r6% = (0.8 m/s%) — (2.6 m)(1.1rad/s)? = —2.35 m/s>

ap = ré+276 = (2.6 m)(0.4 rad/s2) +2(2.1 m/s)(1.1 rad/s) = 5.7 m/s?

a=,/a? +a} = \/(—2.35 m/s2)2 + (5.7 m/s2)2 = 6.2 m/s®

x(m)

1 2 3 4

Hs)

(P
=
~1
So
L =]

Fig.2.32 An object moving in one dimension along the x-axis

x(m)

g L st Dy )
>

t(s)

Fig.2.33 The position-time graph of a particle moving along the x-axis

Problems

1. A sports car moves around a circular track of radius of
100m. If the car makes one round in 75s, find the car’s
(a) average speed (b) average velocity.

2. An object is moving in one dimension along the x-
axis according to Fig.2.32. Describe the motion of the
object.
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v(m/s)

LV =

21+ /2345678 910
-44
]

ts)

3

Fig.2.34 The speed of a motorcyclist varying with time

Fig.
path

Fig.2.36 An aircraft tracked by
a radar coordinates

3.

B
C
A

2.35 A car moves at a constant speed of 40 km/h along curved

The position—time graph of a particle moving along the
x-axis is shown in Fig.2.33. Find (a) the average veloc-
ity between a and b(b) the instantaneous velocity at a, b,
and c.

A motorist drives along a straight-line road. His speed
varies with time according to Fig.2.34. Sketch the posi-
tion versus time and acceleration versus time graphs of
the motorist.

10.

11.

. A particle moves along the curve defined by x = 5S¢~ and

y = sin 5¢. Find the position, velocity and acceleration
of the particle at any time.

. A car moves at constant speed of 40km /h along the road

shown in Fig. 2.35. If the radius of curvature at A is 350 m
and the total acceleration of the car at B is Im/s?, find (a)
the total acceleration of the car at A and C(b) the radius
of curvature at B.(Hint: the radius of curvature at C is
infinite).

. A body with initial speed of 15m/s undergoes a uniform

acceleration of —2m/s?. Find the elapsed time and the
distance it traveled when it reaches a speed of 3m/s.

. A stone is thrown downwards from a height of 10 m. Find

its initial speed if it reaches the ground after Is.

. A block is thrown horizontally from the top of a cliff

that is 30m high with a speed of 10m/s. Find (a) the
block’s magnitude of displacement from the origin and
its velocity after 1.5 s, (b) the horizontal distance from the
releasing point to where the block hits the ground.(Hint:
the magnitude of displacement from the origin is d =
VxZ 4 y2).

A river has a uniform speed of 0.5 m/s due east. If a boat
travels east at a speed of 3 m/s relative to the water, find
the time it takes the boat to travel a distance of 1100km
and return to its starting point.

An aircraft is tracked by a radar (see Fig.2.36). If at a
certain instant the radar measurements give r = 7 X
10*m, r=1000m/s, ¥=7m/s?, 0=45° 6=
0.6 deg /s, and § = 0.02 deg /s%. Find the velocity and
acceleration of the airplane at that instant.
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Newton’s Laws

3.1  Introduction

In this chapter, dynamics which is a branch of mechanics will
be discussed. Dynamics is concerned with the cause behind
the motion of objects and answers questions such as: Why
does a skydiver float in air? What makes an apple fall from
a tree? Why a block connected to a spring oscillates when
the spring is stretched? We will find that these motions occur
when objects interact with each other, i.e., the apple is inter-
acting with earth, the skydiver is interacting with air, and the
block is interacting with the spring.

3.1.1 The Concept of Force

The interaction between one object and another or between
the object and its environment defines a quantity called force.
A force is a pull or a push in a certain direction that may
cause the object to move or deform. However, motion does not
always occur if the force is not large enough to overcome other
forces such as friction or gravity But whether or not an object
moves due to a force, there is always some deformation. In
this book, it is assumed that objects remain undeformed under
the influence of any forces. Experimentally, a force is found to
be a vector quantity The net external force acting on an object
(the vector sum of all forces acting on the object) causes the
object to accelerate where the direction of the acceleration is
in the direction of that force.

Hence, acceleration is a measure of force. If the net force
equals zero, the acceleration of the object is zero, and the
velocity of the object remains unchanged (constant). Forces
in nature are one of two:

1. Contact forces resulting from direct contact between two
objects (e.g., kicking a ball or punching a bag);

Field forces that can act through empty space and in which
physical contact is not necessary (e.g., gravitational force
between two objects and the electric force between two
electric charges).

© The Author(s) 2019
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3.1.2 The Fundamental Forces in Nature
The following fundamental forces are all field forces:

1. The gravitational force between any two objects;

. The electromagnetic force between two electric charges;
The strong nuclear force between subatomic particles
which is responsible for the stability of the nuclei;

The weak nuclear force which produces certain kinds of
radioactive decay and is responsible for the instability of
some nuclei.

The first two fundamental forces are examples of long-
range forces, which act over a great distance. The second two
are examples of short-range forces, which are forces that act
over a very short distance. Note that contact forces are funda-
mentally electromagnetic since they involve electromagnetic
forces between the atoms of the surfaces in contact.

3.2 Newton’s Laws

Sir Isaac Newton (1642—-1727) formulated his three famous
laws of motion describing the relationship between the force
acting on an object and the acceleration of that object. New-
tonian or classical mechanics which is based mainly on New-
ton’s three laws of motion, deals only with objects
that are

+ Large compared to the size of an atom (10710 m).
* Moving at speeds much less than the speed of light (=3 x
108 m/s).

Einstein’s special theory of relativity replaces Newtonian
mechanics when an object’s speed approaches the speed of
light. On the other hand, quantum mechanics replaces New-
tonian mechanics when the object’s dimensions are close to
atomic scale.
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3.2.1 Newton’s First Law

It was believed long ago that a force is necessary to keep an
object moving and that any object’s natural state is to be at
rest. Later, these statements were proved to be incorrect. To
understand this, suppose a block resting on a surface is given
a push and is released. As a result, the block will slide for
sometime before coming to rest. The time elapsed between
pushing the block until it comes to rest will increase as the
surface gets smoother. If the surface becomes so smooth, such
that friction is almost negligible, the block will continue to
move along a straight line with constant speed for a greater
distance before coming to rest.

An example of frictionless motion is the motion of the
puck in the air-hockey table. The puck floats on a thin column
of air that is used as the lubricant. In situations where there
is no friction at all, the object will continue to move along a
straight line with constant speed without requiring any force
to keep it moving. However, a force is required to initiate
motion. This concept was formulated by Newton and became
his first law of motion: An object at rest remains at rest and an
object in motion will continue in motion with constant velocity
(constant speed in a straight line) unless acted upon by a net
external force. That is, if

A body’s tendency to stay at rest or maintain uniform motion
in a straight line is called inertia. Thus, Newton’s first law is
often referred to as the law of inertia, where it defines specific
kinds of reference frames called inertial reference frames. An
inertial reference frame is a frame in which Newton’s first law
is valid. That is, in an inertial frame of reference, an object
has no acceleration if there is no net force acting upon it. Any
reference frame moving with constant velocity relative to an
inertial frame is also inertial. Observers in different inertial
frames measure the same acceleration for a moving object.
To prove this, consider the two inertial reference frames S
and S’ mentioned in Sect.2.5, where S is stationary and S’ is
moving with constant velocity relative to S. By differentiating
Eq.2.20, we have

dvps dvpg n dvgs
dt — dt dt
Because v/ g is constant we have
aps =apg

That is, the acceleration of the particle P measured from both
inertial reference frames S and S’ is the same. To show that

Newton’s first law is only valid when applied with respect to
an inertial frame of reference; consider a girl named Mia that
is at rest while watching her friend Lea driving a car mov-
ing at constant velocity. Lea has her seatbelt fastened and put
her suitcase in the seat right next to her without restraining
it. Now, suppose that Lea steps on the brakes, which would
cause her vehicle to decelerate, her suitcase will start to move
forward. According to Lea, who is in an accelerated frame,
the suitcase moved from rest even though there was no appar-
ent net external force acting on it. Therefore, in Lea’s frame,
Newton’s first law seems to be incorrect.

The situation, however, is different to Mia, who is in an
inertial frame of reference. In her perspective, the suitcase
was initially moving with constant velocity and the net force
on it was zero. When the car started to decelerate, the net force
on the suitcase is still equal to zero and thus the suitcase must
continue to move forward with constant velocity and stop by
friction or impact with the inside of the car. Therefore, it is
apparent to Mia that Newton’s first law is valid. From the
previous example, we conclude that Newton’s first law (and
in general Newton’s laws) is not valid in all kinds of reference
frames; it is only valid when applied with respect to inertial
frames. That is, Lea must not apply Newton’s first law in her
reference frame.

The same situation would be observed by Lea if she were
to turn her car while moving. When the car turns, the suit-
case will start to move in the direction opposite to the turn.
Once again, Lea observes that the suitcase has moved from
rest without any apparent force acting on it which contra-
dicts Newton’s first law in her opinion. Mia sees no contra-
diction with Newton’s first law because when the car turns,
the suitcase tends to continue its initial uniform straight line
motion, and thus it moves toward the direction opposite to the
turn. Therefore Newton’s laws are obeyed by objects when
observed from inertial frames of reference (see Fig.3.1).

To apply classical (Newtonian) mechanics with respect to
a noninertial reference frame, new forces named as pseudo
forces are introduced. In this book, only inertial frames are
used, and all laws are stated with respect to those frames. One
convenient inertial frame of reference, used throughout this
book, is the surface of the earth. The earth can be considered
as an inertial frame since its motion about its axis and about
the sun has a small effect on calculations and thus can be
neglected.

3.2.2 The Principle of Invariance

Some quantities such as mass, force, time, and acceleration
are invariant, which means that they have the same numerical
values when measured in different inertial frames of refer-
ence. Other quantities such as velocity, kinetic energy, and
work have different values in different inertial frames. How-
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Fig.3.1 The boy is throwing the water out by pitching the bucket for-
ward. If he stops, the water will continue its motion along a straight line.
However, because of the force of gravity, it follows a parabolic path

ever, the laws of physics have the same form in all inertial
frames of reference. This is called the principle of invariance.

3.2.3 Mass

As mentioned earlier, the tendency of an object to resist any
change in its motion (i.e., to remain at rest or maintain uniform
motion along a straight line) is called inertia. From exper-
iments and everyday experience, it is observed that a cer-
tain force produces different accelerations when applied to
different bodies. This variation in the produced acceleration
depends upon the quantity of matter contained in the body
Such quantity is known as the mass of the body Therefore,
mass is a measure of inertia. Objects with large masses have
less acceleration when exposed to the same force. Thus, mass
is a quantity that relates the acceleration of the body to the
force acting on it. The SI unit of mass is the kilogram (kg).
Experimentally, it is found that the ratio of the masses of any
two bodies (say m and m;) is equal to the inverse of the ratio
of the magnitudes of their accelerations if both are acted upon
by the same force. That is, we have

m  a

my  a
The mass of any body can be found by comparing its accel-

eration to the acceleration of a 1kg mass when both bodies are
acted upon by the same force. This leads to the conclusion that

mass is independent of force; it is an inherent characteristic of
matter. Furthermore, it has been experimentally proved that
when two masses m| and m are attached together, the com-
bined body behaves as a single body of mass m| + m,. Thus,
mass is a scalar quantity and obeys the rules of ordinary arith-
metic.

3.2.4 Newton’s Second Law

Unlike Newton’s first law, Newton’s second law describes
the situation in which the net force acting on an object is not
zero. It was found that when different forces act on an object,
the object undergoes different accelerations. The magnitude
of the acceleration is directly proportional to the magnitude
of the applied force, and its direction is in the direction of
that force. Furthermore, this acceleration is inversely propor-
tional to the mass of the object for a certain applied force.
These observations are summarized in Newton’s second law
of motion: The acceleration of an object produced by a net
external force is directly proportional to the force in a direc-
tion parallel to that force and is inversely proportional to its
mass That is,
YF =ma

In terms of components, the vector equation ¥F = ma can
be written as

Y Fy = may
X Fy = ma,
X F, = ma,

where a, = X,a, = y and a; = Z In terms of normal and
tangential coordinates, the net normal force is

Y F, = may
and the net tangential force is
) Ft = mas

where a,, = v2/R and a;, = dv/dt. Finally, in terms of polar
coordinates we have

Y F, = ma,

and
Y Fy = may

where @, = (F — r6?) and ap = (r6 + 276). The unit of
force in the SI system is the Newton (N). One Newton (1N)
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F; = 100N

30°\ 20°

F; = 75N

Fig.3.2 A body is exposed to three forces acting in different directions

is defined as the force that gives a kg mass an acceleration
of 1 m/s2.

IN = 1 kg.m/s’

Example 3.1 A body is exposed to three forces acting in dif-
ferent directions as shown in Fig. 3.2. Find the magnitude and
direction of the resultant force acting on the body and the
corresponding acceleration.

Solution 3.1 The net force in the x-direction is

ZFX = F|,+ Fa, + F3, = Fj cos 60° 4 F cos 20° — F3 cos 30°

= (I00N)(0.5) + (50N)(0.94) — (75N)(0.866) = 32.1 N

The net force in the y-direction is

Y Fy = Fiy+ Fyy + F3y = F sin60° — Fy sin 20° — F3 sin 30°

= (100N)(0.866) — (50N)(0.34) — (75N)(0.5) = 32.1N
The magnitude of the net force is

Fnet = (321)2 + (321)2 =454N

The direction of F,,; relative to the x-axis is

_, (B2IN)
(32.1N)

Fnety _ o

6 = tan~!

netx

The acceleration of the body is, therefore,

F (454N) 5
a=—=-—""2-091m/s
m  (50kg)

and its direction is the same as that of the force.

Example 3.2 If a man pushes a 60kg box with a constant
horizontal force of 100 N : (a) how far will the container be
moved when its speed reaches a value of 3m/s; (b) how far
will the container be moved when its speed reaches a value
of 3m/s if the same force is applied at 30° to the horizontal;
(c) find the normal force acting on the block in (a) and (b).

Solution 3.2 (a) The acceleration of the container is given by

F _ (100N)
m  (60kg)

= 1.67m/s?

the distance moved when its speed reaches 3m/s is found

from

2 2
V" — vy = 2a(x — xg)

By taking xo = O at the starting point we have
(3m/s)? — 0 = 2(1.67m/s>)(x — 0)

That gives x = 2.7 m.
(b) If the force is at 30° to the horizontal, the acceleration
is
F (100N) cos 30°

— = =TT 45m)s?
m (60kg)

(3m/s)? — 0 = 2(1.45m/s*)(x — 0)

and x = 3.1m.
(c) In situation (a) we have

ZFy:n—mgzo

and
n=mg = (60kg)(9.8 m/s?) = 588N

In (b) we have
ZFy:n—i—FsinO—mg:O
and
n = (588N) — (100N) sin 30° = 538 N
Example 3.3 A particle of mass 0.5kg is moving along the
curve given by r = (1/3t* — 3j) m where 7 is time. Deter-
mine the force acting on the particle.

Solution 3.3 The force acting on the particle is

d? d
Y ~(4/30% = 30%) = m(4r%i — 61

F— il
"z ="

= (0.5kg)(4¢%i — 6tj) = (2% — 3tj) N
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Example 3.4 A particle of mass of 1kg is moving under the
influence of a force given by

F = ((12¢> = 5t)i+ 97 — 1)j — 3:’k) N

Ifatt = 0,rgp = 0 and vop = 0, find the velocity and the
position of the particle at any time.

Solution 3.4
F =ma

F 2 . . 2 2
a=—=(12t"=5)i+ 9t — 1j—3t’k) m/s

m

5 9
V= /adl - <4t3 - §t2>i + (Etz — t)j —Pk+c¢

Since at t = 0, vg = 0, then ¢; = 0 and the velocity at any
time is

5 9
o= (303 (B - )

_dr
Cdt

5 9
r:/vdt:/ 483 — 22 )i+ (=2 =t )j— £k |dr
2 2
5 3 1 1
4 3\, 3 2\, 4
— 2 2822 )j— -k
r ((t 6t )H—(Zt 2t )J 4t )m

Example 3.5 If a man weighs himself on an elevator that is
accelerating upwards at a rate a relative to an observer out-
side the elevator (in an inertial frame) as shown in Fig.3.3,
what reading will he get for the normal force acting on him
by the floor? what is the force if the elevator is accelerating
downwards?

\4

Solution 3.5 The normal force is n = m(a 4 g) for upward
acceleration and n = m(g — a) for downward acceleration.
Since a weighing scale measures the normal force and calcu-
lates the mass from it, the downward journey might be a more
pleasant one!

3.2.5 Newton’s Third Law

A force acting on an object is always due to another object in
the surrounding environment. Newton’s third law shows that:
if body 1 exerts a force F2; on body 2 then body 2 will exert
an equal and opposite force F1» on body 1. That is

Fio = -Fy

Fig.3.3 A man weighing himself in an elevator

Any of these forces can be called an action force. When one of
these forces is called an action force the other force is called
a reaction (see Fig. 3.4). This law is sometimes stated as “To
every action there is an equal and opposite reaction.” Note
that the action and reaction forces always act on different
objects, i.e., they can’t cancel each other out. This law also
shows that forces come in pairs and that there is no such thing
as a single isolated force.

Fig. 3.4 The gravitational force exerted by the Earth on the apple and
that exerted by the apple to the Earth form an action-reaction pair

Example 3.6 Three blocks of masses m1, my, and m3 are
placed on a frictionless surface and pushed by a horizontal
force F as in Fig.3.5. Determine (a) the acceleration of the
system; (b) the contact forces between m | and m, and between
my and m3.

Solution 3.6 The free-body diagram of each block is shown
in Fig.3.5, where F>; is the force exerted on m> by m. (a)
Applying Newton’s second law for the ,
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Fy—

W) w2 W3

Fig. 3.5 Three blocks of masses m, m, and m3 are placed on a fric-
tionless surface and pushed by a horizontal force F

F = (m;+my+m3)a

F
a=——
(my + my + m3)

(b) Applying Newton’s second law for each block, we have
F — Fi» = mya, Fo1 — F»3 = mpa and F3; = m3a. From
Newton’s law of action and reaction we have Fjp = F1, and
F3p = F>3, and therefore

(ma + m3)

F = F = e e C—
12 =moa + F3 = (my +m3)a R ————

m3F

Frp= —— — ——
2 (my1 +my +m3)

3.3 Some Particular Forces

3.3.1 Weight

In Sect.2.4.2, we’ve seen that an object in free fall near the
surface of the earth has a gravitational acceleration of mag-
nitude 9.8m/s? that is directed toward the center of earth.
Using Newton’s second law, we can calculate the force that
caused this acceleration. If an object has a mass m then the
gravitational force is given by mg, and is denoted by w, i.e.,
w = mg. w is known as the weight of an object and is defined
as the gravitational force exerted on it by earth (or any other
astronomical body, where g is different than that of earth). In
Chap. 9, we will see that a gravitational force exists between
any two bodies. When one of the bodies is an astronomical
body, such as the earth or moon, and the other body is rela-
tively smaller in size and mass the gravitational force is then
called the weight of the body We will also see that the gravita-
tional force varies with the distance between objects, and that
the value of g becomes less at greater altitudes. Thus, weight

is not an intrinsic property of an object. In everyday life, it
is common to use the word weight when measuring the mass
of a body mass and weight represent different quantities but
they are proportional for a given value of g. For two masses
at the same location, the ratio of their weights is equal to the
ratio of their masses.

3.3.2 The Normal Force

If an object is in contact with a surface, either at rest or moving
on it, the surface exerts a supporting force n on the object that
is always perpendicular to the surface of contact. This force
is called the normal force.

3.3.3 Tension

The tension force T is the force that a cord, rope, cable, or
any other similar object exerts on an object attached to it. This
force is directed along the rope away from the object at the
point where the rope is attached. In solving problems, ropes
are usually assumed to be massless (referred to as light ropes)
and unstretchable. For any light rope, the magnitude of the
tension force T is the same at all points along the rope.

3.3.4 Friction

Imagine that everything around you is coated with an extremely
good lubricant. Simple activities such as walking, sitting, driv-
ing a car, or holding objects would become extremely difficult
or impossible. Therefore, friction plays a very important role
in our everyday life. The frictional force is due to the interac-
tion between the surface atoms of any two bodies in contact.
The direction of this force is always parallel to the surface of
contact, opposing the motion or the planned motion of one
object relative to the other. Hence, the normal and frictional
forces are both contact forces and they are always perpendic-
ular to each other.

Consider a block resting on a table. If the block is pushed
with a horizontal force F and remains stationary, it is because
that the applied force is balanced by an equal and opposite
force. This opposing force is known as the statistical fric-
tional force f; and it has the value f; = F. The statistical
frictional force increases with increasing F (see Fig. 3.6). The
name statistical comes from the fact that the block remains
stationary.

Howeyver, if F is increased to a certain maximum value, the
block will eventually accelerate (see Fig. 3.7). This maximum
value is equal to the maximum frictional force fs max = F and
it represents the applied force when the block is at the verge
of slipping, i.e., it is the minimum force necessary to initiate
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Fig.3.6 The opposing force is n
known as the statistical frictional

force fy and it has the value i
fs = F.Its maximum value
fsmax = F represents the applied
force when the block is at the
verge of slipping i.e. it is the n
minimum force necessary to

initiate motion. When the block f, = > F.,
moves, the retarding frictional i i
force is then called the kinetic
frictional force f; w

| O P

Fmax = = Fapp

*= Fapp

motion. When the block moves, the retarding frictional force
is then called the kinetic frictional force f; and is usually less
than fymax. If fx = F, the block will move with a constant
speed. If F < f; orif F is removed, the block will decelerate
and will eventually be brought to rest. Experiments show that
fsmax and fi have the following properties:

f\‘max _____
fif-—7-

no .
motion motion

Fig.3.7 A graph of the friction force versus the applied force

1. fymax = Ush, Where g is the coefficient of static friction
and n is the normal force acting on the block. As long as
the block is at rest f; = F, where f; < usn.

2. fr = prn where uy is the coefficient of the kinetic friction.

3. The directions of f; and f; are always parallel to the sur-
face. f; is opposite to the component of the applied force
that is parallel to the surface and fy, is opposite to the instan-

Table 3.1 Coefficients of Friction

Materials s (static) i (kinetic)
Steel on steel 0.74 0.57
Aluminum on steel 0.61 0.47
Copper on steel 0.53 0.36

‘Wood on wood 0.25-0.5 0.2

Rubber on concrete 1.0 0.8

Glass on glass 0.94 0.4

Copper on glass 0.68 0.53

Teflon on teflon 0.04 0.04

taneous velocity of the body relative to the surface.

The dimensionless coefficients g and p; depend on the
nature of the surfaces in contact and are independent of the
area of contact between these surfaces. uy is generally less
than . Table 3.1 lists g and wy for some materials. Note
that ux may vary with speed but such variations are not
included here. Friction is a very complex phenomenon.
One reason behind this is that the actual area of contact
viewed from a microscopic level is much less than the area
of contact viewed from a macroscopic level, as in Fig. 3.8,
even for very smooth surfaces. For our purposes here, the
detailed friction mechanism will not be discussed.

Fig.3.8 The actual area of contact viewed from a microscopic level is
much less than the area of contact viewed from a macroscopic level

3.3.5 The Drag Force

If a fluid (such as gas or liquid) and a body are in relative
motion, the body will experience a resistive force opposing
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the relative motion called the drag force D. The direction of
D is the direction in which the fluid is flowing relative to the
body. The drag force depends on some factors, such as the
speed of the object. We will consider the situation in which
a relatively large object is moving through air at high speed
(such as a skydiver or an airplane). In this case, the drag force
D is proportional to the square of the body’s speed and is
given by
D = l Av?
= 20,0

where p is the air density, A is the effective cross-sectional
area of the body taken in a plane perpendicular to its velocity,
and c is the drag coefficient. c is a dimensionless constant that
has a value ranging from 0.4 to 2. The value of ¢ may vary
with v, but such variations will be ignored.

As an example, consider an object falling through air far
from the earth’s surface. The forces acting on the object are
the drag force and the gravitational force as in Fig.3.9. As
the object falls, its speed increases and thus D increases from
zero until it eventually becomes equal to the object’s weight
(D = —mg). The net force on the object when (D = —mg)
will be equal to zero, and hence the object’s acceleration will
become zero (a = 0). As a result the body will fall at a
constant speed called the terminal speed v;:

YF=0

! 2
3 pAv; —mg =0

1 2
EcpAvt =mg

2mg
V= | —
cpA

where m is the mass of the body.

mg

mg

Fig.3.9 An object falling through air experiences a drag force D and a
gravitational force mg

3.4 Applying Newton’s Laws

It is necessary to follow some steps when solving problems
using Newton’s second law. These steps can be summarized
in the following:

1. Draw a simple diagram of the objects in the system ana-
lyzed,

2. Draw a free-body diagram for each object in the system.
In a free-body diagram, the body is represented by a dot,
and all external forces (represented by vectors) acting on
the body are shown. The forces exerted by the body on
other bodies in the system are not included in its free-body
diagram;

3. A coordinate system should be drawn in a free-body dia-
gram with the body at its origin. Newton’s second law is
then applied along each axis using the components of each
force. The coordinate system must be oriented in such a
way that simplifies the analysis, i.e., some forces should
be directed along the axes;

4. Solve obtained equations for the unknowns.

Note that from here until Chap. 5, any object is assumed
to behave as a particle, i.e., all of its parts move in exactly the
same way When applying Newton’s second law, a particle is
represented by a dot on the free-body diagram. Furthermore,
the mass or friction of any rope or pulley is
neglected.

Example 3.7 A 25kg block is released from rest at the top of
arough 40° inclined surface. It then accelerates at a constant
rate of 0.1 m/s2. Find: (a) the coefficient of kinetic friction
between the box and the surface; (b) the maximum angle the
box would be at the verge of slipping if the angle of the incline
is changeable.

mgcosd J@
W =mg x
Fig. 3.10 The free-body diagram of a block accelerating down an
incline
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Solution 3.7 (a) The free-body diagram is shown in Fig. 3.10.
Applying Newton’s second law to the box gives

ZF" =mgsinf — fy = ma

ZFy:n—mgcosezo

fx =mgsin® — ma = (25kg)(9.8 m/s?) sin40° — (25kg) (0.1 m/s%)

= 155N
n=mgcosf = (25kg)(9.8 m/sz) cos40° = 187.7N

The coefficient of kinetic friction is

_ S

n

Mk

(120N)

=" —057
(212.2N)

Ik

(c) At the verge of slipping the force of static friction is max-
imum:
Ssmax = usn

Applying Newton’s second law we get

ZFX = mgsinf — fymax =0
fsmax = mg sin 6
Also we have n = mg cos 0, therefore

mgsing

Hs = tan 6

"~ mgcosf
Since gy = 0.74 from Table 3.1, we have
6 =tan~!0.74 = 36.5°

Example 3.8 Two masses m| = 2kg and my = S5kg are
connected by a massless cord that passes over a massless and
frictionless pulley (Atwood’s machine) as shown in Fig.3.11.
Find the acceleration of the system and the tension in the cord.

Solution 3.8 The free-body diagram of each mass is shown
in Fig.3.11. Applying Newton’s second law to each block
(taking positive y to be upwards) gives

ZFlsz—m]g:m]a

my

n
'\: }.‘

T T
X %
m,g mg

Fig.3.11 The free-body diagram of an Atwoodds machine

ZFzy =T —myg = —mpa

adding the two equations we have

my —mj 3kg 2 2
=—)g=1=—)0.8 =42
o= (e = (g Jos s = s2ms

Substituting a in any of the two equations gives

C(2mimy )\ (2(10kg) )
= (ml +m2>g - ( (7ke) )(9'8m/s )= 28N

Example 3.9 Two blocks of masses m| = 1.5kg and m, =
3.2 kg are connected by a light string that passes over a mass-
less frictionless pulley as shown in Fig. 3.12. If the surface is
frictionless: (a) what is the distance that m, will drop during
the first 0.6 s? (b) if a third block is attached to 71 using strong
glue, what must its mass be such that the system moves with
constant speed?

Solution 3.9 (a) The acceleration value is the same for both
masses since they are connected by a string. Figure 3.12 shows
the free-body diagram for each mass. Applying Newton’s law
to m and m» in the direction of motion we have for m»

ZFzy =T —mpg =—mpa
and for m
Zle =mgsind — T = —mja

from this we have
T =my(g —a)

and
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Fig.3.13 A block hanged from
the ceiling 40°

Fig.3.14 The free-body diagram
of the block

my 2

knet

mzg

Fig.3.12 The free-body diagram showing the forces on each block

Tz
T;
migsind —mo(g —a) = —mia
and therefore
(my —mysinf)g ((3.2kg) — (1.5kg) sin45°)(9.8 m/sz)
a = =
my +my 4.7kg ®
=4.5m/s
After 0. 6s, the distance that m» falls is
h=la = l(—4 5m/s%)(0.6 5)> = —0.81 m
3 5 . . . i
(b) If the system moves with constant speed, its acceleration
is zero T3 =w=mg = 3kg)(9.8m/s?) = 29.4N
Z Fix = (my +m3)gsind —T =0 For the knot, we have
and Y Fe=Ty—Tisin50° =0 (3.1
ZFzy =T —mpg=0
that gives Z Fy=Ticos50°— T3 =0 (3.2)
T =myg
Solving for 77 from Eq. 3.2 gives
and
(my +m3)gsing —myg =0 T = L _ 24N _ 457N
cos 50° (0.64)
hence o ) )
g M2 sind _ ((3:2ke) = (15kg)sin 5o e Substituting this result into Eq. 3.1 we get
sin 6 sin 45°

T, = Ty sin 50° = (45.7N)(0.76) = 35N
Example 3.10 A 3kg block is hanged from the ceiling as in
Fig.3.13. Find the magnitude of 71, T2, and T3. Example 3.11 Figure3.15 shows a weight of 200 N that is
lifted with a constant speed. Find the tension in each part of

the rope and the force of lift.
Solution 3.10 The free-body diagrams of the block and the

knot are shown in Fig. 3.14. From Newton’s second law T3 is  Solution 3.11 Since the pulleys are massless and frictionless
equal to the weight of the block, i.e., we have 2Ty = T» (T} is the tension in each rope)and T» =
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Fig.3.15 Using two pulleys to
reduce the force necessary to lift
a weight

w = 200N, thus
T 200N
=2 _C0ON N
2 2
we also have
T, =F =100N

3.4.1 Uniform Circular Motion

In Sect.2.4.5, it was found that a particle moving in a circle
with a constant linear speed v (uniform circular motion) has
a centripetal acceleration directed towards the center of the
circle. Its magnitude is given by

V2

Arad = —
r

where 7 is the radius of the circle. Figure 3.16 shows an object
attached to a string in uniform circular motion (the plane of
motion is parallel to the Earth’s surface). From Newton’s sec-
ond law, the centripetal acceleration is caused by a force or net
force directed towards the center of the circle. Therefore, as
arad, the centripetal (or radial) force F;44 has a constant mag-
nitude but its direction changes continuously The magnitude
of this centripetal force is given by

V2

|ZF| = Frgg = maygq = mT

If at some instant the radial force becomes zero, the object
would then move along a straight line path tangent to the
circle. Hence, the centripetal force is necessary to keep the
object in its circular path. The centripetal force may be any
kind of force such as friction, gravity, or tension.

Example 3.12 A conical pendulum consists of a bob of mass
m attached to a light string rotating in a horizontal circle as in

mg

mg

Fig.3.17 A conical pendulum consisting of a bob of mass m attached
to a light string rotating in a horizontal circle

Fig.3.17. If the bob rotates with a constant speed and if 6 and
m are known, find: (a) the tension in the string; (b) the speed
of the bob; (c) the period of motion.

Solution 3.12 The horizontal component of the tension force
supplies the required centripetal force to keep the bob in its
circular path while the vertical component balances the weight
of the bob. (a) Applying Newton’s second law in both the x-
and y-directions we have

Tcos® —mg=0

m
7= "8 3.3)
cosf
and
2
. my
Tsinf = — (3.4)
R

(b) Dividing Eq. 3.4 by Eq. 3.3 gives

v=,/gRtan6
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(c) The period of motion is given by

27 R R
= =27
v gtanf

T

Since R = L sin 6, we have

Example 3.13 (a) A car needs to turn on a level road without
skidding as in Fig.3.18. Find the maximum speed for which
the car can take the curved path of the level road safely (b)
If the road is banked, i.e., the outer edge is raised relative to
the inner edge as in Fig.3.19, find the maximum speed for
which the car can take the curved path of the level road safely
without depending on friction.

Solution 3.13 (a) The centripetal force required for the car to
remain in its circular path, is in this case, is the force of static
friction. The maximum speed for which the car can take the
curve without skidding is when the static frictional force is a
maximum. That is,

Vmax

Sfsmax = umg =

Hence

Vmax = /Mg

(b) If the road is banked the car can take the turn without
depending on friction as the required centripetal force. In that
case, the horizontal component of the normal force supplies

Fig.3.19 A car turning on a banked road

the necessary centripetal force. Thus we have

mv2

nsing = —
,
and
ncosd =mg

where v is the speed of the car. Dividing these two equations

gives
2

v
tanf = —
rg

If the angle 6 and the curvature r are known, then the safe
speed limit can be found. If the car moves at a speed lower or
higher than that speed then the frictional force must supply
the additional centripetal force for the car to stay in its circular
path.

3.4.2 Nonuniform Circular Motion
In Sect.2.4.6, we saw that an object in nonuniform circular

motion has both perpendicular (centripetal) and parallel com-
ponents of acceleration given by

VZ
Arad = —
-
and
dlv|
ay = ——
dt

The total acceleration is
a=ay+a

These radial and tangential accelerations are caused by radial
and tangential forces respectively (see Fig. 3.20):

V2

Frag = mayqq = mT

d|v|
Fr=ma, =m——
dt
The net force is
F=F . +F

Example 3.14 An object attached to a light string is rotat-
ing in a vertical circle of radius r (see Fig.3.21). Find: (a)
the tension in the cord at the lowest and highest points; (b)
the minimum speed at the highest point such that the object
remains in its circular path.
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Ff(l‘ﬂ

Fig. 3.20 The radial and tangential forces in nonuniform circular
motion

mgcost

A

mg

mgsinf

Vi

Vb

mg

Fig.3.21 An object attached to a string rotating in a vertical circle

Solution 3.14 (a) Applying Newton’s second law in both the
tangential and radial directions gives

mg sin 6 = ma;

and
mv?
T —mgcosf = —
P

At the bottom 6 = 0 and therefore a; = 0 and

%
T, =m T—i—g

At the top # = 180° and g, = 0 and

Ii=m|l——-¢g
r

(b) For the object to remain in its circular path, the string must
remain taut, i.e., 7; must be positive (7; > 0). If 7; = 0 then
vy = /gr. Hence, the velocity must satisfy v, > ,/gr.

Y
IF>1 = 200N

30°

X

Fig.3.22 Anobject subjected to two forces acting in different directions

1.2m
30

Fig.3.23 A block released from the top of an incline

Fig.3.24 Two masses connected my
by a light string over a frictionless
pulley of negligible mass

mz
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Fig.3.25 A block hanged from

the ceiling 60°

Fig.3.26 A block held in
equilibrium

4531{ "

3kg 4kg

f e

Fig.3.27 Two blocks connected by a light rope and pulled by a force

Problems

1. A 4kg object is exposed to two forces (see Fig.3.22).
Find the magnitude and direction of the acceleration of
the object.

2. A0.2kgblock is released from the top of an inclined plane
of angle 30° as in Fig.3.23. Find the speed of the block
just as it reaches the bottom.

3. Two masses are connected by a light string that is con-
nected to a frictionless pulley of negligible mass as in
Fig.3.24. Find the magnitude of the acceleration of the
masses and the tension in the string.

4. A block is pushed up along a smooth inclined plane of
angle of 45° where it is given an initial velocity of 8 m/s.
Determine the time it takes the block to return to its initial
position.

5. Find the tension in each string in the system shown in
Fig.3.25.

6. A 5kg block is held in equilibrium as in Fig.3.26. Find
the normal force acting on the block.

7. Find the normal force exerted on a 70kg man standing
inside an elevator that is accelerating upwards at a rate of
2m/s%.

8. Find the acceleration of the system shown in Fig.3.27
and the tension in the string if m; = 3kg and m» = 4kg
(assume massless string and frictionless surface).

m

Fig. 3.28 Two blocks placed on top of each other, where a horizontal
force is applied to the lower block

Fig.3.29 A car moving on a
curved path

Fig.3.30 A block of mass m on
a frictionless table is attached to

v
—
light string that passes through / . f‘>:
the center of the table and is ‘ [ é ‘

connected to a larger block of
mass M

9. Two blocks of masses 3 and 5 kg are placed on top of each
other as in Fig.3.28. If the coefficient of static friction
between the blocks is 0.2 and assuming there is no friction
between the lower block and the surface on which it rests,
find the maximum horizontal force that can be applied to
the lower block such that the blocks move together.

10. A 1000kg car move along the track shown in Fig.3.29.
Find (a) the maximum speed the car can have at point A
such that it does not leave the track (b) the normal force
exerted on the car at B if its speed there is 15m/s.

11. A block of mass m on a frictionless table is attached to
light string that passes through the center of the table
and is connected to a larger block of mass M (see
Fig.3.30). If m moves in uniform circular motion of radius
r and speed v, find v such that M remains at rest when
released.

12. A lkg particle moves in the force field given by F =
2ti + (5t — 1)j — 6¢%k. Find the position of the particle
atany time if at = 0,rg = 0, and vog = 0.
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Work and Energy

4.1 Introduction
Energy is a very important concept that is heavily used in
everyday life. Everything around us, including ourselves,
needs energy to function. For example, electricity provides
home appliances with the energy they require, food gives us
energy to survive, and the sun provides earth with the energy
needed for the existence of life!

Experiments show that energy is a scalar quantity related
to the state of an object. Energy may exist in various forms:
mechanical, chemical, gravitational, electromagnetic, nuclear,

and thermal. Furthermore, energy cannot be created or destroyed;

it can only be transformed from one form to another. In other
words, if energy were to be exchanged between objects inside
a system, then the total amount of energy (the sum of all forms
of energy) in the system will remain constant.

A transformation of energy occurs due to the action of a
force known as work or due to heat exchange between objects
(or between an object and its environment). If energy is trans-
ferred due to work then it may be defined as the capacity of
doing work. This book is concerned with mechanical energy
which involves kinetic energy (associated with the object’s
motion) and potential energy (associated with the position of
the object in space).

4.2 Work

Work may have many meanings. Sometimes, work is said to
be done when a muscular activity is performed. Work may
also refer to mental activity (mental work). In physics, the
definition of work is different. Work is said to be done if a
force is applied to an object while it is moving, i.e., if there
is no resulting displacement, no work is done. Suppose that
a person holds a heavy box for sometime and then starts to
feel tired. The reason he/she feels tired is because chemical
energy in his/her body is converted into internal microscopic
motions of the muscles. Since the energy is not transferred to

© The Author(s) 2019
S. Alrasheed, Principles of Mechanics, Advances in Science,
Technology & Innovation, https://doi.org/10.1007/978-3-030-15195-9_4

the box being carried (the box did not move), the work done
on the box is equal to zero.

4.2.1 Work Done by a Constant Force

Consider an object exposed to a constant force F (see Fig. 4.1).
If the object is displaced through a displacement s, then the
work done on the object is a scalar quantity defined as

W =Fscos0 =F-s
where 6 is the smaller angle between F and s. The component
of F in the direction of s (F cos 0) is the only effective compo-
nent that produces motion. The work done represents energy
transferred to or from the object via that force. If (6 = 0), the
work done on the object is positive, i.e. energy is transferred
to the object. If (& = 180°), the work done is negative, i.e.,

energy is transferred from the object. The SI unit of work is
Newton meter (N.m) also named as the Joule.

1Joul = 1J = 1kg.m?/s?

Note that energy and work have the same units.

4.2.2 Work Done by Several Forces
Consider an object exposed to several forces as in Fig. 4.2. The
work done by all of these forces is the sum of the individual

amounts of work done by each force:

W=F -s+Fy-s+Fz-s+---

W =W+ W, + W3+

53
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Fig.4.1 An object exposed to a constant force F and undergoes a dis-
placement of s

1 I

Fig.4.2 An object exposed to several forces undergoes a displacement
of s

Another method to find the work is by considering the resul-
tant of these forces:

W:(ZF).S

where
F=F +F,+Fs:+

Example 4.1 A lady pulls an 80 kg block horizontally on a
rough surface by a constant force of 400 N that is at 20° to
the horizontal. If the block is pulled a distance of 6 m and if
the opposing force of friction has a magnitude of 118 N : (a)
determine the work done on the block by each of the applied
force, the frictional force, the normal force, and the force of
gravity; (b) find the total work done on the block; (c) determine
if it is easier for the lady to pull the block at an angle larger
than 20°.

Solution 4.1 (a) The work done by the applied force is

Wapp = F-s = Fscos6 = (400 N)(6m) cos 20° = 2255.3]

The work done by the frictional force is

W = Fscosf = (118N)(6m) cos 180° = —7087J

The work done by the normal force and the force of grav-
ity are both zero since each force is perpendicular to the
displacement.

(b) The total work done is
Wior = Wapp + Wy = (2255.3]) — (708)) = 1547.3]

The total work done can also be found by computing the net
force acting on the block and calculating its work.

(c) For (0 < 6 < 90°), If 6, > 0y, then cosf, < cosb
and therefore Wypp2 < Wypp1, i.€., itis easier for the man to
pull at an angle larger than 20°.

Example 4.2 A delivery man wants to push a crate up a ramp
of length s: (a) find the minimum work the man must do to
lift the crate to the top of the ramp; (b) determine if a ramp
with a steeper incline would be more difficult for the man to
push the crate.

Solution 4.2 (a) The minimum work that the delivery man
must do is the work done against gravity The work done on
the crate by the force of gravity is

W, = —mgssin6

Hence the minimum work W,, that the delivery man must do
is equal to +mgs sin 6.

(b) For angles between 0 and 90°, if 6, > 6, then sin 6, >
sin 01. Hence W,,» > W,,1, i.e., the more inclined the ramp is
the more difficult it is to move the crate.

4.2.3 Work Done by a Varying Force

Previously, the work done in the special case of a force that is
constant in both magnitude and direction was discussed. The
object there moved along a straight line. In many situations,
the force may vary in magnitude or in direction or in both, and
the object may move along a curved path. To find the work
done in this case, consider a particle moving along the curved
path shown in Fig.4.3. While it is moving, a force F that
varies in both magnitude and direction with the position of the
particle acts on it. Let us divide the path into a large number n
of very small displacements where each is tangent to the path.
For each displacement, the force can be approximated to be
constant in both magnitude and direction. The total work done
as the particle moves from P to Q is the sum of the individual
amounts of work done along each displacement, that is

W=F  -Ari+F-Arp +F3-Arp +---F, - Ary,

n
W= ZFi - Ar;
i=1

By dividing the path into more displacements we have
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ATy

X

Fig. 4.3 A particle moving along a curved path. While itds moving, a
force F that varies in both magnitude and direction with the position of
the particle acts on it

n
W= 1l F, - Ar;
1moz; RN ¢

=

Al‘i —

(o}
W:/F-dr:/ F-dr
c P

As mentioned in Sect. 1.10.1, this integral is called the line
integral. Each component of F(Fy, F or F;) may be a func-
tion of x, y, and z, and the curve can be determined by its
equations that relates x, y, and z to each other. The compo-
nent form of the above equation is

rf xf Yf f
W:f F-dr:f dex+/ Fydy+/ F.dz
r; Xi Vi Zi

4.1
Now consider the case in which the particle moves along a
straight line (for example the positive x-axis) and in which
the force acting on the particle has a constant direction along
the x-axis and a magnitude that varies with x. Equation 4.1 is
then reduced to

or

W= [ Y Fo(x)dx 4.2)

This equation represents the area under the curve in Fig.4.4.
If F(x) is constant then we have

rf rf
W:/ Fx(x)dsz/ dx = F(xy—x;))=Fs
Xi Xi

The work is then equal to the rectangular area shown in
Fig.4.5.

Example 4.3 In Example 3.3, find the work done by the force
in moving the particle during the time interval from ¢ = 0 to
t=1s.

Solution 4.3 The work done fromt =0tot = 1sis

Fyx)

: ;

Xi Xf

Fig.4.4 The area under the curve represents the work

Fy(x)

Fig.4.5 The work is equal to the rectangular area

=1 t=1
W = F-dr= / (2121 — 3tj).(1/3t4 — j)dr
t

=0 =0

t=1
= / (0.661° + 3r*)d1
=0

= (0.1£7 + 0.6:°)'=) = 0.77

Example 4.4 A force acting on a particle is a function of
position according to Fig.4.6. Find the work done by this
force as the particle moves from x; =0toxy =9m.

Solution 4.4 The work done is equal to the area of the triangle
under the curve between x; =0to xy = 9m, i.e.

W= %(9m)(4N) =187

Example 4.5 A ball that is suspended from a ceiling by a
light rope is displaced a small distance to the position shown
in Fig.4.7. If it is released from rest at B, find the work done
by the tension force and the force of gravity as the ball moves
from B to A.

Solution 4.5 Because the tension force is always perpendicu-
lar to the displacement, the work done by it is zero at all times.
The only component of the gravitational force that does work
is its tangential component. Therefore,
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Q iy d If d
F(N) W=/ F-dr=/ F.—rdt=/ F.vdz=/m—v-vdz
P ti dt ti ti dt
Vf 1 Vf f
=m/ v-dv = —m/ d(v-v)=-m(v-V)|y
61 v 2w
4 1, 1
214 T T

x(m)

1
The quantity —mv? isthe energy associated with the motion of

21 the particle called the kinetic energy (KE). Thus, if a particle
of constant mass m is moving with a speed v, its KE is a scalar
quantity defined as

1
64 K = —mv?
2

. 1
It also can be written as K = —m (v -v). Hence, the total work

Fig.4.6 A f i icle is a functi f positi .. . . .
19.4.6 A force acting on a particle is a function of position done by the net force in displacing the particle is equal to the

change in the KE of the particle
Whet = Ky — K; = AK

Similar to work, the ST unit of kinetic energy is the Joul. Note
that the work—energy theorem is applied only if the object
is treated as a particle (all of its parts move in exactly the
same way). As an example of how the theorem is applied
only for particle-like objects consider a man standing on a
skateboard on a horizontal surface (see Fig.4.8). If the man

Fig.4.7 A ball suspended by a light rope and displaced a small distance
from the position of equilibrium

6o 6o
W = / F.ds = / mg sin 6 cos(0)ds
0 0
Since s = RO, then ds = Rd0, and we have

o
W= ng/ sin0d6 = —mgR cos O] = mgR(1 — cos 6y)
0

4.3  Kinetic Energy (KE) and the
Work-Energy Theorem

Consider a particle that is exposed to a net field force and is
moving along a curve in space. Suppose that the particle is
at P at #; and at Q at 7 and that its velocity at P and Q is v;
and v fo respectively. The net work done on the particle as it Fig.4.8 The center of mass of the system (man+skateboard) moves and
moves from P to Q is then given by the work-energy theorem can be applied to that point
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pushes the bar then that would move him backwards along
with his skateboard. This motion is due to the reaction force
F exerted on him by the bar. The work done by n or w is equal
to zero since each force is perpendicular to the displacement.
Because the point of application of F did not move it follows
that the work done by that force is zero. Thus, from the work—
energy theorem the man should not move. The question is why
did he move?

The fact here is that it is incorrect to treat the man as a
particle, since different parts of his body move in different
ways as he pushes the bar. Therefore, the work—energy the-
orem does not hold. The man must be treated as a system of
particles. In Chap. 6, we will see that the motion of a system
of particles can be represented by the motion of its center of
mass. The center of mass behaves as if all of the mass of the
object (or system) is concentrated there and as if the net exter-
nal force is applied there. In the case of the skateboarder, the
center of mass of the system (man + skateboard) moves and
the work—energy theorem can be applied to that point.

The work—energy theorem is an alternative method for
describing motion without using Newton’s laws. It is espe-
cially useful in problems involving a varying force. Note that
the work and the kinetic energy are not invariant quantities;
they have different values when measured in different inertial
frames of reference. However, from the principle of invari-
ance, the equation W,,;, = AK still holds for any inertial
frame.

Example 4.6 A 5 kg block resting on a surface is given an
initial velocity of 5 m/s. If the coefficient of kinetic friction
of the surface is ux = 0.2, find the distance the block would
move before it stops.

Solution 4.6 As we will see later in Sect.4.3.1, the change in
the kinetic energy of the block due to frictionis AK = — fs,
where s is the displacement of the block.

1 1

1
= —(0.2)(5kg)(9.8m/s?)d = 0 — S Gk m/s)’
d=64m
Example 4.7 A 10 kg block is pushed on a frictionless hori-
zontal surface by a constant force of magnitude of 100 N and
that is at 30° below the horizontal. If the block starts from
rest, find its final speed after it has moved a distance of 3m
using work—energy theorem.

Solution 4.7

W =F s = Fscos6 = (100N)(3m) cos(—30°) = 259.8J

From the work—energy theorem, we have

1 1
W = Em\% — Emv?

since v; = 0 we get

,  2W  2(259.8))
Vf = —

- = 52m?/s?
m (10kg)

ve=72m/s

4.3.1 Work Done by a Spring Force

Consider a block attached to a light spring fixed at the other
end on a frictionless horizontal surface as in Fig.4.9. Sup-
pose an external force F,,; is applied to the block by either
stretching or compressing it through a small displacement
from its equilibrium (relaxed) position taken at x = 0. The
spring will then exert a restoring force F; on the block that
opposes the applied force and restores the block to its equi-
librium position. For many kinds of springs and in the case
of small displacements, the spring force varies linearly with
the displacement x of the block (or any other object) from its
equilibrium position (x = 0). That is

Fy = —kx

where k is a constant called the force or spring constant. k
measures the stiffness of the spring. The stiffer the spring
the larger is k. This equation is known as Hook’s law. The
minus sign indicates that the spring force is always acting in
a direction opposing the displacement. The work done by the
spring force in moving the block from an initial position x; to
a final position x f is:

1 x=0
F, |
—

T

Fig.4.9 A block attached to a light spring on a frictionless surface

x=0
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— Slope = -k
W

Fig.4.10 A plot of F; versus x for the mass-spring system

Fig.4.11 A 2 kg block attached to a light spring of force constant 300
N/m on a horizontal smooth surface

xf xf xf
W, = / F.dx = f (—kx)dx = —k/ xdx
X; Xi Xi

1o 1 5
WS == Ekxl - Ekxf
The work done on the block by the spring as it moves from
an initial position x; = x to a final position xy = 0 is

1
W, = —kx?
2

Figure4.10 shows a plot of F; versus x for the mass—spring
system.

Example 4.8 A2kgblock s attached to a light spring of force
constant 300N /m on a horizontal smooth surface as shown
in Fig.4.11. If the system is initially at rest at the position of
equilibrium and is then stretched a distance of 3 cm, find the
work done by the spring on the block as it moves from x; = 0
toxy = 3cm.

Solution 4.8
1L, 1 5 1 2
W, = Ekx,- - Ekxf =0- 5(300N/m)(0.03 m)- = —0.135]

4.3.2 Work Done by the Gravitational Force
(Weight)

If a particle-like object of mass m is moving vertically upward
or downward near the surface of the earth where g is assumed

(a)
object moving upward

(b)
object moving downward

pf ] W]
YI’W zgn:% ﬁ;‘_f Yi
l |

Fig.4.12 By taking y = 0 at the hand level, in the work done by gravity
ais —mgyy andin b is +mgy;

to be constant (see Fig. 4.12), and if air resistance is neglected,
then the only force that does work on the object is the gravita-
tional force mg. By taking the y-axis along the line of motion
(positive upwards) with y = 0 at the earth’s surface, the work
done by the gravitational force is

Yf Yf
W, = / Fydy = —mg/ dy
Vi Yi

Wy = mgy; —mgyy

Note that unlike the spring force the reference point y; may
be chosen anywhere. If the object moved downwards from
yi = y toys = 0, the work done by the gravitational
force is

W, = mgy
Now suppose the object moves along a curved path from P to

Q as in Fig.4.13. The work done by the gravitational force is

Q 0 yr
W= / mg-ds = —/ mgi - d(dxi+dyj) = —f mgdy = mgy; —mgyf
P P Vi

This result is the same as if the object has followed a
straight vertical path. Therefore, the work done by the grav-
itational force depends only on the initial and final positions
of the object.

Example 4.9 A man lifts a 300 kg weight a distance of 2m
above the ground. Find the work done by the force of gravity
on the weight.

Solution 4.9

W =mgy; —mgyy =0 — (300kg)(9.8 m/sz)(2m) = —5880]J



4.3 Kinetic Energy (KE) and the Work-Energy Theorem

59

(a)

x (x=0

xf

(b)

Fig.4.13 a The total work done by the spring force on the block is zero
since x; = xy. b Along any path the work done by the gravitational
force is the same since the initial and final positions are the same

4.3.3 Power

Power is a quantity that defines how much work is done over
a period of time, i.e., power is the time rate of doing work,
or more generally, it is the time rate of energy transfer. If an
external force F does work W on an object for a time interval
At, then the average power during that time is

- W
P=—
At
The instantaneous power is
W dw
P=Ilim —=—
At—0 At dt

Our concern in this book is the mechanical power since it
involves mechanical work. If y is the velocity of the object,
we have
aw ds
P=-—=F.—=
dt dt

for a constant force, or
P=F-v

The SI unit of power is joules per second (J/s) and is called
the watt (W).

1W=1J/s = 1kg.m?/s>
Another unit of power that is often used is the horsepower:

1hp = 746 W

Conservative and Nonconservative
Forces

4.4

In nature, there are two kinds of forces: conservative and non-
conservative forces. A conservative force is a force that con-
serves the energy of a system when acting upon it. The action
of this force results in changing the kinetic energy of any
object in the system. This change will be stored in the sys-
tem in the form of potential energy. For every conservative
force, there is a certain potential energy that is associated with
it. Such potential energy can be retransformed into kinetic
energy Thus, the total energy of the system would not be dis-
sipated, instead it would be conserved. A force that does not
actin this way is said to be a nonconservative force. Properties
of a conservative force are given as follows:

1. The net work done by a conservative force on a particle
moving from one point to another is independent of the
path taken by the particle;

2. The net work done by a conservative force in moving a
particle through any closed path is equal to zero.

A force not meeting these conditions is a nonconservative
force. As mentioned in Sect. 1.10.2, property 2 of a conser-
vative force can be obtained from property 1 (if A is a vector
field and the line integral of A between any two points is

independent of path, then A - r = 0). That is, these two

properties are equivalent. Excamples of conservative forces in
mechanics are the gravitational and spring forces. To show
this let us go back to Sects.4.3.1 and 4.3.2, where the work
done by the gravitational force or the spring force was calcu-
lated. We have seen that the work done in each case depends
only on the initial and final positions of the object. There-
fore, the work done by any of these forces is independent of
the path joining the initial and final positions. Furthermore, if
(x; = xy) in the case of the spring or (y; = y) in the case
of the gravitational force the net work done is zero. Hence,
these forces are conservative.
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Fig.4.14 The longer the path the
more interaction between the
block and the surface and the
more the force of friction will act
and do work on the block

The force of friction is an example of a nonconservative
force. To show that, consider a block sliding on a rough sur-
face. Figure4.14 shows two possible paths connecting two
points. The longer the path the more interaction between the
block and the surface and the more the force of friction will
act and do work on the block. Thus, the work depends on the
path taken between the two points and therefore the frictional
force is a nonconservative force.

4.4.1 Potential Energy

For a system consisting of two or more objects, the poten-
tial energy U of the system is the energy associated with the
configuration of the system. That is, the potential energy is
the energy associated with the position of objects in the sys-
tem relative to each other. If the configuration of the system is
changed, then the potential energy of the system also changes.
Such energy is defined only in terms of a conservative force
because if such a force acts on a system then it can transform
the kinetic energy of any object in the system into potential
energy of the system and vice versa. The potential energy
means that the system has potential to do work.

In Sect. 1.10.2 it has been proven that the line integral in
Eq. (1.2) is independent of the path joining the points P and
Qif and only if A = V¢, or equivalently V x A = 0. Where
¢(x, y, z)is some scalar that has continuous partial deriva-
tives. Therefore, for a conservative force field F(x, y, z),
there always exist a scalar field U = U(x, y, z) (called the
potential energy) such that

Furthermore
VxF=0

Thus, the total work done by a conservative force in moving
a particle from P; to Py (see Fig.4.15) is

Py Py Py
W:/ F~ds=[ —VU-ds:/
P; P; 1Py

or
Py
AU = —/ F-ds
P;

—dU =U; — U = =AU

where U = U(x, y, z). Because only the change in the
potential energy is significant, it does not matter where the

T

X

Fig. 4.15 The total work done by a conservative force in moving a
particle from P; to Py

reference point (U) is chosen. This is because if U; is changed
Uy will be also changed but AU will remain constant.

Example 4.10 A force acting on a particle is given by F =
—kr. Determine: (a) whether or not the force is conserva-
tive; (b) the potential energy associated with the force if it is
conservative.

Solution 4.10 (a)

i j Kk
ad d 1)

VxF= x 5 Frd
—kx —ky —kz

F) 3 T 3 T F) 3
= [ﬁiy(_kz)_ afz(—ky)]l"‘ |:?Tz(_kx)_ E(—kl)}l"'[a(_ky)— @(—kx):|k =0
Therefore, the force is conservative.
(b)
1 1
U= —/F~dr: —/—kr-dr: /krdr = Ekr2 = Ek(x2+y2+z2)

Example 4.11 1f a force acting on a particle is given by F =
ayj, where a is a positive constant: (a) find the work done in
moving the particle along the closed path shown in Fig.4.16;
(b) determine if the force is conservative.

Solution 4.11 (a) Along path 1 we have y = 1 and dy = 0
and along path 3 we have y =2 and dy = 0.

2 1
W= f)-Fdr = /F~dr+/ F-dr+f F~dr+/ F.dr = 0+/ aydy+0+/ aydy =0
] 1 2 3 4 y=1 y=2

(b) Since the total work done through the closed path is
zero, the force is conservative.
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Y
2+ <
Y
I+ =
f } : X
0 I 2 3

Fig.4.16 The work done in moving the particle along a closed path

Example 4.12 Find the force acting on a particle if the poten-
tial energy associated with it is U = 5y% — 3z.

Solution 4.12
oUu
Fy=——=—10y
dy
. oU _3
z 32 -

and therefore F = —10yj + 3k.

4.4.1.1 The Gravitational Potential Energy

As we have mentioned in Sect. (4.1.7), the work done by the
gravitational force in displacing a particle near the earth’s
surface from y; to yr is

We =mgy; —mgyy
Since Wy = =AUy = Ug; — Ugy, we have
Ugi = Ugr =mgy; —mgyy

If yf = 0and y; = y, the gravitational potential energy of
the object—earth system may be written as

Ug = mgy

The force of gravity near the surface of the earth can be found
from the gravitational potential energy In general we have

F = —VU here, since the motion is in one direction we have
¥ dU . d ( Y .
= -] = —m = —m
g dy J dy 8yl &)

4.4.1.2 The Elastic Potential Energy
It was found in Sect. (4.1.6) that the work done by the spring
force when moving a block from x; to x s (When it is stretched

or compressed) is

1 2 1 2
W&‘ = Ekxi - Ekxf

Since Wy = —AU; = Uy; — Uy, we have

1 2 1 2
Usi — Usf = zk.xl- — Ekxf

If x; = 0 and x;y = x, the elastic potential energy of the
block-spring system can be written as

1
Us = E/cx2

The spring force can be found from the elastic potential energy

dUi d (1
dx dx

—kxz) i = —kxi
2

4.5 Conservation of Mechanical Energy

The total mechanical energy of a system is defined as the sum
of all of the kinetic energies of the objects within the system
plus all of the potential energies of the system.

Eror = Kior + Usor

Now, consider an isolated system in which there are no exter-
nal forces acting on it, or the net external force is zero. The
only forces acting on the system will be the internal forces
within the system. These forces may be conservative or non-
conservative. If only internal conservative forces exist, then
the work done by any of these forces on an object in the system
will transform its kinetic energy into potential energy (associ-
ated with that force), or vice versa. The internal conservative
force can also transform one form of potential energy into
another. The work done by such a force on an object in the
system is
W = AK

The change in potential energy due to this work is

W=-AU
Thus,
AK = =AU
or
AK +AU =0
or
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Ki+Ui=Kys+Uy

If more than one conservative force acts, there will be a poten-
tial energy associated with each force. That is

Ki+Y U=K;+)> Us

Therefore we have
E;

or
AE =0

From the previous discussion, we conclude that for an iso-
lated system in which only conservative forces act, the total
mechanical energy of the system remains constant (con-
served). Figure4.17 shows the changes of energy of a ball
thrown upwards. Now suppose that the system is not isolated
and that the external forces acting on the system are conser-
vative. The change in the kinetic energy of the system is then
equal to the work done on the system by an internal conser-
vative force plus the amount of kinetic energy changed due
to an external conservative force, that is,

AK = Wipte + AKeys

or
AK = —AU — AU,y
Hence
AK + AU + AU,y =0

Therefore, the total mechanical energy of the system remains
constant under both external and internal conservative forces.
If external nonconservative forces act on the system, or if
there is heat transfer, or if internal nonconservative forces
act, then the total mechanical energy may change and is no
longer conserved.

4.5.1 Changes of the Mechanical Energy of a
System due to External Nonconservative

Forces

External nonconservative forces may act on a system if it is
not isolated. Consider a system that is not isolated in which
only internal conservative forces act. The change in the kinetic
energy of the system is then equal to the work done on the
system by an internal conservative force plus the amount of
kinetic energy changed due to an external nonconservative
force. This can be expressed as

AK = Winte + AKexs

A

E K U
& BL
b E K U
P —_—
| .
| |
J'\J\
B{ 1\ D !
r T
Lo & E K U
AQOE &

D
E K u
E‘E—l—ﬂ—ﬁf
E K u

Fig.4.17 Changes in the kinetic and potential energies of a ball thrown
vertically upwards

or
AK = =AU 4 AKex:

Thus

AE = AKoyy “4.3)
This implies that the total mechanical energy has changed by
an amount of AK,,;. Not that the work done by a nonconser-
vative force cannot be calculated generally but the change in
the kinetic energy can be observed.

4.5.2 Friction

Friction is a nonconservative force as seen in Sect.4.2. If this
force is applied externally to a system in which only internal
conservative forces act, it will decrease (dissipate) the kinetic
energy of the system by transforming it into thermal energy
The change in the mechanical energy of the system is

AE = AK,yy

The work done by friction or any other nonconservative force
cannot be calculated. In other words, the work done by friction
is not simply — fis, where s is the displacement of the object
in the system. The reason behind not being able to calculate
the work done by friction is that at a microscopic level the
frictional force is not a single force that acts at one point.
Rather, it is a combination of forces acting at different points
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in the object. However, the loss in kinetic energy of the object
can be calculated as shown below: Consider a block sliding on
arough surface. Let’s choose the block only to be our system.
From the equation of motion, we have

v?; —vl-2 = 2as

Newton’s second law gives

—fk =ma
Thus
—fs =mas
or
1L 5, 1 5
—fss = Emvf — Emvi
Therefore

AKexi = — fis

This quantity represents the magnitude of the loss in the
kinetic energy of the block due to friction. This loss of energy
appears as thermal energy of the block and of the surface on
which it slides.

4.,5.3 Changesin Mechanical Energy due to
Internal Nonconservative Forces

In solving problems you are free to choose the system. If
we considered the block plus the surface as our system, then
friction will be an internal nonconservative force and we may
write

AE = —AEjn = AKjppe = —fks

where AK;, . is the change in the kinetic energy of the sys-
tem due to an internal nonconservative force. Another exam-
ple of a nonconservative force is the force that you exert on
your body by your muscles. This force transfers the chemi-
cal energy of your body into kinetic energy In Sect. (4.1.5),
we have seen that the motion of the skateboarder can be
explained using the concept of the center of mass. Another
way to explain the motion of the skateboarder is that the inter-
nal chemical energy of the man is transformed into kinetic
energy, and we may write

AE = AK = —AEiy

Since AU = 0 in his case. An additional example of noncon-
servative forces is the forces that different parts in an object
exert on each other when the object is deformed. These forces
transform the kinetic energy of the object into internal energy.

In all cases, even though energy can transfer from one object
to another or to the environment, the total amount of energy
in the universe is constant. That is, energy gained by a sys-
tem is lost by another system. In other words, energy cannot
be created or destroyed it can only be transformed from one
form to another and the total energy of an isolated system is
conserved (constant). This statement is known as the law of
conservation of energy The law of conservation of energy is
also valid in relativity and quantum mechanics.

4.5.4 Changesin Mechanical Energy due to All
Forces

Consider a system in which there are both internal and external
conservative and nonconservative forces acting on it. In this
case, the change in the total mechanical energy of the system
can be written as

AE = AK + AU + AU,y = AKeoys — AEing

Example 4.13 A 0.2 kg apple falls from a tree at a distance
of 3m above the ground. Find: (a) the velocity of the apple
at an altitude of 2m and at the instance just before it hits the
ground; (b) the altitude of the apple when its velocity is4 m/s.

Solution 4.13 (a) Consider the system to be the earth + the
apple. By neglecting air resistance (the apple is in free-fall),
the only internal force that acts within the earth—apple system
is the force of gravity. Because the gravitational force is a con-
servative force, the total mechanical energy of the system is
conserved. Therefore as the apple falls its gravitational poten-
tial energy is converted into kinetic energy such that at any
instant the total mechanical energy of the system is constant.
Applying the law of conservation of energy to the system and
by taking y = O at the earth’s surface and the gravitational
potential energy to be zero at y = 0, we have

Ky+Uy=K;+ U

1 2
— + =0+ h
myy +mgy mg

where £ is its initial altitude. That gives

vi=+/2g(h —y)

Aty =2m,

Ve =4/29.8m/s?)(1m) = 4.43m/s

Aty =0
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30m C

B
10m

I Sm

Fig.4.18 By ignoring friction, the total energy of the roller coaster can
be considered to be conserved

v =4/2(9.8m/s?)(3m) = 7.7m/s

(b)
(4m/s)?

——— =22m
2(9.8m/s2)

V2
y=h->L=@m-

2g
Example 4.14 A roller coaster of mass 500 kg starts from
rest at point A, and rolls down the track as shown in Fig. 4.18.
Ignoring friction, determine: (a) the roller coaster speed at B

and C; (b) the work done by gravity as the rollercoaster moves
from A to B.

Solution 4.14 (a) Consider the system to consist of the roller-
coaster 4 the track 4 the earth. Taking the gravitational poten-
tial energy to be zero at the earth’s surface and from the con-
servation of energy we have

Ki+Ur=K; +U

1
Emv% +mghp =0+ mghy

Therefore,

vp =+/2g(hs —hp) = \/2(9.8m/82)(25 m) =22.13m/s

Similarly, the velocity at C is

ve =28(hg —he) = \/2(9.8m/52)(20m) =19.8m/s

You may also calculate the velocity at C by taking B as the
initial point.

(b) As the car moves from A to B the work done by gravity
is

W = —AU

>\/

Fig.4.19 A block released from rest on top of an incline

Wg = —(mghp — mghg) = 1.22 x 10°J

Example 4.15 A block of mass 5 kg is released from rest at
the top of a 45° incline that is 0.5 m long as shown in Fig. 4.19.
It then slides on a horizontal surface that is 0.7m long and
goes up again on a second ramp that is at 30° to the horizontal.
If the coefficient of kinetic friction between the block and all
three surfaces is 0.2, find the maximum distance that the block
would move up the second ramp?

Solution 4.15 First, we divide the path into three parts. Let us
consider the system as the block only Along the first part the
change in the total mechanical energy of the system is equal
to the energy dissipated by friction. Thus,

AE = AKey;

Kf+Uf=Ki+Ui+AKext

1
zmvfcl +0=0+mgh — fr151

the force of kinetic friction is

fe1 = pkn = ugmg cos B = (0.2)(5kg)(9.8m/s?) cos 45° = 6.93N

That gives
1
Emv}1 =mgs| sinf] — fi1s1 = (5kg)(9.8m/s%)(0.5m) sin 45°

—(6.93N)(0.5m) =13.9]

vr1 = 2.35m/s. Along the second path we have again
Ki+Ur=K;+U; +AKexs

1 2 1 2
Emez + 0= zmviz + 0— fk2s2

The force of kinetic friction is given by

fio = ugmg = (0.2)(5kg)(9.8m/s?) = 9.8N



4.5 Conservation of Mechanical Energy

65

and therefore

1 1
5mv§c2 = 5(5 kg)(2.35)% — (9.8N)(0.7m) = 6.95]
6.94]
Vi = ¢ ) =1.7m/s
(5kg)

Finally, along the third path, we also have
Ki+Ur=K;+U; +AKexs
and
: 0 1 2
0+ mgs3 sin30° = Emvlg + 0 — fi353
but we have
fi3 = memg cos 30 = (0.2)(5kg) (9.8 m/sz)(0.866) =8.5N

and thus
1
(5kg)(9.8m/s%)s53(0.5) = 5(5 kg)(1.7m/s)* — (8.5N)s3
That gives s3 = 0.2 m.

Example 4.16 Two masses m1 = 5 kg and mp = 9 kg are
connected by a light rope that passes over a massless friction-
less pulley as in Fig.4.20. If the system is released from rest
when m is at 0. 5m above the ground, use the principle of
conservation of energy to determine the speed with which m»
will hit the ground.

Solution 4.16 If air resistance is neglected, the only force
acting in the masses-earth system is the gravitational force
between them and hence the total mechanical energy of the
system is conserved, i.e.,

Ki+Ur=K;+U

Fig.4.20 Two masses connected
by a light rope that passes over a
massless frictionless pulley

Because the two masses are connected by a rope, they have
the same speed at any instant. If m, descends a distance i, m
will rise through the same distance and we have

1 1
Emlvz + Emzvz +migh =mygh

1
E(ml +mo)v? = g(my —mi)h

and therefore

\/Zgh(mz —mq) \/2(0.5 m)(9.8 m/s2)(4kg)
V= = = 17m/S

(my +mp) (14kg)

Example 4.17 A 0.25 kg ball is attached to alight string of
length L = 0.5m as in Fig.4.21. Find (a) the tension in the
string at B(@ = 10°) if the ball is given an initial velocity
va = 0.5m/s at its lowest position; (b) the velocity of the
ball at A if the ball is released from rest at B.

Solution 4.17 (a) At point B some of the kinetic energy of
the ball is converted into potential energy By taking the origin
of the x-y coordinates at the lowest point A, we have

Ky+Uy=K;+ U

L 15
MV +mgL(l —cosf) = MV +0
and therefore we get
2 _ 2
v, =v; —2gL(1 —cos6) “4.4)

Applying Newton’s second law along the radial direction to
the ball at B we have

]
I
1
I
]
]
1
]
]
]
]
I
]
]
]
]
1
]
]
]

]
1
A®

Fig.4.21 A ball attached to a light string
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2
myvy

T — cosf = — 4.5
mg 7 4.5
Substituting Eq. 4.4 into Eq. 4.5 gives
m. 2
T =mgcos6 + Z(v” —2gL(1 —cos#h))

thus
2
T =m(gc0s0 + fa —2g+2gc059)

and hence

V2
T =m(3gcost9 —2g+ fa)

Substituting the values of 8 and v, gives T = 2.5 N.
(b) If vy = 0, we have from Ky + Uy = K; + U;

1
Emvi +0=0+mgL(l —cosb)

hence

Vg = +/2¢L(1 —cosf) = \/2(9.8 m/s2)(0.5m)(1 — cos 10°) = 0.4 m/s

Example 4.18 A 3 kgblock compresses a spring of negligible
mass a distance of 0.1 m from its equilibrium position as in
Fig.4.22. If the surface is frictionless and the force constant
of the spring is 200N /m, and the block is free to move, find:
(a) the speed of the block just as it leaves the spring; (b) the
maximum height that the block will reach; (c) suppose that a
part of the horizontal track is rough with a length of 0.05 m,
find the coefficient of kinetic friction if the block reaches a
maximum height of 0.014 m.

Solution 4.18 (a) The only force acting inside the spring—
mass—earth system is the spring force that acts on the block.
This force is conservative and therefore the total mechanical
energy of the system is conserved. The potential energy of the
spring is transformed into kinetic energy of the block,

Ky+Ur=K; +U;
1 1
Emv%—i—O:O—i—zkxz

0.Im |

T

Fig.4.22 A 3kgblock compresses a spring of negligible mass a distance
of 0.1 m from its equilibrium position

and therefore

k 200N
vp=—x* = ﬂ(—o.lm)z
(3kg)

this gives vy = 0.82m/s.
(b)

Ky+Uy=K;+ U

1 2
0+ mgh = Emvi +0
and hence

L vi _ (0.82m/s)?

= =0.034m
2¢  2(9.8m/s?)

We can also take the initial position before the block is
released.

(©)
Kf + Uf =Ki+U; + AI(in,nc

1
0+ mgh =0+ Ekxz — fud
along the rough surface fy = upmgd, and therefore
1 5
urmgd = Ekx —mgh

thus

ik (3kg)(9.8m/s%)(0.05m) = %(200 N/m)(0.1)% — (3kg) (9.8 m/s2)(0.014)

That gives puy = 0.2

Example 4.19 A small stone of mass 0.1 kg is released from
rest inside a large hemispherical bowl of radius R = 0.2 m. It
then slides along the surface as in Fig. 4.23. (a) Find the speed
of the stone at point B and C; (b) If the surface of the bowl is
not frictionless, how much energy is dissipated by friction as
the stone moves from A to B if the speed at B is 1.7m/s?

B

Fig. 4.23 A small stone of mass 0.1 kg is released from rest inside a
large hemispherical bowl of radius R = 0.2m
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Solution 4.19 (a)
Kf+Usr=K;+U;
L,
3MVB +0=0+mgR

thus

vp =+/2¢R = \/2(9.8 m/s2)(0.2m) =2m/s

At point C some of the kinetic energy at B is converted into
potential energy and we have

1 R 1

2 2 3 2 3 2
Ve =vh - 3¢k =@m/s)’ — Z(9.8m/s)(02m)

and therefore ve = 1 m/s.

(b) If a force of kinetic friction exists between the stone
and the bowl, the total mechanical energy at point B is given
by

Ef =E; + AKeyr

where the stone is considered as the system, therefore

Ki+Ur=K;+U; +AKexs

1
Emvi +0=04mgR + AKey
hence the energy dissipated by friction is

AKey = %mv}% —mgR = (0.1kg) (%(1‘7 m/s)? — (9.8 m/sz)(0.2m)> =
—0.05J

Example 4.20 A skier starts at the top of a frictionless incline
as in Fig. 4.24. Find the velocity with which he will leave the

second incline.

Solution 4.20 From the conservation of energy the velocity
when he leaves the track is

Ki+Ur=K;+U

1
Emv2 + mghy = mgh

v=1+2g(h1 —hy) = \/2(98 m/s2)((20m) — (10 m))

That gives v = 14 m/s.

.
20m :

Fig.4.24 A skier slides from rest on top of an incline

FUH!

A

"

Fig.4.25 A (.4kgstone is released from rest at point A where 14 = 2m

Example 4.21 A 0.4 kg stone is released from rest at point A
where h4 = 2 m (see Fig.4.25). It then slides without friction
along the track shown where R = 0.5 m. Determine: (a) the
speed of the stone at B; (b) the normal force exerted on the
stone at B; (c) the magnitude of the total acceleration of the
stone at C; (d) the minimum height in which the stone must
be released such that it does not fall off the track.

Solution 4.21 (a) From the conservation of energy, we have

1
mghy = Emv% +2mgR

vp =+/2g¢(hy —2R) = \/2(9.8 m/s2)((2m) — 2(0.5m)) = 4.43m/s

(b) From Newton’s second law, we have

n—+mg= V%
§=M%
n =m§ —mg = (0.4kg)[M - (9.8m/s2)] — 11.78N
R ©.5m)

(c) The velocity of the stone at C is

ve =+2g(hs — R) = \/2(9.8 m/s2)((2m) — (0.5m)) = 5.42m/s
Therefore, the radial acceleration at C is

2 2
Ve (5.42m/s) 5
= —=——"-—=>588
R ©.5m) m/s

ar

The tangential force exerted on the stone at C is its weight
F; = —mg, hence the tangential acceleration of the stone at
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Cis a; = —g and the magnitude of the total acceleration is

a=.Ja} +a} = \/(58.8m/52)2 + (—9.8m/s2)2 = 59.6 m/s>

(d) When the stone is at the verge of falling at B, then the
only force acting on it is the force of gravity and we have
mg = mv%3 /R, v% = gR. From conservation of energy

VB = +/ 2g(hAmin —2R)

or
2g(hAmin —2R) = gR

and

R
hamin =7 +2R = (025m) + (1m) = 1.25m

4.5.5 Power

Expanding on the definition of power, power is the rate of
energy transfer due to a force. If AE is the amount of energy
transferred in an amount of time At¢, the average power is

— AE
P=—
At

The instantaneous power is then

. AE dE
P=lm — = —
At—0 At dt

4.5.6 EnergyDiagrams

Consider a particle that is a part of an isolated system where
only internal conservative forces act. Suppose this particle
is moving along the x-axis while a conservative force that
depends only on the position of the particle acts on it. For
simplicity, we will assume that is the only force acting on
the system and that it does work only on that particle. The
potential energy of the system as a function of the particle’s
position (x) is shown in Fig.4.26. At any point F(x) is given
by
dU (x)
dx

F(x)=—

That is, it is the negative of the slope of the curve at that
point. Because this force is conservative it follows that the
total mechanical energy of the system is conserved. Therefore
the kinetic energy of the particle as a function of position is
given by

Kx)=E-U(x)

! ! ! ! : |
T T T T T T

X] X2 X3 Xg4 X5 Xg X7 X§

Fig.4.26 The potential energy of the system as a function of the parti-
cle’s position (x)

On the U versus x curve, the kinetic energy at any point can
be found by subtracting the value of U (at that certain point)
from E.

4.5.7 Turning Points

A turning point is a point in which the particle changes its
direction of motion. The points x1, x3, x5 and x7 are all turning
points.

4.5.8 Equilibrium Points

Equilibrium points occur in general when VU = 0. In the case
of one dimensional motion it occurs when dU (x)/dx = 0,
i.e. when F(x) = 0.

4.5.9 Positions of Stable Equilibrium

If at an equilibrium point d*U(x)/dx* > 0, then U(x) is a
minimum at that point. The point is then said to be a position
of stable equilibrium, i.e., any minimum on the U (x) curve is
a position of stable equilibrium. Another method to find the
position of stable equilibrium is to find the sign of F(x) at
each side of the point. As an example, consider the point x;.

This point is a position of stable equilibrium since if the
particle is displaced slightly to the right of x; then dU (x) /dx
is positive which leads to F (x) being negative and the particle
will accelerate back towards x;. On the other hand, if the
particle is displaced slightly to the left of x», then dU (x)/dx
is negative and thus F(x) is positive and the particle will
also accelerates back to x;. Therefore, because F (x) tends to
restore the particle back to that position when the particle is
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U

|\J|--.
o
(8]
[

E

K+U

Fig. 4.27 The potential energy of a mass-spring system as a function
of x

displaced in either direction, it is called a position of stable
equilibrium. x¢ is also a position of stable equilibrium.

4.,5.10 Positions of Unstable Equilibrium

If at an equilibrium point d>U (x)/dx?> < 0, then U (x) is
maximum at that point, and the point is called a position of
unstable equilibrium. In Fig.4.26, x4 is a position of unstable
equilibrium since if the particle is slightly displaced to the
right of x4, F'(x) is positive and the particle will accelerate
away from x4. If the particle is displaced to the left of x4, F (x)
is negative and the particle will also accelerate away from that
position. Therefore, because F(x) tends to repel the particle
away from that position, it is called a position of unstable
equilibrium. In general this force tends to move the particle
towards the minimum value of U (x). Figure4.27 shows the
potential energy of a mass—spring system as a function of x.

4.5.11 Positions of Neutral Equilibrium

Any point in a region where U (x) is constant and F(x) =0
is called a position of neutral equilibrium. xg is a position of
neutral equilibrium. If the particle is slightly displaced to the
right or left of xg, no restoring or repelling forces will act on
the particle and it will remain stationary The position of the
particle as a function of time can be obtained from

Ux)+ Kkx)=E
[
U(x)—}—zmv =F

2
[E—U)]

y==,/—
m

Ui

-x(m)

-6+

Fig.4.28
ment

The potential energy of a particle as a function of its displace-

or

dx 2
Z:i [E —U(x)]

m

hence

* dx
=
5o+ JZ[E —U(x)]

By evaluating this integral, we would obtain the time as a
function of the position, then by solving for x we get the
position as a function of time.

Example 4.22 Figure4.28 shows the potential energy of a
particle as a function of its displacement. Find: (a) the values
of x where the particle is in stable or unstable equilibrium;
(b) the direction of the force acting on the particle at 0.5 m.

Solution 4.22 (a) We have x = 1m and x = 4m are posi-
tions of stable equilibrium, x = 3 m is a position of unstable
equilibrium.

(b) At 0.5 m, dU (x)/dx is negative and hence F(x) is
positive which means that the particle will accelerate in the
positive x-direction.

Example 4.23 Consider a block attached to a light spring and
released from rest at x = A. Find the position of the block as
a function of time using energy methods.

Solution 4.23

Xf=x dx Xf=x dx
¢ = / oA /
xi=A 4 [2(E_yx)] Jri=A i/ Z[(1/2)kA2 — (1/2)kx?]

VIAZ = 7]

dx
2

_ /Xf:x dx _ iﬁ/X_f:X
xi=A 4+ /%[Az _x2] k xi=A
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_ :I:\/E [_ cos—! (i)])‘f:)‘ _ iﬁ [_ cos—! (ﬁ)] 7. A5 kg block slides down an inclined plane of angle 50°
k A/ lx=A k A (see Fig.4.30). Using energy methods, find the speed of
the block just as it reaches the bottom if the coefficient of
\/IT X kinetic friction is p = 0.2.
o8 ( + Et) = cos (COS (Z)) 8. A block of mass of 2 kg is pressed against a light spring
of force constant 400 N/m (see Fig.4.31). If the compres-
or

k
x = Acos,/—t
m

Since cos(£0) = 6 and —cosf = cos6. In Chap. 10, we
will see that this equation represents the equation of a simple
harmonic motion.

Problems

1. A force acting on a particle varies with position as in
Fig.4.29. Find the work done by the force as the particle
moves from x = 0 tox = 8§m.

2. Aforce F = (3i+j— 5k) N acts on a particle that under-
goes a displacement r = (—2i+ 3j — k) m. Find the work
done by the force on the particle.

3. A 5 kg block is pulled from rest on a rough surface by a
constant force of 10 N that is at 30° to the horizontal. If
the coefficient of kinetic friction between the block and
the surface is 0.15, find the final speed of the block as
it moves through a displacement of 2 m using the work—
energy theorem.

4. Calculate the work done against gravity in moving a 30
kg box through a height of 6m.

5. A 1600 kg car accelerates from rest at a rate of 1 m/s>.
Find the average power delivered to the car during the
first 5 s.

6. Determine whether or not the force F = —ma?(xi + yj)
is conservative, where w is constant and m is the mass
of the particle. If the force is conservative determine the
potential energy associated with it.

F(N)

404

201

e T T B R x(m)
123456789

Fig.4.29 A force acting on a particle varies with position

sion of the spring is 10 cm, find the maximum height the
block will reach when it is released.

9. A force acting on a particle is given by F = —8y?j. Find
the work done in moving the particle along the path shown
in Fig.4.32.

Fig.4.30 A block slides down
an inclined plane 5

3m
Fig.4.31 A block pressed
against a light spring and released
y(m)
24
1+
A
: e x(m)
1 2

Fig.4.32 The work done in moving the particle along a closed path



4.5 Conservation of Mechanical Energy 71
Fig.4.33 Two blocks connected 2kg U(x)
by a light rope that passes over a
massless frictionless pulley
E; :
Skg !
E
U, E; i
(x)(J) ! : i
S AN
E {1
071 A[r J-Ez Xl,f AI4 !
-10 +
=20 A Fig.4.37 The potential energy versus position of a particle
—30 +
-40 + 10. Two blocks are connected by a light rope that passes over
=50 ¢ amassless frictionless pulley (see Fig. 4.33). If the system
T B T I TR x(m) is released from rest, find the total kinetic energy of the
[ 2343078 blocks when the 5 kg block descends a distance of 0.5m
assuming that the surface is frictionless.
11. A particle of mass 1.5 kg moves along the x-axis where
Fig.4.34 The potential energy versus displacement of a particle its potential energy varies as in Fig.4.34. Plot the force
Fy(x) versus x fromx = 0tox = 8m.
12. A block of mass m rests on a hemispherical mound of
. ice as shown in Fig.4.35. If it is given a very small push
and start sliding, find the height of the point in which the
block will lose contact with the mound.
P 13. A 3 kg block hangs from a spring as in Fig.4.36. If the
R : 3 spring stretches a distance of 10cm, find (a) the force
o constant of the spring (b) the work done in expanding the
. \9 spring a distance of 5 cm without accelerating it.
14. In Fig.4.37, determine the Turning points and the posi-

Fig.4.35 A block of mass m resting on a hemispherical mound of ice

10cm

m = 3kg

Fig.4.36 A block hanging from a spring

tions of stable and unstable equilibrium.
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Impulse, Momentum, and Collisions

5.1 Linear Momentum and Collisions

When two billiard balls collide, in which direction would they
travel after the collision? If a meteorite hits the earth, why does
the earth remain in its orbit? When two cars collide with each
other, why is one of the cars more damaged than the other?
We will find that to answer such questions, new concepts must
be introduced.

Consider the situation where two bodies collide with each
other. During the collision, each body exerts a force on the
other. This force is called an impulsive force, because it acts
for a short period of time compared to the whole motion of the
objects, and its value is usually large. To solve collision prob-
lems by using Newton’s second law, it is required to know
the exact form of the impulsive forces. Because these forces
are complex functions of the collision time, it is difficult to
find their exact form and would make it difficult to use New-
ton’s second law to solve such problems. Thus, new concepts
known as momentum and impulse were introduced. These
concepts enable us to analyze problems that involve colli-
sions, as well as many other problems.

The law of conservation of momentum is especially used
in analyzing collisions and is applied immediately before and
immediately after the collision. Therefore, it is not necessary
to know the exact form of the impulsive forces, which makes
the problem easy to analyze. Next, we will discuss and verify
the concepts of momentum and impulse, and the law of con-
servation of momentum. The linear momentum (or quantity
of motion as was called by Newton) of a particle of mass m
is a vector quantity defined as

p =mv

where y is the velocity of the particle. A fast moving car has
more momentum than a slow moving car of the same mass.
Another example is that a bowling ball has more momentum
than a basketball moving at the same speed. The SI unit of

© The Author(s) 2019
S. Alrasheed, Principles of Mechanics, Advances in Science,
Technology & Innovation, https://doi.org/10.1007/978-3-030-15195-9_5

linear momentum is kg.m/s. In terms of components, we may
write py = mvy, py = mvy,and p, = mv;. Newton’s second
law can be expressed in terms of momentum for a particle-like
object of constant mass as

dv  d(mv)
ZF = = —_— =
ma=m dt dt
or d
po) i
dt

That is, the rate of change of the linear momentum of an object
is equal to the resultant force acting on the object and is in the
same direction as that force.

5.2  Conservation of Linear Momentum
The law of conservation of linear momentum states that if the
net external force acting on a system equals zero (isolated)
and if there is no mass exchange with the surroundings of the
system (closed), then the total linear momentum of the system
remains constant. To show that, consider an isolated system
consisting of two particles where the only forces that act in
the system are internal forces (see Fig.5.1). The total linear
momentum of the system at any particular time is given by
Pror = P1 + P2 (5.1
If the net force exerted on particle 2 by particle 1 is F»y, then
from Newton’s third law, the net force exerted on particle 1
by particle 2 is Fy;, That is

Fpp=-Fy

Differentiating Eq.5.1 with respect to time and by using
Newton’s second law, we have
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P;

my

mz

Fig.5.1 An isolated system consisting of two particles where the only
forces that act in the system are internal forces

% Z%Jr% =F+Fy =Fo-Fp=0
That is,
Pror = constant
or

Pi =Py

That is, the linear momentum of each particle may change,
but the total linear momentum of the system is the same
at all times. This statement is known as the law of con-
servation of linear momentum: If the net external force on
a system is zero, the total linear momentum of the system
remains unchanged (constant). In terms of components, we
have p;x = prx, Piy = Psy,and p;; = py,. Insolving prob-
lems involving collisions, p; and p y refers to the total momen-
tum of the system immediately before and immediately after
the collision, respectively. For a two-particle system, we have

Pii + P2 =P1ys + P2y

From the principle of invariance, the law of conservation of
momentum is valid with respect to any inertial frame of refer-
ence. Furthermore, as the law of conservation of energy, the
law of conservation of momentum is valid in relativity and
quantum mechanics.

5.3 Impulse and Momentum

Impulse is a quantity that defines how a certain force acting
on a particle changes the linear momentum of that particle.
Now, consider a time-dependent force acting on a particle.
From Newton’s second law (F = dp/dt), we have

dp = Fdt

F(1)

1; Iy
At d

Fig.5.2 One example of the variation of F over time

pf
/ dp = f Fdt
pi t

1y
pf—pizApzf Fdt

4

The right side of the equation is a vector quantity known as

the impulse I
iy
I= / Fd:
1

I=AP

Hence,

Which is known as the impulse-momentum theorem. In com-
ponent form, we have I, = Ap,, I, = Apy,and I, = Ap,.
That is, the impulse of a force that acts on a particle during
a time interval is equal to the change in the momentum of the
particle during that interval. The direction of the impulse is
in the same direction as the change of momentum. If F has
a constant direction, the variation of its magnitude with time
may be of the form as shown in Fig.5.2. The average of F is

given by
_ 1 Iy
F=— / Fdt

And thus, I can be written as
I=Ap=FAr

That is, F is a constant force that gives the same impulse as F.
In the case of a collision between two bodies, the variation of
the impulsive force that each body exerts on the other during
the collision time takes the form as shown in Fig.5.2.

5.4  Collisions

As discussed previously, when two bodies collide, they exert
large forces on one another (during the time of the collision)
called impulsive forces. These forces are very large such that
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any other forces ( e.g., friction or gravity) present during the
short time of the collision can be neglected. This approxima-
tion is known as the impulse approximation. For example, if a
golf ball was hit by a golf club, the change in the momentum
of the ball can be assumed to be only due to the impulsive
force exerted on it by the club. The change in its momen-
tum due to any other force present during the collision can be
neglected. That is, the force in the expression I = Ap = FA?
can be assumed to be the impulsive force only The neglected
forces present during the collision time are external to the two-
body system, whereas the impulsive forces are internal. The
two-body system can therefore be considered to be isolated
during the short time of the collision (which is in the order
of a few milliseconds). Hence, the total linear momentum of
the system is conserved during the collision, which enables
us to apply the law of conservation of momentum immedi-
ately before and immediately after the collision. In general,
for any type of collision, the total linear momentum is con-
served during the time of the collision. That is, p; = py.,
where p; and py are the momenta immediately before and
after the collision. In the next sections, we will define various
types of two- body collisions, depending on whether or not
the kinetic energy of the system is conserved.

Example 5.1 A 50g golf ball initially at rest is struck by a
golf club. The golf club exerts a force on the ball that varies
during a very short time interval from zero before impact, to
a maximum value and back to zero when the ball is no longer
in contact with the club. If the ball is given a speed of 25m/s,
and if the club is in contact with the ball for 7 x 1074 s, find
the average force exerted by the club on the ball.

Solution 5.1 The impulse of the force is
I =Ap=mvy—0=(0.05kg)(25m/s) = 1.25kg - m/s
the average force exerted on the ball by the club is then

f:L_ (1.25kgm/s)

= = 1785.7N
At (7T x 107%5s)

Example 5.2 A canon placed on a carriage fires a 250 kg ball
to the horizontal with a speed of 50m/s. If the mass of the
canon and the carriage is 4000kg, find the recoil speed of the
canon.

Solution 5.2 Because there are no external horizontal forces
acting on the cannon-carriage-ball system, then the total
momentum of the system is constant (conserved) in the x-
direction

Pfx = Pix

miviy +movay = 0

therefore,

(250kg)
Vif=————"—
Y= 74000 ke)

—my

Vo f=— (50m/s) = —=3.1m/s

i.e., the cannon recoils in the negative x-direction.
Example 5.3 A hockey puck of mass 0.16kg traveling on a
smooth ice surface collides with the court’s edge. If its initial
and final velocities are vi = —2 im/s and v = 1 im/s and if
the hockey puck is in contact with the wall for 2ms, find the
impulse delivered to the puck and the average force exerted
on it by the wall.

Solution 5.3

I=Ap=ps—p; =mvy—mv; =(0.16kg)((Im/s) — (=2m/s))i = 0.48ikg - m/s

Fe I (048ikg-m/s)

= =240iN
At (0.002s)

Example 5.4 A 0.5kg hockey puck is initially moving in the
negative y-direction as shown in Fig.5.3, with a speed of
7m/s. If a hockey player hits the puck giving it a velocity
of magnitude 12m/s in a direction of 60° to the vertical, and
if the collision lasts for 0.008 s, find the impulse due to the
collision and the average force exerted on the puck.

Solution 5.4 Along the x-direction, we have

pix =mvjx =0

and

Prx =mvyry = (0.5kg)(12m/s) cos 30° =5.2kg - m/s

along the y-direction, we have

~

¥

Fig.5.3 A hockey player changing the momentum of the puck
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piy = mvjy = (0.5kg)(=7m/s) = —=3.5kg - m/s
and
pry =mvyy, = (0.5kg)(12m/s) sin30° = 3kg - m/s
Therefore, the impulse of the force in each direction is
Iy =psx — pix =5.2kg-m/s) —0=5.2kg-m/s
and
Iy = pry—piy = Bkg-m/s)—(—=3.5kg-m/s) = 6.5kg-m/s

I=052i+65j)kg -m/s

1= \/(5.2 kgm/s)? + (6.5kgm/s)? = 8.3kg - m/s
The direction of the impulse is

I, (6.5kg-m/s)
tan = — = ————— =
I (5.2kg-m/s)

1.25
0 =51.3°

where 6 is measured from the positive x-axis. The average
force acting on the puck is

I (8.3kg-m/s)

F=—= =1037.5N
At (0.008 s)
Example 5.5 Two ice skaters of masses m; = 50kg and
m1 = 62kg standing face to face push each other on a fric-

tionless horizontal surface. If skater (1) recoils with a speed
of 5m/s, find the recoil speed of the other skater.

Solution 5.5 For the two-skater system, the sum of the verti-
cal forces are zero (weight and normal forces) and the forces
exerted by one skater on the other is internal to the system.
That is, there are no external forces acting on the system and
the total momentum is conserved. Because the motion takes
place in a straight line, we have

P1i + p2i = p1f + p2y

0= miviy +movay
and hence,

—mq
W= —"Vif=
Y my f

—(50kg)

Example 5.6 A particle is moving in space under the influ-
ence of a force. If its momentum as a function of
time is

p = (41> + )i — Bt — Dj + (57 + 20)k) kg. m/s

(a) Find the force acting on the particle at any time; (b) Find
the impulse of the force fromr =0tot = 1s.

Solution 5.6 (a)

e _ (8t + i —3j+ (152 + 2)k)N

F = =
dt

(b)
I=Ap=(5i—2j+7k) —j= (5i — 3j + 7k) ke.m/s

5.4.1 Elastic Collisions

An elastic collision is one in which the total kinetic energy,
as well as momentum, of the two-colliding-body system is
conserved. These collisions exist when the impulsive force
exerted by one body on the other is conservative. Such force
converts the kinetic energy of the body into elastic potential
energy when the two bodies are in contact. It then recon-
verts the elastic potential energy into kinetic energy when
there is no more contact. After collision, each body may
have a different velocity and therefore a different kinetic
energy. However, the total energy as well as the total momen-
tum of the system is constant during the time of the colli-
sion. An example of such collisions is those between billiard
balls.

5.4.2 Inelastic Collisions

An inelastic collision is one in which the total kinetic energy
of the two-colliding-body system is not conserved, although
momentum is conserved. In such a collision, some of the
kinetic energy of the system is lost due to deformation and
appear as internal or thermal energy. In other words, the
(internal) impulsive forces are not conservative. Therefore,
the kinetic energy of the system before the collision is less
than that after the collision. If the two colliding objects
stick together, the collision is said to be perfectly inelas-
tic. There are some types of collisions in which the total
kinetic energy after the collision occurs is greater than that
before it occurs. This type of collision is called an explosive
collision.
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" vif vaf

Fig. 5.4 Two particles of masses m| and m, experiencing an elastic
head-on collision

Vi Y2ioor

my

5.4.3 Elastic Collision in One Dimension

When a collision takes place in one dimension, it is referred
to as a head-on collision. Consider two particles of masses
m1 and m, experiencing an elastic head-on collision as in
Fig.5.4. Applying the law of conservation of energy and the
law of conservation of linear momentum gives

mivy; +maVy =mviy +mavay

1 1
—mlvlzf + —mzvgf

1
2 2
—mvy; + smavy; = > )

2 2

Solving these equations for vy r and v, ¢, we get

my| —my 2my
=— vy — vy 5.2
Vif <m1 Jrmz)wz + (ml +m2)V2l (5.2)
2my moy —mi
= — vy el 1) 5.3
Va2 f <m1 +m2>vlt + (ml +m2>V2z (5.3)

5.4.3.1 Special Cases
1.If my = mo, it follows from Eqs.5.2 and 5.3 that vy y = v;
and vy = vy;. In other words, if the particles have equal
masses they exchange velocities.

2. If m» is stationary (vp; = 0) , then from Egs.5.2 and

5.3, we have
mip —my
=|—- ; 5.4
vif (m1 + mz)vh 5.4
2mq
= — i 5.5
v2f <m1 + mz)vh (53)

In that case m is called the target and m is called the pro-
jectile. Furthermore, if m1 > my, then from Eqs. 5.4 and 5.5,
we find that viy ~ vy; and voy & 2vy;. While if my > m,
then from Egs.5.4 and 5.5, we see that viy ~ —vy;, and
Vo A vy = 0.

5.4.4 Inelastic Collision in One Dimension

Figure 5.5 shows a one-dimensional (head-on) perfectly inelas-
tic collision between two particles of mass m| and m». Here,
the kinetic energy of the system is not conserved, but the law
of conservation of linear momentum still holds

Vii Vo;

2i
¥f .
(my+my)

Fig. 5.5 A one dimensional (head-on) perfectly inelastic collision
between two particles of mass m and m»

mivi; +mavo; = (my + mp)vy

mivi; +movy;
my + my

5.4.5 Coefficient of Restitution

For any collision between two bodies in one dimension, the
coefficient of restitution is defined as

Vaf —Vif
Vii

e =
— V2

where v1; and vy; are velocities before the collision. vy and
v2 ¢ are velocities after the collision. [vi; — vo;] is called the
relative speed of approach and |v; f — v 7| is the relative speed
of recession.

If e = 1 the collision is perfectly elastic.

e Ife < 1 the collision is inelastic.
If e = 0 the collision is perfectly inelastic (the two bodies
stick together).

Example 5.7 Two marble balls of masses m; = 7kg and
my = 3kg are sliding toward each other on a straight fric-
tionless track. If they experience a head-on elastic collision
and if the initial velocities of m| and m> are 0.5m/s to the
right and 2 m/s to the left, respectively, find the final velocities
of my and m,.

Solution 5.7 For an elastic head-on collision, we have

v = (m‘ 7’"2)v1,-+( 2ma )vz,- = (0.4)(0.5m/5)+(0.6)(—2m/s) = —I m/s
mj +my mp +my

vay = (mlz’:‘mz)vw(Zf ;:; )Vzi = (14)©0.5m/s)+(~0.4)(~2m/s) = 1.5 m/s
Example 5.8 The ballistic pendulum consists of a large
wooden block suspended by alight wire (see Fig. 5.6). The sys-
tem is used to measure the speed of a bullet where the bullet
is fired horizontally into the block. The collision is perfectly
inelastic and the system (bullet+block) swings up a height 4.
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Vii

[}
O—p M L_ ________
m Vf I h

Fig.5.6 The ballistic pendulum consists of a large wooden block sus-
pended by a light wire

IfM = 3kg,m = 5gandh = 5cm, find (a) the initial speed of
the bullet; (b) the mechanical energy lost due to the collision.

Solution 5.8 (a) Using the impulse approximation, the law
of conservation of momentum gives the velocities just before
and after the collision when the string is still nearly vertical.
For a perfectly inelastic collision, the total momentum is con-
served but the total kinetic energy is not conserved during the
collision. Thus, we have

mvy; = (m+ M)vy

After the collision, the energy of the (bullet +block-+-earth)
system is conserved since the gravitational force is the only
force acting in the system.

E; =Ey
1 2
E(m + M)vy = (m + M)gh

Ve =+/2gh

That gives

m+M) _ (3.005 kg) 5 3
Vi = V2gh = (0.005kg)‘/2(9'8m/s )(0.05m) = 595 m/s

(b) The kinetic energy of the bullet before collision is
L 1 2
Smvii = EO.OOS kg)(595m/s)* = 885 1]

After collision, the kinetic energy of the (bullet+block) is

%(m + M)v%» = (m+ M) (gh) = (3.005kg)(9.8 m/sz)(0.0S m)=1.51]
therefore,

AE =(885))—(1.5]) =883.5]

V2i Vii
_— -
n» mj

Fig.5.7 Two blocks colliding head-on on a frictionless surface

That is, nearly, all the mechanical energy is dissipated and
converted into internal (thermal) energy of the (block-+bullet)
system.

Example 5.9 Two masses m; = 0.8kg and m; = 0.5kg
are heading toward each other with speeds of 0.25m/s and
—0.5m/s, respectively. If they have a perfectly inelastic col-
lision, find the final velocity of the system just after the colli-
sion.

Solution 5.9

myvy; +myvy; (0.8kg)(0.25m/s) — (0.5kg)(0.5m/s)
vp = = = —0.04m/s
(my +my) (1.3kg)

Example 5.10 Two blocks m1 = 2kg and m, = 1kg collide
head-on with each other on a frictionless surface (see Fig.5.7.
If vi; = —10m/s and vo; = 15m/s and the coefficient of
restitution is e = 1/4, determine the final velocities of the
masses just after the collision.

Solution 5.10
V2 f —VIf
V1i — V2i
l Vv =iy
4  (—25m/s)

vof —viy = —6.25m/s (5.6)
From the conservation of momentum, we have
mivy; +mavo; = miviy +movay
(2kg)(=10m/s) + (1kg)(15m/s) = 2kg)viy + (1 kv
That gives
vor + (2kgviy = —5m/s 5.7

Solving Eqgs.5.6 and 5.7 gives viy = 0.42m/s and v,y =
—5.83 m/s.

Example 5.11 A m1 = 5 g bullet is fired horizontally at the
center of a wooden block with a mass of m, = 2kg. The
bullet embeds itself in the block and the two slides a distance
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of 0.5 m on arough surface (ux = 0.2) before coming to rest.
Find the initial speed of the bullet.

Solution 5.11 Applying the law of conservation of momen-
tum immediately before and after the collision gives

Pix = Pfx
mivi; +0 = (m +m2)Vf

~ (2.005kg)

YT
V= 0,005 kg T AODVs

by taking the (block+-bullet) as the system after the collision
until it comes to rest, we have

Ky +Us=K; +U +AKeys

that gives

1
0= 70m +ma)vi — pr(my +ma)gd

v =2ugd = \/2(0.2)(9.8m/52)(0.5 m) = 1.4m/s

Hence,
vy = (401)(1.4m/s) = 561.4m/s

5.4.6 Collision in Two Dimension

When a collision takes place in space, the total linear momen-
tum is conserved along each of the x—, y-, and z-directions.
Thatis, pix = pfx, piy = pyy,and p;; = py,. Here, we will
analyze a two-dimensional elastic collision between two par-
ticles where one particle is moving and the other is at rest as
shown in Fig.5.8. This type of collision is known as a glanc-
ing collision. Since the collision is elastic, it follows that the
total linear momentum as well as the kinetic energy of the sys-
tem are conserved. Applying these laws immediately before
and immediately after the collision, we have p;y = ps, and

Piy = Pfy 01
MV1jix +mM2V2ix = MV1fx +mM2Vasx

and
mVijy + mavaiy = mvigy + mavaysy

From Fig.5.8, we have
mivij = mivif Cos | + mava ¢ COS 02

and
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Fig. 5.8 A two dimensional elastic collision between two particles
where one particle is moving and the other is at rest

0 =myviysinag +movay sinay

Furthermore,

1 1 1

2 2 2
—mivy; = —mvys + —mov
2 1i 2 1 f 2 2f
Therefore, we have three equations and seven unknown quan-
tities. By knowing any four of these quantities, the three equa-
tions for the three variables can be solved.

Example 5.12 A ball of mass of 2kg is sliding along a hori-
zontal frictionless surface at a speed of 3m/s. It then collides
with a second ball of mass of Skg that is initially at rest.
After the collision, the second ball is deflected with a speed
of 1 m/s at an angle of 30° below the horizontal as shown in
Fig.5.9. (a) Find the final velocity of the first ball; (b) show
that the collision is inelastic; (c) suppose that the two balls
have equal masses and the collision is perfectly elastic, show
that 6; + 6, = 90°.

Yif
Vii = \'\9!

j X
O jo - s

my; -

ny

vor

Fig. 5.9 A ball sliding along a horizontal frictionless surface collides
with a second ball that is initially at rest
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Solution 5.12 Applying the law of conservation of momen-
tum immediately before and after the collision in each direc-
tion gives p;x = pyx and p;y, = pry. Thus,

M1 Viix + M2V2ix = M1V]fx + mM2V2fx

miviix +mavaix —mavarx  (2kg)3m/s) +0 — ((Skg)(1 m/s) cos(—30))
m N (2kg)

Vifr =
Vifx = 0.84m/s
Along the y-direction, we have
Mm1Vijy + mavaiy = mvigy + mavaysy

vy = mvijy +mavaiy —mavayy 0 — ((5kg)(1 m/s)sin(=30°))
v = =

mi (2kg)

vify = 1.25m/s

Thus, the final velocity of the first ball is

vig = W, vy = 084m/52 + (125 m/9)% = 15m/s
The direction of the velocity is

vigy  (1.25m/s)

tanf; = = ES
= T 084m/s)

01 = 56°
(b) The total kinetic energy before the collision is

15 1 2
Ki = 3mvly = 32ke)3m/9)? =9

The total kinetic energy after the collision is

1 1 1 1
Ky= Emlv%f + Emzvgf = 5 Cko(15 m/s)% + E(Skg)(lm/s)2 =4757]

That is, some of the energy of the system is lost and thus
the collision is inelastic.

(c) In a perfectly elastic collision, both the total momentum
and the total mechanical energy of the system are conserved.
That is

Pix = DPfx
MVijx + mMaVvaixy = MV]fx + MaVafx
(5.8)

Vii = vifCosO) +vy5costy

Piy = Pfy

0=vifsin6; —varsinb,

Vifsindy = voysinfs 5.9)

From the conservation of kinetic energy, we have

! 2 ! 2 1 2
Emlvli = Emlvlf + Emgvzf

or
Vi =Vip 4, (5.10)
Substituting Eq. 5.8 into Eq. 5.9 gives

sin 6,
- cos 0 + vy cos 0
sin 6;

Vi =Vaf

or )
vo £ sin(0 + 6)

Vii = :
! sin 6

(5.11)

Substituting Eq.5.11 into Eq.5.10 gives

vgf sin?(01 + 62) B vgf sin? 6,

sin? 01
Therefore,
sin2(01 +6) = sin” 6 + sin’ 6,

This is satisfied only if 6; + 6, = 90°.

Example 5.13 A 1200kg car traveling east at a speed of
18 m/s collides with another car of mass of 2500kg that is
traveling north at a speed of 23m/s as shown in Fig.5.10.
If the collision is perfectly inelastic, how much mechanical
energy is lost due to the collision?

hii

vii= (18 m/s)i

Z

s 2 X

l T Vai = (23 m/s)j

Fig. 5.10 A 1200 kg car traveling east at a speed of 18 m/s collides
with another car of mass of 2500 kg that is traveling north at a speed of
23 m/s
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Solution 5.13
Pix = Pfx
miviiy = (myp +mo)vyy
MmiViix (1200kg) (18 m/s)
Vix = = =5.8m/s
(my 4+ my) (3700 kg)
Piy = Dfy
maVvaiy = (mp +ma)vyy
i 2500kg) (23
- mavaiy _ ( 2(23m/s) _ 15.5m/s
(m1 + my) (3700kg)

vy = 1/v§(x + v%y = \/(5.8 m/s)2 + (15.5m/s)2 = 16.5m/s

The direction of v ¢ is

_; (I5.5m/s) _
(5.8m/s)

Vfy
6 = tan~! 0y = tan

Vix

69.5°

from the positive x-axis. The change in the kinetic energy of
the system is

1 2 1 2 1 2
AK =Ky —K; = E(ml +ma)vy — Emlv” + 5’"2"21'

= %(3700 kg)(16.5m/s)% — (%(1200 kg)(18m/s)? + %(2500 kg)(23 m/s)z)

AK =—-3.5x10°]

5.5 Torque

Consider a force F acting on a particle that has a position vec-
tor r with respect to some origin O that is in an inertial frame.
The torque is a vector quantity that measures the tendency of
that force to rotate the particle about O and is defined as

T=rxF

The direction of t is perpendicular to the plane formed by
r and F and its sense is given by the right-hand rule or of
advance of a right-handed screw rotating from r to F. From
the vector product definition, this quantity has a magnitude
given by

T =rFsing

where ¢ is the smaller angle between r and F, T is positive
if the force tends to rotate the particle counterclockwise and
negative if it tends to rotate it clockwise. If ¢ = 0 or 180°,

Fig.5.11 A particle in the x-y plane exposed to a force that lies in that
plane. The resulting torque is then perpendicular to the x-y plane parallel
to the z-axis

the force is radial and thus it has no rotating tendency. In
component form, we may write

T =1 x F = (xi + yj + 2K) x (Fyi + F,j + F.k)
= (yF; —zF))i+ (zFy — xF)j+ (xFy — yFok

Let us consider a particle in the x—y plane exposed to a force
that lies in that plane (see Fig.5.11). The resulting torque is
then perpendicular to the x—y plane parallel to the z-axis. t
can also be written as

T=Fd

where d = rsin¢ is called the moment arm of F where it
represents the perpendicular distance from the axis of rotation
to the line of action of F as shown in Fig.5.12. Note that
because t depends on r, it follows that T depends on the
choice of the origin O. The force F can be resolved into two
components F; = Fsin¢ and F, = F cos ¢. Since the line
of action of F, passes through O, it has no rotating effect.
Hence, F; is the only component of F that causes rotation.
The SI unit of torque is the Newton-metre (N m). This unit
is the same unit of work, but they are different quantities and
the torque should never be expressed in joules.

Example 5.14 A force F = (=2ti — (t2 — 3)j+41°k) N acts

on a particle that has a position vector r = ( — 6i + 5tj +
t
(E -1 k) m find the torque of the particle about the origin
att = 1s.
Solution 5.14
i J k
t=rxF=|-6 5t CRR))
-2t —(2-3) 4P

Evaluating this at t = 1s gives
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