PROBLEMS FOR CHAPTER 5

1. Show that for any two complex numbers z; and z,
|2y + 2,12 + |2y — 2,|* = 2|z, ]* + 2 |2,|?
2. Given a complex number,

5+1i10

T a-iane-n’

determine the real and imaginary parts of z.

3. Determine the real part, imaginary part, and the absolute magnitude of the following three expressions,

in(ilni N d 11 (1+ia>
sin(ilni), i an 2l_n T —ia)

4.1f z = x + iy, determine the real part, imaginary part and the absolute magnitude of the following three

functions,
(a) sinz, (b) cosz and (c) exp(iz).
5. For two complex numbers z; = V3 + i and z, = —V2 + i /2, determine
(@) |z1/2,1* and (b) (z1/25)*.
6. Find all roots of the equation z® — 1 = 0 and plot the results in a complex plane.
7. The three cube roots of +1 are of the form 1, w and w?. Determine Re [w] and Im [w].
8. The three cube roots of —1 are of the form @, a® and a®. Determine Re [a] and Im [a].
9. Determine the fourth root of z = —8 + i 8v/3.
10. Determine the third (or, cube) rootof z = —2 + i 2.
11. Use DeMoivre’s formula to express sin® 8 and cos*8 in terms of sine and/or cosine of multiples of 6.

12. Use DeMoivre’s formula to express cos(38) and sin(38) in terms of powers of sin 8 and cos 6.
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Chapter 6: Determinants

In this chapter we will first define a determinant as well as its minors and cofactors. Next, we will outline a
procedure, due to Laplace, for determining the value of the determinant in terms of its cofactors. Several
properties of determinants will be described which help in simplifying the determinant so that it can be reduced
and evaluated easily. Two final examples will help in understanding the utility of properties in the simplification

process for a determinant.
6.1 DEFINITION OF A DETERMINANT

A determinant is a square array of numbers (or elements) such as

a11 a12 alj ces aln

Az1 Gz - Qzj = dyn
A= Ay Qo Qoo Q|

anl anz s anj A ann

which are combined together according to certain rules to provide the value of the determinant. The element a;;
is located at the intersection of i*" row and jt* column. The number of rows (or columns) is called the order of
the determinant. The determinant shown above is of order n. We also define the minor and the cofactor of each
element of a determinant. Starting with a determinant of order n, one can obtain a smaller determinant by
omitting one row and one column. The determinant of order (n — 1) obtained by omitting the row and column
containing a;; (that is, omitting it" row and jth column) is called the minor M;; of a;; and the minor multiplied by

a sign of (—1)*/ is called the cofactor C;; of a;;.

Let us start evaluating some determinants. A single number can be considered as a determinant of order 1 and

the value of this determinant is the value of the single number.
Next higher order determinant is of order 2. Consider a determinant of order 2,

a1 a12|
az1 Ay

-

According to the rules of determining the values of a determinant, the value of a determinant of order 2 is the

difference between the products of elements along two diagonals as

det(A) = a11a;3; — A21a4; -
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Note, if we interchange the rows and columns of this determinant to form a new determinant B,

_|a11 a21|
ai; Ay

then
det(B) = det(A) .
Next higher order determinant is of order 3. A typical determinant of order 3 is

a1 Q1 Qi3
az1 Qzz Q23
Qaz; Qzz QAzz

A=

Again, according to the rules of determining values of a determinant, the value of a determinant of order 3 can

be written in terms of Levi-Civita symbols as

det(A) = Z €ijkAi1Aj2 k3 = €123011022033 + €132A11032033 T €213021012033 + €31021032043
ik
T €312031Q12053 T €321031022013 = Z €ijrA1;A2jA3) -

ijk

The last equality suggests that the value of a determinant of order 3 is not changed if its rows and columns are
interchanged. In other words, if a determinant B is obtained from A by interchanging its rows and columns,

then,
det(B) = det(A) .
Substituting explicitly the values of all Levi-Civita symbols, we get
det(A) = a11a52a33 — Q11032053 — 21012033 + A21A32013 + A31A12053 — A31022043 -

Note that each product on the right-hand side contains only one element from each row and from each column

of the determinant. Furthermore, factors on the right-hand side can be rearranged either as

det(A) = a11(az2a33 — a32023) — A21(a12a33 — A13032) + A31(A12023 — A13a52)

a a a a a a
_41+1 |%22 23| _4y2+1 | 12 13| _1y3+1 | 12 13|
a;(=1) |a32 33 + az (=1 Azp  Os33 + az (=1) Ayy Qs

all(_1)1+1M11 + a21(_1)2+1M21 + a31(_1)3+1M31
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a11Cy1 + a0y +a3,C5q

or as

det(A) = a11(az2a33 — A32a53) — A12(az1a33 — A31a53) + a13(az1a3; — a31az2)

a a a a a a
1141 |“22 23| _ 1+2| 21 23| _ 1+3| 21 22|
a; (=1) |a32 Ass +ap(-1) As; Qa3 +a;3(-1) As; Qs

a1 (=DM + a (1) My, + ag3(=1)3 M,

a11C11 + a12C5 + a43C53

These latter forms suggest an alternate way, due to Laplace, of obtaining the value of a determinant of any order

nas

n

det(A) = Z ailcil )

i=1
where the expansion of the determinant is across first column, or as

n
det(A) = Z aliCli ,
i=1
where the expansion of the determinant is across first row. It suggests that rows and columns of a determinant
can be interchanged without affecting its value. In fact, the value of a determinant can be obtained by expanding

across any row or any column. We illustrate this fact in the example below.

Example: Determine the value of the following determinant of order 3, by expanding it across any row or any

column.

1 2 1
A=[0 -1 2f.
1 1 0

Solution: Expanding across first row,

det(a) = MV 2+ @0 2+ e ]) T

1
=10-2)-2(0—-2)+1(0+1)=+3 .
Expanding across second row,
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det(A) = D[ |+ (DD [+ @07

=—00-1)—-10-1)—-2(1-2)=+3.
Expanding across third row,

det(d) = (DD | 2 N+ 0|0+ @]y 2

-1
=1(4+1)—-1(2—-0)+0(-140) = +3 .

Expanding across first column,

det(A) = (H(-D'** |_11 (2)| + (0)(—1)**! i (1)| + (1)(-1)3+? |_21 ;|

10-2)-00—-1)+1(4+1)=+3.
Expanding across second column,
_ o2 [0 2] 4 _qy_qyzez|l 1 ezl 1
det(@) = QD[] o[+ DV [+ @OEDTE|

=-200-2)-1(0-1)—1(2—-0) = +3 .

Expanding across third column,

_y_pys |0 -1 el 2 el 2
det(@) = D[] |+ @ED [ OEDE
=100+1)—2(1—2)+0(-1—0) = +3 .
Thus, in general,
Z G = Z Cuar; = 6y det(A) . Eq.(6.1)
k k

6.2 PROPERTIES OF DETERMINANT A

There are several very useful properties of determinants which are helpful in determining the value of a large
determinant. Since the value of a determinant does not change on interchanging the rows and the columns, all

the remarks below for columns of a determinant will apply equally well to the rows of the determinant.

As a shorthand notation for writing the determinant, let us write 4, for the [ column of A. Then
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A= |A1,A2,...Al,...An| .

Property Number 1: If any two columns of a determinant A are interchanged, then the value of the resulting

determinant B is same as the value of the original determinant except for an overall change of sign. In other

words, if

A=A Ay Ay Ay DA
and

B= |44, .. 4y, ... A, .. Ay |,
then

detB = — detA .

To prove this fact, we first assume that the I column and the m®" column of A are two adjacent columns, that

is,

A= A, A, ... AL Ay, . Ay
and

B= |A;,4; .. A Ay Ay

Now, to determine the values of these two determinants, let us expand each determinant across the column that
contains elements of the original I** column. Each element of this column will have the same minor both in A

lth

and in B; however, the cofactor of each element will differ in sign only since the column is moved from left of

m*™ column to the right of mt" column. So, det B = —det A. This result is true even if the [** column and the

lth

m®" column of A are not adjacent columns. If the column and the m*" column are separated by j columns,

such as

A= |A, A, ... A, < jcolumns =, A4, .4, |,

lth

then a total of (2j + 1) interchanges of adjacent columns are required to exchange the column and the mt"

column and since (—1)#*! = (—1) for any j, the fact that det B = —det A is proved.

Example: A determinant B is obtained by interchanging the first two columns of another determinant A as

shown below:
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1 -1 1 -1 1 1
A=|2 3 -2/andB=|3 2 -2
3 1 -4 1 3 -4

Show that det B = —det A.

Solution: Expanding across first row, we get

det(®) = DT T+ CoED[E T e )
= 1(-12+2) + 1(~8+6) +1(2 - 9) = —19
and
det®) = (DD 2 T+ P o]

=—1(-8+46)—1(-12+2) +1(9 — 2) = +19 .

Property Number 2: If a determinant has two identical columns, such as

A= |AA, .. A . A A,

then det A = 0.

The proof of this statement easily follows from Property Number 1, since on interchanging the two columns we

get a negative sign, while the determinant stays the same since the two exchanged columns are identical. Thus,

det(A) = — det(A) .

Or

det(A) =0 .

Example: Two columns of a determinant A are identical. Determine the value of this determinant.

1 -1 -1
A=|2 3 3
3 1 1

Solution: Expanding the determinant across first row, we get
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det(a) = MDY+ DED]E Y+ o]l S

=13-3)+12-9-1(2-9 =0

Property Number 3: If each element of a column of a determinant is multiplied by a constant k, then the value of
the whole determinant is multiplied by the same constant k. Or, saying differently, multiplying a determinant by

a constant k amounts to multiplying any one of the columns of the determinant by k.

Suppose determinant B is constructed by multiplying the It" column of determinant A by a constant number k.

Then
A= |A,A,... A, ... A, |
and
B= |A,A,..kA;, .. A, | .

Also,

n

det(A) = Z a; Cy

i=1

and

n n
det() = Z(ka”)Cu = kz ailCil =k det(A) .
i=1 i=1

Example: A new determinant B is formed by multiplying the third column of another determinant A by a

constant number k = 5, as shown:

1 -1 1 1 -1 5
A=([2 3 -2landB={2 3 -10|.
3 1 -4 3 1 -20

Show that det B = k det A.

Solution: Determinant A is the same determinant as in the previous example. Its value, as determined

previously, is —19.

Now, expanding the determinant B across the first column, we get
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-1 5
1 =20

-1

det(®) = DD 2 T+ @ (-1 S

|+ @) (1% |
=1(—60 +10) — 2(20 — 5) + 3(10 — 15) = =95 = 5(—-19) .
Property Number 4: If each element of the [*" column of a determinant A can be expressed as
a;; = apj; + Bqj with j = 1,2 --- n, then, columnwise,
Ay =aP +0Q; .
Now, expanding the determinant A across its [t column

det(A) = det|A14; - A1 aP + BQ Apyq -+ Ayl
n

n n
= Z(apjl +Bq;)C;y = azpjlcjl + 52 q;:Cq
= =

=1
= adet|A1A; - Aj_y PL Ay Ayl + Bdet| AjAy Ay QA Ayl
= a det(P) + B det(Q) .

Note, the determinants A, P and @ share all columns except the I* column.

Example: Two new determinants, [P and Q, are created by splitting the third column of another determinant A,

as shown:

1 -1 1 1 -1 1 1 -1 0
A=|2 3 =-2(withP=|2 3 —-1f{andQ=(2 3 -1f.
3 1 -4 3 1 -2 3 1 -2

Show that det(A) = det(P) + det(Q).

Solution: Determinant A is the determinant of previous few examples. Its value, as determined previously, is

—19.

Now, expanding the determinants IP and Q across the first row, we get
e+ 3 4 yoqyez |2 -1 _ye3|2 3
det(P) = (D™ [T D[+ EDED]S D[+ DS

=1(-6+1)+1(-4+3)+12-9)=-5-1-7=-13,
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det(@ = (D™D T+ ((DED S T+ @S S
=1(-6+1)+1(-44+3)-0=-5-1=—6.
Clearly, det(A) = det(P) + det(Q).

lth

Property Number 5: If a determinant B is obtained from determinant A by adding to the [*" column of A a scalar

multiple of any other column of A, then det B = detA.
Explicitly,
B=|A14, A+ ady, Ay A, .
Using Property Number 4,
detB = det|A A, -+ A Ay - Ayl + adet|A1Ay - Ay o Ay - Ay
Or, using Property Number 2,
detB = det|AA, - A; - Ay - Ayl + 0 = detA .

Example: A new determinant B is created by adding first column to the third column of another determinant A

as shown:

1 -1 1 1 -1 2
A=(2 3 -2andB=1|2 3 0
3 1 -4 3 1 -1

Show that det B = det A.

Solution: Determinant A is the same determinant as in the previous examples. Its value, as determined

previously, is —19.
Now, expanding the determinant B across the third column, we get

det(B) = (2)(—1)**3 |§ il + (0)(=1)2*3 |; —11| +(—1)(=1)3*3 B —1|

3
=2(2-9)-0-1(3+2)=—-14—5=-19 .

Finally, we provide two examples in which we use properties of determinants to first simplify the determinant,

then evaluate it.
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Example: Using properties of determinants, find out the value of

1 -1 1
A=(2 3 -=-2].
3 1 -4

Solution: We have already seen that the value of A is —19. Now we will use various properties of determinants
to create as many zeros in a single row or in a single column as possible. We will do so for the first row of

determinant A.

First, we add column 2 to column 3 and use property number 5 to get

1 -1 1 1 -1 0
2 3 =2|1=|2 3 1
3 1 -4 3 1 -3

Next, we add column 1 to column 2 and use property number 5 again to get

1 -1 1 1 -1 0 1 0 O
2 3 =2(=12 3 11=12 5 1
3 1 -4 3 1 =3 3 4 -3
Now, we expand across row 1 to get,
1 -1 1 1 -1 0 1 0 O 5 1
2 3 —2[=2 3 1|=|2 5 1|=1f, ]
3 1 -4 3 1 =3 3 4 -3
The determinant of order 2 is easy to evaluate as
1 -1 1 1 -1 0 1 0 5 1
2 3 —2(=]2 3 1|=[2 5 1|=1f} |=-19
3 1 -4 3 1 -3 3 4 3

As seen in the above example, the trick of simplifying the evaluation of a determinant is to create as many zeros
in a single row (or column) as possible and then use this row (or column) to evaluate the determinant.

a
d

Example: Given that = 5, use the properties of general determinants to find the value of

s oS

~ 0

S

—2a 3d—-g g+a
—2b 3e—h h+b|.
—2c 3f-i i+c

D=

Solution: The determinant to be evaluated is
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—2a 3d—-g g+ta
—2b 3e—h h+b
—2c 3f—-i i+c

D=

First, take —2 common out of column 1 to get

a 3d—-g g+a
b 3e—h h+b
¢ 3f—-i i+c

D = (-2)

Now, subtract column 1 from column 3 to get

a 3d—g g
b 3e—h h
c 3f—-i i

D= (-2)

Adding column 3 to column 2 gives

a 3d g
b 3e h
c 3f i

D = (-2)

Taking a common factor of 3 out of column 2, we have

a d g
D=(-2)3)|b e h
c f i
Finally, interchange rows and columns of the determinant,
a b c
D=(-6)|d e f|=(-6)(5 =-30.
g h i
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PROBLEMS FOR CHAPTER 6

1. Determine the values of the following two determinants

5 2 3 -2 3 5
-1 3 4 and 1 2 4
0 -2 3 0 3 -2

2. Using the properties of determinants, first simplify and then determine the value of the following

determinant,

a—b a*—-b? a®-b3
b—c b%®—c? p3-¢3

c—a c?—a? c®-ad

3. Without expanding the determinant, and using the properties of determinants only, show that

bc a®? a? bc ab ca
b?> ca b?*|=|ab ca bc
c® c¢* ab ca bc ab

4. Without expanding the determinant, and using the properties of determinants only, show that

na1+b1 na2+b2 na3+b3 a b1 <

nb, +c, nb,+c, nb,+c, =(n+1)(n2—n+1) a, b, ¢,

nc, +a, nc,+a, ncy+a, a, b3 o
5. Without expanding the determinant, and using the properties of determinants only, show that

a2 (a+ 1)2 (a+ 2)2 1 0 0

b2 br1)Z (b+2) = —4@-bb-cCc—a| 0 1 0

e+ (e+2)? o 0
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Chapter 7: Matrices

In this chapter we will learn about matrices and their properties. Just like determinants, matrices are also arrays
of numbers or elements, but that is where the similarity between a determinant and a matrix ends. A
determinant, by design, is a square array of numbers while a matrix, in general, is a rectangular array of
numbers. With determinants, the elements are combined together to provide a single number, which is the
value of the determinant. On the other hand, in the case of a matrix there is no concept of a single value of the
matrix available by any combination of its elements. However, only for a square matrix, one can mention a
corresponding determinant whose elements are the same as the elements of the square matrix, or one can
loosely talk about determinant of a square matrix. As an application of matrices, in this chapter we will explore

their use in solving n coupled inhomogeneous algebraic equations.
7.1 A GENERAL MATRIX

A general matrix is a rectangular array of numbers or elements. For example,

a1 QA 0 Ay
A1 Az ot Qzpn

A= : : . :
Am1 Amz2  ° Amp

is a matrix with m rows and n columns. It is common to say that A is an m X n matrix. The element q;; is located
at the intersection of i*" row and j* column of the matrix. If A = B, then all elements of matrix A are individually
equal to all elements of matrix B; that is, a;; = b;; for all i and j. Clearly, if A is an m X n matrix, then so is B.
Matrices consisting of only one row or one column are referred to as vectors. For example, an m X 1 matrix is a

column vector of dimension m, and a 1 X n matrix is a row vector of dimension n.

Various matrices combine (add, subtract or multiply) according to some well-defined rules. First, in order to add
or subtract two matrices, they must be of the same size; that is, must have same number of rows and same
number of columns. Furthermore, matrices add or subtract element-by-element. For example, if C = A + B,

then ¢;; = a;; + b;;. Matrix addition is commutative as well as associative, that is,
A+B=B+AandA+(B+C)=(A+B)+C.

Multiplication of two matrices, A and B, leads to a new matrix C, that is, C = AB. The element Cij, located at the

intersection of i" row and jt" column of matrix C, is given by
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Cij = Zaikbkj a Eq (71)

k

In other words, element ¢;; of C is obtained by multiplying, element-by-element, the it" row of A with the jt*
column of B, and then adding all the products. Note that for the multiplication of two general rectangular
matrices to have any meaning, the number of columns of A (namely, dummy index k in the sum in Eq. (7.1))
must be equal to the number of rows of B (again, the same dummy index k in the same sum). So, if A is an

m X p matrix and B is a p X n matrix, then the product C is an m X n matrix, while the product BA is undefined.

However, as long as matrix multiplication is allowed, it is both distributive and associative, that is,
A(B+ C) = AB + AC ,
(AB)C = A(BC) .

The use of the word vector for matrices with only one row or one column is justified since multiplyinga 1 X 3
row matrix containing elements Ay, Ay and A, with a 3 X 1 column matrix containing elements B,, By, and B, is

equivalent to taking the scalar or dot product of two vectors. Explicitly,

B,
Ay Ay A)(By|=A4,B +A,B, +A4,B,=AsB .
B,

Multiplication of a matrix A by a constant k simply multiplies each and every element of A by k; that is,

ka11 ka12 cee kaln
kA = Ko kd o kdan Eq.(7.2)
kan, kan, - kapn

If the number of rows and the number of columns of a matrix are equal, say to n, then the matrix is a square
matrix of order n. For two square matrices A and B of the same order, one can form the products AB as well as

BA. However, in general, AB # BA. If AB = BA, then the matrices A and B are said to commute.

Example: Consider two square matrices A and B of order 2,

_ (0 1 (-1 0
A= (1 0) B = ( 0 1) '
Check whether the products AB and BA are equal or not.

Solution: The products AB and BA are
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= oo D=1 o
a= (5 )G =0 o)
Clearly, in this case AB # BA.

a 1)
Example: Given two square matrices, A = (B g) and B = (g )/)' determine whether they commute or

not.

Solution: In this case,

(ay +B6 ad+ By) ,

A‘Bz(g g)(g j) By +as BS+ay

== 5)6 o

Since AB = BA, then A and B commute.

ya+ 6 yB+ 6a
(m? +By BS+ ya)

A matrix with all of its elements as zero is called a null or a zero matrix and it is denoted by @. We note in passing

that, in general, if AB = ©, it does not imply either A = O or B = ©. As an example, consider two matrices,
(2 1 (1 =2
A\‘_(—6 —3) B‘(—z 4)'
Their product is
(2 1 1 =2_/0 0| _
AB_(_e _3)(_2 4)_(0 o)_@'
Note that the product AB is a zero matrix while neither A nor B is a zero matrix!

7.2 PROPERTIES OF MATRICES

From this point onwards, we will focus our attention only on square matrices. First, we define some special
square matrices. A square matrix whose elements are all zero except the elements along the diagonal is called a

diagonal matrix. For such a matrix A, a;=0 ifi # j, and it looks like

asq 0 . 0
a=( 0 v Eq.(7.3)
0 0 Ann
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In particular, a square diagonal matrix which has only 1 as its diagonal element is a unit or identity matrix 1,

10 0
1=(0 1 - 0y Eq.(7.4)
O 0 600 1

Thus, various elements of the unit matrix can be written in terms of a Kronecker delta as, a;; = §;;. Multiplying

any general matrix A, either on the left or on the right, by 1 gives back the matrix A. So,
Al=1A=A.
Transpose of a Matrix (A)

A square matrix obtained by interchanging rows and columns of a matrix A is its transpose, A. (Another common

notation for the transpose of a matrix which you may encounter is A”.) Thus,
(A)U = (A)jl or dl] = aﬁ .

Obviously, (K) = A. There is an interesting property of transpose of a product of two general square matrices.
The transpose of a product of two matrices is equal to the product of transposes of the two matrices in reverse

order, that is, if C = AB then € = BA. As a proof, note

Symmetric and Antisymmetric Matrices

A matrix A for which & = A is called a symmetric matrix since for such a matrix a;; = aj;. On the other hand, a
matrix A for which & = —A is called an antisymmetric matrix since for such a matrix a;j = —aj;. Itimplies that
the diagonal elements a;; of an antisymmetric matrix are zero. Now, for any general square matrix A, A + Aisa

symmetric matrix while A — A is an antisymmetric matrix. It is so because
(A+A), =a;+d;=8; +a; = (A+A),
(a- A)U =a;;—a; =08; —a; =—(A —Kx)ﬁ .
Since, for any general matrix A, we can write
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1 x 1 ¢
=(A+A)+5(A-A),
it means that any general matrix can be written as a sum of a symmetric and an antisymmetric matrix.

Inverse of a Matrix (A1)

If AB = BA = 1 (unit matrix), then matrix B is the inverse of matrix A and matrix A is the inverse of matrix B.
Thus B = A~* and A = B~1. Not every square matrix has an inverse; however, the inverse of a matrix, if it exists,
is unique. As a proof of the uniqueness of the inverse of a matrix, let us suppose that there are two different
matrices B and C which are inverse of the same matrix A. Then AB = 1 and CA = 1. Now consider the triple

product of matrices, CAB. Using the associative nature of matrix multiplication, it can be rewritten as,
CAB = (CA)B = C(AB) or (HB = C(1) or B=C.
Thus, the inverse of A is unique.

There is an interesting property of the inverse of a product of two general square matrices. The inverse of a
product of two matrices is equal to the product of inverses of the two matrices in reverse order; that is, if C =

AB, then C* = B"*A™1. As a proof, notice that
ClIC=B'A'AB=B 4B =1 and CCl=ABB A l=A1A"1=1.
Since the inverse of a matrix is unique, C™1 is the true inverse of C.
Adjoint of a Matrix (A%)

In preparation for describing a technique for obtaining the inverse of a square matrix, we first define the adjoint
of a square matrix. Note that for a square matrix A we may think of its determinant as the corresponding
determinant whose elements are identical to the elements of A and whose value is det(A). Thus, if

A'is ann X n square matrix, its adjoint matrix is obtained by first replacing each element a;; by the cofactor Cj;
of the corresponding element in the determinant det(A), with appropriate sign, and then transposing the

matrix. Specifically, adjoint of A is

C11 C21 Cnl
A2 = C12 sz Cn
Cin Con =+ Cin

where C;; is the cofactor of a;;. From its construction, we infer (A%);; = Cj;. Using Eq. (6.1), then
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(AADy = D WAy = D anCye = 8 det(A) .

k k

or,
AA? = det(A) 1,
where 1 is the unit matrix.

Similarly, using Eq. (6.1) again,
(A%A);; = Z(Aa)ik(A)kj = Z Criarj = 6;; det(A) .
k K
Thus,

AA® = A%A = det(A)1 .

This can be rewritten as

(de[t“(aA)) A=A4 (delt%(aA)) =1,

so that

Al = A7 Eq.(7.5
= det(A) q.(7:5)

Note that if det(A) = 0 then A~ is undefined. In other words, the condition for A™* to exist is that det(A) # 0.
A matrix A for which det(A) # 0 is referred to as a nonsingular matrix while a matrix for which det(A) = 0isa

singular matrix. Thus, the inverse of a singular matrix does not exist.

Example: Find the inverse of the matrix

1 0 2
A= (2 -1 3)
0 2 3

using the adjoint method.

Solution: First, we note that det A = +1(—9) + 2(4) = —1 # 0, so that the matrix A is nonsingular and its

inverse exists.
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The cofactors of various matrix elements are
Ci1 =-9,C, =-6,C3=+4,
Cy1 = +4,C5, = +3,053 = -2,
C31 =+42,03, =+1,(033, = -1 .

The adjoint matrix is

Finally, the inverse of A is

Ac (9 —4 —2)
Al=—7>->—2=6 -3 -1].
det(® \_, 5 4

Just to verify that our inverse is correct, we multiply the original matrix A by its inverse matrix A~ and make

sure that we get the identity matrix, 1.

9 -4 -2\/1 0 2 1 00
AT'A=|l6 -3 —-1[(2 -1 3) =10 1 0]=1.
-4 2 1 0 2 3 0 0 1

Example: Given the matrix

find A1 using the adjoint method.

Solution: The determinant of this matrix is det A = +1(6) — 2(1) = 4 # 0, hence the matrix is nonsingular. The

cofactors of various elements a;; are
Ci1 =+6,C, = —4,C3=+2,
Cy1 =—1,Cp =+2,053 = -1,
C31 =—9,C3, = +6,(33 = -1 .
The adjoint matrix is
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6 -1 -9
At=|—-4 2 6 |,
2 -1 -1

and the inverse matrix is

Ac 1( 6 -1 —9>
Al = =—(-4 2 6].
det(A) 4 2 1 -1

7.3 SOLVING INHOMOGENEOUS ALGEBRAIC EQUATIONS

The idea of matrix inversion is very useful in solving a set of algebraic equations. Consider the following set of n

algebraic equations containing n unknown variables x4, x5, ==+, x,,
A11X1 + Xy + o+ QX = Vp

Az1X1 t AgzXp + o HagpXpy = Y2

Ap1X1 + An2x, tot AppXn = Y -

Here all the coefficients a;; as well as the numbers on the right-hand sides of these equations, namely y,, are
known. If all the numbers y,, are zero, then these algebraic equations are called homogeneous algebraic
equations. On the other hand, if all or some of the numbers y,, are nonzero, then these algebraic equations are

called inhomogeneous algebraic equations. The equations can be rewritten in a matrix form as

a1 Q1 0 Qqp X1 V1
Az1 Q2 '+ dop X2\ _ Y2
Apn1 QApz2  ° Qpp Xn Yn
or
AX =Y, Eq.(7.6a)

where X and Y are column matrices (or vectors), Y is known and X is unknown. Then, using the idea of matrix

inversion,

a

X=A1Y=
det(A)

Y. Eq.(7.6b)
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Example: Solve the following three inhomogeneous algebraic equations of three variables, x, y, and z using

the inverse of a matrix.
x+2y+3z=4,
2x+3y=8,
y+2z=12 .

Solution: Rewriting these equations in a matrix form, we get

1 2 3\ /x 4
AX=<2 3 0>(y>=<8>=Y.
0 1 2/\z 12

The inverse of this matrix A was determined in the previous example. Using it, we get

x 4\ 1/6 -1 —9\/4
()=a(s)=3(= 2 +)(s)
z 12 2 -1 -1/ \12
6 -1 -9\/1\ [-23
=<—4 2 +6)<2>=<18>.
2 -1 -1/\3 -3

Thus, x = =23,y = 18 and z = -3.

In case of homogenous algebraic equations, Y = 0. Then, if det(A) # 0, we get the solution X = 0, which is
called the trivial solution. A nontrivial solution of homogenous algebraic equations is available only

when det(A) = 0.

7.4 SPECIAL MATRICES

Now, we introduce some well-known and useful matrices. An orthogonal matrix A is the one that satisfies
AA=ARAA=1.

Clearly, for the orthogonal matrix,

As an example of an orthogonal matrix, consider
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_(cosa sina)
—sina cosa

For this matrix

A= (cos a —sin a)
sina cosa

and

AA:(COS‘X sina)(cosa —sina)=

—sina cosa’/\sina cosa

as well as

AA:(cosa —sina)(cosa sina)
sina cosa —sina cosa

So, we conclude that A = A~ and A is an orthogonal matrix.

If the elements of a matrix consist of some complex numbers, then we can obtain the
complex conjugate matrix, A*, by simply replacing each element of matrix A by its complex conjugate. Thus, if

(A);; = a;j, then (A");; = a;;. As an example, consider

A:(zz—i 1;”.)'

Its complex conjugate matrix is

A*z(z-zu 13_i)'

Now, we will introduce Hermitian and unitary matrices. First, we define the Hermitian adjoint of a general
matrix A. It is denoted by the symbol 1 (called dagger). The Hermitian adjoint is obtained by first taking the

complex conjugate of the matrix, followed by taking the transpose of the matrix. Thus,
At = &F

is the definition of the Hermitian adjoint of A. Now, a matrix A is a Hermitian matrix if its Hermitian adjoint is

equal to the matrix itself. In other words, if
At = A,

then A is a Hermitian matrix.
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Next, a matrix A is a unitary matrix if its Hermitian adjoint is equal to the inverse, A™1, of the matrix. In other

words, if At = A1, orif
AAT = ATA =1,
then A is a unitary matrix.

As an example, consider the matrix

A= 1 ( a b—ic)
JaZtbEr 2 b+ic —a )’

with a, b, and ¢ real. One can even visually see that AT = A for this matrix, so that it is a Hermitian matrix.

Furthermore, one can easily check that this matrix satisfies
AAT =ATA =1,

so that this matrix is also a unitary matrix.
7.5 CHARACTERISTIC OR SECULAR EQUATION OF A MATRIX

If Aisan n X n matrix and A is a scalar parameter, then

K=A-11
is called the characteristic matrix of A. The equation
det(K) = det(A —21) =0

is called the characteristic or secular equation of A. If A is an n X n matrix, then the secular equation is of the

form
f) =1+aA+aA* + - +a, A" =0

where the coefficients a; (i = 1, ...n) depend on the elements of A. The n roots of this algebraic equation

(A1, 4, ..., Ay) are called the characteristic roots of the matrix A.
Eigenvalues/Eigenvectors of Matrices

Given a n X n matrix A, there exist certain column matrices (or vectors) X such that AX is a simple multiple of X.

In other words,
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AX = X Eq.(7.7)

where A is a number (real or complex). Then A is said to be an eigenvalue of A belonging to the eigenvector X.

Here X is a column matrix with n rows,

X1
X2

xn
Thus, Eq. (7.7) gives

n
z aijxj = /1xi .
j=1

Or,

n
Z(aij — /15l])x] =0.

j=1

These are n homogenous algebraic equations, for i = 1, 2, ...n, in variables x;, x,, ..., Xx,,. A nontrivial solution

exists for these equations only if
det(A—A1) =0 .

This, of course, is the secular equation of matrix A. The characteristic roots of A are, then, the eigenvalues of A,
and the corresponding vectors X are the eigenvectors. We briefly note that eigenvalues and eigenvectors are

quite useful in quantum physics and this fact will be mentioned again in Chapter 13.

Example: Find the eigenvalues and eigenvectors of the matrix

0 3 4
A=13 0 0]).
4 0 0

Solution: The characteristic equation is det(A — A1) = 0, or

-1 3 4
det<3 -1 0>=0.

4 0 -2

On expanding the determinant, we get
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B +914+161=0 or AA+5@A-5)=0.

A=0,+5-5.

These are the three eigenvalues of matrix A. Next, we determine the eigenvectors one-by-one. For 1 = 0, AX =

AX gives,

Or,
3x, +4x3 =0, 3x; =0, 4x, =0 .

Thus, within an arbitrary constant, the eigenvector is

(4)

A normalized eigenvector is analogous to a unit vector since they both have magnitudes of 1. To normalize any

eigenvector, we simply divide it by the magnitude of the eigenvector. So, for A = 0, the magnitude of the

eigenvector is /0 + 42 + (—3)2 = 5, and, therefore, the normalized eigenvector is

For = +5, AX = AX gives

—5x; +3x, +4x3 =0

+3x; —5x, =0 or Xy == X
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+4x1 - SX3 =0

Again, within an arbitrary constant, the eigenvector is

5
and the normalized eigenvector is L (3) .
5v2 4

Finally, for A = =5, AX = AX gives

Or

or

X3 =

+5x; +3x, +4x; =0

+3x; +5x, =0

+4x1 + SX3 =0

So, the eigenvector is, within an arbitrary constant,

5
. . 1
and the normalized eigenvector is PN (—3) .

or

or
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PROBLEMS FOR CHAPTER 7

1. Given the following two matrices A and B, determine AB, BA, A2, and B? if they exist. If a product does not

exist, make a note of it.

A= (% —21> and B = (43L :;) )

3 2

2. Given the three matrices,

0 10 0 0 0 0 0 1
A= (O 0 0), B = (0 0 1>, C= (0 0 0) ,
0 0 O 0 0 0 0 0 0
find all possible products of pairs of matrices (either A and B, or B and C, or C and A ) to determine which

pair, or pairs, of matrices commute.

3. For the following matrix A, determine A1,

Explicitly verify that AA™1 = A™1A = 1.
4. Determine the eigenvalues and the normalized eigenfunctions of matrix A of problem 3.
5. Solve the following inhomogeneous algebraic equations by finding the inverse of the matrix of coefficients,
x—y+z=4
2x+y—z= -1
3x+2y+2z=5.

6. In the theory of spin % in quantum physics, we encounter three 2 X 2 matrices (Pauli spin matrices),
_(0 1 _ (0 -1 (1 0
01_(1 o)’ 02_(1 o)' 63_(0 _1)'
Prove the following properties of these matrices:
(@) 00y, =1 X3y €lnn 0n  forl #m.

(byot=0cf=0cf=1= (1 0), where 1 is the unit, or identity, matrix of size 2 X 2.

01
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7. Determine the eigenvalues and the normalized eigenvectors of the three Pauli spin matrices of problem 6,

separately.
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Chapter 8: Vector Analysis

In biomedical physics we encounter several physical quantities. Some of these quantities are characterized by
their magnitude only, such as temperature of a sick patient, density of a blood sample, pressure in the lung, etc.
Such quantities are called scalars and they are treated as ordinary algebraic numbers. On the other hand, there
are physical quantities which are characterized by both magnitude and direction, such as forces on human spine
during heavy lifting, velocity of blood flowing in veins, electric and magnetic fields in medical equipment, etc.

Such quantities are called vectors. In this chapter we will learn about mathematical properties of vectors.
8.1 VECTORS AND THEIR ADDITION/SUBTRACTION

A vector quantity is represented by a directed line whose length is proportional to the magnitude of the physical
quantity and whose direction is the direction of the physical quantity. These directed lines, representing vectors,
look like an arrow with one end as the head of the arrow and the other end as the tail of the arrow, as shown in

Figure 8.1. Vectors are shown as bold-faced letters like A and their magnitudes are shown as ordinary letters

head

tail

Figure 8.1. A vector, A, with its head and its tail.
like A. We can move a vector, or the directed line representing the vector, around in space and the vector will

remain unchanged as long as both the length of the directed line as well as its direction are kept unchanged.

An alternate way of representing a vector is through its components. If the Cartesian coordinates of the head

and of the tail of a vector A are (xy, y, 25,) and (x;, y;, Z;), respectively, then, the components of A are
Ay =xp — X,
Ay =Yn =Vt
A, =2z, — 7 .

The length of the vector is
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A=[A2+ 42 +42]"% Eq.(8.1a)

It is easier to see that if the origin of the coordinate system is chosen at the tail of the vector A, then

Ax,Ay, and A, are merely the projections of A onto the three coordinate axes.
Addition and Subtraction of Vectors

Vectors do not add or subtract or multiply like ordinary numbers. First, we will learn the rules for adding and
subtracting vectors, which lead to new vectors. Next, we will learn the rules for multiplying vectors, which can
lead to either a scalar (scalar product) or a vector (vector product). The vectors can be added using a geometrical
method, called head-to-tail method, in which we connect the head of the first vector, A, with the tail of the
second vector, B. A new vector X whose head is the free unconnected head of B and whose tail is the free

unconnected tail of A is the sum of vectors A and B, as shown in the Figure 8.2

X=A+B.

Figure 8.2. Vector X is the sum of vectors A and B.

Figure 8.3. Commutative nature of vector addition.

By completing the parallelogram, as in Figure 8.3, it is seen that

X=B+A

as well. Thus, vector addition is commutative. Addition of more than two vectors proceeds in the same manner.

IfZ=A 4 B+ C, then from the Figure 8.4
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X=A+B,

Y=B+C,
and
Z=X+C=A+Y,
Figure 8.4. Sum of more than two vectors.
that is,

Z=(A+B)+C=A+(B+C) .

Thus, vector addition is associative as well. Now, let us talk about subtraction of one vector from another. Figure
8.5 shows two vectors, A and B, of equal length but with opposite directions. According to head-to-tail method of

adding vectors, A+ B=0 orB= —A.

In other words, —A (or B) is a vector which has same magnitude as A but its direction is opposite to that of A.
Subtraction of one vector from another can now be handled exactly in the same manner as vector addition

except the sign (direction) of one of the vectors is reversed. For example,

A—B=A+(—B) .

A
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Figure 8.5. Two vectors A and B of equal length, but opposite directions.

Figure 8.6. Subtraction of two vectors.

Also, graphically the “other” diagonal of the parallelogram in Figure 8.3 gives A — B as shown in Figure 8.6.

An alternative way of adding vectors is by using the components of the vector. For this purpose, we choose a
right-handed Cartesian coordinate system. The meaning of a right-handed coordinate system will be clearer after
Eq. (8.6). For this coordinate system, we introduce unit vectors e,, ey, and e,. These three vectors are each of
unit length and are directed along the x, y, and z axes, respectively. We note in passing that several other
authors use the notation i, j, and Kk or X, ¥, and Z for these Cartesian unit vectors. In our notation, then A, e, isa
vector of length A, along the x-axis, A, e, is a vector of length 4, along the y-axis, and A,e, is a vector of length

A, along the z-axis. Using vector addition by head-to-tail method, as seen in Figure 8.7,

A=Ae,+Aje,+4,e, . Eq.(8.1b)
z
Azez [ \\\
A"
5 A,Ve,V
E e ¥
Ae, . e

Figure 8.7. Components of a vector A.

Now, two vectors A and B can be added simply by adding their components, that is,

A+B= (exAx + eyAy =+ ezAz) =+ (exBx =+ eyBy 4+ ezBZ)

= e,(A, +B,) + e,(4, + B,) + e,(4, + B,) . Eq.(8.2a)
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Subtraction of one vector from another can now be handled exactly in the same manner as vector addition

except sign (direction) of one of the vectors is reversed. For example,

A—B=A+(-B)=e.(4,—B)+e,(4,—By)+e,(4,—B,) . Eq.(8.2b)

It follows from the discussion of addition and subtraction of vectors that if two vectors are equal to each other,

then individually the x, y, and z components of those two vectors are also equal.
8.2 MULTIPLICATION OF VECTORS: SCALAR PRODUCT

Now, we talk about multiplying two vectors. There are two ways to multiply vectors. One way leads to a scalar
and the other to a vector. The scalar (or inner or dot) product of two vectors A and B is a scalar number of
magnitude AB cos 8, where A and B are the magnitudes of the two vectors and 8 is the angle between the two
vectors. This angle is obtained by joining the tails of both vectors as in Figure 8.8. The scalar product of two
vectors is indicated by placing a large dot between the two vectors, AeB = AB cos 8 = BeA. Note that the scalar

product of two vectors is commutative. The scalar product is also distributive, that is,

A

Figure 8.8. Scalar product of two vectors A and B.

Ae(B + C) = AeB + AeC. Also, since unit vectors ey, e,, e, are mutually orthogonal, it follows that.

v
egee, =1, e,ee, =1, e;ee, =1
and
e,ce,=e,ve, =0,e,0¢e,=¢,0e,=0,e,0e,=€e,0e,=0.

In particular, note

AeB = (exAx + eyAy + ezAZ) . (exBx + eyBy + ezBZ)
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= +A,B,(ex*e,) + A,B,(0) + A,B,(0)

+A;B,(0) + A,B,(ey s ey) + A,B,(0)

+4:B,(0) + AyB,(0) + A,B,(e; * €,)
or

A*B=A,B,+A,B,+A,B, . Eq.(8.3)
Also,
AeA= A% + A3 + A2

so that v/A®A gives the magnitude of vector A.

Now we introduce an alternate, but useful, new notation. We will use e4, e, €3 for the three orthogonal unit
vectors ey, ey, and e,, and A;, A,, and A; for the three components 4,, A,, and 4, of a vector A. In this notation

it follows that

€ el' = 611 o Eq (84)
Using this identity, we can write the scalar product of two vectors in terms of a Kronecker delta as

A‘B=<ZeiAi>0 Ze]B] =26UALBJ=ZAL Bi .
- o

i J

Finally, the law of cosines in trigonometry, which relates the lengths of three sides of a triangle, can be
easily obtained using scalar product of two vectors. Three vectors A, B, and C, form the sides of a triangle as
shown in the Figure 8.9. The angle 6 between the two vectors A and B is obtained by joining the tails of both

vectors. Using head-to-tail vector addition,
C=A+B,
or
C?>=CeC=(A+B)s(A+B)=AeA + BeB +2AeB = A% + B2 + 2 ABcos 6
or

C? = A? + B? — 2 ABcos¢ Eq.(8.5)
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Figure 8.9. Law of cosines.

where ¢ is the angle inside the triangle opposite to side C, that is, the angle supplementary to 8. This is the law

of cosines in trigonometry, and it is consistent with the Pythagorean theorem for a right-angled triangle (when

¢ =1/2).

8.3 MULTIPLICATION OF VECTORS: VECTOR PRODUCT

Now, we talk about the second way of multiplying two vectors which leads to a vector. The vector (or cross)
product of two vectors is indicated by placing a large cross between the two vectors A and B. It is defined to be a

new vector C,

C=A XB,

such that the magnitude of Cis C = ABsin6 and direction of C is perpendicular to the plane containing

A and B in such a sense that A, B, and C form a right-handed system. In order to understand the direction of C
better, let us imagine that the plane containing A and B is a big wall. We place a screwdriver, with a screw,
against the wall such that the screwdriver can be rotated either clockwise or counterclockwise and the screw
itself will move either into the wall or out of the wall. In the Figure 8.10 (a), the screwdriver is rotated
counterclockwise, as shown by the arrow on angle 6, from A to B, and the direction of A X B, which is along the
direction of motion of the screw itself, is coming out of the wall, indicated by symbol ©. In Figure 8.10 (b), the
screwdriver is rotated clockwise along the arrow shown on angle 8, from B to A, and the direction of B X A, or
the direction of motion of the screw itself, is going into the wall, indicated by symbol &. This is referred to as the
right-hand rule. With this definition, the vector B X A has the same magnitude as vector A X B; however,

direction of B X A is opposite to that of A X B. Thus,

A XB=-B XA,

that is, the cross product is anticommuting. In the case of the three unit vectors e4, e,, and e3,
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e, Xxe; =0, e, X e, =0, e; X e3=0,

el xe2=e3=—e2 Xel,ez Xe3=e1=—e3 Xez, e3 Xe1=e2=—e1 XE3 .

In a more compact form, we can write all of these nine relationships as

e; Xe = €iik €k - Eq.(8.6)
AxB B x A
© ®
B B
\9 8
A A
(a) (b)

Figure 8.10. Vector product of two vectors A and B.
The three unit vectors, satisfying Eq. (8.6), describe a right-handed Cartesian coordinate system. Using these

relations, the components of C = A X B can be written as
C=A XB= (e1A1 + eZAz + 93A3) X (elBl + esz + 6333)
= 63A132 - ezAlB3 - e3A231 + elAzB3 + 92A3Bl - e1A3BZ

= e1(A,B; — A3B;) + e;(A3B; — A1 B3) + e3(AB, — A;B) .

Thus,
C, = A,B; — A3B,
C, = A3B; — A1B;
C; =AB, —A,B;
or

Ci = A]Bk - AkB]
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with i, j, and k all different and in cyclic permutation. In terms of Levi-Civita symbol, we can write the

components of C as

Ci = Z EijkAjBk ,

Ik

and the vector C as

C=ZeiCi ,
i

or

A X B=z eijkeiAjBk . ECI(87)
i,jk

We note from this suggestive form that the vector product can be written in the form of a determinant as

€, € €3
C=AxB=|4; 4, A4; Eq.(8.8)
B, B; Bj

The cross product of two vectors has a very nice geometrical interpretation. Consider a parallelogram, in a plane,
whose sides are made up by vectors A and B, as shown in Figure 8.11. Note that the area of this parallelogram is
AB sin 8, which is the magnitude of A X B. However, the direction of A X B is perpendicular to the plane of the
parallelogram. Thus, in general, the area of an element such as the parallelogram defined above can be treated
as a vector with its direction perpendicular to the plane containing that element. Note that the direction of area
vector, either into or out of the plane, is related to the sense of traversal of the periphery of the area by the
right-hand rule. In Figure 8.11, the direction of the area element A X B, of magnitude ABsin 8, is obtained by
traversing the periphery by going first over (solid line) vector A and then over (solid line) vector B, that is,
traversing the periphery indicated by the thick counterclockwise arrow corresponding to direction coming out of
the plane of parallelogram according to the right-hand rule. Similarly, the direction of the area element B X A,
also of same magnitude ABsin 6, is obtained by traversing the periphery of the parallelogram by going first over
(dashed line) vector B and then over (dashed line) vector A, that is, traversing the periphery indicated by the
thick clockwise arrow corresponding to direction going into the plane of the parallelogram according to the right-

hand rule.
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AxB
O,

Figure 8.11. An area element as a vector.

8.4 TRIPLE SCALAR PRODUCT

Now let us explore how we can multiply three vectors A, B, and C to obtain either a scalar or a vector. The

product Ae(B X C) is a scalar and is referred to as the triple scalar product. In terms of components,
Ae(B X C) =A;(B xC); +A,(B X C), + A;(B X C);
= A1(ByCs — B3Cy) + Az (B3Cy — By C3) + A3(B,C; — B, () -
The expression on the right-hand side can be rewritten in two alternate forms:
first form = B;(C,A; — C3A,) + B,(C34; — C1A3) + B3(C1A, — C,A;) = Be(C XA) ,
or

second form = Cl(AzB3 - A3Bz) + Cz(A3Bl - AlB3) + C3(AlBZ - AZBl) = C'(A X B) .

Thus, the triple scalar product can be written as,

Ae(B X C) = Be(C X A) = Co(A X B) = —Ae(C X B) = —Be(A X C) = —Ce(B X A) . Eq.(8.9a)

In other words, dot and cross can be interchanged in a triple scalar product. The triple scalar product can also be

written in the form of a determinant:

Ay Ay Aj
A.(B X c) = Bl BZ B3 g Eq (Sgb)
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or, in terms of Levi-Civita symbol,

A.(BXC) = ZeijkAiBjCk o Eq(89C)
i,j.k

The triple scalar product has a nice geometrical interpretation. Consider the parallelepiped made up by vectors

A, B,and C as shown in Figure 8.12. The area of the base of the parallelepiped is the parallelogram A X B. The

direction of this area element is along n, the normal to the base. Then,
(A xB)eC = |A X B|(neC)

= (area of the base times height) = volume of the parallelepiped.

n

C cos o

Figure 8.12. A parallelepiped made up by vectors A, B,and C.

8.5 TRIPLE VECTOR PRODUCT

Now we explore the possibility of obtaining a vector by multiplying three vectors A, B,and C. In the triple vector

product A X (B X C), the order of multiplying vectors is important. For example,
e; X (e; xey) # (e; Xey) Xey ,

since the left-hand side is zero because the vector product of a vector by itself is zero, but the right-hand side is

nonzero, equal to e3 X e, = —e4. In general, the triple vector product can be written as
A X (BXC) = AXV=ZeijkeiAij Eq (8100,)
i)k
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where

V=BXC and Vk = ZeklmBlCm . Eq (810b)

Lm

On substituting for V,, from Eq. (8.10b) into Eq. (8.10a), we get

A X (B X C) = Z EijkeiAjZEklmBlCm .
Im

ijk

To carry out the sum over the repeated index k, we use the epsilon-delta identity (see Appendix C for proof),

Z €ijk€rim = Z €kij€kim = 5iz5jm - 5im5jz )
k k

so that the triple vector product looks like:

Ax(B XC) = Zz €i4;B1Cn[8:48jm — Sim81] -

i Im

Because of the Kronecker deltas, the sum over the repeated dummy indices [ and m can be carried out easily,

Ax(BXC)= Z e A;[B.C; — B;¢)] = Z e.B; ZA,-C,- - Z e;C; ZA,-B,-
ij i j i j

= B(A¢C) — C(AsB) . Eq.(8.11)

The order of vectors appearing on the right-hand side is remembered by using the mnemonic BAC-CAB. Another

form of triple vector product is

(AXB)XC=—Cx (AXB) = —A(BsC) + B(CeA) , Eq.(8.12)

after using the BAC-CAB rule in the last step. Now, the order of vectors in the two forms of the triple vector

product, namely, Egs. (8.11) and (8.12), can be determined by:

Vector product of three vectors = middle vector times scalar product of the remaining two vectors minus (—)

other vector in the parenthesis times scalar product of the remaining two vectors.
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PROBLEMS FOR CHAPTER 8

1. Using the concept of scalar, or dot, product of two vectors, determine the angle between vectors A = e, +

2ey + 2e, and B =2e, — 3e, + Ge,.

2. Prove that the vectors A = 3e, + e, — 2e,,B=-e,+3 e,+4e,, andC=4¢e, -2 e, -6 e, can form the sides

of a triangle. Find the lengths of the medians of this triangle.

3. Using the concept of vector, or cross, product of two vectors, determine the area of a triangle with vertices at
points A(1,2,3), B(2,4,5), and C(1,-8,0). In our notation here, P(x, y, z) refers to the Cartesian coordinates of the

point P.

4. Determine a unit vector perpendicular to the plane containing vectors A = 2 e, — 6e, —3e,andB = de, +

3e,—e,

5. The eight corners of a parallelepiped are labeled as Ci, Cz, Cs, Cs, Cs, Cs, C7, and Cs. The Cartesian (x,y, z)
coordinates of the corners are C1 (5, 2, 0), C2(2, 5,0), Cs (4, 5,0), Ca (7, 2,0), Cs (6, 3, 3), Cs (3, 6, 3), C7 (5, 6, 3),
and Cs (8, 3, 3).

(a) Determine the three vectors A, B, and C that define this parallelepiped.
(b) Determine the volume of the parallelepiped.

[Hint: To visualize this parallelepiped, plot and label the first four and the last four corner points in two x —

y planes separately. The two x — y planesare z = 0 planeand z = 3 plane.]

6. Prove the following identity for vector triple product:
AX(BXC)+BX(CxXA)+CxX(AXB)=0.
7. Prove the following two identities:
(AXB)e(CxD)=(AeC)(BeD) — (AeD)(BeC),
(AXB)X(CxD)=[(AxB)eD]C — [[AXB)eC]D = [[CXxD)eA]B — [[CXD)e*B]A .
8. If A and B are any two vectors, then show that
(AxB)e(AxB) =A2B2 — (AeB)? .

9. Arhombus is a parallelogram with all four sides of equal length. Using the concept of scalar (or dot) product

of vectors, show that the two diagonals of a rhombus are always perpendicular to each other.
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10. Biomedical Physics Application. The “life”, as we know it, is based on the chemistry of carbon-containing
molecules. An understanding of the structure of these molecules is essential to understanding life. One of the
simplest hydrocarbon molecules is methane (CHa), in which four hydrogen atoms are placed symmetrically at
the vertices of a tetrahedron around a single carbon atom. Alternatively, the four hydrogen atoms are located at
the four corners of a cube, as shown in the figure below, with the carbon atom at the center of the cube. The
bond angle is the angle between the lines that join the carbon atom to two of the hydrogen atoms. Using your

knowledge of the scalar product of vectors, show that the bond angle in methane molecule is 109.5°.

[Hint: Take the origin of the coordinate system to be at the center of the cube (at carbon atom) of side

length 2a and determine the coordinates of each hydrogen atom.]

o C

11. Consider an arbitrary triangle whose three sides are made up of three vectors A, B and C, then according to
vector addition, A + B + C = 0. The three medians of this triangle, namely M,, Mg, and Mc, are also vectors. The
median M, has its tail at the vertex opposite A and its head at the midpoint of A. There is similar construction

for other two medians Mg and M¢. Using vector addition, show that

1
Mp=—--(B-C),
A= -3B-0
Mg = 1C A
s=—5(C—A),

1
Mc=——(A-B).

12. The three vertices of a triangle in the x — y plane have Cartesian coordinates (x;, ¥;), (X3, v,), and (x3, ¥3).
Using the facts that three medians of a triangle intersect each other at a common point, called a centroid, and at
this point each median is trisected, show, using vector addition, that the Cartesian coordinates of the centroid

are
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X1t Xt X3 Y1+ Y, +}’3>

(xe,¥e) = ( 3 ) 3

13. The three vertices of a triangle in the x — y plane have Cartesian coordinates (x;, y;), (x3,¥,), and (x3, y3).

Using the cross product of two vectors, show that the area of this triangle is given by the following determinant:

1 1 1 1
area = > X1 X; X3
Y1 Y2 Vs
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Chapter 9: Curvilinear Coordinates and Multiple Integrals

In this chapter, we will introduce two important curvilinear coordinate systems. These are the spherical
coordinate system and the cylindrical coordinate system. They are very useful in carrying out multiple integrals

enco