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Preface

This volume includes articles submitted to a Special Issue, which has the same title as the one
hosted by Risks, and is dedicated to the memory of Peter Carr (1958-2022).

After receiving a Ph.D. in finance from UCLA, Peter Carr worked for eight years as an Assistant
Professor of Finance at Cornell University before joining Morgan Stanley as a Vice President in 1996
and later at Bank of America Securities as a Principal in 1999. He was the head of the Quantitative
Financial Research Group at Bloomberg from 2003-2010, a Managing Director and Global Head of
Market Modeling at Morgan Stanley from 2010 to 2016, before returning to academia in 2016 as the
Chair of the Department of Finance and Risk Engineering at NYU’s Tandon School of Engineering.

Many of the articles touch on Peter’s work. The topics of the articles range from volatility
modeling to the use of machine learning for derivatives pricing and are an appropriate reflection of
Peter’s wide-ranging interests in quantitative finance and risk management. Among the contributors
are several former colleagues and collaborators of Peter, and they kindly contributed personal stories
related to their interactions with Peter. These were collected into a memorial article, which is included
in this reprint.

We are grateful to all the authors who contributed to this volume. Many thanks are due to Mrs.
Claire Xiang and Mrs. Sheryl Yin for their tireless editorial efforts, which contributed to the success
of this Special Issue. The editors would like to dedicate this volume to the memory of Peter Carr as a

teacher, researcher, and friend.

Dan Pirjol and Lingjiong Zhu
Editors

ix
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Abstract: The editors of this special issue and several of the contributing authors have known Peter
for a long time. We thought that the special issue will be enriched by adding a few personal notes
and recollections about our interactions with Peter.

1. Joe Campolieti—Some Personal Recollections about Peter

I recall the first time I met Peter. It was at an INFORMS Applied Probability conference
in NYC in late July of 2001. I was initially introduced to Peter by my colleague, Claudio
Albanese who was professor of mathematics at the University of Toronto. At the time, I was
teaching at the Masters of Mathematical Finance (MMF) graduate program at the University
of Toronto. I taught in that program from 1998 to 2002, before I accepted a tenure-track
faculty position at Wilfrid Laurier University as an Associate Professor of Mathematics
(and SHARCNET Chair in Financial Mathematics). Prior to meeting Peter, Claudio had
mentioned him on a few occasions and always spoke highly of him. Leading up to the 2001
conference, Claudio and I made good progress on the development of some novel so-called
solvable models for derivative pricing. We gave talks on this research at the INFORMS
2001 conference. Peter was quite interested in this work as he and Alex Lipton had been
working on some ideas related to it. This resulted in a highly referenced paper published in
December of 2001 in Risk Magazine, entitled “Black-Scholes goes Hypergeometric” with all
four of us as co-authors Albanese et al. (2001). During our stay in NYC, Peter was quick to
invite us for dinner at a nice café in the SOHO district. Peter had a great sense of humour
and it did not take long to get better acquainted with him. It was very refreshing to see
how passionate he was about research and how he was always thinking about new ideas.

I also recall when Peter came to Laurier circa winter 2006. My colleague, Prof. Madhu
Kalimipalli, from the Laurier School of Business had invited Peter to give a talk. I made
sure to have most of my students in the undergraduate and graduate financial mathematics
courses attend his talk. It was an interesting talk that captivated the students. Later that
evening, Phelim Boyle (who was also professor at the Laurier School of Business at the
time), Madhu and Peter and I had a nice dinner at Sole in Waterloo. Of course, it made for
a very interesting conversation. Peter felt at home every time he visited the greater Toronto
metropolitan area, thanks to his Canadian roots.

I also recall meeting with Peter at the Bachelier Conference in 2010 in Toronto. It had
been a few years since I had seen him. He immediately greeted me with a great smile and
enthusiasm. We had a nice chat about what was going on in our lives. He had just rejoined
Morgan Stanley at the time. Later in 2011, Laurier began hosting a new series of bi-annual
AMMCS conferences. I've been the main co-organizer of the financial mathematics special
session within the AMMCS since its inception. In 2013, I invited Peter to give a plenary
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talk at the AMMCS and he graciously and enthusiastically accepted. As always, he gave an
interesting talk. It was also great to have him participate in the special session. Practically
all of the special session speakers joined us for a memorable lunch with Peter. My colleague
and collaborator, Prof. Roman Makarov at Laurier, and I had dinner later that evening.
We chatted about some new research results. He was impressed with the progress we
had made. Later that year Peter generously agreed to write a nice endorsement for a new
book I co-authored with Roman (“Financial Mathematics: A Comprehensive Treatment”
published in 2014) Campolieti and Makarov (2014).

The last time I met Peter was at the Financial Engineering Conference that took place
in early June of 2019. Both of us were given the opportunity to give lengthy back-to-back
invited talks in one of the special sessions on mathematical finance. Peter gave a talk on a
new model for credit risk. I spoke about spectral expansions for solvable processes with
several new results on first passage times, occupation times and other path functionals. This
talk allowed me to partly advertise a new book on solvable models that I'm still presently
working on completing as it is quite an undertaking. Within that talk I also presented a
new structural credit risk model based on a new occupation time hazard model. Peter told
me that he really enjoyed my talk and that he was very interested in the general theoretical
framework and the applications of the many new analytical formulas I had generated. Who
would have thought that this research would soon later be published in Risks within a
special issue in memory of Peter in 2022.

He emailed me at the end of December 2020 asking if I had completed my new book
and if he could receive a copy of it. Unfortunately, I had not completed it yet. We last
corresponded at the very start of January 2021. I mentioned to him that I was taking a
six-month sabbatical in the winter of 2021. He said that he would have invited me to NYC if
it weren’t for the challenges surrounding COVID at the time. A little over a year later, at the
start of March 2022, I got the terrible surprising news of his passing. Peter will always be
remembered as a great researcher, a great thinker and such a pleasant person to be around.
His spirit will live on as he made such a positive impact on many that knew him.

2. Arash Fahim: Peter Carr’s Take on Dubins-Schwartz Theorem

For a very long time, I assumed that I know Dubins-Schwartz theorem Dubins and
Schwarz (1965). The theorem asserts: Every continuous martingale M = (M;)s>( can
be written as a time-changed Brownian motion (B[, )s>0, where [M] = ([M]s)s>0 is the
(continuous) quadratic variation of M.

One time, when Peter Carr was visiting University of Michigan in Ann Arbor, where I
did my postdoc under Erhan Bayraktar’s mentorship, I mentioned the theorem during a
lunch with Peter and Erhan’s group. Peter thought for a minute or two and constructed a
bounded function that satisfies Laplace equation as a counter example to the way I describe
Dubins-Schwartz theorem. I was feeling embarrassed, and my confidence was shattered.
How can a bounded martingale be a time change of Brownian motion which is not bounded.
Of course, what Peter did was showing me that the time change can map [0, o) into any
interval [0, b) that you may imagine. In other words, [M] can be bounded by hitting times
of the Brownian motion to some levels, which makes (B[, )s>0 @ bounded martingale.

Apparently, I should have been more careful in learning the theorem, as it is expected
from a good mathematician, such as Peter. Thereafter, I challenged any new results I come
upon, particularly, by trying to make counter examples. This may have been a normal
practice for many, but for me it was an aha moment and a gift from Peter Carr.

3. Dan Pirjol

My first interaction with Peter was sometime in 2011, after giving a talk at Columbia
University (on work related to Pirjol (2013)) in the Financial Practitioners seminar ran by
Emanuel Derman. I had just moved to JPM and the location in Midtown made it easier to
attend seminars, which had started to be held more frequently than during the financial
crisis. I did not meet Peter in person at the seminar, but he must have thought that the topic
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was sufficiently interesting that he got in touch and told me that he discussed this problem
afterwards with the Budapest quant group at Morgan Stanley.

We continued to meet at the NYU seminar organized by Rama Cont and Marco
Avellaneda, and at the IAQF and Bloomberg events. I was working on fixed income
modeling, and had little overlap with his work which was mostly in equities modeling. I
recall attending a talk given by him about the Variance Gamma model, and my ignorance
of the topic was such that I believed that the title must refer to one of the Greeks of a
variance derivative.

This changed after 2014 when I started working on commodity derivatives. One of
the first projects I worked on was a validation study of “Carr randomization”, a method he
proposed in Carr (1998) for pricing American options on Black-Scholes assets. The bank
was considering using this model for pricing and risk management of American options
on commodity futures. My job was to find the weak points of the model, so naturally I
shot a message to Peter asking what he thinks are the main weaknesses and if possible to
suggest possible enhancements. Model developers are usually very reluctant to admit to
any shortcomings of their model, but Peter was open about the limitations of his method
and also suggested ways to improve on the published version. He also suggested a topic of
research—extend his method to the CEV model. However, as we found out later, this had
already been done in Wong and Zhao (2010).

We continued to keep in touch after I moved to an academic position. I invited him
to give a talk in the Financial Engineering seminar at Stevens, where he talked about one
of his last contributions—"“Stoptions” and the logistic model for option pricing proposed
in Carr and Torricelli (2021). This he delivered with an interesting spin, emphasizing
connections to relativity theory, which reflected his wide ranging curiosity and interests
about all branches of science. His online seminar broke all records of attendance, with
more than 125 viewers, and lasted for one hour and 30 min. He joked after the seminar that
“seminars used to be 1.5 h, and I am old school”. If a passion for communication, curiosity
and insistence on seeing the best in others are “old school” skills, then surely he was the
best teacher one could hope for. His lesson will continue to live in all those who knew him.

4. Harvey Stein

In 2001, two years after I moved back to NYC from Tel Aviv, I started attending the
Mathematical Finance Seminar at NYU’s Courant Institute. It was the premier quantitative
finance seminar in NYC, with talks being given by a multitude of famous individuals.
Talks were given by Robert Merton, Paul Malliavin, Benoit Mandelbrot, and many other
celebrities of the quant world. The research and talks were extremely stimulating and
engaging, as were the post-seminar dinners. Of course that was the case, as the seminar
was organized by the world renowned quants, Peter Carr and Marco Avellaneda. It was
where I met Peter.

Peter had recently left Bank of America and was a visiting professor at NYU. He was
an iconic figure at the seminar; always asking questions and engaging the speaker. You
didn’t need to be familiar with his extensive bibliography to see that he was a leader in
the field of quantitative finance; extremely sharp and tremendously knowledgeable. So, in
2003, when I was asked to head and build Bloomberg’s global Quantitative Finance R&D
group, recruiting Peter to head up my Quantitative Finance Research group was an obvious
move. Luckily, Peter was happy to return to industry.

Peter had a talent for viewing everything as an option, and the ability to reason
about options economically and mathematically. But, he wasn’t just a researcher—he lived
quantitative finance. He was constantly in contact with other researchers, discussing their
work, inviting them to meetings, holding weekly breakfast seminars, and always very
excited about it. He was a whirlwind of activity.

Peter loved applying new mathematical techniques to financial problems. During the
Covid pandemic, we corresponded about his work with Doug Costa on viewing option-
ality as a binary operation. Having an algebraic background, I helped him get a deeper
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understanding of the Grothendieck group of a monoid and a canonical representation of
that group for the monoid he was working with. In response to a proof of Peter’s that used
the distributive property of plus over max instead of directly appealing to the definition of
mayx, I told Peter that with proofs like that, he was becoming a real algebraist. That was in
December of 2020, to which he responded “That is the nicest thing anyone has said to me
this year”.

With Peter as the head of the research team, the Quantitative Finance R&D group
became a force in quantitative finance. We hired a number of well-known industry leaders,
including Pat Hagan, Bruno Dupire, and Bjorn Flesaker. We upgraded all of the Bloomberg
option models, making them the industry standard. It was a lot of work, but it was very
exciting to be on its forefront, and the group became well-known in the industry. Perhaps it
became a little too well-known, as it became common for the banks to poach from the team.

Peter was very excited about building such a strong quantitative research group, and
hiring so many high-profile renowned quants. He was especially excited about hiring
Bruno. He used to say how great it would be to get Bruno out of retirement. Peter also had
great respect for Bruno. In retrospect, given Peter’s comments before the interview, I think
he might have also been a little intimidated. When interviewing people, to gauge their
mathematical depth, I would often ask them to define a Martingale. When they mentioned
that the conditional expectation of future values is the current value, I would ask what
exactly that meant, and start drilling into details and proofs. Before interviewing Bruno,
Peter specifically asked me to ask Bruno these questions, so I did. It didn’t go over so well
with Bruno. None the less, Bruno and Peter subsequently became close friends.

But all good things ultimately have to end. Senior management couldn’t decide
whether quant groups should be part of the business unit or within the R&D engineering
teams. The group was broken up, and, in 2010, Peter went back to Morgan Stanley. But I will
always look back on those times as the halcyon days of quantitative finance at Bloomberg,
and reminisce about Peter’s (and everyone else’s) role in it.

5. Tai-Ho Wang

My first encounter with Peter was a pure coincidence. I came to New York, among
one of probably the worst days in history, on 1 September 2001. I was doing my postdoc at
NYU’s Courant Institute of Mathematical Sciences (CIMS). CIMS has been well-known for
years of its tightness in office spaces. I was finally assigned to an office where Peter Laurence
(PL) used to work in, who later became one of my main and long term collaborators. PL
and I had several joint works on various topics in quantitative finance.

One day in the afternoon while I was working in the office, Peter came to the office,
apparently not finding PL but me, and said, “Hi, I am Peter Carr, I am looking for Peter
Laurence”. Back then not really knowing who he was but vaguely remembered seeing
his name somewhere in the building and on some webpage of CIMS, I tried chatting with
him a little. I started, “Hi, my name is Tai-Ho Wang. I am from Taiwan”. He immediately
replied, “Tai-Ho from Taiwan, easy to memorize”. My impression on what he said was
like “That’s right, how come I never thought of that”? Our first conversation basically
ended right there since a moment later PL showed up and they went on to other office for
discussions. That first impression on him turned out to be the main theme every time I
attended Peter’s talks or met with him for discussions.

On a fellowship leave, I returned to CIMS in 2006 as a visiting scholar. Up to this
point, jointly with PL I gained extensive experiences in applying Lie symmetry to analyze
differential equations originated from problems in quantitative finance. Since Peter and PL
had been in close contact, knowing from PL that I would be visiting CIMS for a semester,
Peter invited me over for a talk at Bloomberg. Peter was very supportive during the talk
and pretty interested in the part of results that I presented. In an after-talk conversation, he
pointed out to me a relationship between the Girsanov transformation in stochastic analysis
and one of the generators of the six dimensional symmetry group for heat equation. When
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I finally got down to the bottom of the argument, I was like “That’s right, how come I never
thought of that”?

Fast forward to 2019, I had joined Baruch College for ten more years. A friend of
mine came down to New York and was invited to speak at NYU Tandon. I attended my
friend’s talk, one the one hand for reunion; on the other hand to meet and say hello to
Peter since it had been a while. Peter was so kind to invite me to join their dinner with the
speaker and some of his friends and colleagues. In the restaurant, at some point among
the multi-threading conversations before the meals were served, Peter came up with this
question: Assume under Black-Scholes model with zero interest and dividend rate, what is
the distribution for at-the-money Black-Scholes delta at the half-time point prior to expiry?
The first reaction that came to my mind was, since Black-Scholes’ delta is always between
zero and one, a beta distribution. The answer turned out to be yes and no. No, because it is
a uniform distribution; yes, because uniform is a special case of beta. This tiny observation
was probably not as fancy as his other numerous fascinating works, a good interview
question though. However, my impression at that moment was again “Interesting, how
come I never thought of that?” It showed Peter had a rare and unique talent in discovering
special structures or symmetries hidden behind the models and formulas, which I admire
and respect to the highest level.

6. Lingjiong Zhu

I have known Peter for over ten years. I first met him when I was still a PhD student
at NYU’s Courant Institute of Mathematical Sciences, in the fall of 2012. We met during a
reception for the master in financial math program at Courant, where he was an adjunct
professor. I got invited to this reception because I was a teaching assistant for Stochastic
Calculus, and most of the students of that class were in the financial math program. At
the reception, Peter asked me what I was doing for my research and I told him about
the Hawkes process papers that I had been writing under the supervision of Prof. S.R.S.
Varadhan. He invited me to give a talk to the credit risk group at Morgan Stanley and was
so impressed that he asked me to give the same talk to a much larger audience there, which
eventually led to my six-month stint at Morgan Stanley in 2013, and gave me a chance to
talk to him on an almost daily basis. Peter’s enthusiasm for doing research and learning
new things had an immense impression on me. He had tremendous energy. He often got
up at 4 o’clock in the morning to do research, which was several hours before he came
to work!

While at the company, he would continue to work till the evenings. A few times, I
would have dinner with him on the 11th floor at the company when everyone else was
gone. Peter continued to talk to me on a regular basis and support me academically even
after I left Morgan Stanley and moved back to academia, and we started working together
on a paper when I was a postdoc at University of Minnesota. I kept close contact with Peter
even after I moved to Florida State University in 2015. In February 2017, I had the pleasure
of inviting him to visit FSU. We discussed our working paper and got some significant
progress during his visit. Both of us gave talks about this work at many conferences and
seminars; but it is sad that the paper has not yet been finished. Hopefully I will be able to
complete this paper on my own in the future as a way to honor him.

In the summer of 2018, Peter visited China for the first time. He visited Shanghai,
my hometown, before flying to Chengdu to visit Southwestern University of Finance and
Economics. I happened to be in Shanghai during that summer.

I picked him up at the famous Peace Hotel, and had the pleasure to treat him to lunch
at the equally famous, Lv Bo Lang, known for the Shanghai-style dim sum. After lunch, he
headed to give a talk at Shanghai Jiao Tong University. The next day, Peter gave a lecture at
Fudan University, invited by Jian Sun, a former colleague of ours at Morgan Stanley. I went
there as well.

On 25 July, Peter and I met again. We discussed research at a Starbucks near Peace
Hotel, before I took him to lunch, this time at Shunfeng Harbour Restaurant. Peter visited
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Shanghai again in the summer of 2019. I was also in Shanghai during that summer; but
unfortunately we did not meet up this time because Peter got the timing wrong. After all,
there was a 12-h time difference!

We used to Skype on Sunday afternoons at 4 pm every other week or sometimes once
a month. Among all the famous people I know in academia, Peter was one of the very few that
I could count as a personal friend. He was not only incredibly smart, but also was super
kind and exceedingly generous, especially in terms of helping young colleagues and junior
people. Every time I went to New York, I would stop by his office. The first time, I was in
his Morgan Stanley’s office, and then at his temporary office at Jane Street, and finally at his
Brooklyn office at NYU’s Tandon School of Engineering. He even invited me to give a talk
there once after I finished the visit to Rutgers University. A couple of months before Peter
passed, he was invited to give a talk at a machine learning conference targeting quants,
and since Peter was not doing much work on machine learning, he instead suggested to
the organizers to invite me to give a talk because he knew I had been working on some
theoretical machine learning problems. He was such a nice person and always thinking
about helping junior people. The last time I spoke to him on Skype was in early January
2022. We agreed to talk on Zoom on 6 February. He didn’t show up, and I thought he
was too busy and forgot the appointment. When I finally received the bad news from my
friends weeks later, it was a complete shock to me. Peter’s untimely passing was such a
tragedy and a big loss to the community. He will be dearly missed.

Funding: This research received no external funding.
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Abstract: Instantaneous volatility of logarithmic return in the lognormal fractional SABR model is
driven by the exponentiation of a correlated fractional Brownian motion. Due to the mixed nature
of driving Brownian and fractional Brownian motions, probability density for such a model is less
studied in the literature. We show in this paper a bridge representation for the joint density of the
lognormal fractional SABR model in a Fourier space. Evaluating the bridge representation along a
properly chosen deterministic path yields a small time asymptotic expansion to the leading order for
the probability density of the fractional SABR model. A direct generalization of the representation of
joint density often leads to a heuristic derivation of the large deviations principle for joint density
in a small time. Approximation of implied volatility is readily obtained by applying the Laplace
asymptotic formula to the call or put prices and comparing coefficients.

Keywords: asymptotic expansion; lognormal fractional SABR model; mixed fractional Brownian
motion; Malliavin calculus; bridge representation

1. Introduction

The celebrated Black and Black-Scholes-Merton models have been the benchmark for
European options on currency exchange, interest rates, and equities since the inauguration
of the trading on financial derivatives. However, empirical evidence has shown that the
main drawback of these models is the assumption of constant volatility; the key parameter
required in the calculation of option premia under such models. The volatility parameters
induced from market data are in fact nonconstant across markets; dubbed as volatility smile.

The Stochastic aBp (SABR hereafter) model, suggested by Hagan, Lesniewski, and
Woodward in Hagan et al. (2015), is one of the models, such as local volatility models,
stochastic volatility models, and exponential Lévy type of models, etc, that attempts to
capture the volatility smile effect. Furthermore, as opposed to local volatility models, in the
SABR model the volatility smile moves in the same direction as the underlying with time,
see Hagan et al. (2002).

The SABR model is depicted by the following system of stochastic differential equa-
tions (SDEs):

dF = aFfdW,  Fo = F, )
day =vodZy, oy =, 2)

with B € [0, 1], where F; denotes the forward price and a; the instantaneous volatility. W;
and Z; are correlated Brownian motions with a constant correlation coefficient p. The SABR
model is at times referred to as lognormal SABR when B = 1. The SABR formula is an
asymptotic expansion for the implied volatilities of call options with various strikes with
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small expiry times. For the reader’s convenience, we reproduce the SABR formula in the

following. Let 05 (K, T) be the implied volatility of a vanilla option struck at K and time to

expiry 7. The SABR formula states

log(F/K)
D()

as the time to expiry T approaches 0. The function D and the parameter { involved in (3)
are defined respectively as

D(Z) =log<

ops(K, 1) = v {1+0(7)} ®)

\/m%—f?)
1—

P

and

%log(%) ifp=1
Generally, the SABR formula is given one order higher, up to order . Here we present only
the zeroth order for our own purpose.

The geometry of the SABR model is isometrically diffeomorphic to the two-dimensional
hyperbolic space, also known as the Poincaré plane. This isometry leads to a derivation
of the SABR Formula (3) based on an expression of the heat kernel, known as the McK-
ean kernel, on Poincaré plane. In particular, the lowest order term in (3) has a geometric
interpretation. The function D is the geodesic distance from the spot value (Fy, ) to the
vertical line F = K in the upper half plane {(F, &) € R? : & > 0}. Hence, the lowest order
term in (3) is indeed the ratio between the absolute value of logmoneyness, i.e., log(K/Fy),
and the geodesic distance from (Fy, ag) to the vertical line F = K in the upper half-plane.
We refer readers interested in this topic to Hagan et al. (2015) for more detailed discussions.
As expression for heat kernel on hyperbolic space is concerned, Ikeda and Matsumoto in
Ikeda and Matsumoto (1999) provided a probabilistic approach and obtained, among other
interesting results, a representation for the transition density of hyperbolic Brownian mo-
tion, i.e., the heat kernel over the Poincaré plane. See Theorem 2.1 in Ikeda and Matsumoto
(1999) for details.

The aforementioned nice isometry between the SABR model and Poincaré plane breaks
down if the volatility process, i.e., the a; process in (1), is driven by a fractional Brownian
motion such as the second equation in (6) considered in the paper. Moreover, due to the lack
of Markovianity of fractional Brownian motions, thus the nonexistence of the forward and
backward Kolmogorov equations, the classical asymptotic expansion approaches, such as
the heat kernel or WKB expansion, are no longer applicable. In this regard, the probabilistic
approach in Ikeda and Matsumoto (1999) is more applicable and tractable when dealing
with processes driven by fractional Brownian motions.

The volatility process is generally conceived as behaving “fractionally” in that the
driving noise is a fractional process, e.g., a fractional Brownian motion with a Hurst
exponent other than a half. For a far from an exhaustive list, models that attempt to
incorporate the fractional feature of volatility include: the ARFIMA model in Granger
and Joyeux (1980) and the FIGARCH model Baillie et al. (1996) for discrete-time models;
the long memory stochastic volatility model in Comte and Renault (1998) and the affine
fractional stochastic volatility model in Comte et al. (2012) for continuous time models.
Somewhat on the contrary, in a recent study in Gatheral et al. (2018), the Hurst exponent
H is estimated as being less than a half; thereby indicating antipersistency as opposed to
the persistency of the volatility process. For a more detailed and in-depth consideration of
this issue, we refer interested readers to the discussions in Cont and Das (2022) and Rogers
(2019). It is also worth mentioning that generalizations of the Heston model to the fractional
version have been considered in El Euch and Rosenbaum (2019) and Guennoun et al. (2018).
Heston-related models are usually dealt with via the characteristic or moment-generating
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functions. However, in this paper, we take the approach following closely the methodology
in Ikeda and Matsumoto (1999). As arbitrage in the modeling is concerned, we remark that,
in contrast with the models discussed in for instance Jarrow et al. (2009) and Mishura (2008)
within which the underlying prices were assumed driven by fractional Brownian motions,
the model considered in the paper is free of arbitrage opportunity since it is the volatility
process that is driven by a fractional Brownian motion while the underlying itself is still
driven by a (correlated) Brownian motion.

In order to embed the empirically observed fractional feature of the volatility process
into the classical SABR model, we suggest in this paper a fractional version of the SABR
model as in (6). Modulo a mean-reversion component, this model aligns with the model
statistically tested in Gatheral et al. (2018). The main observation in Gatheral et al. (2018)
is that in using the square root of the realized variance as a proxy for the instantaneous
volatility, the logarithm of the volatility process behaves like a fractional Brownian motion
in almost any time scale of frequency. The Hurst exponent H inferred from the time series
data is less than a half; indeed, H ~ 0.1, see also Cont and Das (2022) and Rogers (2019).
This observation of a small Hurst exponent in the volatility process analyzes the model as
more technical and challenging from a stochastic analysis point of view. To our knowledge,
most of the small time asymptotic expansions for processes driven by fractional Brownian
motions have restrictions on the Hurst exponent H of the driving fractional Brownian
motion, mostly H > %. One of the advantages of the approach undertaken in the current
paper is that it works without restriction on the Hurst exponent H. The key ingredient is a
representation in a Fourier space, which we call the bridge representation in Section 2, for
the joint density of log spot and volatility, see (9).

A small time asymptotic expansion of the joint density is readily obtained from the
bridge representation. The idea is to approximate the conditional expectation in the bridge
representation by a judiciously chosen deterministic path since, conditioned on the initial
and terminal points, at each point in time a Gaussian process will not wander too far away
from its expectation. As long as an asymptotic expansion for the density of the underlying
asset is available, obtaining an expansion for implied volatility is almost straightforward
by basically comparing the coefficients with a similar expansion obtained by using the
lognormal density on the Black or the Black-Scholes-Merton side.

The methodology of deriving the bridge representation (9) can be generalized directly
to obtain a bridge representation for the joint density multiple times; hence inducing a repre-
sentation for finite-dimensional distributions of the fractional SABR model, see Theorem 4.
Based on this bridge representation for finite-dimensional distributions, Section 5 is de-
voted to a heuristic yet appealing derivation of the large deviations principle for the joint
density of the fractional SABR model in small time. This large deviations principle in a
sense can be regarded as defining a “geodesic distance” over the fractional SABR plane
since, as we shall show in Section 5, it recovers the energy functional on the Poincaré plane
when H = % We leave the rigorous proof of the large deviations principle in future work.
An immediate consequence of this large deviation principle is the fractional SABR formula
(to the lowest order) (26) which recovers the classical SABR formula when H = % The
fractional SABR Formula (26) pertains to the guiding principle that the lowest order term
in the implied volatility expansion is given by the ratio between the absolute value of the
logmoneyness and the geodesic distance to the vertical line F = K.

The rest of the paper is organized as follows. The fractional SABR model is specified
and the bridge representation for joint density is shown in Section 2. Sections 3 and 4
provide small time asymptotic expansions of the joint density and of the implied volatilities
respectively. Section 5 presents the bridge representation for finite-dimensional distri-
butions and the large deviations principle. Finally, the paper concludes in Section 6
with discussions.
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2. Model Specification

Throughout the text, B = {B;,t > 0} and W = {W;, t > 0} denote two independent
standard Brownian motions defined on the filtered probability space (Q), F;, P) satisfying
the usual conditions. Let BH = {BtH ,t > 0} be a fractional Brownian motion with Hurst
exponent H € (0,1) generated by B (see Decreusefond and Ustiinel 1999), i.e.,

t
BH — / Ky (t,s)dBs,
0
where Ky is the Molchan-Golosov kernel

Ki(ts) = cH(t—s)H%F<H— ! L

1 t
Z,Z—H,H+2;1_S>1[O,t](5), (4:)

. 2HT(3—H) 12 . . .
with cy = {F(ZZH)F(H%)] and F is the Gauss hypergeometric function. Also, the au-
tocovariance function of a fractional Brownian motion is denoted by R(t,s) and defined as
1
R(t,s) = E(BHBH) = §(t2H+52H— \t—s|2H). ®)

Lastly, we assume that all random variables and stochastic processes are defined on (Q), F¢, IP).

2.1. The Model

We study the following lognormal fractional SABR (fSABR hereafter) model in risk-
neutral probability (for simplicity, interest and dividend rates are both assumed zero):

St =50+ f(; “rsr(PdBr +ﬁdwr>/
(6)

H
ap = apeVBr,

where sy and «g are the given time zero (current observed) values for the processes S and «
respectively, p € (—=1,1) and p = /1 — p%.

In other words, the underlying price S; follows a stochastic volatility model with the
(instantaneous) volatility process «;, and a; is given by the exponentiation of a correlated
fractional Brownian motion. The main purpose of this section is to derive the bridge
representations (9) and (13) for the joint densities of (S, a;). The bridge representation is
the crucial starting line in obtaining expansions and approximations of the joint densities
to be discussed in Section 3.

By making a change in variables

X; =1InS, Y = at,

the system (6) can be written more explicitly as

2
Xt =x0+ Yo fot e'B (0dB, + pdW;) — % fot 2B s,
@)

H
Yi = yoe'™,
where xp = Insp and 1y = «p.

2.2. Malliavin Calculus with Respect to Brownian Motion

We provide some preliminaries on Malliavin calculus with respect to the two Brownian
motions B and W in this subsection. We refer the reader to Hu (2017) and Nualart (2006)
for more details.

For any fixed T > 0, let H = L%([0, T]) be the separable Hilbert space of all square-
integrable real-valued functions on the interval [0, T] with scalar product denoted by
(,-)a. The norm of an element & € H will be denoted by ||h|g. For any 1 € H, we put

W(h) = [i h(t)dW; and B(h) = [ h(t)dB.

10
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For any m, n € N, denote by C}? (R™*1) the set of all infinitely differentiable functions
g : R™™" — R such that g and all of its partial derivatives have polynomial growth. We
make use of the notation 9;¢ = g—i whenever ¢ € C!(R™*1).

Let S denote the class of smooth and cylindrical random variables such that a random
variable F € S has the form

F=g(W(h),...,W(iu), B(ky),...,B(kn)), ®)

where g belongs to C?(Rm”), hi,...,hyand kq,..., k, arein H,and m,n € N.
For a smooth and cylindrical random variable F of the form (8), its Malliavin derivative
with respect to W is the H-valued random variable given by

DLF = iaig(W(hl), o W(hy), B(ky), ..., B(ka))hi(£), t € [0, T],
i=1

and respectively its Malliavin derivative with respect to B is given by
n
D?F = Y Omti§(W(h1), ..., W(hw),B(k),...,B(kn))ki(t), t € [0, T].
i=1

For any p > 1, we will denote the domain of D in LF(Q)) by DLp, meaning that DLYP is the
closure of the class of smooth and cylindrical random variables S with respect to the norm

EN P
2
IFllp = (E|PP+E(||D1F||%{+ |D2F ) )

We tailor Theorem 2.1.2 in Nualart (2006) to the following lemma which yields
a result on the absolute continuity of the law of a random vector with respect to the
Lebesgue measure.

Lemma 1. Let F = (Fy, F,) bearandom vector in D'2. If the Malliavin matrix oy := ((D'F;, D'F;)yy +
(D?F;, D?Fj)u )1<ijj<> of F is invertible a.s. Then the law of F is absolutely continuous with re-

spect to the Lebesgue measure on R?. Consequently, the joint density of the random variables
(F, ) exists.

2.3. Bridge Representation for the Joint Density

In this subsection, we show the existence of the joint density of (X}, Y¢) for any t > 0 by
using Malliavin calculus. We also give a bridge representation for the joint density by adapt-
ing the methodology introduced in Ikeda and Matsumoto Ikeda and Matsumoto (1999).

Theorem 1. Forany t > 0, the law of (Xy, Yt) satisfying (7) is absolutely continuous with respect
to the Lebesgue measure on R?. Moreover, the joint probability density p(t; x,y) of (X¢, Y;) has the
following bridge representation

p(t;x,y)
1 _ (n/y))?
= — ¢ 2212 %
yV 222t
. vBH yzv K
1 / E ;("‘x"‘py"fé " dBS“Tt)%——”Zy@’“gz g = MW/ 4o ()
2T Jr v

where v; = fot 2B s and i = /—1.
Remark 1. The bridge representation (9) can be regarded as a generalization of the well-known

McKean kernel, namely, the classical heat kernel over a 2-dimensional hyperbolic space. For reader’s
reference, the MicKean kernel pya (t;x,y) reads

11
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_ VEt ge— /2t
t; x, /
P(%Y) = (37 Ji JeoshE —coshd >

where d = d(x,y; xo,Yo) is the geodesic distance from (x,y) to (xo,yo). The geodesic distance
)2 2492

satisfies coshd(x,y; xo,y0) = % Note that the McKean kernel is a density with

respect to the Riemannian volume form yl—zdxdy. Indeed, in the case where H = % v =1and

o = 0, Ikeda-Matsumoto in Ikeda and Matsumoto (1999) showed how to recover the McKean kernel
from (9). See also Cheng and Wang (2018) for a different representation in terms of a Bessel bridge
for the hyperbolic heat kernel.

Proof. Notice that we can rewrite (7) as

Xy =xp+ fo (pdBs + pdWs) — %fot Y2ds,

Yy = yoe'Bi

Now we fix any T > t. Then according to Sections 2.2 and 5.2 in Nualart (2006), the
Malliavin derivatives of X; and Y; are given as follows

DYy = 0,
D3Yi = yove'B Ky (t,0)1p(6)
and
DiXi = pYolpy(6) :P_J/OEVB‘I’{l[o,t}(G))/
D2X; = <pY9+ /9 ' oD2Y.dB, + /9 ' D2Y. AW, — /9 tYngsts)l[O,t](Q)

ot ot
= (pyoeVBgl +py0v/9 eVBbHI<H(s,(9)alBS +py01//9 e"B?KH(s,Q)dWS>1[OIt](9)
t
—y%v/e eZVByKH(s,Q)ds 1j0,4(0).

Thus, the Malliavin matrix -y of (X;, Y;) is given by

_ [ 1 72
7 <’Yzl T2 >'

where
t ot
1 = /(Déxt)2d9+/ (DZX;)2d6
= / p2y282y89 d9+/ (pyoeVBﬂ +pyo1// ”BSHKH(s,G)dBS
H t H 2
+ﬁy01// "B Ky (s, 0)dWs —y%v/ e?VBs KH(S,G)ds> de,
0 0
t t
Y2=71 = /DéXtDéYth-i-/ D3X;D3Y;df
0 0

t t
= yoveVBfH/O Ky(t,0) <pyoe"Bg +pyov/9 ¢'B Ky (s, 0)dBs

t t
+Py01// eVBSHKH(s,G)dWs - y%v/ eZVBSHKH(s,H)ds) de,
0 0

12
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and
= [ (D2 + [ (Dfvae
— ey /ot Ky (,6)2d6.
Then it follows from the Cauchy-Schwarz inequality that almost surely
¥, < y2u262”3 /t Ky (t,0)2d6 x
/0 (PyoeVBéi + pyov /{:e”BSHKH(s,G)dBS

t t 2
+ﬁy0v/ e"ByKH(s,G)dWS —y%v/ ez"BEKH(s,Q)ds> de
0 0
< 72207

which implies that the Malliavin matrix v is invertible a.s. Hence, by Lemma 1 the law of
(Xt,Y;) is absolutely continuous with respect to the Lebesgue measure on R2.

Next, we calculate the joint probability density p(t; x,y) of (X¢, Y¢) as follows. For any
bounded and continuous function f defined on R?, we have

E[f(X:, Yt)]

t uBH ygor B
= E|f xo—i—yo/o e""s (pdBs + pdWs) — T,yoe” e (10)

Note that conditioned on ]—'tB , Yop fot VB W; is normally distributed since W and BH are
independent. Moreover,

t
E [yop /O B

t 2 t
(o o) ] s [ 27—

From (10), it follows by conditioning on F7 that

fﬁ} =0,

E[f(Xt, Yt)]
= E|E

f(xo+yop/ "Bdeeryop/ BB — yo 202, yoe )‘EH

- 2

H e Zyop v
N E/ f<xo+é+yop/ e dB; —y(’*ryo v ) dg
\ 2750
2
(X*Xo*yor’fé fVBydBﬁyz#)

22
2ygp= oy dx

1

= 5| T )

2
<Y xo-vop Ji 55" aBs +y0 ')

= [SE| e gt = In(w/w0)
R \/% v
e (11)
X % xdy.
gV

13
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By using the identity

u? 29 2.2 22
— v . YgP-orl
e koo YoP t/ elu‘:e* 0 2 dé’
2t JrR

; t vBH ygor
and letting u = x — xg — pyo [, " dBs + 7%, we have

2
1 -t uBH Yoot
——5— | x—x0—yo e’%s dB‘Jr—)
1 p Zy%pzv[ ( Y Pjo sT 72

/ 222
27Ty 500t
2
Yolt

1 ( —xo—pyo Jy e" dBy+ ) ygptore?
E/el xX—x0—pYo fo € > Ce, 0ot iz (12)

Plugging (12) into the right-hand side of (11), we get

E[f(Xt, Y3)]
1 1 _ (n(w/yp))*

_ i 2 2H
= Vampaan Je S X

2
. t ypH Yoot 22 22
i{ x—xo—pyo [y " st—i-T)C YTl
/IE e< e 2 BF =
R

In (y/yo)
— d¢dxdy.

Finally, we end up with the following bridge representation of the density (9). O

By transforming back to the original variables (s,a) = (e¥,y), we obtain a bridge
representation for the joint density g(t; s, a) of (S¢, a¢) in (6).

Corollary 1. The joint density q(t;s,a) of the lognormal fractional SABR model (6) has the
following bridge representation

_ (in(a/ap))?
e 2212H 1

"Wt = e "

ig il —o [t anevBl agor 220
></ <s> E[el( p Jo aoe"Bs dBs+ % )6679 07 2 Bf{ _ In(a/agp) dz.
R

S0 1%

3. Expansion Around Deterministic Path

To gain more intuition and, in particular, a more practical form for applications in
obtaining approximations of implied volatility, this section is devoted to deriving an ex-
pansion to the lowest order of the bridge representation (9) around a properly chosen
deterministic path. The expansion will be shown useful in deriving a small time approxi-
mation for implied volatility in Section 4.

Recall that the joint density p of (X}, Y;) has the representation given in (9) as

p(t;x,y)
1 (in(y/y9))*

= _— ¢ 20212H X

yV2my22H

2, )
L [ gl s 2\ /) |4
R

2 - 1%

14
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Let us start with a few naive calculations, as follows. We expand the above conditional
expectation around the deterministic path m;, for 0 < s < t, that is determined by the

conditional expectation of B! given its terminal point B! = M Precisely,

BH _ ln(y/yo)} —r(12
v t

S E{BE )1n (]/V/]/O)’

where R is defined in (5). By Taylor’s expansion, we have, for n > 0,

o0 3 voe s By ,— } (0PE—i)E [y 3P ds
~ e G o voeU™s ste_i( - Cfot yoermsds
n k
Z fzpff {/ ]/O(eVB vms)dB } %
k(=0 0

M twe oz [ (e - em el

Thus, even for obtaining a naive expansion, we shall need a systematic way of computing
the conditional expectations of the form, for eitherk > 1or ¢ > 1,

e—ipé,f(fyoevmsst{/Ot (evB vms)dB }k{./; (eznagf _ evas)ds}

which is pretty complicated if not impossible. Nevertheless, as far as the leading order is
concerned, small-time expansion of the joint density p to the lowest order (i.e., k = ¢ = 0)
is still manageable. The result is summarized in the following theorem.
In the following sequel, for simplification of the notation, we use E 1 [-] to denote
E[-|Bff = 1], where 7 = In(y/yo). A function g is denoted by g(t) = O(t") as t — 0™ if
it satisfies
18]

te

E

7

(y/yo)]

limsup =~ < co.

t—=0*

Theorem 2. The joint probability density p of the process (Xy, Y¢) satisfying (7) has the following
asymptotic to the lowest order

p(txy) (14)

2 2
1 1 e_% 1 e_2y%llp(,7)(x?[io+y0T\ﬁCeR(’7)_PyOFHCRK(’7)g) <1+O<\/E)>
27-[ y\/vztzH yo tlp(ﬂ) ’

where
bR
Crx (1) ::/O R Ky (1, u)du,
1
Corlly) 1= [ 0% au,
0
(1) := Cer (1) = p*Crec(1)-
Proof. To the lowest order, p is given by

p(t;x,y)

)]2

e 212H 1 i(xfx )KZ 71(—2 i to2 2ums i 't vittg
e 2 pitex0)g 3 (0P8 Jyyge o ds g, [ p—iod fo voe ™S dBs ] gz (15
A /2 mv212H 271 /R v ¢ 1

15
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We consider the conditional expectation in the above expression. Note that fot e""sd B
and BH are jointly Gaussian. We apply the following identity to evaluate the conditional
expectation: if X and Y are jointly normal with mean 0, we can decompose X as

~ cov(X,Y) V(X)V(Y) —cov(X,Y)2
X="UF Y+\/ e Z,

where Y and Z are independent and Z is standard normal. Hence,

E[f(X)|Y = y] =E V(Y) V(Y)

f<COV(X, 0, \/ V(X)V(Y) — cov(X,Y)? z)

In our case, X = fot e""sdBsand Y = Bg{, hence

t 1

VX) = [ Emds =t [ R0 = Cr(n)t,
0 0

V(y)=tH,

t 1
cov(X,Y) = / ¢ Ky (t,5)ds = tHT2 / eROMIK (1, u)du = Cry(y) 2,
0 0

Therefore,
By e e fneman)

_ eipgyﬁHCRK(W)Z]E[e—ipéyo{\ﬂ\/Cea(v)—CiK(v)}Z]

v

. 22 2
exp [—iPCJ/OtZHCRK(W)U - %{Cm(ﬂ) - CIZQK(U)}] .

Thus, by substituting the above expression into (15), we obtain

2
— — ¢ 22P2H x

27 y/y22H
1

p(t;x,y)
11

2:2,2
7/ ot (x=x0)8 o= 3 (P ~)&ty3Cer (17) e*ipéyof%fHCRK('?)g*%{cm(’?)*cﬁx(’?)} dé
V2 JR

2
27 /22
. yzt 1_
(xr Hatn ot el )e B (Guin-rciun) g

7o e

2 2
v RV _

L_ 1 odm 1 efzy%;v(q)(%o* 7 Cerlr) et HCRK(")g)
_ ; :

1
16
270 y\/y242H yo/tp(1) (16

We postpone the detailed error analysis to Appendix A.1 in the Appendix A. O

Remark 2. We remark that in the logarithmic scale, (14) can be expressed in a more concise form as

>2

Inp(t;x,y)

Lm L (x=x0, yétm%c (17) — pyoCri (1)
= Ao | T eR - 0“RK
2282 ygp(n) \ 2 H 2

+O(Int).

< =
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Remark 3. In the case thatv =1, = 0,and H = %, we have

2 2

1 1 1 _
_ 2R(Lu)n g, — / 2ut] 4., — 21 1) — ¥ Yo
Cer(17) /0 e du A e Mdu 2 (e 1) T

Then (14) reduces to

2
1 (x 0t
o x Lg_é X ;e %Cm(v) (x o0t CER('”)
2 yvi yo/Cer ()t
(x-x0)?
11 -4 1 272 i
= L= e 2 e yOCeR() (1 +O( ))
2T yVt yov/Cer()t
1|2, 20(%)? 19
(N e
L ’ 14 0(). 17
2t YYo CeR(’?)( ®) (17)

Notice that in this case (X;,Y;) represents the Brownian motion in the hyperbolic plane whose
transition density py (with respect to the Riemannian area measure) has the leading term in small
time asymptotic as

_ P 2 o/o

prltiny) = 5 (1+0(1)),

where d denotes the geodesic distance between (x,y) and (xo,yo) in the hyperbolic plane. For
reader’s reference, the hyperbolic cosine of the geodesic distance d(x,y; xo,Yo) has the closed
form expression

(x—x0)* +y5+v°

coshd(x,y; x0,y0) = 2000

Thus, in a sense the following function in (17)

- 2
d(x,y;x0,y0) = | [1* + — 1 5 (x —x0)?
¥ =Y

can be regarded as an approximation of the hyperbolic geodesic distance. The complete recovery of
the hyperbolic geodesic distance is demonstrated in Section 5 below.

4. Small Time Approximation of Option Price and Implied Volatility

We derive in this section the small-time asymptotics of the premium of a call option and
its associated implied volatility by applying the small-time asymptotics for the probability
density obtained in Section 3 when H < % It is documented, for example, in Ekstrom
and Lu (2015), that if the underlying asset is governed by an exponential Lévy model,
the induced implied volatilities of non-ATM options may explode if jumps exist and the
underlying process jumps towards the strike. As we shall see in the following, when
H < %, the small time approximation of implied volatility also explodes; creating a jump-
like behavior in the underlying process.

Let k = In K be the logmoneyness, ¢ the time to expiry, and recall that S; = ¢Xt. Though
equivalently, we shall be primarily working with the (X;, Y;) process as in (7) rather than
the (S, a) process in (6) hereafter. We write the price C of a call as a function of k and ¢ as

Clkt) = E[(st—K)ﬂ :E[(exr—ek)ﬂ

//e — YT p(t x,y)dx dy.

To evaluate the last integral, we approximate the joint density p by the small time asymp-
totics obtained in Theorem 2, then, as t — 07, apply Laplace asymptotic formula to the

17
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resulting integral. For the reader’s convenience, we provide proof in Appenidx A.2 a
variation of the Laplace asymptotic formula that is tailored for our own use.

Lemma 2. Let H < % For out-of-money call options, i.e., k > x, the call price C(k, t) has the
following asymptotic as t — O

o Vw1 (k-x /A%
InC(k, t) ~ 2t2H{1/2 + y%llJ(U*) < 1 H oyoCr (17+) " , (18)

where 1], is the minimizer

2 2
. 7 1 <k—x0 77)
« = argmin eR: %5+ _ = C = .
U gmi {77 2 y%lP(ﬂ) t%_H Yo RK(W)V

<

Proof. The proof is a straightforward application of the Laplace asymptotic Formula (A12)
in Lemma Al. Let C = {(x,77) : x > k} C R?and a = § — H > 0. By using the asymptotic
density (14), consider
C(kt) = / /k (e¥ — M) p(t; x,y)dxdy
J0
i 1

1 [ , 1 2
= X _ _~ _p op2pH __ —
whh k¢ 6){wv2t2H€ NCTO N

67W <x7xofpyocm<(’7)%t%*H>267%CeR(ﬂ) (1 + O(\/E)) }dxdy

= 1 T // e’ — ek e_%celi(”) %
2mvyottita & ¥(n)

1 1

e_ 2t{§t2a+ygw(q) (x—XO—P]/OCRK(W)gt“)Z} (1 +0 (\/{))dxdﬂ.

Applying the Laplace asymptotic Formula (A12) to the lowest order term in the last expres-
sion yields

2
—InC(kt) =~ 1{’7*152“ +

(x — x0 — pYoCrx ( )&t"‘)2
ot 1/2 yélp(?’]*) * 0 PYoLRK (M v

1

2 2
P 1 Xy — X0 /D
- 2#2H { 2 + ]/%IIJ(U*) ( I P?/()CRK(’?*) v ) }/

where, for fixed t, (x.,7+) is the minimizer of the function

2 1 2
(xes) = argmin{w,n)ec:”ﬂu (x—xo—pyocRKw)Zt“)}

vE ()
) 2
_ , Lt 1 (x—x n
= argmm{(X,ﬂ) eC: 2t e ( T PyoCRK(’?)V) }

Since the objective function is continuous in (x,#) € C and it is a quadratic function in x, it
follows that x, = k when ¢ is small enough, thereby

. 2 1 k—x 2
Ny = argmm{n LI ( tlx 0 _pyOCRK(q)Z) }

=

vE o yg(n)

18
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Remark 4. The plots in Figure 1 shows graphically the uniqueness of the minimal point 4. for
H= 411 and H = 2. In these particular examples, the contours are convex in the half plane x > k,
which corresponds to the out-of-money calls. For out-of-money puts, x < k, though the contours are
not convex, the uniqueness of 1, sustains.

Contour plot for H = 0.25 Contour plot for H = 0.75

0.0 0.5 1.0 15

Figure 1. The contour plots. Parameters p = —0.7, v =1, yy = 1, t = 0.5. H = 0.75 on the right;
H = 0.25, on the left.

So long as we establish an asymptotic for the log price In C(k, t) for k > x¢, by using
the following small time asymptotic for implied volatility in Gao and Lee (2014) or Roper
and Rutkowski (2009)

k= xo] ( In|InC(k,t)| )
ows(k ) = 2t|lnC(k,t)\+O Vi InC(k,t)|3/2)’ 19)

an asymptotic formula for implied volatility follows immediately. We summarize the result
in the following theorem but omitting its proof.

Theorem 3. Let H < J and let k = InK be the log moneyness and o = % — H. The implied
volatility ogg(k, t) for out-of-money calls (k > xg) has the following asymptotic in small time
to expiry

-1
k (k—x0)? | 12 1 k — xo 7\
2 2 N ¥ 2
ops(k,t) = ‘TBs(ta) DA Ta B R m o P]/OCRK(W*)7 . (20)

The minimal point 1, is given Lemma in 2.

Remark 5. Note that (20) does not recover the SABR formula when H = J. The derivation of the
SABR formula relies heavily on the geometry and symmetry of the underlying SABR plane which is
isometric to the Poincaré plane. Figure 2 shows the comparison between the two formulas with time
to expiry t = 1. Parameters are chosen so as to reproduce the figures in Hagan et al. (2002). In this
set of parameters, the maximal difference between the two approximate implied volatility curves is
about 1% for logmoneyness k € [—1,1].
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Comparison of implied volatilities Difference between implied volatilities

0.012

\ ,
& J \ —— fSABRwith H=0.5 /
S /

\ —— SABR formula /

0.010
I

SABR - fSABR
0.004 0.006 0.008
I I

0.002
I

0.000

T T
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
Logmoneyness Logmoneyness

Figure 2. The plot on the left shows the approximate implied volatility curves versus logmoneyness
with time to expiry t = 1 produced by (20) (in blue) the SABR Formula (3) (in red). Parameters are
setas p = —0.06867, v = 0.5778, a9 = 0.13927. The plot on the right shows the difference between the
two curves.

We conclude the section by remarking that, as time to expiry t approaches zero,
the approximate implied volatility ops(k, t) flattens out with H > 1; whereas the whole
surface opg(k, t) explodes with H < % except for the at-the-money option k = x(. Figure 3
shows the plots of approximate implied volatilities ¢ given in (20) versus logmoneyness
k for time to expiry t = 0.01 and t = 1 respectively, and various Hurst exponents H.
As in Figure 2, parameters are chosen as a9 = 0.13927, v = 0.5778, and p = —0.06867.
The numerical determination of the #.’s is relatively efficient since it is basically a one-
dimensional optimization problem.

fSABR implied volatility, t = 0.01 fSABR implied volatility, t = 1

0.26
I

0.24
|

0.22
|

0.20
|

0.18
|

0.16
|

0.14
I

T
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0

logmoneyness logmoneyness

Figure 3. The implied volatility curves for t = 0.01 on the left, t = 1 on the right. Parameters are
setas p = —0.06867, v = 0.5778, ap = 0.13927. H = 0.1 inred, H = 0.3 in orange, H = % in green,
H = 0.7 in blue, H = 0.9 in purple.
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5. A Heuristic Large Deviation Principle

In this section, we provide a heuristic derivation of the sample path large deviation
principle for (X;, Y;) in small time by bootstrapping the bridge representation to multi-
period. For simplicity, we introduce the following vector notations.

t:(tl,...,fn), xt:(xtl,...,xt”), yt:(ytl""’ytn)/
=(Bi,...,Bf),  Xi=(X,...X,),  Ye= (Y. ),

gt:(‘:ﬁ/"'/éfn)/ ’it:(’7t1/~--/’7tn)/ ZtZ(Ctl,-~-,§t,,)~
Theorem 4. The multiperiod joint density p of (Xy, Yy)

PO,y X yn) = PU(Xey, Yiy) = (x1,91), -0 (X, Yo, ) = (X0, Y]

has the following bridge representation

(X1, Y1, Xn, Yn) (21)
2
1 'ty vBH v3
k=1 \/27ty3p2 Avy,

ﬂ”[yoe”Bf = yt}f

= E vBH:qt X

where 11, = log yt logyo, Axy, = x4, — x4, and Avy, = vy, — vy fork =1,...,n. Recall
that v; = f VB s,

Proof. For any bounded measurable function f : R” x R" — R, consider the expectation

/ / flx, Ye)p(xe, y,)dxedy,
= E[f(X¢,Yt)]
E[E[f(Xe YOI FE]]

Let ¢, = fotf e”BEdWS, Zy, ft'e”BHst and thus accordingly Agy, = &, —Cr, , =
/, tt_i_l Bl AW, Al =T, — sy, f b ¢vB dB,. Note that, conditioned on FB, the random

variables Ag;,’s are 1ndependent normal with mean 0 and variance Av;,. We calculate the
conditional expectation as follows.

B[ £(Xe, Yo)| FE]

2
= E

f<x0+pyo€t Dos + pyols, yoe'® )‘Eﬁ]

2 Az, )?

-/ f(xo+pyo<:t—vt+pyof:t,yoe )1‘[ JWE_ Tk dAG. (22)
k

By applying the change of variables

2
= X0 + pYolt, — 70 5 ont oYoSt, ,

thus
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The integral (22) becomes

(g, )?
o i 2
/ f (xt/yoevBt ) H Wir X i dAg,
1 V/ 4TTADy
2 2
— =t Ax;, —pyo ftk e”BstBs—y—oAvt )
= /f xt,yoe )Hie ZPyOAv’k( k k-1 27 dAx;
=1 1/27p%y} 2 Aoy,
I T e i
=1 27'L'p Y300y,

since the Jacobian between dAx; and dx; 1. It follows that

/ flxe,y)p(xe, y,)dxedy,

= ]E[ELf(Xt, Yt)|]:tBH

2 2
N pH Y
1 *ﬁ(Axt =pyo Jy" | e dBs—F Aoy )
/f xt,yoevB )II e TR o ) dx

14/27mp?y3Avy,

/ dxidy, f(xt,y,) X

2
n 1 _ o wBHyp W
any Avy,
[yoe " =)

This completes the proof of bridge representation (21) since f is arbitrary. O

To move onto a heuristic derivation of the sample path large deviation principle for
(Xt,Yy) in small time, we take logarithm on both sides of (21) and obtain

log p(xt,, Yrys - s Xty Yty)
2 2
1 tx  vBH )
ﬁ ! ey (Axtk Yoo Jy, e st+7Avtk>
k=1 \/27ty302 Aoy,

—HogIP’{vB? = ’h} — ) logyy,. (23)

= logE vBH =

In the following, we ignore the last term on the right-hand side of (23) and intuitively
calculate the limits as n — oo of the first two terms. Note that to the leading order we have

logIP’{vB? = ’74 ~ 21/211 'R 11,

where R = [R(t;, ;)] is the covariance matrix of B!!. We further discretize the autovariance
R of fractional Brownian motion as

t,‘/\t/‘
R(tl‘, t]) = E{BEB{:I} = /0 KH(fi,S)KH(tj,S)dS
inj
Y Ku(ti, t) K (tj, t) At = K'KAt,
k=0
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where K denotes the upper triangular matrix

KH(i‘i,tj), lflzj,
Kij =
0, otherwise.

Thereby, R"! = LK }(K')"1. Let b = (by,, ... bs,) be the solution to the linear system

<R

= KbAt.

It follows that

1

1
Ip—1,, I p—1
521 R 1 = S AD'K'RTIKbAL

— ypar=1 "2 A
= SbbAt=3 ) biAt
k=1
1 /T
— 7/ b?dt  asn — oo.
2 Jo

Also in the limit as n — oo, we obtain 17; = v fot Ky (t,s)bsds.
On the other hand, for the first term on the right-hand side of (23), we have

logE n 1 e—m (Ax,k —op fl‘;k,l ngngBs—O-@Avtk)z VBH —
n | 1 e g 2
~ k;E _Zy(z)pzAvtk<Axtk — Yop tkile s st) vB" = 17].

Note that conditioned on vBY = 7, we have
i H 20 YK Ky (b t)br, At
Avy, = / 2B go o oPlr A — o2V Kimo K (b1 )by AL
te1

as well as

te
Axy, — Yop el’BSHdBS ~ Axy, — yope'-1by_ At

te—1

A k—1 -
_ < szk _yopevzjzo KH(fklftJ)btjAfbtk1>At_

It follows that the first term in (23) has the limit

L 1
El —— vBH = Ui
k; [ 2502 Aoy, ]

n k-1 2
1 (Ath — yope' -0 KH(t"l’tf)hthtbtkl) At

ty o 2
evBs dBS)

k-1

(Ath —Yop |,

- _k:O 2y2p282'/2f;§ Kp(to1,ti)b At \ - At Yop
0
1 /T 1 t )
- 75 t bod (xt—yopev.fo KH(f,S)bsdsbt> dt
0 y%p—2€2vf0 Ky (t,3)bsds
asn — oo.

Putting the two limits together, we obtain heuristically for T ~ 0 that

23



Risks 2022, 10, 156

—logP[X; = x4, Yt =y, fort € [0, T]]

2 T
A S Ry
0

y 0 evao Ky (t,8)bsds
1 , 1T,
- E/ ﬂ(xt—pytbt) a4 [ ot
T
= ; p1< pbt) dt+ = / bAdt, (24)
0

where b € L?[0, T] satisfies the integral equation

t
log y: —logyo = v/ Ku(t,s)bsds
0

for all t € [0, T]. We remark that (24) should serve as the rate function for the sample path
large deviation principle in small time for (X}, Y¢). Moreover, one may define the “geodesic”
from the initial point (xp, yo) to the terminal point (x7,y7) in the f{SABR plane as the path
(xf,y;) which minimizes the functional (24), i.e.,

1 (T 1 (% z 1T
(xf,yf) := argmin = _( — bt) dt+7/ b2dt,
tr Yt tn—:(%xt ) 2)o 2\ P 2 )

where again b; is determined by solving the integral equation

t
log vt — log yo = v / Kii(t, s)bsds. (25)
0
Also, the minimizer can be regarded as the “geodesic” connecting (xo, yo) and (xT, yr)-

Remark 6. Note that b; is indeed determined by the inverse operator Kﬁl applied to log % In
particular, with H = % this inverse operator reduces to the usual derivative. Thus, with H = %,

_ A
bt—dt<logy0)—yt.

The functional (24) becomes
1 /T 1
L b ) di+ - / bRt
2)o p? ( o t)

1 /T1 yt
= = dt
2 (yt yt> /

LT 1/, N,
= 3/, pTyf(xt —prtyt+yt)dt.
The last expression is the energy functional (up to the constant factor %) associated with the
Riemann metric ds®> = pz—lyz(dx2 — 2odxdy + dy?). The diffusion process associated with this

Riemann metric is governed by the SDEs

dX; = Y dWs,

aYy = YidZy,
where Wy and Z; are correlated Brownian motion with constant correlation p, which up to a linear
transformation is the upper plane model of the Poincaré space. In other words, with H = 2, the

functional (24) recovers the energy functional for the classical Poincaré space, which is isometric to
the SABR plane.
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Lastly, with the aid of the sample path large deviation principle (24), it is nearly a
common practice, say by applying the Laplace asymptotic formula, to conclude that the
log premium of an out-of-money call in small time has the asymptotic as t — 0

—log C(k, t) = —log P[X; > k] ~ L (xi —p *>2dt+ ! /Tb*zdt
' — 2 2\ T 2Jo
where (x},y},bf) denotes the optimal path that minimizes the functional (24) subject to
the constraint x; = k and y}, b} satisfy the integral Equation (25). Thus, by applying (19),
an approximation of implied volatility in small time is readily obtained. We summarize
the result in the following proposition which, with H = 1, recovers the SABR Formula (3).
However, for H # %, the numerical implementation of (26) is more involved than that
of (20) since, as opposed to a one dimensional optimization problem, it is subject to solving
a two-dimensional constrained variational problem.

Proposition 1 (fSABR formula). Let k = log(%) be the log moneyness. The implied volatility
ops(k, t) in a small time to expiry has the asymptotics

-1
(T o1
2 ok K%\ 2 %2
UBSNT</O {W(xt_pytbt) + b; }dt> / (26)

where (x},b*) is the minimizer of the variational problem
: 2 T 2 2
(x*,b*) = argmzn{x,b € L°[0,T] : / (_22(xt — pyibs)” + bt)dt}
0 \P7Y}
with xt = k and y; satisfying

.t
logy; —logyo = v/ Ky (t,s)bids
0
for t € [0, T]. Notice that (26) recovers the SABR Formula (3) with H = %

6. Conclusions and Discussion

We showed in this paper a bridge representation in Fourier space and a small time
asymptotic for the joint probability of lognormal fractional SABR model for general
p € (—1,1). An application of the asymptotics of the joint density is an approximation
of the implied volatility in a short time. Due to the different nature of methodologies,
the newly obtained approximation of implied volatilities in small time does not recover
the celebrated SABR formula for implied volatility (to the zeroth order) when the Hurst
exponent H equals a half. To recover the SABR formula, we presented a heuristic derivation
of the sample path large deviation principle for the lognormal fractional SABR model by
bootstrapping via the multiperiod joint density. We emphasize once again that the same
trick is applicable to general fractional SABR models, i.e., to include a local volatility com-
ponent in the process S; for an underlying asset. We leave the rigorous proof of the sample
path large deviation principle for fractional SABR models in future work. Lastly, the bridge
representation methodology is also applicable to the case in which the volatility process
is governed by an exponential fractional Ornstein-Uhlenbeck process since a fractional
Ornstein-Uhlenbeck process is Gaussian as well. However, as the time to expiry approaches
zero, the mean reversion part does not really play a role in the large deviation regime.
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Appendix A. Technical Proofs

In the appendix, we provide a detailed error analysis of the asymptotic expansion
for (14) and a version of Laplace’s asymptotic formula that is readily applicable to our case.

Appendix A.1. Error Analysis

Let C3°(IR?) be the space of smooth functions defined on R? with compact support.
For a given f € CF(R?), recalling 7 = In (y/yp), from (9) we have

E[f (Xt Yi)] //f x,y)p(tx,y)dx dy

’1 VBS Vovt> 20,82
o [[] e;ZiHZHe““"“)@Ez R P dgdxdy
TV t v
e 2 thZH z<7pj yoeVBs dBs +j0vt>§ Py
—ixo6 £ v —
271// f&w) Y222 Epe ¢ dydg

2
. . H
1<7p jot yoe'Bs st+yO%>§e p yovté'z

ac, (A1)

where

f@y) = [ < f(x,y)dx

is the Fourier transform of f with respect to x.

Note that the right-hand side of (14) equals the right-hand side of (15). We compare (A1)
with the following expression obtained by using the approximate joint density in (14)
and obtain

1 2

e 222H
s ] 1
Xel(x—xo)ée—f( ~i)¢ Jy vge dsg [e_ip‘gfofyO‘fvmsst dédxdy

1]2

ixoF 7 e 2212H
— —tto
27 // f&y) 1/2 212H

ot vins 4B yO t 2vms ) 5212 F2
i e + e ds PYas” ot 2
¢ < e Jovo s+72 Jo ge_To [y msds

xE d¢dxdy

<=

2
. Y, ~
1<—p fg yoe"msst-&-—ZO fot ezvmsds)@ sz2%§2 fotl’zvms is

- % / e R | £(Z,Y)e dz. (A2)
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For simplification, denote

2

2.2
PTYYt =2
,TO(:

M(t)=e e

and

2
: £ vinls 4 B Yo rt vasd) 52 g
1 — e e S 7Y, ot
/\z(t) e < Pfo Yo s+ fo ‘:e 0 J szSds

Then the modulus of the difference between (A1) and (A2) is equal to
1 [ .
— / e B0 [ (8, Y (A (1) Az(t))}dg‘. (A3)

The goal is to show that (A3) converges to zero in the order of t2 ast — 0, for every
f € CP(R?).
By applying the following inequality, for any z,w € C,
e —e¥| < (e%(z) + e%(w)> |z —w|,

where R(z) denotes the real part of z, we have

[A1(t) = Aa(8)]
2,20 22 2,22
< (e_P s g e fotgzvmsds> "

‘ ¢ 2., 52120, &2
(o wean )P

t 2 2,2%2
_i<_p/0 yOevmsst+y70/0 2vm5ds>€+py06 /O 2umsds

< 2R +iT (A4)

L TS
sincee 2 +e 2

y msds < 2forall t and ¢. Apparently, R; and Z; are given by

¢ 52,222
Ri = {vﬂr/ ezvads} pi}/zo(f ,
0

t " yZUt t y2 t
T, — o VB; dB 0 / vis JB. — JO 2vmsd )
t (p/oyoe sty e vee 5= ), € s )¢

In the following, K denotes a generic constant whose value may vary in different
contexts. Then, by (A3) and (A4) and Holder’s inequality, we have

o [ B[ M) — 2206

< 2 [E[If@ )R + i a2
< osf |f<c,m|“€>vdc); (/ E[|f<c,m|€qmt+z‘zt|q]dc)}’
< k(s f<¢,m>|<“>ﬂd¢)’l” (fE[F@ R+ |It|ﬂ>}d¢)5, (49)

for some € € (0,1) and % +% =1,p,9>0.
Since f € CP(RR?), it is easy to show the following properties of f:
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(i) foranyr >0, sup
(Ey)er?
(i) foranyr>0andp >0, / |&|" sup | f(&,y)|PdE < oo.
yeR
Note that property (ii) can be easily obtained by property (i).
By the above property (ii), we can show that

&iEy)| <o

limsupE [ |f(& Y;)|(1~9PdE < co. (A6)

t—0t

We compute the second term in (A5) separately as follows. By changing variables, we get
/Mv@nwmmﬂ%

o fo e+ (] o)

Kﬁzqyﬁ”tq [ IHAK ( (/0 e2VBtHudu) "+ (/0 2R (1 ”du) )] &g

IN

where

ool e
2 i= / 52'7E{| F(&, v ( /O eZR(l"‘)”du>q]d§.

By property (ii) of f, it is easy to see that

limsup L, < (/01 eZR(l,u)ndu)q/ng“f(ér, Yt)|€q}d§ < oo, (A8)

t—0t

For L1, by Jensen’s inequality and Holder’s inequality, we have

Ly

IN

[ [|f<é, ) | el du} ag

[e{E]f@ vem] }%{EK/O Z‘WBtudu>ql} }ﬁdé‘
fenfelenrm ]} slem]oc)

= /ng{E :|f(§, yt)|€qm: }Pl {/01 EZ(WW)Z(W)ZHW}%@.

1
where TR qi = 1 with py, 41 > 0. Therefore, using property (ii) again, we can easily show

IN

IN

1

1 1 i
limsup L; < limsup/gzq |f ¢, Yt)|€’”’1} }pl a¢ {/ (32(‘7‘71")2(”)2Hdu}q1 < oco. (A9)
t—0+ t—0+ 0
Thus, it implies from (A7)-(A9) that
[ E[If@ v Rz = O(1), (a10)

forany g > 1,ast — 0.
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Similarly, we can write

JE[IF@ Y1z de
< K [GVE[IfE 0>
t q 2. |1 t q 2 ¢ q
{’p /O yoe' ™ aBy| + 1% +’p /0 yoe”msst‘ + |2 /0 P s Hdé
= K(Ji+L+J3+]4),
where

= ol [ 1B [17(& Yol

t Lo
/ Yo ™! dBS‘ }dg,
0

_ o
Bi= [ 161 |If( v TS ]dg,
. - R t q
o= [l 1fE v [ voemas| e,
- S
o= [l 176 | 2 [ s 1d§-

We estimate J; through ], separately as follows.

e Ji: Choosing p; > 0 such that 2! > 1, by Holder’s inequality, the Burkholder-Davis-
Gundy inequality, Jensen’s inequality and a change of variables, we obtain Notice that

91 %
Iy

ho< leld [1e{E]IF@E o] }%{EH/(:E”* 4B,

1
. 1 ¢ My @
< |P|q]/g/“:W{E[U(CIYOFW}}pl {IE ‘/ 2B g ’ ]} ag
0
- - 1 1 % %
= Jole? [1er{E[1f@ Yo [} E (] [ e i
. / 0
1 [ 2 e 1 H %
=< Iplqygtfflé‘lq{E (R0l }”1{/0 ]E[eq‘“VBtu]du} dc
- .1 1 ) 1
— |p|qygt%/|§|’4{E |f(§/Yt)|€qp] }P1{/ 6(4412) (t”)szu}qld(:
. : 0
By property (ii) we have

1

1
” 1 v)? an
limsup |C‘q{E{|f(§IYt)|€qp1:|}P1 {‘/0 e(q‘hz) (tu)ZHdu}ql de

t—0+t

1

< limsup/g‘zq{EDf({;’, Yt)|€‘77”1} }%dgf {/01 ez(q‘h")z(“)malu}q1 < o0,

t—0t

Thus, we can see that J; = O(t%) ast — 0F.

* ] and J4: The asymptotic behavior of J, and J; is the same as that of 7L, and hence,
Io,Ja=0O(tT) ast — 0.

*  J3: By using the same technique to J;, we have
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m [
B < lolyet [ 1e{E[I7E v ] } {[\/ ROy ” az

and J; = O(t3) as t — 0*.

Thus, putting all the estimates for the J;’s together we get
JE[IF@ Iz az = o), (a11)

forany g > 1,ast — 0.
Therefore, it implies from (A5), (A6), (A10) and (A11) that

o [ R h )~ 22t = 00

that is, (A3) converges to zero in the order of t2 ast — 0, for every f € CP(R?).

Appendix A.2. Laplace Asymptotic Formula

We prove the following form of the Laplace asymptotic formula required in the
derivation of the small time asymptotic of the price of an out-of-money call.

Lemma A1 (Laplace asymptotic formula). Let C be a closed and convex set in R* with a
nonempty and smooth boundary 9C. Suppose that 0(t,x) := 0p(x) + t*01(x) + t2%605(x), with
0 < 2a < 1, has continuous second-order partial derivatives in x € C, and, for every t sufficiently
small, the function 6(t, x) is locally convex in C and attains its minimum uniquely at x*(t) € oC.
Moreover, there is €y > 0 such that for any 0 < € < €, there exist ty and § > 0 for which

O(t,x) > 0(t,x*(t)) + 9, Y(t,x) € [0,t0] x (C\ Be(x*(t))),

where Be(x*(t)) = {x : |x — x*(t)| < €} is the open ball of radius € centered at x*(t).

Assume that f has continuous second-order partial derivatives in C, is integrable over C (i.e.,
Jo |f(x)|dx < co) and that f vanishes identically in C¢ and on the boundary oC but the inward
normal directional derivative of f at x*(t) is nonzero.

Then, we have the asymptotic expansion, as t — 0%,

0(xt)

" f(x)dx
N V() - VO (1) | 1 dhnf(* (1)
a%aneu,x*(t))veu,x*(t))[ NOE0) T N TOr ) I (R

where 92, f (x*) and 9%,,0(t, x*) are the second derivatives of f and 0 respectively in the tangential
direction to C at x*.

Proof. For any 0 < € < €y, we split the integral on the left side of (A12) into two parts as

g _ / o) o) .
/C e f(x)dx R e f(x)dx + B (1) e f(x)dx (A13)
We treat the two terms on the right-hand side of (A13) individually. For the first term,
since the integration region is restricted to a subset of the small ball B¢(x*(t)), it can be
reparametrized by y = (y!,y?) so that in the y-coordinates the set {y : y> = 0} corresponds
to dC and the vectors {ayl, 9,2 } form a local orthonormal frame around x*(¢). For simplicity,
we further assume that in the y-coordinates x*(t) is located at the origin. Note that in the
y-coordinates the vector 9, is parallel to V6 (x* (t)) as well as the inward normal vector of
C at x*(t).
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We shall use the convention that repeated indices are summed up over their respective
ranges. Denote partial derivatives by subindices, we have for y € B.(x*(t))
1 -
(t,y) = 0(t,0) + 02(£,0)y> + 50;i(t, 0)y'y’ + o([y|*)
1 .
f) = £iO) + 5 £ (0)y'y +o(ly )
since 61 (0) = 0 for 6 attains its minimum at the boundary point x*(t).
Thus, in the y-coordinates the first integral on the right-hand side of (A13) reads
J. S f(a
et f(x)dx
CN Be(x*(t)) f

L[

1 .
PS030 W) | £(0)y + 3 £ )y | dydy?

(A14)
Now, by a change of variables
yl=Vizl, 2 =12
we can write the above integral on the right-hand side of (A14) as
¢ t0 / /% o (02(£,0)22+ 56011 (£0) (1) 24012 (£0)z' 22 VE+ 3022 (£,0) (%)t
0 =
1 1
AO)VE+ A+ 3 fa O+ a0z + 3 fn(0) (28] 't (A15)
Note that, for any real numbers a1,

as, by dominated convergence theorem, we have
lim

/ / Vi o= (02(40)2% 4 3611 (10) (21)* 4612 (£0)2' 22 Vi 360 (1,0) (%)t )
t—0.J0 7%

[alz + ap2% + a3(zh)? + ay(2%)? + asz'z }dzldz

/ / —(620,0)22+ 3611 (0,0)(z1)?)

[alz + ay2% + a3(z")? + ay(z%)? —|—u5zlzz} dz'dz? € (—c0,00)

Thus, the quantity in (A15) equals

Ly ;{/ /w (02(£0)2+ 301 (£0) 1 2)

[ L0V + L0243 fu0)(z )Zt} d21d2? +o(t%)}
t2[\/ [+t-T11+t- 111+o(%)]

ST
= [
I/

(A16)
where

&y‘m &1‘"’

~(02(£02 4501 (L0 ) £, (0)2dz d22

Gz(tOZ +5 9]] tO

(=)

%) £,(0)22d21d2?,
I =

I\)‘ =
\ S\“ =
&‘m S‘m

—(02(00)2 +200(10)E)) £, (0)(2)2dz d22.
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Ast — 0T, we calculate each integral individually as follows. For I, since the function in z!

is an odd function and the integral interval for z! is symmetric about the origin, we obtain
I = f£1(0) /T e 02(60)22 1,2 /W e_(%f)ll(t’())(zl)z)zldz1
0 _€
Vi
= 0 (A17)
For I and III, notice that 65(¢,0) > 0 and 611 (¢,0) > 0, and hence, we obtain

I = fz(o)/o? e 02(00)2" 272 o /75 e~ (201 (£0)(z1)?) 4,1
Vi

Q

fZ(O) /OO e—92(t,0)2222d22 X /00 e‘%ell(t'o)(zl)zdzl
0

fz(O) 27T
, Al18
21,0 "\ 8n(5,0) (AL8)
and
m = f11(0) /7 e 02(E0)22 12 o /W e—(%ell(t,())(zl)z)(21)2d21
2 0 _ €
Vi
~ f112(0) / © o 0a(b0)2 1,2 /'°° 200 (5112451
0 J—o0
f11(0) 2
= X . Al19
26,(t,0) 63, (t,0) (A19)
Therefore, it implies from (A14)-(A19) that, in the y-coordinates,
_0(tx) _8t0) 5 21 fz(O) fll(o)
et X)dx ~e "t {2 + +o0(1)]. A20
/CﬂBe(x*(t)) f( ) Gll(tlo) |ﬂ%(t,0) 262(t,0)9]1(t,0) ( ) ( )
For the second term on the right-hand side of (A13), we get
[ e pwan < [T fwldx < et [ flax. (a2n)
e x)dx e xX)|dx < e te x)|dx.
Je\Be(x*) = Je\Be(x*) - Je

As a result, the second term is exponentially small (at the rate 6) as t — 0" compared
to the expansion (A12) obtained for the first term, hence it does not contribute to the
asymptotic expansion.

Finally, by (A13), (A20) and (A21) we obtain the Laplace expansion (A12) by rewriting
the expressions for the right-hand side of (A20) in the x-coordinates. [
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Abstract: Stock prices are well known to exhibit behaviors that are difficult to model mathematically.
Individual stocks are observed to exhibit short term price reversals and long term momentum, while
their industries only exhibit momentum. Here we show that individual stocks can be modeled
by simple mean reverting processes in such a way that these behaviors are captured, the model is
arbitrage free, and market informational efficiency is preserved. Simulation shows that in such a
market, when mean reversion is sufficiently high, strategies which use reversals would substantially
outperform buy and hold strategies.

Keywords: reversals; momentum; mean reversion; market efficiency; investment strategies;
no arbitrage

1. Introduction

There is a large array of literature that documents reversals and momentum in stock
prices. For example, Hameed and Mian (2015) observe reversals in the best and worst
subset of monthly performers within industries, whereas the industries themselves only
exhibit momentum, as do stocks in the longer term. Figelman (2007) also observes long
term stock momentum, albeit on a different time scale.

Many articles try to explain these behaviors by appealing to investor behavior.
Daniel et al. (1998) try to explain these features via investor overconfidence and biased
self-attribution. Kahneman and Tversky (1979) attribute such features to the certainty and
isolation effects. Booth et al. (2016) attributes momentum and reversals to the interaction of
price momentum with size related effects.

Here we develop a reduced form model for stock price movements that exhibits these
behaviors. We show that reversals and momentum would be observed if stocks were mean
reverting to an industry business cycle!. We analyze the model analytically and through
simulation. Simulation shows that in such a market, strategies which use reversals would
outperform buy and hold strategies, often by a factor of 2 or more in high mean reversion
environments. We also show that this model is arbitrage free and does not violate market
efficiency, thus demonstrating that reversals and momentum can exist in efficient markets.

Mean reversion as a general phenomenon is well known. Mean reversion is commonly
posited for short rate models and mean reverting models are used in commodity option pricing.
They are useful for modeling pairs trading, as well as analyzing the timing of entering and exiting
positions Leung and Li (2015). More recently, mean reverting processes have shown up in the
portfolio optimization literature Amédée-Manesme et al. (2019); Kitapbayev and Leung (2018);
Zhang et al. (2020). Amédée-Manesme et al. (2019) considers mean reversion in real estate deriving
from correlation to mean reverting interest rates. The other references consider assets that mean
revert to a fixed constant long term mean. Our work here differs from the above literature in that
the mean reversion is to a time dependent function capturing the business cycle rather than to a
fixed constant. The models closest to the models we propose here show up in the commodity
option pricing literature Geman (2005) and as the Black—Karasinski model in short rate modeling
Brigo and Mercurio (2001), but not as equity price processes.
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2. Industry and Stock Process Model

We proceed to develop what might be considered a reduced form model for stock
price movements.

Consider C;, the value of an industry at time t. We could model the industry value in
a number of ways. If we assume the industry value is deterministic with a time dependent
growth rate g, then

dCt = gtCtdt (1)
In this case, the industry value at time  is:
Cr = Coelossts )

If firm values follow the industry except for random perturbations away from the
industry (noise), it is reasonable to assume not that the stock returns themselves are
randomly perturbed, but that the firm value S itself deviates randomly from the industry,
but is always equal to the industry on average. We can do that by defining

dXt = —aXtdt + 0'th (3)
Xo =0 4)
S = Cet % (5)

where W is Brownian motion, so that X is an Ornstein-Uhlenbeck process with mean
reversion 4 and instantaneous volatility o, and «; is a deterministic drift chosen so that
E[e**Xt] = 1. Solving the above stochastic differential equation for X yields, for times
t1 <t that

t
X, = the*”(trt]) + ek / et odW; (6)
51

Thus, X is a Gaussian process with mean and variance given by:

E[X/] =0 @)

t
var[X;] :/ e~ 2120552 4g

002 ®)
=5 (1)

and S; is lognormal with mean

var[Xy]

E[Si] = Cre™T 2 . )
Choosing X
var| At
Ny = —
2 (10)

o —2at
=)
then gives S; the desired mean.

Note that here we are transitioning from C; being the overall value of the industry
to expressing the optimal value of a company in this industry. For simplicity, we assume
all firms revert to this overall level so as to capture behavior between the industry and
the economy. The relationship between the sizes of different firms could be captured by
instead having each firm revert to the appropriate percentage of the total industry level,
and accounting for how these percentages change over time.
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Suppose a given industry has a cyclical growth rate. Say its growth rate g; is cyclical
ranging from a low of [ to a high of k with a period of p years, so that

I+h h-1
-2 7

Qt sin(27tt/ p). (11)

If its value strictly follows this growth rate, then its value is

Ci = Coe%tqt%(lfcos(%ﬁ/p))_ (12)

This amounts to assuming that there is an underlying deterministic hidden variable
driving the value of the industry and that it has cyclic growth.

So, the model we will be considering is n stocks in a given industry, all of which are
mean reverting to an overall cyclic industry level:

Il+h h-1 .
gt =— 5 sin(27t/ p) (13)
dCt = gtCtdt (14)
dXi,t = —aiXi,tdt + Uidwi,t (15)
S,y = e (e )X (16)

where the W; are uncorrelated Brownian motions. In our simulations, we will select
particular values of & and /, and use the same mean reversion and volatility for all of
the stocks.

3. Model Properties
3.1. Empirical Behavior

To illustrate the model behavior, we consider an industry with 30 companies. The
industry follows C; with a 5 year cycle, a low rate of return of —1% and a high rate of return
of 5%. Each stock has a volatility of 20%. Figures 1 and 2 show the underlying dynamics
with a mean reversion of 5 and of 1, respectively. We display the deterministic industry
firm level, a sample path for the average stock value, and a sample path for one of the
stocks in the industry. The average firm deviates around the average deterministic level,
as do individual firms, albeit with much higher volatility. With lower mean reversion, the
stock takes much longer to return to the industry level, and the industry does not follow
the deterministic level as closely.

3.2. Bounded Variance

For a process Y following geometric Brownian motion, with
dY = pyYdt +oYdW (17)

for constants y and o, we have that

2
dinyY = <y - (Tz)dt 1 odW,, (18)

so the variance of InY is ¢, which grows without bound.

In our case,

/

dInS = ((é—i—oc’)dt—I—dX (19)

so the variance of In S equals the variance of X, which is bounded.
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Model behavior
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Figure 1. Market and one sample stock, mean reversion 5. The average firm value deviates around
the underlying deterministic value, as do individual firms, but with higher volatility.

Model behavior

1 .? T T T
; ; Target value
Average jindustry value N

) S

Figure 2. Market and one stock, mean reversion 1. Similar behavior is observed to the mean reversion
5 case, but the stock and market take longer to return to the underlying deterministic level.

One might object to the model on these grounds, as this differs from the common
practice of assuming stocks follow geometric Brownian motion, and thus have unbounded
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growth of log variance. However, there is little evidence to support such behavior of the
long term variance. In practice, we can at best attempt to estimate the variance of In S; from
one historically observed path. For time periods greater than a year, we typically have very
few samples, or overlapping (correlated) samples, or samples that span over substantial,
world changing events. Not to mention the fact that changes in drift will impact sample
variances. All of these issues reduce the confidence we have in assuming the variance
of In Sy grows linearly with ¢, and thus of holding bounded variance as a point against
this model.

3.3. Momentum and Reversals

Because the stock price process is mean reverting to C;, the drift of S; is negative when
St > Cy, and is positive when S; < C;. This constitutes a reversal. Since the rate of reversion
is a, the reversal roughly occurs on a time scale of 1/a. So, strong reversals on a monthly
basis would constitute a mean reversion on the order of 6 to 12. Smaller mean reversions
will exhibit reversals to a lesser degree.

On the other hand, the industry itself, being the sum of the values of the companies in
the industry, will have greatly dampened reversal behavior. It will only exhibit reversal
behavior when a large percentage of the companies have inflated values that are not
compensated for by substantially deflated values of the remaining companies.

On larger time scales, since the process mean reverts to C;, when the business cycle is
booming, all of the industry stocks will exhibit momentum in that they are mean reverting
to Cy which itself exhibits momentum. Similarly, when the industry is in the bust part of
the cycle, all of the industry stocks will exhibit poor long term performance.

Since reversals at the industry level are dampened, its momentum will be exhibited
both on a small time scale as well as on long time scales.

3.4. Arbitrage and Market Efficiency

There has been much discussion of market efficiency since the ground breaking work
of Fama (1970). Discussion has largely been about the extent to which the markets exhibit
various degrees of efficiency, and the properties exhibited by efficient markets. For a general
summary, see Shiller (2015).

More recently, there has been work on the relationship between market efficiency,
martingale properties and the condition of a market being arbitrage free. This was first
discovered by Samuelson (1965) and further elaborated on by Jensen (1978). Most recently,
Jarrow and Larsson (2020) clarified and formalized the relationship between arbitrage and
market efficiency. They showed that a market is informationally efficient in the sense of
Fama (1970) if there exists a change of measure making the stock processes over the money
market account martingales. The existence of such a change of measure also shows that the
market is arbitrage free.

To see that market efficiency holds for this model, it suffices to show that there exists a
change of measure making X a martingale. This suffices because it reduces us to the case
where S is geometric Brownian motion with deterministic drift. The change of measure
making X a martingale would have to be given by changing measure to make W’ Brownian
motion, where

dW' = —%dt +dW (20)
We follow the argument given by Kolmo and Eldredge (2012). By Corollary 5.14,

Chapter 3 of Karatzas and Shreve (1998), it suffices to show that there exists an unbounded
and increasing sequence t; with ¢y = 0 such that

1 gt X2
E[eszi 2 < oo 1)
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foralli > 0.
Given S > 0 and € > 0, and applying Jensen’s inequality to the above exponential
expression, we have that

1 fSJre aerzdt 1 S+e €’72X,2dt
e2’s 2 — g€ JS 202

» 22)

1 [Ste ea
< f/ e 2% dt
€.Js

By Tonelli’s theorem, we can change the order of integration, so

S+e eazxtz S+e eath2
E/ e 2 dt :/ Ele2? |dt. (23)
S S
Thus, it suffices to find a constant € > 0 such that for all S, the right hand side of
Equation (23) is finite. Then we can choose t; = i€.
Since X; ~ N(0,% (1—¢72)), let 7 = /% (1 —e"), and Z = X;/7t. Then
Z: ~ N(0,1), so

eathz eazyg 72
E e 202 = E e 202 “t
T (24)
2,2
1 _ EHUZ’)/t
provided that
2,2
€a~yy
1-=5t>0 (25)

because Z? is chi-squared with one degree of freedom, so we know its moment
generating function.
Solving for €, we see that Equation 25 holds if

e(1-e) < % (26)

Since, for t > 0,0 < (1— e’z‘”) < 1, it suffices to select € = % Then the integrand on
the right hand side of Equation 23 is continuous and bounded, and hence the integral is finite.

We conclude that the model admits an equivalent martingale measure with respect
to the money market account. It then follows that the market is arbitrage free and, from
Jarrow and Larsson (2020), that the model proposed here satisfies the efficient market
hypothesis. We conclude that momentum and reversals can exist in efficient markets, at
least in the above sense.

4. Buy Losers, Sell Winners

Due to the mean reversion, it is likely that good performance will be followed by bad
performance and vise-versa. This will occur roughly on a time frame of 1/a. If one knew
the industry level C;, the mean reversion a, and the volatility o, then one could determine
exactly the drift of each stock, and make an optimal decision as to which stocks to buy
and which stocks to short. However, it is difficult to determine these parameters, so we
will not know for sure whether the drift of S; exceeds that of the industry or lags that of
the industry.

In practice, reversals are invested in based on the previous period’s returns. The
strategy is to buy those with poor recent performance (buy the losers) and sell those with
high recent performance (sell the winners). If reversals occur in this industry, then such a
strategy should outperform the industry average. We call this the “reversals” strategy.
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We confirm that reversals consistently occur in our model through simulation. For an
industry with 30 stocks, and stock and market parameters as detailed above, we simulate the
stock processes and calculate the value of the strategy which each month buys the 9 stocks
(30% of the industry) whose previous month’s performance was worst, and shorts the 9 stocks
with the best previous month’s performance. We repeat this experiment 20 times. Figure 3
graphs the value of the strategy over time in each of the 20 experiments over a 10 year period
in the case where the mean reversion is 2. Figure 4 does the same in the case where the mean
reversion is 1. Table 1 gives the mean, standard deviation and percentiles of the annualized
return distribution achieved over the 20 simulations after 10 years.

Table 1. Return statistics of the reversals strategy after 10 years for 20 industry simulations. We run
the simulations for mean reversions of 1.0 and 2.0.

Statistic MR =1 MR =2
mean return 6.5% 12.5%
return std 3.0% 2.5%
min return 1.1% 7.6%
25%ile return 4.1% 10.9%
50%ile return 6.8% 12.8%
75%ile return 8.4% 14.1%
max return 13.0% 16.9%

With a mean reversion of 2, we observe an annualized continuous return between
7.6% and 16.9%, substantially higher than the overall industry average with the above
parameters, which is about 2%. With a mean reversion of 1, the improvements are much
more modest, with 4 scenarios exhibiting returns less than 4%, the largest return being
13%, and most scenario returns between 4% and 9%. One scenario returns only 1.1%,
substantially below the market return of 2%. Improving on that under low mean reversion
would require adjusting the strategy.

Reversals strategy - 20 trials
5 T T T T T T T T T

45 | ]

35

Value

25

Year

Figure 3. Reversals strategy performance, 20 simulations of 30 stocks, mean reversion 2.
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Reversals strategy - 20 trials

Value

0 1 2 3 4 5 6 7 8 9 10

Year
Figure 4. Reversals strategy performance, 20 simulations of 30 stocks, mean reversion 1. With low mean
reversion, strategy returns are more modest, and have a higher probability of underperforming the industry.

The behavior as a function of the mean reversion is given in Figure 5. Because the
reversals strategy holds fewer stocks, it’s return has a higher standard deviation than
holding the market. In general, the market return closely follows overall underlying return
for C;, which is about 2%. The performance of the reversals strategy improves on this
when the mean reversion is large enough. At a mean reversion of 0.75, the average strategy
return is 4.1%, double that of the market, albeit with a standard deviation of 2.8%. At a
mean reversion of 1.0, the mean return is 6.5%, with a standard deviation of 3.8%. A mean
reversion of 2 yields a mean return of 12% with a standard deviation of 3.1%.

Annualized return vs mean reversion
0.16 T .

Secio'r return
014 | Strategy return _

01 ¢ .
0.08 + .

006 - 1

Return

004 - .

= &

= 3]
t
2]

002 [ X =

002 - .

0.04 - ' '
0 05 1 15 2

Mean reversion
Figure 5. Reversals strategy performance as a function of mean reversion, 10 year horizon, 50 trials

for each mean reversion. Error bars show standard deviation of returns.
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5. Summary

Motivated by the observation of reversals and momentum in the stock market, we con-
sidered a stock process model where each stock in an industry reverts to an
underlying deterministic cyclic level representing the industry’s business cycle. Math-
ematical considerations show that in such a model, one would observe short term reversals
and long term momentum, while the industry would just exhibit momentum. We showed
that such a model is arbitrage free, which also demonstrates that momentum and reversals
can exist in efficient markets (as defined by Jarrow and Larsson (2020)).

The above analysis was tested through simulation. In simulations with the industry
following a 5 year cycle with returns cycling from —1% to 5%, and stocks with volatility
of 20%, we observed that once mean reversion is above about 1.0, a reversal strategy of
buying the bottom 30% of the stocks (in terms of the previous month’s performance) and
selling the top 30% would substantially outperform buy and hold strategies with high
probability. At a mean reversion of 1, such a strategy yields a mean return of 6.5% versus a
return of about 2% for the market. A mean reversion of 2 yields a mean return of 12.5%
with a standard deviation of 2.5%.
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Note

1 The existence of business cycles is well documented in the literature. See for example Zarnowitz (1992), or, for more recent
research on the subject, Ferndndez-Villaverde and Guerrén-Quintana (2020) and Cerra et al. (2020).
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Abstract: We study two credit risk models with occupation time and liquidation barriers: the
structural model and the hybrid model with hazard rate. The defaults within the models are
characterized in accordance with Chapter 7 (a liquidation process) and Chapter 11 (a reorganization
process) of the U.S. Bankruptcy Code. The models assume that credit events trigger as soon as
the occupation time (the cumulative time the firm’s value process spends below some threshold
level) exceeds the grace period (time allowance). The hazard rate model extends the structural
occupation time models and presumes that other random factors may also lead to credit events. Both
approaches allow the firm to fulfill its obligations during the grace period. We derive new closed-from
pricing formulas for credit derivatives containing the (risk-neutral) probability of defaults and credit
default swap (CDS) spreads as special cases, which are derived analytically via a spectral expansion
methodology. Our method works for any solvable diffusion, such as the geometric Brownian motion
(GBM) and several state-dependent volatility processes, including the constant elasticity of variance
(CEV) model. It allows us to write the pricing formulas explicitly as infinite series that converges
rapidly. We then calibrate our models (assuming that GBM governs the firm’s value) to market CDS
spreads from the Total Energy company. Our calibration results show that the computations are fast,
and the fit is near-perfect.

Keywords: credit risk models; occupation time; spectral expansions; default probability; credit
default spread; hazard rate function; solvable diffusions

1. Introduction

Structural and reduced-form models are the two main mathematical modelling ap-
proaches to credit risk. Structural models assume that a credit event triggers based on the
current firm’s value movement. Such models are linked to the debt-to-equity ratio since the
higher the ratio value, the higher the firm’s risk. It is reasonable to assume that a default
occurs if the firm'’s value goes (or stays) below some threshold level. The Merton model
Merton (1974) is one of the first structural models to analyze defaults. The firm in the
Merton model defaults if the firm’s value at maturity is less than some threshold level. A
significant drawback of the Merton model is that it assumes that default events can only
happen at known maturity times. The Black-Cox model Black and Cox (1976) extends the
Merton model by allowing the firm to default at any time before or at maturity. The firm
defaults once its value hits a specific barrier.

Most of the classical structural models treat default and liquidation as the same
event. For example, in the Black-Cox model and in its numerous modifications, de-
fault/liquidation occurs when the firm value reaches an absorbing low barrier. According
to the U.S. bankruptcy code, a firm that is unable to manage its debt can be given the
right to declare bankruptcy under Chapter 11 (a reorganization process) and then reor-
ganize its business. If the reorganization plan fails, Chapter 11 is converted to Chapter 7
(a liquidation process), and the firm is to be liquidated. There are many recent works in

Risks 2022, 10, 228. https:/ /doi.org/10.3390/risks10120228 44

https://www.mdpi.com/journal/risks



Risks 2022, 10, 228

which a distinction between bankruptcy and liquidation is made. See, for instance, the
discussions in Moraux (2002); Nardon (2008); Galai et al. (2007); and Broadie et al. (2007).
Typically, liquidation time is introduced as the first time the firm’s asset value constantly or
cumulatively stayed below the bankruptcy level over a certain period of time.

Defaults in the Black-Cox model are characterized in the form of the U.S. Bankruptcy
Code Chapter 7. Occupation time models Makarov et al. (2015); Makarov (2016) further
extend the Black—-Cox model by allowing the firm to stay below a bankruptcy barrier for
a specified amount of time as some firms admit a grace period to ensure the firm would
be able to fulfill its obligations during the grace period. Therefore, defaults in occupation
time models are characterized per both Chapters 7 and 11 of the U.S. Bankruptcy Code.
Alternatively, excursion times can be used for a temporal separation between default and
liquidation Li et al. (2014). Structural models with Parisian stopping times are related to
Parisian options (see Chesney et al. (1997); Haber et al. (1999)).

Reduced-form models are intensity-based models where the likelihood of a default is
measured by its hazard rate. Reduced-form models lack the ability to determine defaults
endogenously with the firm’s value process movements. Alfonsi and Lelong proposed in
Alfonsi and Lelong (2012) a hybrid model that unifies the Black—-Cox model and reduce-
form models, in which default occurs based on hazard rate processes driven by the firm'’s
value and other exogenous factors. However, the Alfonsi-Lelong model only considers the
Chapter 7 type defaults.

In this paper, we use both structural and hybrid approaches. The total value of the
firm’s assets follows some diffusion process, which we call an F-diffusion. We assume that
there exists a monotonic mapping that reduces the F-diffusion to a solvable X-diffusion,
for which we can derive some fundamental formulas in closed form. In particular, we can
obtain the joint probability density of the process value and its occupation time in the form
of a spectral series expansion. The simplest example is GBM, which can be mapped to
Brownian motion with drift. Although we focus on the GBM case in the numerical study,
our methodology applies to a broad class of solvable diffusions.

We propose two occupation time-based models where closed-form pricing formulas
for credit derivatives are derived analytically via a spectral expansion methodology. The
spectral expansion method works for any solvable diffusions, including such processes
as Brownian motion, the squared Bessel (SOB), the Cox-Ingersoll-Ross (CIR) and the
Ornstein-Uhlenbeck (OU) processes. It is used to find closed-form credit derivative prices
as a discrete expansion form that converges quickly. The first model we consider is an
occupation time model in which defaults are characterized in accordance with the U.S.
Bankruptcy Code Chapters 7 and 11. One of our occupation time models coincides with
the model in Makarov (2016), except that we now employ the spectral expansion method.
Furthermore, we derive closed-form pricing formulas for credit derivatives under this
model. We also propose a new hybrid hazard rate model, which recovers the Black—-Cox
model and the Alfonsi-Lelong model as a particular case. Our hybrid model characterizes
both Chapters 7 and 11 type defaults and contains closed-form pricing formulas for credit
derivatives, leading to fast and accurate calibrations of market CDS spreads.

The paper is organized as follows. Sections 2 and 3 present the concept of occupation
time and the main results associated with occupation time processes. Section 4 states our
new developments pertaining to the occupation time models that were not exploited in
Makarov (2016) and yet will be helpful in later sections. Section 5 describes the hazard rate
model, which extends the Black—-Cox and Alfonsi-Lelong models. Sections 6 and 7 present
default probabilities and implied hazard rate functions and how they relate to one another.
Section 8 entails pricing formulas for credit default swap (CDS) spreads. In Section 9, we
provide the calibration procedure and results for CDS spreads (for the GBM case).

2. Occupation Time Process for Underlying Diffusion

We fix a filtered probability space (), F,P,IF) where F = {F; };> is the natural filtra-
tion for (P, IF)-Brownian motion {W; };>¢. Let X be a one-dimensional time-homogeneous
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regular diffusion process! on a state space Z = (I,r) C R with endpoints /, r satisfying

—oo < | < r < oo. The generator is defined by

61(x) = 32" (1) + (0 () = 5 (L85 et )

m(x) \ s(x)

with appropriate boundary condition at the endpoints. The speed m(x) and scale s(x)
densities, where s’(x) and m(x) are continuous and positive for x € Z (see Borodin and
Salminen (2002)), are defined via the drift, s(x), and diffusion, o(x), coefficient functions

as follows:
s(x) == exp(—/ i};ég dz), m(x) := 0’2(335(36). )

The diffusion X satisfies the stochastic differential equation (SDE)

aXy = M(Xt)dt + U(Xt)th.

An occupation time .Af’+ (or Af’_) is defined as the cumulative time the diffusion
X € T stays above (or below) the occupation level ¢ € Z from time O to time f:

t
Alt = /0 Ty (Xo)ds; £20, (€T,
t )
Al ;:/0 Lo (Xs)ds; t>0,0€T.

The diffusion X with imposed lower and upper (regular) killings at a and b (where
a < b), respectively, is defined by

) X t<T; b) .
X(ﬂ,b),t = {af ¢ Z 7%:;,; 7 XO =X€ (El, b)r (4)

where 7,y = inf{t > 0: X; & (a,)} is the first exit time from the interval (a,b), and ot

denotes the cemetery (killed) state.?
Let A be an instantaneous killing rate defined by:

)\(Xt) = aﬂIW)(Xt) + 0‘2]1(11] (Xt),' 0 S 01 S ao. (5)

Define the following process with instantaneous killing rate A as:

. X ry<¢
Riap =14 obit t=5 6
(a,)t { ot r,>z (6)
where ,
T, = /O A(Xe)ds = ag ADT + ap AL~ @)

is an F-adapted hazard process and ¢ ~ Exp(1) is an F-independent exponential random
variable with unit rate. It is enough to consider only the occupation time below / (i.e.,
«1 = 0) thanks to a simple identity Af’Jr + Afﬁ = t. The hazard process in (7) can be
simplified to

It =aqt+ (0(2 — Dél)Af’i. (8)
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In the remainder of this section (and the next section) we shall assume a7 = 0 and &y =
« > 0. We can define the transition density of the diffusion X with the instantaneous killing
rate in (5):34

_ & Al
ﬁf;,b),a(t; x,y)dy :=Px (X(a,b),t € dy) = Ex [e AT X e dy,me > a, My < bl 9)

fort > 0,x,y € (a,b), and zero otherwise, where m; := info<,<; X, and My := sup0<u<tXu.5
Since both boundaries are NONOSC (non-oscillatory), we are in the Spectral Category I
(see, e.g., Campolieti; Campolieti et al. (2013); Linetsky (2004)) and the transition density in
(9) admits a discrete spectral expansion form:

Ploma X Y) = my) L e MGl (OFi (v), (10)

where {¢//; } are eigenfunctions with eigenvalues {1, } as the set of increasing simple
zeros. The explicit formulas for Brownian motion are given in Appendix A. We define
the joint density of the occupation time process (below ¢) and the diffusion with imposed
killing at endpoints a and b:

fsz’i) Xt(u,y| x)dudy := Py (Af’_ edu, Xy €dy,my >a, My < b), (11)
o

forany u € (0,t),x,y € (a,b), and zero otherwise. The joint density is defective at 0 and ¢
where

P, (Af’f =0,X; €edy,m >a,M; < b) =pp)(tx,y)dy,
(12)
Po( AP =X € dy,mi > a, My < b) =pe (653, y)dy.

The joint density can be obtained from the transition density in (9) by Laplace inverting

with respect to a: (which can be evaluated numerically via the Gaver-Stehfest algorithm,
see Cohen (2007); Gaver (1966); Stehfest (1970))

fiéf,li)lxt(u,mx) = ,C;l{ﬁfﬁ]),“(t; x,y)}(u); ue(0,t),xye€ (ab). (13)

The expectations of a bounded Borel function of the X-diffusion and its occupation time
can be evaluated as:®

Al r i
E, {h(Xt) ATy > a} :/ h(y)pf;w) (t; x,y)dy,

{ (A Xt mt>a // u,y)f A[’ (u,y|x)dydu (14)
{fh Pon (E5 Y)Y x € (),
Jin@ypf (Bxydy  xe[l),
where
pl(Ex,y)dy =Pu(Xs € dy,my > £); x€[lr), (15)

and zero otherwise, is the transition density of X with a lower imposed killing at level /.
Figure 1 shows some graphs of the transition density in (9) using the truncated N-term
series in (10) for the case of standard Brownian motion. The top-left graph shows that
the N-term series converges with N = 8 terms in the series witha = —5,b = 3, { = -2,
« = 0.25,and t = 1. If we increase b to 35 in the top-right graph, we can see that it requires
more terms (N =~ 40) to obtain convergence of the series. If we increase t to 5 (from the
top-left to the bottom-left) we can observe that the series requires less terms to demonstrate
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converge. The bottom-right graph shows that ﬁfl’l_b) (tx,¥) = Plap)(tx,y) asa — 0and

SN

ﬁf{b) LX) = pp)(tx,y) as a — co. Figure 2 shows the graph of the joint density in

(11) and works well since ﬁf;;b) (£ x,y) is a smooth function of a.
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Figure 1. Graphs of the transition density in (9) where X = W is a standard Brownian motion with
a=—5,b=3(b=35for top-right), { = —2, = 1 (top-left, bottom-left) ¢ = 5 (top-right, bottom-right),
a = 0.25 (except bottom-right), N = 30 (bottom-right).

0.04 w
—=u=1
0.035 |— — u=2 2N 1
/ 0y
........ u=3 / \‘\
0.03 F|—u=4 / \ 4
! \
! \
0.025 / \ 1
‘// -~ \
N .
0.02} / \ \ |
/ \ \
7! \ \
L /! \ N
0.015 PR \\ N
/. \ N
0.01 - A \ \‘\ 1
VAl \ D
Y \ N

0.005- £ / N N |

: s N N

/. ) ~N - N -
0 z L L L LTI \\\— \'J— —
-5 -4 -3 -2 -1 0 1 2 3

Figure 2. Graphs of the joint density in (11) where X = W is a standard Brownian motion with a = -5,
b=3,0=-2,t=5,and N =30. We used 16 terms in the Gaver—Stehfest algorithm.
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3. Occupation Time Process for F-Diffusion

Consider an F-diffusion F; := F(X;),t > 0 (starting at Fy := F(x), Xy = x), defined in
terms of a given diffusion X where F : Z — D := (F(), F")), with F)) := min(F(1), F(r))
and F(") := max(F(I), F(r)), is a smooth monotonic function with unique inverse X = F~1
Assuming F’(x) > 0 (similar relations apply with a reversal of signs +/— in case F/(x) < 0),
the occupation time process below a value F(¢) € D for the F-diffusion is defined as (and
we have a simple relationship between the occupation times of the two diffusions X and F):

ABFO / Tie oy (Fs)ds = AD™. (16)

The transition density of the F-diffusion, with the instantaneous killing rate in (5) with
a1 =0and ap = a, ie.,

AME) = alieqy ey (F); >0, (17)
and imposed killings at F(a) and F(b), is related to that of the X-diffusion (where x =
X(Fo)):

OO (4 Fy,y)dy =g |4 R € dy,mE > F(a), M < F(b)
’ (18)

.
= PlopaEX X)) - X (y)dy,
for t > 0 and Fy,y € (F(a),F(b)), and zero otherwise. Here, m! := infy<,<;F, and
M = supg<,<;Fu- The joint density (and its defective portion) of the F-diffusion, with
imposed killings at F(a) and F(b), are also related to that of the X-diffusion
F(a),F(b F),F(¢),—
fras ), ey Bydudy := By, (A7 € du Fo € dy,mf > Fa), Mf < F(0))
t ’

a,b
= £ X)) x) - X (y)dudy,

(19)
forany u € (0,t) and Fy,y € (F(a),F(b)), and zero otherwise. The defective portion of the
density at u = 0 is:

Pry (AT = 0,F € dy,mf > Fla), M <F(0)) = popy (5:%,X(y)) - X (y)dy,  (20)
for Fy,y > F(¢) and zero otherwise. Similarly, the defective portion at u = t is:

Pry (AT = LR € dy,mf > Fla), M < F(0)) = pos (5%, X(y) - X (n)dy,  @21)

for Fy,y < F(¢) and zero otherwise. The expectations of a bounded Borel function of the
F-diffusion and its occupation time can be expressed in terms of (14):

Eg, [h(l—})e‘X““rgp)’lc(a/;rrzfT > F(a)] =E, {h(F(Xt))e*“Afﬁ;mt > a}, ”
Er, [h (Aﬁ”fm)'*,a) smf > F(a)] —E, [h(Af",F(Xt)) oy > a] =

In this paper, we consider the F-diffusion as GBM (with state space D = (0, )):
F = Foe(”_§)t+‘fwf; Fy>0,t>0, (23)

where v € R and ¢ > 0 are constants. Moreover, we consider an occupation time below a
time-dependent occupation level (barrier) L := {L(u) : u > 0} where

L(t) =Loe"; Lo € (0,FR), t >0, (24)
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with growth rate v € R, defined by

t
APV = [ cropdss 20 >

Let yu:= (v—y)/cand F; := e 7'F;, t > 0. Then the occupation time for the GBM process
(with the time-dependent occupation level) can be expressed as the occupation time for the
new GBM (with a constant occupation level):

t f

We apply a smooth monotonic mapping F : Z — D defined by F(x) = Fye’* with unique
inverse X(F) := F~1(F) = 1In(F), where the underlying process is a Brownian motion
with drift y (starting at Xo = x = 0):

=ut+Wy; t>0. (27)

Then, equation (25) can be expressed as the occupation time for its underlying diffusion
(with constant occupation level):

t
AEP)’L’i = /0 ]I(foolg](Xs)dS = Af’_; t > Or (28)

where ¢ = LIn(Ly/Fy). Moreover, let
A(t) =Aoe"; A € (0,Lo), t =0, (29)

be a time-dependent liquidation barrier. The growth rate -y of the barriers L(¢) and A(t)
are kept the same, otherwise the Girsanov transformation, that effectively removes the time
dependence of the barriers, would fail. The expectations of a bounded Borel function of the
GBM and its occupation time can be expressed as integrals over the respective transition
densities for the X-diffusion:

B (AL o0 e
Ef, {h(e ME)e AT Smf > At )} / h(F(y))Pf;,oo) (t;x,y)dy,
Ef, {h(AgF),L,—,e*VfFJ mf > A(t / / ;aff (u,y| x)dydu (30)
W)P@etEx,y)dy x € (al],
0,F(y)p/ (Ex,y)dy  x € [(,0),

where a = = In(Ay/Fy).

4. Occupation Time Model in the Risk-Neutral Measure

We fix a filtered probability space (Q), H, P, H)” with filtration H = {#;} >0 where H;
is a o-algebra, describing the complete information up to time t. Let {F; };>( be an almost
surely (a.s.) positive F-measurable time-homogeneous Markov process, representing the
firm’s value process, where F C H is the natural filtration for (P, F)-Brownian motion
{Wi}>0. A typical example of the firm’s value {F; };>¢ is GBM:

E = Fpel” —S0HoWe, £S04 >0, (31)

where 7f > 0 is a constant risk-free rate, o > 0 is a constant volatility. The diffusion process
{F:}+>0 satisfies the SDE dF; = rf Fdt + o E:dW;.

50



Risks 2022, 10, 228

For the rest of the paper, we shall assume that the firm’s value is a GBM process
and presume an occupation time below a time-dependent occupation level (barrier) L :=
{L(u) = Loe"™ : u > 0} (the parameter ¢ € R is the growth rate), defined in (25).

The time dependence of the barrier L adds more flexibility in the model (particularly
for GBM which has a constant log-volatility) by introducing an extra effective drift pa-
rameter, while still keeping the discounted value process a martingale in the risk-neutral
measure. The extra drift parameter arising from the exponent of the time-dependent bar-
riers allows for a better (more flexible) calibration of the model to default probabilities
across the different maturities (short versus long term). The parameter - can also reflect
the compound interest rate on the firm’s debt. Additionally, higher values of y increase the
severity of both the grace period and the default over time.

The random variable AEF)’L'_ measures the cumulative amount of time the process
{Fi}1>0 stays below the occupation level. Let (?) := ¥ A 4 := min(z{,74) be an F-
stopping time where

To=inf{t >0:FE <A}, i=inf{t >0: AP S 9, (32)

A(t) = Ape"*,t > 01is a time-dependent liquidation barrier, ¢ is a nonnegative grace period,
and we set inf{@} = oo by convention.

In this model, the stopping time 7 := inf{t > 0: F; < L(t)} characterizes Chapter 11
type default. The grace period for reorganizing firm’s business begins at the moment when
the firm’s value process hits the occupation barrier L. The default time 7(?) characterizes
Chapter 7 type default. If the firm’s value drops down to the liquidation level L or if
the cumulative amount of time the firm’s value process stays below the occupation level
exceeds the grace period ¢, Chapter 11 is converted to Chapter 7, and the firm is to be
liquidated.

We may conveniently employ an appropriate transformation to the firm’s value process
to make both barriers A(t) and L(t) constant. Since e~ 7' F; is a monotonic function of X;, a
(P, F)-Brownian motion with drift 4 := (+/ — ) /0, the default time t(?) = 7/ A T, can be
re-expressed as (where a = 1 In(A¢/Fy) and £ = 1 In(Ly/Fy)):

Ta=inf{t>0:X; <a}i=1, T =inf{t>0: A" >0} := 1. (33)

Let T be an a.s. positive F-measurable random variable. We fix a finite time horizon

T > 0, and let DT be the (integrable) payoff of a defaultable claim, taking the following
form:

Dopr = h(T AT, XT/\T) = h(T/ XT)]I{rzT} + h(T/ Xr)]I{r<T}r (34)

where h : [0, T] x Z — R is a Borel function. Thus, the no-arbitrage time-t value of the
claim is

Dy =B | B Denr| Fi]
. . (35)
=B B[ B (T, Xy | Fi] + BE[BT (T, X1) L eomy| B |5 £ [0,T],

where B; := ¢! is the bank account and E is the expectation operator under P (the
risk-neutral expectation). In what follows, we state a new theorem pertaining to general
pricing formulas under the occupation time models (and the new results will be used to
prove general pricing formulas under the hazard rate models to be described in Section 5).
However, at first, we shall state and prove the following lemma, describing the time-
homogeneity of the price process.
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Lemma 1. Let T(%) = Tg A T, be the default time defined in (33), and®

T ._pmlp-1 _ R -1
Dt,A,x =B |:BT(L9)/\TDT(I9)/\T| }—t} = Bt]Et,A,x [BT(ﬂ)/\TDT(”)/\T] (36)

be the time-t value of a T-maturity credit derivative with a grace period ©. Then, on the set
(O >ty ={xf > t, >t}

0T _ Y, T—t
Dt,A,x - DO,x 4 (37)

where O := ® — A is the (realized) remaining grace period at time t.

Proof. Define £(?) := A}? A T, where
t+s
T :=1inf{s > 0: Xj4s < a}, féﬂ = inf{s >0: / ]I(,OO,Z](XM)du > 19}. (38)
Jt

Then we can easily show that, on the set {T(?) > t},

~ ~ _ ’ (39)
74 :t—i—inf{szO:Af’H—Af’ >9- Ay} =t+17,

where ¢/ = ¢ — .Af’*. Therefore (¥ = ¢ + (%) (a.s.) and we obtain

DYT =By [B;@l?) D (,,)AT} = E, [Bl D

Y, Tt
LA X AT T @) A(T—t) }_DOIX ) (40)

+OIA(T—1)
[

Theorem 1. The time-0 value of the credit derivative in (36) is given by 7:

¢ poo )
o4l =i { [ [TH s ylxdutn + [T (T gy

T © l
w{ B [Thenr ) @l + 8,1 [ 0Py

- /ﬁBflh(s a)/ooap;(S'x )dyds
) s )| s \SXY)AY

T % oo af(a/,oj) © 9p
-1 AL Xs Pe (..
+/19 B, “h(s,a) ./0 /u > (u,y|x)dydu+/€ s (s;x,y)dy |ds

(41)

T )
-1 (a,00)
Jr/l9 B, h(s,a)/LZ fA (l9,y|x)dyds},

EXs
ford € (0,T), and

B ) T _ ® 9 +
Dy =87 [T ypl (Txydy— [ B h(s,a) [ B (s y)dyds, @)

for ¢ > T.10

Proof. Here, we summarize what is needed to compute (41). By the Optional Sampling
Theorem, we have

8T _ p-17 E.|B=Yh(t?
DO,x = BT E [/’l(T, XT)H{TQZT,T[@ZT}} +Ey |:BT£’ h(Tg ’ XTE)H{T;<T£,,T}}<T} 43)

+ IEx [B;alh('ftlr X, )H{TaﬁTg,Ta<T}:| ’
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where X, = a (i.e., the value of the process, as soon as it hits the default barrier, is a). By
computing each expectation in (43) (we omit the lengthy proof), we obtain (41). O

Each bracketed term in (41) corresponds to one of the three mathematical expectations
in (43). If the firm avoids being liquidated and is solvent at maturity, the time-t value of
the claim is given by the first term in (43). If the firm is liquidated prior to maturity due
to exceeding the grace period, the claim’s value is given by the second term in (43). The
last term in (43) is the time-t claim’s value corresponding to the scenario when the firm is
liquidated early due to reaching the liquidation barrier A(t) . For simplicity of presentation,
we assume that the same function & describes the payoff value for each scenario.

5. Hazard Rate Model

Suppose now that (Q, #, P, H) is a filtered probability space where we set H := F \/ J
with filtration J so that 7 is a J-stopping time. Hybrid models unify the structural and
reduced-form models by an [F-adapted hazard process I' defined by

t
T, ::/ AME)ds; t>0, (44)
0

with an F-adapted hazard rate process A. For now, let us assume that
MFEs) =alip <5y >0, (45)

where L(s) is the occupation barrier defined in (24). We define an H-stopping time 7l =
T A Ta = T) N\ Ty, Wwhere

17 :=1inf{t > 0: DcAEF)’L’_ > ¢t =inf{t > 0: ocAf’f >&y=1; C~Exp(l), (46)

and T4 = 7, was defined previously. The default time 7(*) characterizes both Chapters 7
and 11 type defaults. Usually, it is convenient to rewrite the expression in (46) as

™ =inf{t > 0: A" > &%}, & ~ Exp(a), (47)

so that the hazard rate model'! can be viewed as the occupation time model with an
(exogenous) randomization in ¢ ~ Exp(«). In the case where the firm'’s value is the GBM
process, it is obvious that when a = 0, the hazard rate model reduces to the Black—Cox
model with default barrier A(t). Similarly when &« — oo, the hazard rate model reduces to
the Black—Cox model with default barrier L(t). We can easily extend to where the hazard
rate process is

AMEs) = arlip )y +@alip<py 0<ar <ao (48)
In this case, we define the default time as T(®1/42) = T;‘ %2 A 7, where
TV = inf{t > 0: ap AT AT > ¢} &~ Exp(1). (49)

For the GBM case, we can recover the Alfonsi-Lelong model by sending the default level
A(t) in the F-process to zero, i.e., a — —oo. We will not employ the same approach used
in the Alfonsi-Lelong model, but instead we shall make use of the spectral expansion
methodology to obtain closed-form pricing formulas. The rest of this section is devoted
to general pricing formulas for credit derivatives under this new framework. Before we
state the main theorem, we will state and prove the following lemma. The lemma draws
the connections between the occupation time and hazard rate models.
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Lemma 2. Let T®) = T} A T, be the default time defined in (46), and

D = BE Bl Dyl M| = BE[BL Do or| Xe = (50)

JAT

be the time-t value of the credit derivative under the hazard rate model (with A defined in (45)).
Then, on the set {t®) > t} = {t# > t,7, > t}, we have

Dl = ale{ DY} (a), (51)

and is independent of .Af’f. Moreover, the price process under the occupation time model can be
recovered by

Din, = L H{a DI} 0 =0 - A (52)
Proof. Let Y be an integrable H-measurable random variable and I't be an F-adapted

hazard process, then by page 145 (5.11) and (5.12) from Bielecki and Rutkowski (2013), we
obtain

E [T Y1) =Ipon E[e7Y| R 3)

By substituting Y = I[{Ta>t}B arPr@ar and Ty = oc.Af’_ into (53), we obtain (51). O

Theorem 2. The time-0 value of the credit derivative in (50) is given by!?:

DT =B7! [ H(T0)p{y ) o (Tix )iy

+u / / (s,y) (_oo) (ssx,y) —py (s x,y))dyds (54)

T « ap?ﬂﬂﬂ)/a <, +
— [ B [T =5 )+ alpfy )l (s50) — b (50 )] | dyds.

Proof. By Lemma 2, we obtain (54) from (41) and (42) by direct computations. [

Comparing (42) with (54), we notice that the r.h.s. of (42) is the limit of the r.h.s. of
(54), as « — O or as £ — a. That is, the credit derivative value in (54) converges to the value
under the Black-Cox model with default barrier A(t).

6. Probability of Default

A survival probability is a credit derivative of the form in (34) with payoff D a1 =
Ii+>7y and B; := 1. By Theorem 1, the (unconditional) survival probability at time ¢ under
the occupation time model is

~ 9 foo oo 0
Po(t® > T) :/0 /,; fréfr)XT(u,y|x)dydu+/lz py (T;x,y)dy. (55)

(Note: The survival probability is clearly zero for x < a.) By Theorem 2, the (unconditional)
survival probability at time T under the hazard rate model (with A defined in (45)) is!3

7@ > T) / p (1,9), (T x,y)dy. (56)
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For any regular diffusion, Equation (56) can be calculated using the spectral expansion
method (assuming the spectral series can be integrated term-by-term), where b — co:

b o b o
| Bl Ty = e | i (0 w)dy. (57)

a

By Lemma 2, the (unconditional) survival probability in (55) under the occupation time
model can be obtained by (which can be evaluated numerically via the Gaver—Stehfest
algorithm)

Py(t® > T) = c;l{a—lﬁx(ﬂf*) > T)}(l?). (58)

Some graphs of the probability of default for the GBM process are shown in Figure 3.
We can observe that the larger the « value, the greater the probability of default is. This
makes sense because as a increases, the firm has to carry more risks by allowing the
counterparty to penalize more for the firm’s value staying below the occupation level.
Similarly, we can say that the smaller the ¢ value, the greater the probability of default
is, as the firm is required to default immediately once the occupation time exceeds the
grace period. The difference between the models is that default probability values under
the hazard rate model are more flexible across all maturity times, but the occupation time
model does not correct the short-time behaviour whose values overlap with that in the
Black—Cox model with default barrier A(t).
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Figure 3. Graphs of default probabilities for the hazard rate (left) and occupation time models (right).
The underlying firm’s value is GBM with Fy = 100, Ly = 50, Ag = 20, rf = 5%, 0 = 30%, ¥ = 5%,
and N = 30. For the right graph, we used 16 terms in the Gaver-Stehfest algorithm.

7. Implied Hazard Rate Function

A reduced-form model is a model where a default event is characterized by a hazard
rate (ordinary) function A(f). The hazard rate function is defined so that A(t)At is the
probability of defaulting between time ¢ and ¢ + At conditional on no default until time ¢
(where T is a default time):

- e
<Tt< —4P(t >t

A(t) = Tim IP)(t_T_t+At\T>t): i (t ) (59)
At—0 At P(t > t)

If T is the default time pre-specified by a model, then the hazard rate function implied by
the model, denoted by A*(#), can be calculated using (59). Implied hazard rate functions
provide a uniform way of comparing default behaviours across different models. Under
the hazard rate model (with A defined in (45)), the implied hazard rate function can be
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computed analytically via the spectral expansion method (assuming that the series in (57)

can be differentiated term-by-term

):14

_ L Aee M wly) e (4)Giia 1)y 60)

AT Tt [P VB (21 -
220:1 e~ nt fa m(V)‘PnI,zx (x)(Pn’,oc (y)dy

Some graphs of the implied hazard rate functions are given in Figure 4. We can see
that the implied hazard rate functions are generally increasing in time. For large o (small 9),
implied hazard rate functions increase sharply up to certain times, and decrease gradually
(and end up converging to a certain value). The hazard rate functions under the occupation
time model are relatively lower (especially for short times) compared to that under the
hazard rate model. This observation makes sense from the shape of the probability of

defaults described in Section 6.
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Figure 4. Graphs of implied hazard rate functions for the hazard rate model (left) and occupation
time model (right). The underlying firm’s value is GBM with Fy = 100, Ly = 50, Ag = 20, f = 5%,
0 = 30%, ¥ = 5%, and N = 30. For the right graph, we used 16 terms in the Gaver—Stehfest

algorithm.

8. Credit Default Swap (CDS) Spreads
We assume that there are p regular (time-proportional) payments on the time grid
{Th,To,..., Ty} with0 < T; < --- < T, = T until the default event and one last payment

at time 7. The fair price of the CDS spread is given by
DL(0,T) LGD[e”fTIF(T <T)+ fOT e uP(r < u)du]
R(0,T) := PLOT) = T T — . (61)
) Jo e P(t > u)du — [ e (u— Ty —1)P(T > u)du

where LGD € [0,1] is the Loss Given Default, which is assumed to be deterministic, and
B(t) € {1,...,p} is the index of the next payment date satisfying Ty, 1 < t < Ty(;). For
our convenience, we shall rewrite the Equation (61) in terms of the survival probabilities:

- 1—eTP(t > T) — {(T)
KO = ) = aT) = [Ty 4i(T) — X, (T~ T i) ~

where , ,
f(t) := /0 e”f”ﬁ’(f > u)du, g(t) := /0 ue*rf”@(r > u)du. (63)

We use the following proposition to calculate the fair value of the CDS spreads under the

hazard rate model.
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Proposition 1. Under the hazard rate model (with A defined in (45)), the time-0 value of a CDS

spread is given in (62), where f and g are defined in (63), admit spectral expansion forms:1>-16
b _ 0 p—(Antri)t o
D= [ G thixmdy— Y S [ m)din 0)di W)y,
a =1 MntT a
b 9 =0
o(t) =— | =Gy (A x,y)dy (64)
a a)\ A:rf

1 + (;\n +1’f)t —(%, iy b g o
B iy s [ m) @ (0 ),

where G'~ is the Green function defined by Gy~ (A; x,Y) = Et{ﬁfg_ (t;x,¥) H(A).

Proof. For f, we can integrate term by term to obtain

b o o L~ (Au+r)t . ~
i) = [ my) (zl Pia (i 4) Y o P >¢£:a<y>>dy. )

GZ ()\ xy)_m i ~n’0¢( )(Pna( ) (66)

For g we can employ the integration by parts formula to get

v 1 14+ (A + )t NN TN\l
g(t) _,21((;\;14-7/() ()\ —l—?‘f) e /a m(]/)%,a (X) 1,0 (y)d.‘// (67)

where the first series in (67) can be expressed in terms of the Green function, and hence we
obtain (64). O

Both series in (64) converge rapidly since the denominator A, + r/ tends to oo as
n — oo.

9. Calibration of CDS Spreads: GBM Case

We calibrate our models to some market data where the underlying firm’s value
is assumed to be GBM. We extract the market CDS spreads data for the Total Energies
company (TTE) with spot time on 1 June 2022. The market data contain eight sample market
data points at the following tenor values: T = 0.5,1,2,3,4,5,7,10 years. Our calibration
approach is find optimal parameter values that (locally) minimizes the gap between the
market and model prices through a loss function. Here, we use the (unweighted) root
mean squared error (RMSE) as the loss function (where ® is the set of parameters in a

given model):
2
2 (R - )

where RMkt is the i*" observed market CDS spread and RM”” is the CDS spread implied by
the model at T;. We compare the following four models:

¢  The Black—-Cox model Black and Cox (1976)

*  The occupation time model Makarov (2016)

*  The Alfonsi-Lelong model Alfonsi and Lelong (2012)
e  The new hazard rate model (with A defined in (48))

The summary of the market data used, as well as the calibration results, can be found
in Tables 1-3. We employ an iterative scheme for our calibration procedure, that is, we
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calibrate parameters in the Black-Cox model, and then use the calibrated values as initial
guesses to calibrate other parameters in the occupation time and hazard rate models. We
do not use the iterative scheme for the Alfonsi-Lelong model since that model does not
contain the default barrier A(t). Figure 5 shows that the Black—-Cox and occupation time
models fitted poorly for small tenors. The hazard rate model significantly improve the
result and led to a near-perfect calibration. The Alfonsi-Lelong model still outperforms
the Black—Cox model, but is not as accurate as the hazard rate model. We use calibrated
values from Table 3 to calculate the risk-neutral probabilities implied from the market CDS
spreads under the hazard rate model. Based on Figure 6, we see that the Total Energies
company is currently at a low default risk.

Table 1. Initial Information about the market.

Variable Name Description Value
F initial firm'’s value 55.59

rf constant risk-free rate 5%

o constant volatility 28%

LGD constant Loss Given Default 0.6

Table 2. Market Data of Tenor (year) and CDS spread (bps).

Tenor 0.5 1 2 3 4 5 7 10
CDS 11.86 15.13 21.29 28.79 37.21 45.83 60.03 73.17

Table 3. Calibration Results for model parameters (the underlying process is GBM). NA means not

applicable.
Variable Description Black—-Cox Occupation = A-L  Hazard Rate
Ay default barrier (at time 0) 18.96 13.47 NA 12.83
v growth rate of barrier —3.51% —0.19% 11.22% —0.32%
Ly  occupation barrier (at time 0) NA 23.29 28.78 38.42
6/T grace period relative to T NA 0.2368 NA NA
& killing rate (above L) NA NA 0.27% 0.18%
%) killing rate (below L) NA NA 3.42% 2.33%

loss function value 570 x 107 5.16 x 107° 3.10 x 108 5.77 x 1010
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Figure 5. Graphs of CDS Spreads for four models: Black—-Cox (top-left), occupation time (top-right),
Alfonsi-Lelong (bottom-left), and hazard rate (bottom-right). The underlying firm’s value is GBM.
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Figure 6. Implied risk-neutral probability for the hazard rate model (the underlying firm’s value
is GBM).

10. Conclusions

This study led to the innovation of two new credit risk models, namely, the occupation
time and hazard rate models. They captured both Chapters 7 and 11 type defaults (the
occupation time model was considered in Makarov et al. (2015); Makarov (2016) but
the papers did not use the spectral expansion method). We derived closed-form pricing
formulas for credit derivatives. Moreover, the hazard rate model prices can be expressed
explicitly for diffusions, such as a geometric Brownian motion, and many other solvable
processes. The pricing formulas under the occupation time model can be obtained by
a Laplace inverse transformation of the hazard rate model. The Laplace inversion is
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performed numerically using the Gaver—Stehfest algorithm. The hazard rate model can
capture versatile default probability values, which, in the occupation time models, are
immovable at short maturity times. Our models are calibrated to the market CDS spreads
from the Total Energies company. Our calibration results show that the computations are
fast and lead to near-perfect calibrations to typical market CDS spread data.

Our main future work is to employ explicit expressions for alternative solvable dif-
fusions. We can then consider pricing credit derivatives under such alternative models
including the Constant Elasticity of Variance (CEV) model and other nonlinear local volatil-
ity models. Additionally, we can construct new structural models of credit risk based on the
last passage time. In this paper, we have only considered senior debts, but we may also look
into junior (subordinated) debts as well. One example is a contingent convertible (CoCo)
bond which is a bond that converts into equity once the debt-to-equity ratio falls to a certain
threshold level. CoCo bonds are popular among firms since firms can avoid default events,
to a certain extent, by converting the CoCo bonds into equity once a catastrophic event
triggers. We may also consider the pricing and calibrations of the new models to standard
equity options, and thereby study the interplay between equity and credit markets.
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Appendix A. Explicit Expressions for a Drifted Brownian Motion

We provide explicit expressions on default probabilities and the CDS spread valuations
for a Brownian motion with drift y € R, starting at x € (a,b) with imposed killings at
levels a, b where a < x < b.

Appendix A.1. Default Probabilities

In what follows, we provide explicit formulas for the integral in (57). Let {1, } be the

eigenvalues (refer to Equation (10)), satisfying the following eigenvalue equation:!”

V2R —a) cos<\/2(7\nﬂx)(ffa)) sin(\/zfxin(bfé))

+1/24, cos(@(b—f)) sin(\/2(/~\n—1x)(£—a)):0, ;\n >«
\/Z(Dcf}m)sin<mwff))cosh< Z(afﬂn)(ffa))

/2, cos(\/zTn(H))sinh( 2(u¢f/~\n)(87a)):0, A € (0,),

(A1)

and let {43,’; « } be the eigenfunctions given as follows. We only provide formulas for x > ¢
(i.e., the firm’s value starts above the liquidation level) since the other case is rarely used in
practice.

o Ifxe[lb)yec(al,A,€(0a),
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¢,,,X(x)¢pn,,( {sm( 21, (b—1)) {(b a) sinh(y/2(a—A,)(€—a) W]

2(a—An)

fcos(m(bfé)){WvL(\/m(b 0- \/%(éfa)) cosh( 2(,:(71")((7”))]}71

xsin(y/2A, (b—x)) sinh(y/2(a—A,) (y—a)).

o Ifxc[lb)yc(al,i,>a

@ﬁ:;(x)q?ﬁ:;<y>:{sm<Vzin<H>>[(bwsm( 2 (r—a) ((—a)— Y2 (-a) ]

2(An—a)

— cos( 2Ry (6-0)) [V AT ) ( figme <b—f)+\/% (1)) cost/20Tma)(6-a)| }71

xsin(/2A, (b—x)) sin(1/2(Ay—a)(y—a)).
o Ifxec[lb),ye[(b),r, €(0,a),

(f)f’f (x)(ﬁ[ﬁ (}/): \/WCosh( 2(1)(—}”)([75))sin(\/ﬁ([*ﬂ))*\/Zilincos(\/z}tin(ifﬁ)sinh( 2(a—An)((—a)
' 1,0 \/mﬁn(\/m(b*”))

x {cos(\/Z/\n(b ) [th— WJF (, [e2e (p-0)- | Ao (z—a)> cosh(v/2(a—An)({—a))

— sin(v/22s (b—0)) [b a) sinh(v/2(&—n) (£—a)+ ShOV2@-An) () W”q
xsin(4/2A, (b—x)) sin(v/2A, (b—y)).
o Ifxe[lb),yclb),A,>ua

@ﬁ”(x)rﬁ"f(y):\/mm( 2(Rn—a) (£=)) sin(V2A(¢=a)) — /2 cos(v/2An (¢~a)) sin(y/2(An—a) (¢~a)
o i /22y sin(v/22p (b—a))

{cos( 2An(b—10)) {“7 V\A/KWM( [dg=t = (b—0)+ A" (e~ a>cos( 2(An—a)(—a))
— sin(y/2 (b—10)) {(b a) sin(y/2(0n—a) ((—a “"57%“;””71
xsin(y/24, (b—x)) sin(/2A, (b—y)).

(A2)

(A3)

(A4)

(A5)

Then, by the Girsanov theorem (or via a Doob h-transform), the transition density of

the drifted Brownian motion follows as

%m”ww”“%z e TGl (0Bl (v),

where cf)ﬁ " (x)cf)ﬁ « () is given by (A2)—~(A5). To implement (57), the integrals

b
[ eIl (bl )y, n > 1
a

can be obtained explicitly by direct computations.

61

(A6)



Risks 2022, 10, 228

Appendix A.2. CDS Spread

Let {A,} be the eigenvalues and let {gﬁﬁ;} be the eigenfunctions defined in (A1)—~(A5).
Then we have explicit formulas for f and g, defined in Proposition 1:

b ~
() = [ eG4 422 y)ay
0o = (Antrf+p2/2)t b

—x) 70,— 20—
el A G LY

b _
g(t) :—/ =) 0 Gl (3 2, y)dy
; o

B i 1+ (An+rf +p2/2)t
n=1 (Xﬂ + rf + ‘u2/2>2

(A7)

A=rf+u2/2

i b
C(Ryarf 2 TP ()P
o~ Chutrf 4 /2)t/a 2H(y )<Pf[,a (x)(i)ﬁ’,,x (y)dy,

where G&~ (A; x,y) is the Green function with explicit expressions given below (we only
provide for x > £):

e Ifye(ald,

é[/, (/\.x )= 2sinh(v2A(b—x)) sinh(v/2A+2a(y—a))
(a,0),0 \ XY V2A cosh(v/2A(b—£)) sinh(v2A+2a(¢—a) ) ++/2A+2a cosh(v/2A+2a(¢—a)) sinh (vV2A (b—£))

o Ifyel[lb),

é[,, (Ax ):ZSinh(\/ﬂ(x/\yfa))sinh(x/ﬁ(b—x\/y)) 2sinh(v2A(b—x)) sinh(vV2A(b—y))

(a,b),a \ XY V2Xsinh(v2ZA(b—a)) V2Asinh(v2A(b—a))
V2A cosh(v/2A(£—a)) sinh(v2A2a(¢—a)) —v/2A+2a cosh (v/2A+2a({—
V2A cosh(v/2A(b—£)) sinh(v2A+2a(f—a))-++/2A+2a cosh (v/2A+2a({—

+

a)) sinh(V2A(£—a))
a)) sinh(vV2A(b—£))”

and the integral
b ~
/ ' VNGE (A x,y)dy

a

can be obtained explicitly as well. In practice, due to the lengthy expressions of the Green
function, we may obtain

b - b -
[ et 2 Gl iy = - [ IGE (hxy)y

by numerical differentiations (since it is a smooth function in A).

Notes

1

Here we distinguish the X-diffusion from the F-diffusion (i.e., the firm’s value process) F := F(X) which is obtained through a
smooth monotonic mapping F : Z — D (where D is the state space for the F-diffusion) with unique inverse X = F~1.

The cemetery state 9" is not included in the interval Z. When the process is killed and immediately sent to the cemetery state, it
stays there indefinitely.

Ey[X; A] := E;[XI 4] for any random variable X and event A.
Py (X(u,b),t S d]/) = ]P)<X(a,b),t S d]/| X() = X).

When « = 0, we obtain the regular transition density of X, ;) without an instantaneous killing:
Pap) (X, y)dy :=Px(Xs € dy,my > a, My <b); t>0,x,y€ (ab),

and zero otherwise.
The transition and joint densities are pointwise convergent as b — r:

ol — § . b
onaBxy) = mpl ) (Gxy), eyl = lim ().
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7 We assume there exists a risk-neutral probability P equivalent to P so that the discounted price process of the defaultable
claim is a Doob-Levy (ﬁ’,]F)-martingale. In the GBM model, we clearly have the discounted firm’s value process e R =

2 ~ ~
Foe™ 71ttt > 0, as a (P, F)-martingale.
B Boax[h(TAT, Renr)] = E[h(r AT, Renr) | AP = A Xi = ]

For 0 <t < T, Theorem 1 extends to the time-t value of the credit derivative since DfAT = Dg ;A’Tft, thanks to Lemma 1.

10 T AT = 7, AT (as.), for ¢ > T, where the T-maturity credit derivative price Dg,’g corresponds to that in the Black—Cox
model with default barrier A(t).

n The name "hazard rate model"” comes from the fact that we are employing a hazard rate process to model default probabilities.

12 For 0 <t < T, Theorem 2 extends to the time-t value of the credit derivative: Df‘/’XT = Dg,’XT*t.

13 We can easily extend it to the hazard rate model with A defined in (48), since
~ _ 0O ~£’7
Px('r(m,zxz) >T)=e T /a P o) r—a (T;x,y).

14 Under the occupation time model, the implied hazard rate function can be computed by Laplace inverting, with respect to a, of
the numerator and denominator in (60) separately.

15 We can easily extend it to the hazard rate model with A defined in (48), by sending f = +a;anda — ap — ay.

16 Under the occupation time model, the implied hazard rate function can be computed by Laplace inverting, with respect to a, of f
and g in (64).

7 The eigenvalues {1, },>1 can be obtained numerically by the bisection or Newton-Raphson methods.
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Abstract: Dual risk models are popular for modeling a venture capital or high-tech company, for
which the running cost is deterministic and the profits arrive stochastically over time. Most of the
existing literature on dual risk models concentrates on the optimal dividend strategies. In this paper,
we propose to study the optimal investment strategy on research and development for the dual
risk models to minimize the ruin probability of the underlying company. We will also study the
optimization problem when, in addition, the investment in a risky asset is allowed.

Keywords: dual risk model; minimizing ruin probability; optimal investment

1. Introduction

The classical Cramér-Lundberg model, or the classical compound Poisson risk model,
assumes that the surplus process of an insurance company follows the dynamics:

dX; = pdt —dJ;, Xo=x>0, 1)
where p > 0 is the premium rate and J; = ZIN; 1 Y; is a compound Poisson process, where
N}t is a Poisson process with intensity A > 0 and claim sizes Y; are i.i.d. positive random
variables independent of the Poisson process with E[Y;] < co. One central question in the
ruin theory is to study the ruin probability P(T < c0), where T := inf{t > 0: X; < 0}.

In recent years, there have been a lot of studies in the insurance and finance literature
on the so-called dual risk model, see, e.g., (Afonso et al. 2013; Avanzi et al. 2013; Avanzi
et al. 2007; Bayraktar and Egami 2008; Cheung 2012; Cheung and Drekic 2008; Ng 2009,
2010; Rodriguez-Martinez et al. 2015; Yang and Sendova 2014),

with wealth process following the dynamics:

dX; = —pdt+dJ;,, Xo=x>0, 2
where p > 0 is the cost of running the company and J; = Zlszl Y;, is the stream of profits,
where N is a Poisson process with intensity A > 0 and Y; are i.i.d. R valued random
variables with common probability density function p(y), y > 0, independent of the
Poisson process. The dual risk model is used to model the wealth of a venture capital,
whose profits depend on the research and development. The classical risk model (1) is
most often interpreted as the surplus of an insurance company. On the other hand, the
dual risk model (2) can be understood as the wealth of a venture capital or high-tech
company. The analogue of the premium in the classical model is the running cost in the
dual model, and the claims become the future profits of the company. The ruin probability
and the Laplace transform of the ruin time have been well studied for the dual risk model;
see, e.g., Afonso et al. (2013). When there is a random delay for the innovations turned to
profits, the dual risk model becomes time-inhomogeneous and the ruin probabilities and
the distribution of the ruin times are studied in Zhu (2017).

One of the most fundamental questions in the dual risk model is the optimal dividend
strategy. Avanzi et al. (2007) worked on optimal dividends in the dual risk model where
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the optimal strategy is a barrier strategy. Avanzi et al. (2013) studied a dividend barrier
strategy for the dual risk model, whereby dividend decisions are made only periodically,
but still allow ruin to occur at any time. A dual model with a threshold dividend strategy
with exponential interclaim times was studied in Ng (2009). Afonso et al. (2013) also
worked on dividend problem in the dual risk model, assuming exponential interclaim
times. A new approach for the calculation of expected discounted dividends was presented
and ruin and dividend probabilities, number of dividends, time to a dividend, and the
distribution for the amount of single dividends were studied. Dividend moments in the
dual risk model were considered in Cheung and Drekic (2008). They derived integro-
differential equations for the moments of the total discounted dividends which can be
solved explicitly assuming the jump size distribution has a rational Laplace transform.
The expected discounted dividends assuming the profits follow a Phase Type distribution
were studied in Rodriguez-Martinez et al. (2015). The Laplace transform of the ruin time,
expected discounted dividends for the Sparre-Andersen dual model were derived in Yang
and Sendova (2014). More recently, Yang et al. (2020) obtained an explicit expression of the
expected discounted discounted dividends in a dual risk model with the threshold dividend
strategy and the optimal threshold level were derived. Avanzi et al. (2020) considered
the optimal periodic dividend strategies for a general class of dual risk models with fixed
transaction costs. In Fahim and Zhu (2022), they obtained the asymptotic analysis for
optimal dividends in the dual risk model. Liu et al. (2023) studied the optimal dividend
strategy for the dual model with surplus-dependent expense.

So far, the optimization problems studied in the literature on dual risk models have
been almost exclusively devoted to the optimal dividend strategy. In this paper, we consider
a different type of optimization problem. For a venture capital, or a high-tech company, the
investment strategy on research and development (R&D) is crucial. A decision to increase
the investment on research and development will increase the running cost of the company,
but that will also boost the possibility of the future profits. Therefore, we believe that it is
of fundamental interest to understand the optimal investment strategy to strengthen the
position of the company.

It is well known that research and development is a basic engine of economic and
social growth. It is a considerable amount of spending among many leading corporations
in the world. A 2014 FORTUNE article listed the top ten biggest R&D spenders worldwide
in the year 2013, including Volkswagen, Samsung, Intel, Microsoft, Roche, Novartis, Toyota,
Johnson & Johnson, Google and Merck, with Intel spending as much as 20.1% of their
revenue on R&D, see Casey and Hackett (2014). Many technology giants increase their
R&D spending consistently, year over year, see, e.g., Table 1 for the R&D and percentage of
the revenues of Alphabet, Amazon, Tesla in the years 2018-20211. Notice that in the case of
Alphabet, even though the R&D expenditure increases year by year, it increases in line with
the increase of the total revenues so that as the percentage of revenues, the number does
not change much. The same can be said about Amazon. For some companies, both the
absolute R&D expenditure amount and the percentage as the revenues remain reasonably
stable, see, e.g., Table 1 for Merck in the years 2018-2021, with the year of 2020 being the
only exception which witnessed an unusually high R&D expenditure. For some companies,
both the absolute R&D expenditure amount and the revenues can change dramatically,
see, e.g., Table 1 for Alphabet, Amazon, Tesla in the years 2018-2021. The case of Tesla
is exceptional but not unusual for a new high-tech company in the sense that the total
revenues has astronomical growth and the R&D expenditure as the percentage of revenues
actually declines during this period even though it had a spectacular increase in R&D
expenditure in the year of 2021. Another company that has enjoyed similar phenomenal
growth as Tesla is Amazon, see Table 1. However, Amazon’s overall growth is not as fast
as Tesla.

Since it is expensed rather than capitalized, cuts on research and development increase
profit in the short term, but they can hurt the strength of a company in the long run,
even if the detrimental impact of the cuts may not be felt for a few years. In the most
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recent recession, firms with revenues greater than 100 million USD reduced their research
and development intensity (divided by revenue) by 5.6%, even though the advertising
intensity actually increased 3.4%, see Marie Knott (2012). In the long run, the research and
development does help the company grow and increase the value of a company. Using a
measure of the so-called research quotient, a study over all publicly traded US companies
from 1981 through 2006 suggested that a 10% increase in research quotient results in an
increase in market value of 1.1%, see Marie Knott (2012). Indeed, the US government also
encourages the research and development activities. The Research & Experimentation Tax
Credit is a general business tax credit passed by the Congress in 1981, as a response to the
concerns that research spending declines had adversely affected the country’s economic
growth, productivity gains, and competitiveness within the global marketplace. According
to a study by Ernst & Young, in the year 2005, 17,700 US corporations claimed 6.6 billion
USD R&D tax credits on their tax returns?.

Table 1. R&D spending by Alphabet, Amazon, Tesla and Merck during 2018-2021.

Alphabet 2018 2019 2020 2021
R&D (millions) $21,419 $26,018 $27,573 $31,562
Revenues (millions) $136,819 $161,857 $182,527 $257,637
As % of Revenues 15.7% 16.1% 15.1% 12.3%
Amazon 2018 2019 2020 2021
R&D (millions) $28,837 $35,931 $42,740 $56,052
Revenues (millions) $232,887 $280,522 $386,064 $469,822
As % of Revenues 12.4% 12.8% 11.1% 11.9%
Tesla 2018 2019 2020 2021
R&D (millions) $1460 $1343 $1491 $2593
Revenues (millions) $21,461 $24,578 $31,536 $58,823
As % of Revenues 6.8% 5.5% 4.7% 4.4%
Merck 2018 2019 2020 2021
R&D (millions) $9,752 $9,724 $13,397 $12,245
Revenues (millions) $42,294 $39,121 $41,518 $48,704
As % of Revenues 23.1% 24.9% 32.3% 25.1%

Optimal investment problems have a long history in finance and related fields. For
example, Merton (1969, 1971) formulated and studied the problem of optimal allocation
between risky assets and a risk-free asset to maximize expected utility; Fleming and
Zariphopoulou (1991) considered the optimal investment and consumption problem where
short-selling is not allowed but borrowing is allowed. Davis (1990), and Shreve and
Soner (1994) studied optimal investment and consumption with proportional transaction
costs and Morton and Pliska (1990) considered optimal portfolio management with fixed
transaction costs. Grossman and Zhou (1993) studied optimal investment strategies for
controlling drawdowns. Fleming and Sheu (2000) studied the optimal investment problem
to maximize the long-term growth rate of expected utility of wealth. Hipp and Plum (2000)
studied the optimal investment for insurers. Carr et al. (2001) considered the problem of
optimal investment in a risky asset, and in derivatives written on the price process of this
asset. Finally, there are also a limited number of works on the optimal venture capital
investments, see, e.g., Bayraktar and Egami (2008). However, to the best of our knowledge,
the optimal investment in research and development for the dual risk model has never been
studied in the previous literature, and our paper is the first one that considers this problem.

We propose to study the optimal investment strategy on research and development
for the dual risk models to minimize the ruin probability of the underlying company. In
addition to the investment in research and development, we will also allow the investment
in a risky asset, e.g., a market index. The possibility that an insurer can invest part of the
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surplus into a risky asset to minimize the ruin probability was studied by Browne (1995)
for the case that the insurance business is modeled by a Brownian motion with constant
drift and the risky asset is modeled as a geometric Brownian motion. Later, Hipp and
Plum (2000) studied the optimal investment in a market index for insurers in the classical
compound Poisson risk model. We will study the optimal investment problem when
both investment in research and development and investment in a risky asset are allowed.
Unlike the problem of minimizing the ruin probability for an insurer in the classical risk
model Hipp and Plum (2000), we will obtain closed-form formulas in the dual risk model.

Since the works of Browne (1995) and Hipp and Plum (2000), the optimal investment
in the market for the classical risk model and related models have been extensively studied.
In Liu and Yang (2004), they generalized the works by Hipp and Plum (2000) by including
a risk-free asset. In Schmidli (2002), the optimization problem of minimizing the ruin
probability for the classical risk model is studied when investment in a risky assent and
proportional reinsurance are both allowed. The asymptotic ruin probability for the classical
risk model under the optimal investment in a risky asset is obtained by Gaier et al. (2003)
for large initial wealth. The asymptotics for small claim sizes were obtained in Hipp
and Schmidli (2004). In Yang and Zhang (2005), they studied the optimal investment for
an insurer when the risk process is compound Poisson process perturbed by a standard
Brownian motion and the insurer can invest in the money market and in a risky asset.
In Gaier and Grandits (2002), the case when the claim sizes are of regularly varying
tails were studied. The results were then extended to include interest rates in Gaier and
Grandits (2004). The case for subexponential claims was investigated in Schmidli (2005).
In Promislow and Young (2005), they studied the problem of minimizing the probability
of ruin of an insurer when the claim process is modeled by a Brownian motion with drift
optimizing over the investment in a risky asset and purchasing quota-share reinsurance. In
Wang et al. (2007), they adopted the martingale approach to study the optimal investment
problem for an insurer when the insurer’s risk process is modeled by a Lévy process
with possible investment in a security market described by the standard Black-Scholes
model. When the underlying investor is an individual rather than an insurance company,
the optimal investment problem of minimizing the ruin probability was studied in, e.g.,
Bayraktar and Young (2007). In Azcue and Muler (2009), they studied the minimization
of the ruin probability for the classical risk model with possible investment in a risky
asset that follows a geometric Brownian motion under the borrowing constraints. There
have been many other works in this area. For a survey, we refer to Paulsen (2008) and the
references therein.

This paper is organized as follows. We first introduce a state-dependent dual risk
model that generalizes the classical dual risk model (Section 2). When the size of a company
increases, the cost usually also increases, while the resource of income will also increase
in general, which makes it natural to study a state-dependent dual risk model. Then, we
study the optimal investment strategy on research and development to minimize the ruin
probability of the company (Section 3), with a further discussion of a state-dependent
example in Section 3.1. As a special case, the state-independent model is discussed in
Section 3.2, with a further discussion of a state-independent example in Section 3.3. Next,
we study the joint investment in research and development and a market index to minimize
the ruin probability in Section 4. Finally, we provide some numerical studies in Section 5 to
better understand how the minimized ruin probability and the optimal strategy depend on
the parameters in the model.

2. A State-Dependent Dual Risk Model

We introduce a state-dependent dual risk model with the wealth process being defined
as follows:
dXt = _p(Xt)dt + d]t/ XO > O/ (3)

where J; = ZIN; 1 Yi, where N} is a simple point process with intensity A(X;—) at time £, and
Y; are i.i.d. positive random variables with finite mean and independent of F-,_, where

67



Risks 2023, 11, 41

Fi is the natural filtration generated by X; process, 1; is the i-th arrival time of N; and we
further assume that p(-), A(-) : R4 — R are increasing functions. The state-dependent
dual risk model (3) was first introduced in Zhu (2015b), in which ruin probability and the
Laplace transform of the ruin time were studied.

The motivation of introducing state dependence for the dual risk model is the follow-
ing. First, the cost of a company usually increases as the size of the company increases.
For example, the running cost of a small business and a Fortune 500 company are vastly
different. Second, as the size of a company increases, the arrival intensity of the future
profits might increase. It may be due to the fact that the larger a company gets, the more
resources for income it will obtain. It is also well known in the finance literature that as a
company gets larger and stronger, it can enjoy more benefits, e.g., net present value (NPV),
which for example might be due to the opportunities brought by franchising. As we can
see from Table 1, the R&D expenditure may be far from being constant as the size of the
company and the revenue of the company change. More realistically, the R&D expenditure
and other costs of running the company should be state-dependent.

Let T := inf{t > 0 : X; < 0} be the ruin time of X; process. The eventual ruin
probability is defined as the function ¢(x) := P(t < o0o|Xy = x) to emphasize the de-
pendence on the initial wealth x. Note that for the state-independent dual risk model,
A(-) = Aand p(-) = p, under the assumption AE[Y]] > p, the ruin probability (x) is less
than 1. Indeed, ¢(x) = e~**, where a > 0 is the unique solution to the equation; see, e.g.,
Afonso et al. (2013):

pa + A /Ow [e™™ —1]p(y)dy = 0. (4)

For the state-dependent dual risk model, there is no simple closed-form formula for
the ruin probability. Nevertheless, for the special case when the jump sizes Y; are i.i.d.
exponentially distributed, there is a closed-form expression for the ruin probability; see
Theorem 1 in Zhu (2015b).

Finally, we notice that the X; process in (3) is an extension of the (nonlinear) marked
Hawkes process with exponential kernel (see, e.g., Brémaud and Massoulié 1996; Gao and
Zhu 2018a, 2018b; Hawkes 1971; Zhu 2015a),

that is, N; is a simple point process with intensity A(X;), where

X = Xoe_ﬁt + Zm’,d Yie_*g(t_m, (5)

where T; is the i-th arrival time of N;, and Y; arei.i.d. positive random variables independent
of Fr,_ with finite mean and Xy, B > 0 are given constants, where X; in (5) satisfies the
dynamics (3) with p(x) := Bx. When A(-) is linear, it is called linear Hawkes process,
named after Hawkes (1971). When A(-) is nonlinear, the Hawkes process is said to be
nonlinear which was first introduced by Brémaud and Massoulié (1996). Hawkes processes
have wide applications in finance, neuroscience, social networks, criminology, seismology,
and many other fields; see Gao and Zhu (2021) and the references therein. Since the X;
process in (3) is an extension of the (nonlinear) marked Hawkes process with exponential
kernel, our paper also contributes to the literature on the Hawkes process.

3. Minimizing the Ruin Probability

In this section, we study the optimization control problem of minimizing the ruin
probability for the dual risk model. The management of the underlying company can decide
whether or not to increase the capital spending on research and development to boost the
future profits. Our goal is to find the optimal expenditure on research and development to
minimize the probability that the company is eventually ruined.

Before we proceed, we introduce the investment on research and development C € C,
where C is the set of all admissible strategies, defined as

C:={C:[0,00) x Q) — Ry : C is progressively measurable, bounded and predictable}.  (6)
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Given the control C € C, the wealth process has the dynamics
dXf = —(p(Xe) + Cr)dt +dJf, @)

where p : Ry — R, isincreasing and J; = Zf\i 1 Yi, where Y; are defined same as before and
Ny is a simple point process with intensity F(X;_, C;_) at time t, where F(x,c) : Ry xR} —
R is measurable in (x,c) and increasing in both x and ¢ and F(x,0) = A(x) for every
x € R, where A : Ry — Ry is increasing.

We define 7€ as the ruin time of the X© process under the control C € C by 7€ :=
inf{t > 0: X® < 0}. We are interested in studying the optimization problem:

Vi(x ::minIP’(TC<ooXC:x). 8
(x) = min 1X§ ®

From the optimal control point of view, it is also interesting to study the state-
dependent case, which adds a technical contribution to the literature of stochastic optimal
control theory. We will show that the optimal strategy is in general state-dependent when
the underlying dual risk model is state-dependent, and it exhibits a closed-form expression.

Theorem 1. The optimal strategy C* is given by

Cl=C"(Xy) € ar%;}in pF(ét()t,—E)C, )
provided that the minimum exists.
Proof of Theorem 1. For any control C € C, we have
dXf = —(p(X4) + Cr)dt +dJf, (10)

C
where J& = Zfil Y;, where N¢ is a simple point process with intensity F(X;_, C;_) at time
t and Y; are i.i.d. with probability density function p(y) defined as before.
Let us introduce a random time change and define the random time T(¢) via:

T(H)
/0 F(X,_,Cy_)ds = L. (11)

Then, it is easy to see that T(0) = 0 and T(t) — oo as t — oo since C € C is bounded.
It follows from (10) that

dXp = —(0(Xr(r)) + Cr))dT(t) + d]%(t)- (12)
Under the random time change (11), we have

dT(t) 1

dt  F(X;,Cp)’

and ]%( ) is distributed as [, := Zfitl Y;, where N is a standard Poisson process with

intensity 1; see, e.g., Meyer (1971) for the random time change for simple point processes.

Therefore, we obtain

o(Xr(1)) + Cry
F(X:,Ct)

Let us also notice that P(X; ever gets ruined) = P(Xr ;) ever gets ruined). Therefore,

the optimal strategy is given by (9) provided that the minimum exists. This completes
the proof. O

dXpy = — dt +dJ,. (13)
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In Theorem 1, we obtain the closed-form expression of the optimal strategy C*. How-
ever, we do not have a closed form for the minimized ruin probability P(7¢" < o|X§ = x).
Next, we will show that we can obtain a closed form for the ruin probability in the special
case when the jump sizes Y; follow exponential distributions. We first recall the following
result from Zhu (2015b), which states that the ruin probability for a state-dependent dual
risk model with the exponentially distributed Y; has a closed-form expression.

Theorem 2 (Theorem 1 in Zhu (2015b)). Consider the dual risk model: dX; = —p(X¢)dt + dJ;,
where Xg =x >0, [ = Zf\il Y;, where Y; are exponential random variables with the probability
density function p(y) = ve~"Y, v > 0, and Ny is a simple point process with intensity A(X;_) at
time t, where p(-), A(-) : Ry — Ry are increasing functions. Then,

o Aly) vy fo w dw
Jx o ° 4y

P(T < oo|Xp = x) = (14)

foo )‘(]/) Vy fO pw dwdy

As a corollary of Theorems 1 and 2, we obtain the closed form for the minimized ruin
probability when the jump sizes Y; are i.i.d. exponentially distributed.

Proposition 1. Assume p(y) = ve™"Y, where v > 0. Assume also the integral

[" ) g ey,
0 P +C (W)

exists and is finite. Then,

7 R I o fc*’” "y

x +C*

min P (v <l =) = e T 1
f y'+c* +C* dy

Proof of Proposition 1. The proposition follows immediately from Theorems 1 and 2. O

3.1. A State-Dependent Example

In this section, we study a state-dependent example in detail. We assume that
F(x,c) = A(x) +6(x)c7, (16)

where 6(+) : R4 — Ry is increasing, and v > 0. We recall that A(+) is increasing and thus,
A(+) > A(0) > 0. Let us also assume that p(-) < p(c0) < co. Under our assumptions, F(x, ¢)
is increasing in both x and ¢, and F(x,0) = A(x).

Notice when v > 1, for any constant strategy C; = C, where C > 0 is sufficiently large,
the ruin probability is bounded above by the ruin probability of the following process:

dX; = —(p(e0) + C)dt +dJi, (17)
where [; = Zfi 1 Yi is compound Poisson with N; being the Poisson process with intensity
A(0) +6(0)C™.

By the ruin probability for state-independent dual risk model (see, e.g., Afonso et al.

2013), the ruin probability of the X; process defined in (17) is given by e~*C*, where a is
the unique positive solution to the equation:

(p(e0) + Chac + (A(0) +5(0)CT) [~ ~ 1}p(y)dy = 0. (19
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We can rewrite this equation as:

_p(e)+C / "

= [1—e Y] d 19
3(0) 5 6(0)C7 cv ac = e "Yp(y)dy. (19)
The right-hand side of the above equation is bounded between 0 and 1. In the left-hand

side of the above equation, lim¢_, £ 5(2”)) (;C
Hence, V(x) < infc-ge “c* = 0 and the minimized ruin probability is trivially zero.

Therefore, in the rest of this section, we only consider two cases: (i) 0 < ¢ < 1;
(i) v =1.
3.1.1. The 0 < ¢ < 1 Case

Under the assumption that 0 < 7y < 1, it is easy to see from Theorem 1 that the optimal
strategy Cr(y) is the strategy that minimizes the drift:

= 0, which implies that ac — o0 as C — co.

p( X)) + Cry

MXrey) + 5(X7(t))C¥(t> ' 20
It is easy to compute from (20) that the optimal strategy satisfies
MXr(y) +8(Xr) (1 = 7)Chyy = p(Xr(1))d (Xr(r))y C%(t)l (21)
Therefore, for any t > 0, the optimal strategy C; satisfies
MXp) +6(Xe) (1= 7)C) = p(Xe)d(Xe)yC] . (22)

It is clear that the optimal strategy C; is a function of X; and we denote it as C*(X}).
Then, under the optimal strategy,

dX = —(p(Xt) + C*(X1))dt +dJi, (23)
where [} = Zl 1 Y;, where N; has intensity A(X;—) 4 6(X;—)C*(X;—)7 at time ¢.
When the probability density function p(y) = ve™"¥ of jump sizes Y; is exponential, it

follows from Proposition 1 that we have the following result:

Proposition 2. Assume p(y) = ve™ ", where v > 0. Assume also the integral

[ MBI W) -y 55 g,
o ply)+Cy)

exists and is finite. Then,

[ M )7 - ey gy
x_ pW+C )

w w)C* (w)Y .
oo M HO)C ) 9= AR g
0 py)+C*(y)

V(x) = (24)

Proof of Proposition 2. The proposition follows immediately from Proposition 1. [

Next, in the following example, we show that with particular model specifications,
the optimal C* and the minimized ruin probability V(x) in (24) admit a simpler closed-
form formula.
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Example 1. Let p(x) = po, A(x) = Ag(c1x + ¢2), and §(x) = éo(c1x + c2), where pg, Ao, do, ¢1,
¢y are positive constants. Then, the optimal investment rate C*(x) is a constant C*(x) = Cy, where
Cy is the unique positive solution to the equation:

Ao +80(1 = 7)CJ = podorCy (25)
Hence, the minimized ruin probability in (24) can be computed as:

y Aot+9 0 (c1w+co)dw
(cry -+ ca)e? ™ ety (awralieg,
V(x) = S (26)
I RIS (crw+cp)dw
) V¥=Jo ~poTco 1 2 dy

foo Ao+380CY

00 Ag+8oC
fO p0+C0 (Cly + C2

(V )\0+¢50Cgc Ao +d0Cy o 2

00 T p0tCo 2 )T TegtG 2

i (aay+ca)e dy
A+6oCq ) Aot ¢y o

fooo(cly+C2)€<v_ po+Co 2 potCo 2Y dy

2 _
e {ﬁemdyz (ac 4 2bd)er (ijﬁc) - 2a\/3ecy]

y=x
3

e Y {fﬂd*dy (ac + 2bd)er (Zdy C) Za\/ﬁecy}

y=0
62
2a\/decx—4x* 4 /e (ac + 2bd)erfc(%)
2av/d + \/Ee% (ac+ Zbd)erfc(ﬁ)

7

where erf(x) = r foe e~ dt is the error function and erfc(x) := 1 — erf(x) is the complemen-
tary error function and a := c1, b := ¢y, and
Ao 4 60C Ao + 60CJ
B 1 S R L A R 27)
po + Co po+Co 2
3.1.2. The v = 1 Case
When = 1, it follows from Theorem 1 that the optimal C*(x) satisfies C*(x) = 0 in

the region where §(x) < 283 and the “optimal” C*(x) = oo in the region where 6(x) > %

Remark 1. If we impose a research and development budget constraint by M € (0,00), the
maximum capacity, then the admissible set of controls is given by Cp := {C € C : sup;, Ct <
M}. Then, the above analysis implies that C*(x) = 0 in the region 5(x) < % and C*(x) = M

A(x)
p(x)”

in the region 6(x) >

Next, in the following example, we show that with particular model specifications,
the optimal C* the minimized ruin probability V(x) admit simpler closed-form formulas.

Example 2. Let p(x) = po(c1x +¢2), A(x) = (v + ﬁ—ox)p(x), and 6(x) = &y, where py, c1, 2,
Ao, 8o are positive constants. We further assume that v < 6y < v + Ag. Then, the optimal C* is

given by:
0 lfx < Ag— ()0+v’
C*(x) = Qv 28
) {+oo zfx>w. 28)
Let us define:
x5 = M' (29)

o —V
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Then, we can compute that for any y < x*,

VY AMw) +o(w)C*(w) , (¥ Ao B
/0 o(w) + C*(w) dw_/o ( 1+w>dw_”y+/‘01°g(1+y)f (30)
and for any y > x*,

/V AMw) + 6(w)C*(w)
o p(w)+CH(w)

Therefore, for x > x*, we have

dw = vx* + Aglog(1 + x*) + do(y — x*). (31)

0 w)C* ( )
[ A SIC 1)y e o .
x Py +CHy)
© —vx*4dpx* )
_ SneVy—vx —Aglog(1+x*)=do(y—x") g, € 0 —(6p—v)x
/x 0€ y (1+x*)/\0 50_1/6 7
and for x < x*, we have
M)+ E)C (9) - fy Kozt
)+C* (w d 33
[ Soewm v @)
AO eVY—vy— Ao log(1+y) 1 50
_/ ( ) d]/+ (1+x*))\[) 50_1/
Ao+l Aot1 “do A 1 o
e b

Hence, we conclude that for x > x*, we have

VX +é(;‘x (550 e ((50 1/)
V(x) = (1+x7)70 %07 ) (34)

_ [
Pl ) =1 () ot L

and for x < x*, we have

(1 x) 7 — (1 2) M 4 (L) ™ — (1) 0+ g 52
Vix) = - o [ v Aot ] A 5(1+ SO (35)
o [T+ a) 7 M — 1] 41— (1 +x%) "o + (1+x*)"0 e
3.2. The State-Independent Case
In this section, we consider the state-independent case, that is,

p()=p,  AL)=A (36)

and
F(-,c) = F(o), (37)

where p,A > 0and F : Ry — R, is increasing. Under the assumptions (36) and (37), we
have the following result, which is a corollary of Theorem 1 and the ruin probability for the
state-independent dual risk model (Equation (4)).

Theorem 3. The optimal strategy C* is constant, given by

¥ . p+C
C* = argmin , (38)
& FO
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provided that the minimum exists and the minimized ruin probability is V (x) = e~ P*, where
(0-+CB+F(C) [T~ 1p(y)ay 0. )

Proof of Theorem 3. Under the assumptions (36) and (37), it follows from Theorem 1 that
the optimal strategy C* is constant, which is given by C* = argmin %. With the
optimal C*, we have

aX; = —(P+C*)dt+d]t, (40)

where J; = Zfi 1 Y; is compound Poisson, where N; is Poisson with intensity F (C*).

By the formula for the ruin probability for the state-independent dual risk model, see,
e.g., Equation (4), we have V(x) = e, where B satisfies the equation (39). This completes
the proof. O

3.3. A State-Independent Example

In this section, we consider a state-independent example, that is,

e()=p, A=A (41)

and
F(x,c) = A+ 67, 6,v>0. 42)

In this special case, by Theorem 3, the optimal strategy C* is constant and given by

* . p+C
= . 4
C arggm)\+§€7 (43)

By following the discussions in the more general state-dependent case in Section 3.1,
the case y > 1is trivial and in the rest we only consider the cases 0 < ¥y < 1and ¢y = 1.

3.3.1. The 0 < v < 1 Case

We first consider the case that 0 < 7y < 1. In this case, the intensity F(X;, C;) = A + JC;Y
is a concave and increasing function of C;. What this indicates is that the initial investment
of research and development can boost the prospect of future profits, but the margin
decreases with the increase of the investment.

When it is allowed to invest in research and development, we will see later that

the condition
1

(0 — AEIW]) — (67) ™57 (i - 1) EM)™ <0 ()

is sufficient to guarantee that V(x) < 1. Note that this is weaker than the usual condition
p — AE[Y;] < 0 for the dual risk model. We have the following result.

Proposition 3. Under the assumption (44),
= In' c C = = 7/53(
V(x) Celg]P’(T < 00| Xj x) e P, (45)

where B is the unique positive value that satisfies the equation:

1y P\
p+(5’r> <1fo°°e'3yp(y)dy) ] (46)

7] (1 - /0’oo e’ﬁyp(y)dy) =0,

. 1\ ;
[A * (5<57) (1 -l @‘Wp(y)dy)

p
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and the optimal strategy is given by

L (1) B %
ct=(— , 47
(M) (1—f0°°€ﬁyp(y)dy> @)

which also satisfies the following equation:

A+ (1=7)6(C*)7 = psy(C*)" 1. (48)

Proof of Proposition 3. It follows from Theorem 3 that the optimal strategy is given by

c_ (1) p o
c _(M) (1—fo°°eﬁyp(y)dy> ' @)

and the minimized ruin probability V (x) satisfies Equation (46).
To show that (46) has a unique positive solution, it is equivalent to show that F(f) = 0
has a unique positive solution where

a1 /1 1
F(B) = o~ 0m)™ (£ ~1) s(BI™ ~ Ag(p)], 60
and [ Bup(y)
1— [Ce Py d
g(p) = — 61)
B
It is easy to compute that for § > 0,
1 [ _ -
SB =g [ [y 14 pway 52)
Let h(x) := xe™* —1+e ¥, x > 0. Then, 1(0) = 0 and h(x) - —1 as x — oo.
Moreover, I/ (x) = —xe™* < 0 for x > 0. Thus, h(x) < 0 for any x > 0 and therefore,

¢'(B) < 0forany B > 0and g(p) is a decreasing function of B.
Note that F(B) = 0 for f > 0 if and only if G(B) = 0 for f > 0, where

G(p)i=p = (0m)™7 (5 1) 3BT ~ Ag() 53)
Note that by L'Hopital’s rule, limg_,o+ g(B) = E[Y;]. Therefore,
Jim G() = (o= AB[¥i]) - (6177 (1 ~1) BT <o (54

On the other hand, g() — 0as p — oo; therefore, G(B) — p > 0as B — oo. Since g(B)
is a decreasing function in f and 0 < v < 1, it follows that G(p) is increasing in 5. Hence,
we conclude that G(B) = 0 has a unique positive solution. This completes the proof. [J

In the following example, we show that when Y; are exponentially distributed, we are
able to compute out § and C* in simple closed forms.

Example 3. When p(y) = ve™"Y, v > 0, B satisfies

1

p+ (%)“(ﬁw)vlll =

i
r

A +5(517> TP )

p B+v
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which implies that
1

1 1\ T o

=i+ (2-1)(5) " 0 56

ppv) =2+ (2-1)(5) s+ 56
In particular, when v = %, we obtain p(B +v)? = AB+v) + 3 which implies p =

A/ A2 4082
2

— v, and thus, the optimal C* is given by

2,2

T (A AT p2)2

Remark 2. We have already shown in Proposition 3 that V(x) = e P*, where B is the unique
positive solution to Equation (46) and that it is equivalent to

(57)

1 1
p— (077 (2 -1) s(BI™ - Ag() =0, &)
where g(B) is defined in (51). Now, let us discuss how the value B (and hence the value function
V(x) = e~P¥) and the optimal investment rate C* depend on the parameters p, A and 8. By (58),
we have the following observations:

(i) As p increases, g(pB) increases. Since g(B) is decreasing in p, we conclude that p decreases
as p increases. Intuitively, this means that as the fixed running cost for research and investment
increases, the ruin probability increases. Asymptotically, as p — 0, g(B) — 0. When g(B) — 0,

since 0 < v < 1, we must have [g(ﬁ)]ﬁ < g(B). Therefore, by (58), as p — 0, we have
g(B) ~ &. From the definition of g(B), we have g(B) ~ % as B — co. Hence, we conclude that

B~ %, as p — 0. Therefore, the optimal C* satisfies
1
1 1
L = (P
C* ~ (6y) T (/\) , asp — 0. (59)

(ii) As ¢ increases, g(P) decreases. Since g(P) is decreasing in B, we conclude that B increases
as ¢ increases. Intuitively, this indicates that if the prospect of future profits given the investment
in research and development increases, then the ruin probability decreases. Asymptotically, as

d — oo, we have g(B) — 0, and thus, ((57)ﬁ (% - 1) [g(ﬁ)]ﬁ — p, which implies that as

- -1
0 — oo, we have g(B) ~ pl—w(l - 1)7 . Since g(B) ~ % as B — oo, we conclude that

70\
1—y
B~ p?i (% — 1) ,as 6 — oo. Moreover, the optimal C* satisfies:
' 2, ass oo (60)
71

Now, if § — 0, then g(B) — % Therefore, as 6 — 0, B — «, where we recall that « is
the unique positive value so that 1 — f0°° e p(y)dy = af, which is the same as defined in (4).
Moreover, the optimal C* satisfies

1
* = (P\ T
~ 1- LI
C~ @ (8)TT, ass—. (61)
Intuitively, it says that as § — 0, there is no value investing in research and development.
(iii) Similarly, as A increases, B increases, and the ruin probability decreases. As A — oo, we
have g(B) — 0. Thus, Ag(B) — p, and g(B) ~ &. Since g(B) ~ % as B — oo, we conclude that

B~ %, as A — co. Moreover, the optimal C* satisfies:

1

C* ~ (57)ﬁ (%)ﬁ, as A — oo. (62)
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(iv) Assume that the parameters are chosen so that

(0 — AE[W]) — (67) ™7 (i - 1) EM)™ - o. ©3)

Then, it follows that g(B) — E[Y1] and B — 0. More precisely, as p — 0, g(B) ~
E[Y1] — gE[le} if E[Y?] < oo, and (58) becomes

1

p— (e (5 -1) (Bl - 88 [wf] ) - a (Bl - BE[%)) —od), (e
as B — 0. Then, it follows that
p— (0™ (5 —1) (BT - 5o B TE[Y] ) (©5)
- 4(Bpa - B3] ) =08,

as B — 0. Hence, we conclude that

P i + (6777 (L =1) (B[] T ”
ww%%wﬂ[mﬁawz] SE
Moreover, the optimal C* satisfies:
C* ~ (37) ™ (E[]) 7. (67)

Remark 3. The value function V(x) = e P* and the optimal investment rate C* also depend
on the parameter «v. We will study the v = 1 case in details later. For the moment, let us try
to understand the asymptotic behavior of the value function and the optimal investment rate as
v — 17. We will also obtain the asymptotics as -y — 0. Let us recall that the optimal C* satisfies
the equation:

At (1=7)8(C7)7 = poy (C)771. (68)

Thus, we have (1 — 7)8(C*)7 < pdy(C*)Y~1 which implies that C* < 1’)— Thus, C* — 0
as v — 0. Note that lim,,_,o+ v7 = 1. Therefore, we can check that

« P n
C A+5% asy — 0. (69)

Now, let us consider the v — 17 limit. Let us rewrite that Equation (68) as

A poY
Y —
I I

(70)

where D = (1 — v)C*. Let us first consider the case p6 > M. Notice first that lim,_,;- (1 —
Y)1=7 = 1. First, D cannot go to 0 as -y — 17, because otherwise, the left-hand side of (70) goes
to A and as D goes to 0, D < 1 and D'~ < 1, so the right-hand side of (70) is greater than pdy.
Then, in the limit as oy — 17, we obtain A > pd, which is a contradiction. Second, D cannot go to
o0 as y — 17. To see this, notice that as D — oo, the left hand side of (70) goes to oo and in the
right-hand side of (70), for large D, D > 1 and D'~7 > 1 and hence, the right-hand side is less
than pd, which is a contradiction.
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Therefore, if pd > A, D converges to a positive constant, which from (70) we can see that the
limit is @, and we have

C* ~ MT_A%, asy —17. (71)
If pé < A, then the optimal C* — 0 as y — 17. To see this, notice that if limsup, _, C* €
(0,00), then in (68), we have limsup, ;- p6y(C*)7~! = pé and limsup, ;- [A + (1 -
7)6(C*)"] = A, which is a contradiction since p5 < A. If limsup, ;- C* = oo, then for
C* > 1, we have from (68) that A < A + (1 — 7)8(C*)" = pdy(C*)7~! < pd, which is again a
contraction. Hence, we must have C* — 0.
Since C* — 0, (1 — )8(C*)7 < pé’y(C*)V_l, and thus

1

. A\ T po _
If p6 = A, the optimal C* satisfies the equation:
(1 —7)o(Cr)”
~ N 7 7!
P 7

Assume that C* > 0 is fixed, then by L’'Hopital’s rule,

lim w — lim _5(C*)'Y + (1 — ’)/)(5(C*)7]0gc* B —5C*
g=1- Y(CHT1 =1 451= (C)7r 14 4(C*)1-1logC*  1+1logC*’

(74)
Therefore, as v — 17, C* converges to the unique positive solution to the equation: dx +
A(l+logx) =0.

3.3.2. The ¥ = 1 Case

When v = 1, it follows from Theorem 3 that the optimal strategy C* is constant and it
is given by

* . p+C
cr = . 75
=S WG @5

When & < (5, then infco {55 - 5C £ and the optimal strategy is C; = 0. In this case,
the value function V(x) = e~P*, where

pﬁ“\/ e PY —1]p(y)dy = 0. (76)

When £ > 1 theninfcsg fi—(scc = 1. Additionally, for any C € C and C := ||C||co, the
strategy C is more optimal than C. The “optimal strategy” is C; = co. Let us also assume
that SE[Y;] > 1. In this case, the value function V(x) = e~P*¥, where

/3+5/ e PV —1)p(y)dy = 0. 77)

When & = 1, in terms of ruin probability, it does not make a difference whether the
company decides to invest in research and development or not.

Remark 4. When £ > %, V(x) = e P, where B satisfies (77) that is independent of p and A.
Asymptotically, when § — 0, it is easy to see that B ~ %
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Example 4. In the special case that p(y) = ve™ "V, when § < %, then the optimal C = 0 and
A .
V(x) = e~ 5% and when &> 1and £ > 1, then the optimal C = oo and V (x) = e~ (0-v)x,

4. Investing in a Market Index

We have already studied the optimal investment in research and development for a
venture capital or high-tech company in the dual risk model in Section 3, and now, let us
also add the possibility of the alternative investment in a risky asset in the market, which is
a capital market index modeled by a geometric Brownian motion.

For simplicity, we restrict our discussions to the state-independent case as in Section 3.3:

e()=p, A=A (78)

where p, A > 0 and
F(x,c) = A+ 67, 6,v>0. (79)

Let us assume that the market index S; follows a geometric Brownian motion:
dSy = uSidt + 0SidWy, (80)

where p, 0 > 0 and W; is a standard Brownian motion.
Assume that at time ¢, the company can invest 0; shares of the market index S; and C; in
research and development. Thus, the wealth process of the company satisfies the dynamics:

dX; = — (o + Cdt +dJf +6:dS;,  Xg=x>0 (81)

The invested amount in the market index is A; = 6;S; at time t.
We are interested in finding optimal investment strategies to minimize the probability
of ruin:

V(x):= inf P(T< o|Xy=x), 82
(x) celnf (T < 00| Xp = x) (82)

where C is the same as defined before and A is the admissible strategies for investment in
the market index, defined as:

A= {A :[0,00) x O3 — R : A is progressively measurable (83)
t
and for any t > 0, ]E[/ A?ds} < oo.}.
0

For any given C € C and A € A, we write X4 = X to emphasize the dependence on
Cand A.

With additional investment in a market index, the random time change argument
in the analysis in Section 3 no longer applies. Instead, we rely on the stochastic optimal
control theory (see, e.g., Fleming and Soner 1993), which suggests that the Hamilton-Jacobi-
Bellman equation for V(x) is given by

it { - OV (o) [Ty - vl 6

1
+ AuV'(x) + 2A202v”(x)} =0,
with boundary condition V(0) = 1.

Similar to the case in Section 3, the case v > 1 leads to triviality and for the rest, we
consider two cases: 0 < v < land y = 1.
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4.1. The 0 < v < 1 Case

In this section, we consider the 0 < ¢ < 1 case. We start with the following techni-
cal lemma.

Lemma 1. V(x) = e P* is a solution to the Hamilton—Jacobi-Bellman Equation (84), where
B > 0 is the unique solution to the equation:

1\7T B 7
ﬁ[“(h) <1fo°°e‘5yp(y)dy> } (%)

7
%) 1 2
_ ~By Y
](1 /0 e p(y)dy) 502 0.

1y p T
A H(M) (1 —Jo eﬁyP(y)dy>

Given V(x) = e P* and let

(C*,A%) € argmin{ —(p+C)V'(x) + (A+6C7) /OOO[V(x +y)—V(x)]|p(y)dy
+ AuV' (x) + ;A%zv”(x)}. (86)

Then, we have

. 17 B & . _ P
C'=|(— , A* = - 87
<57) (1 ~fo e‘%@)bﬁ/) o?p &)

Proof of Lemma 1. Assume that V’(x) < 0 and V”(x) > 0, then the optimal C and A are
given respectively by

_1

(1N V' (x) IALE
C_<57> (fo V(x+y) - ()]P(y)dy> o AT Ty

and the Hamilton—Jacobi-Bellman equation becomes

1

1) V' (x) L
p+(5v) <f0 V(x+y) - ()]P(y)dy> ]V(x) )

1\ V'(x)
AM(M) (fo V(x+y) - V()lp)dy

Oo 2 !(x 2
[T = velpwy - 35 TR —o

+

We can see that V(x) = e~F*, where B > 0 is the unique solution to the equation:

1\ 71 B 1
p+<57> <1—fo°°ffﬁyp(y)dy>

) ) ()

B (90)
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Recall the definition g(B) = % [1— J5” e Pp(y)dy| and we want to show that the equation

|
—_

(g )BT~ ag(p) - 3L =0 &0

H(B)i=p— (0177 (=5

has a unique positive solution. It is easy to see that limg_,o+ ¢(8) = E[Y1] and limg_, g(B) = 0.

Thus, H(B) ~ —%;’Tzﬁ <0asB — 0" and H(B) — p as B — oo. We have already proved
that g(B) is decreasing in B. Moreover, % is also decreasing in B. Therefore, H(p) is
increasing in B and hence, there exists a unique positive value  so that H(S) = 0.

Finally, we can compute that the optimal C* and A* are given by (87). This completes

the proof. O

A Verification Theorem
Let us recall from (84) that the Hamilton-Jacobi-Bellman equation is given by

0= it { =0V (o) [Tl y) - VElpdy .

+ AuV'(x) + ;AZUZV“(JC)},
with boundary condition V(0) = 1.

Theorem 4 (Vertification). If w € CZ is a solution of (92) with w(0) = 1, such that for any
CeCandAec A
lim w(K) =0, (93)

K—o

then, w < V. In addition, if

1 L

(1 o/ (x) )
)= (5) (ff[w(acw —w(x)]p(y)dy) A0 =iy

are such that

<

dX; = —(p+ CH(XF))dt +dj- X A% (x7)ds,

has a solution and C* := C*(X*) € Cand AF := A*(X) € A, thenw = V.
Proof of Theorem 4. We follow the supermartingale argument presented in (Rogers 2013,

Theorem 1.1). Since w is bounded and continuously differentiable with bounded derivative,
by Itd lemma for jump processes, we have

Blw(x)

7] =) <[ [ (- (54) o
+aach) [Tw(x94 +y) —w(XE) pw)dy

+ A,lyw’(XE’A> + %Aﬁ(fzw” (XE'A>>du ]-'g} >w (XE’A),

forany C € C and A € A. Therefore, w(XtC’A) is a submartingale. Let tx be the first
time that the XtC & process hits K > 0. Since w is uniformly bounded, by optional
stopping theorem,

w(x) < E[w (ngf/;T)} - E[w (ngrA)l{TKq} + 1{TK2T}] = w(K)P(t¢ < 7) + P(t < 1%).
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It follows from (93) and monotone convergence theorem that the right-hand side above
converges to P(T < c0) as K — oo and thus,

w(x) <Pt < 00).

By taking infimum over C € C and A € A, we obtain w < V. All the above inequalities
change to equality for C; = C*(X;_) and Ay = A*(X}_). This completes the proof. [

Corollary 1. w(x) = e~P* with B defined in (85) satisfies (93) and thus, w = V.

Proof of Corollary 1. We already showed, in Lemma 1, that w is a classical solution of
the boundary value problem (92). Moreover, since C* and A* defined by (86) are ad-
missible controls (constants). By Theorem 4 and because (93) trivially holds, we have
V(x) = w(x) = e P*. The proof is complete. []

Next, we provide some asymptotic analysis.
Remark 5. As in Remark 2, let us discuss the dependence of C*, B and hence, V(x) = e P* on

the parameters p, A and 5. Since the results are similar to Remark 2, we omit the details and only
summarize the results here. Note that B satisfies

p= @07 (5 ~1) (BN~ A9(8) -~ 5125 =0, %)
where g(P) is defined in (51).
0

A lﬁ 1 -y
(i)Asp—>O+,wehave/3N;Zﬂ,andc*w((sly)ﬁ —r ]
Y
N

(ii) As & — oo, wehaveﬁwﬁ(%—l) 5 and C* — oy .Asd — 0, we have B — «,

where w is the unique positive value so that

ay —_— —_———
o+ A /0 e 1]p(y)dy 5072 0. (96)

Remark 6. Here, we investigate the asymptotic behavior of the value function and the optimal
investment rate as -y — 1~ and -y — 0. Note that the optimal C* and B satisfy

1 e Ao, 1u?l
and )
. (1\7T B T

C'=|(— . 98

<5’Y> (1—fo°°e‘ﬁyp(y)dy> .

(i) As v — 0", C* ~ yy for some y > 0 and B — 1 for some 1 > 0. It is easy to check that

r],t>05atisfy17:17f°+wpandp n— oq—%ﬁ,‘é%zo. Thus
1— [ e Wply 121
-1 0 —===-=0.
P (+5> L 202 0 ©9)

(ii) Next, let us consider y — 17.
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. , - .
If 6E[Y1] > 1, then there exists a unique value 1 > 0 such that § = e Ty’ Assume

2
further that p — § — 315 > 0. Then, we have C* ~ = and p — vasy — 1°, where

2
TI—P—A %?

Ifp—4—

%”—2 0, the optimal C* — 0as v — 1~ and C* ~ (5% P %fré%))lﬂ
and B — 1asy — A

1
_ _ 2\\ 7
5—1—f0 Yp(y)dy. Asy — 1 ,wehaveC*w%(%(p—%%D i
Ifo—5%— l”— = 0, then, as v — 17, we have that C* converges to the unique positive
solution to the equatzon x4+ A(1+logx) = O.

4.2. The v =1 Case

Consider the case where v = 1, i.e,, for x > 0. Then, we have a singular control
problem on C € C (see, e.g., Fleming and Soner 1993) and the value function V' (x) satisfies
the Hamilton-Jacobi-Bellman equation:

0= min{ —oV'(x) + /\/Ooo[V(x +vy) = V(x)]ply)dy + I%IEI&{A]JV/(X) + %AZEV”(x)},
(100)

I RCEERE )1p(y>dy—V’<x>},
with boundary condition V(0) = 1. Optimizing over A4, it reduces to the following equation:

) 2(17\2
O—mm{—pww)+AA[Vw+y%44@WWMy—Z£;%,

(101)
6 [ vty - <>]p<y>dy—v'<x>},

with boundary condition V(0) = 1.
Forw € C%, we define

P = {x eRy 5/()oo[w(x+y) —w(x)]p(y)dy — w'(x) > O}.

According to (Fleming and Soner 1993, Chapter 8), w is a classical solution of (101) if
(1) On P, w satisfies

2 w' 2
= —pw —i—)\/ w(x+y) —w(x)]p(y)dy — ‘uza(ZW?/ :

(ii)) On R, w satisfies

pr(w')?
20'2’(17” g (102)
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Lemma 2. w(x) = e~ (P1VP2)¥ js g classical solution of (101) where Py is the unique positive
solutions of F(B) = 0 and By is the unique positive solution of G(B) = 0 if it exists or zero
otherwise. Here, F and G are given by

2
F(B) _P5+/\/ = 1p(y)dy — %%

+5/ =PV _1]p(y)dy.

Proof of Lemma 2. If G'(0) = 1 — éE[Y;] > 0, then By = 0 and G(B;1) > 0. This implies
that P = R... By straightforward calculations,

—pw' (x) + A/ (x+y) —wx)]p(y)dy — ;1220(2@(;32 =wF(B1) =0,

5 [T+ y) — () p)dy - w'(1) = wG(pr) >0

If G'(0) =1—0E[Y;] < 0and B1 > B, then G(B1) > 0 and we have P = R.. Similar
to the previous paragraph, we obtain that w is a classical solution. If G'(0) = 1 —éE[Y;] < 0
and B1 < B, then F(B,) > 0 and we have P = @. Thus,

2 (w2
—pw'( +A/ w(x +y) —w(x )]P(}/)dy—l;;zw?, = wF(p2) 2 0,

(5/ w(x+y) —w(x)]p(y)dy — o' (x) = wG(B2) =

The proof is complete. [

A Verification Theorem

Theorem 5 (Verification). Let w € Cﬁ be a decreasing classical solution of problem (101) such
that condition (93) holds. Then, w(x) < V(x), where V(x) is the value function of the ruin
probability minimization problem with investment.

In addition, if P = R4, then w(x) = V(x).

Proof of Theorem 5. Let A = {As}s>0 be an admissible strategy and C := {C;};>0 be
a non-decreasing singular function, ie., C; := fot dcs where ¢ is a non-negative mea-
sure. Then,

t
XtC’A:x—pt—Ct+]tc+/0 AddS.,

C
where J¢ = Zﬁl Y; where N is a simple point process with compensator At + 6C;. Then,
by Itd’s formula for C% functions, we have

oo (1)) -w(357) 42

[ (=2 [+~ wlpidy
+ Aupw’ + A2 2w ”) (XG4) du
+/S ( w +5/ w(x +y) —wlx )]p(y)dy> (x5)acy

- X (w0 - ac) -u(x54) |

s<u<t

Here, C,, = CJ + AC, where C) is the continuous part of C and ACy, is the pure jump
part of C,,. Notice that by the definition of classical solution, (102) holds and therefore,
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the first two terms inside the expectation above are non-negative. In addition, since w is
non-increasing, we have w(X$ — AC,) — w(XS4) > 0. Thus, E[w(XS4)|Fs] > w(XEA)
and w( XtC Aisa submartingale. Similar to the arguments in the proof of Theorem 4, (93)
implies that w(x) < P(T < o). By taking the infimum over (C, A), we obtainw < V.

Now, assume that P = R and set C = 0. It follows from the definition of A* and
Itd’s formula that

tAT 00
Blo()] = +B| [ (<o A [Tl + ) - ooy

+ A*uw’ + 1(A*)202w”> (X¥)ds| = w(x),

2

In the above, X* satisfies X; = x — pt + J} + fot A*(XE)dW;. If we let t — oo, we
obtain w(x) = P(7* < o) > V(x) where T is the ruin time for process X*. The proof
is complete. O

Corollary 2. The classical solution w(x) = e~ (P1VP2)X of boundary value problem (92) satisfies
the assumption of the verification and thus, w = V.

Proof of Corollary 2. First, the condition (93) trivially holds. Therefore, if §; > B2, then
P = R, and w = V is followed by Theorem 5. It remains to show the result for
the case that when B < B, ie., P = @. Forc > 0, let w.(x) = P(1r, < o0) with
Xp=x—(p+o)t+Jf + fot A*dW, with A* = - Then, immediately, we obtain w. > V.

=75
We want to show that w.(x) — w(x) = e"2¥ asc — co. Notice that w, satisfies the equation
/ « 2 (wp)?
0=~ (p+ i) + (A +0) [t y) — wo)lpl)dy - T,
Cc

with the boundary condition w.(0) = 1. The unique bounded solution of the above
equation is given by w(x) = e P()¥ where B(c) satisfies
) 2
—(p+a)B(e) + (A +00) [ [ FW —1lp(y)y — 15 ~o0. (103)

Notice that for any ¢ > 0, B(c) is uniquely determined and is continuous on c. In
addition, straightforward calculations show that B(c) is increasing, i.e.,

[e) _ c 2
1A ST e P p(y)dy + 45

'(c) = = > 0.
P Cotet(A+oc) [y e POvyp(y)dy

Thus, B := lim.—, B(c) exists and B > 0 and after dividing (103) by ¢ and taking limit
when ¢ — o0, we obtain

G(p) =B+ A/OOO e = 1]p(y)dy = 0.

Since G has a unique positive solution, we must have = B, and therefore, we obtain
V(x) < limg 00 we(x) = e~P2*. This completes the proof. [

5. Numerical Studies

In this section, we carry out numerical studies to illustrate and understand better how
the minimized ruin probability and the optimal investment rate depend on the parameters
in the dual risk model.
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5.1. State-Independent Ruin Probability with Optimal Investment

In this section, we assume that the dual risk model is state-independent, and in
particular, we assume that p(-) = p, A(-) = A, and F(+,c) = A + dc7. We also assume that
Y; are ii.d. exponentially distributed so that p(y) = ve™"¥ for some v > 0. We also assume
that AE[Y;] = % > p so that the ruin probability is less than 1 without any investment in
research and development. Indeed, the ruin probability is given by e~**, where, according
to (4), « satisfies the equation:

« —ay _ VY ., _ “  _
pzx—i—/\/o e 1jve™"Ydy = pa /\v—i— =0, (104)
which implies that & = % —-v.

In Figure 1, we compare the ruin probability without any investment, the minimized
ruin probability with investment in research and development, and the minimized ruin
probability when investment in both research and development and a market index are
allowed. For simplicity, we assume that y = 1 so that as in Example 3, the minimized

ruin probability is V(x) = e =P, where g = w

— v, and by investing in research
and development, it reduces the ruin probability. Now, if additional investment in a risky
asset, e.g., a market index is allowed, then the ruin probability can be further reduced and
the minimized ruin probability becomes V(x) = e~P¥, where by letting p(y) = ve ¥ and

v = % in (85), we deduce that B > 0 is the unique solution to the equation

ps? 1 AB 1u?
_re _ R ) 105
o= (v+B)?2 v+p 202 (105
1 I T I T
= = = R&D and market index
r —— R&D only B
—— No investment
0.8 |
0.6 -
0.4}
0.2+
0

Figure 1. Illustration of the ruin probability without any investment (blue curve with circle markers),
the minimized ruin probability with investment in research and development (black curve with
triangle markers), and the minimized ruin probability when investment in both research and devel-
opment and a market index are allowed (red dashed curve). The x-axis denotes the initial wealth
of the underlying company and the y-axis denotes the (minimized) ruin probability. Here, we take
y=1%,p=01,v=01,1=010=1p=01andc =0.2.

In Figure 2, we investigate the dependence of the optimal C* on the parameters y
and 6 given p = 2, v = 2 and A = 0.1. Let us recall that when investment in research and
development is allowed, the optimal investment rate C* is the unique positive solution to
the following equation:

A+ (1=7)6(C*)7 = péy(C*)" L. (106)
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When additional investment in a market index is allowed, the optimal investment
rate C* for the investment in research and development remains the same. Notice that
from (106), the optimal C* is independent of the distribution of Y;. Therefore, the definition
of C* is independent of the condition (44) under which the minimized ruin probability is
less than 1. Intuitively, that is because C* optimizes over the drift term by the random time
change technique, but when the condition (44) is violated, even the optimal C* still gives
the ruin probability equal to 1. In Figure 2, we give the heat map plot of the optimal C* as
function of v and 4. Note that for p(y) = ve™"" the condition (44) is equivalent to

A oy <1 _ ) !
P (67) ; 1 = < 0. (107)

When this condition is violated, then it corresponds to the darker region in the bottom
half of the plot in Figure 2. The boundary is achieved when the left-hand side of (107) is
zero. In this region, the ruin probability is always 1 regardless of the investment in research
and development. When the condition (107) is satisfied, it corresponds to the upper half of
the plot in Figure 2. In this region, it is easy to observe that as J increases, C* increases. For
the plot in Figure 2, the optimal C* is less sensitive to the change of the parameter 1.

9.9

0.2 0.4 0.6 0.8
)

Figure 2. This shows C* as a function of 7y and 4. In the darker region in the bottom half of the plot,
this is where ruin probability is always 1 regardless of the investment. In the upper half of the plot,
the minimized ruin probability is less than 1 and it shows the heat map. Here, we take p =2, v = 2
and A = 0.1.

In Figure 3, we investigate the dependence of the optimal C* on the parameters p and
Agivend =1,v=0.1andy = i. Fory = %, we showed in Example 3 that the optimal C*
is given by

52 p2

T A+ /A2

When p(y) = ve™*¥ and y = 3, the condition (44) reduces top — 2 — % < 0. When
this condition is violated, the ruin probability is always 1 regardless of the investment and
it corresponds to the dark region in the bottom right corner of the plot in Figure 3. When
this condition is satisfied, the heat map plot of the optimal C* as a function of p and A is
illustrated in Figure 3. We can see that as p increases, the optimal C* increases, and as A
increases, the optimal C* decreases.

(108)
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10 20 30 40 50
p

Figure 3. This shows C* as a function of p and A. In the darker region in the bottom right corner of
the plot, this is where ruin probability is always 1 regardless of the investment. In the rest of the plot,
the minimized ruin probability is less than 1. Here, we take v = 0.1, y = 0.5and § = 1.

5.2. State-Dependent Ruin Probability with Optimal Investment

In this section, we assume that the dual risk model is state-dependent, and in particular,
we assume that F(x,c) = A(x) + d(x)c7. We also assume that Y; are i.i.d. exponentially
distributed so that p(y) = ve™"¥ for some v > 0.

First, let us consider a special example in the case of 0 < v < 1. Let us consider the
model in Example 1. For simplicity, let us assume that 7 = 1. Recall that in Example 1,
o(x) = po, AMx) = Ap(c1x + ¢2), and 6(x) = Jp(c1x + ¢2). The optimal investment rate
C*(x) = Cp is a constant and is given by:

52 2
Co= 0P0 (109)

(Ao + /A% + pod})?

The minimized ruin probability is given by

2
2a/de™ = 4\ /7re (ac + Zbd)erfc(%)
2av/d + ﬁe% (ac+ Zbd)erfc(ﬁa)

, (110)

Ao+dpCy? Mo+aGy% ¢
po+Co po+Co 27 Y
setting Cp = 0 in (110), we obtain the ruin probability without any investment in research

and development.

In Figure 4, the blue curve with circle markers stands for the ruin probability without
investment and the red dashed curve stands for the minimized ruin probability with
investment. These two curves differ from exponential decays, which is due to the flexibility
of the state-dependent model. As observed in Zhu (2015b), for the state-dependent dual risk
model, the ruin probability can have subexponential, exponential and superexponential
decays in terms of the initial wealth. Additionally, for the state-dependent dual risk model,
the ruin probability may not be convex in the initial wealth (as we can see from the blue
curve with circle markers in Figure 4).

where x is the initial wealth, a := ¢, b:=c¢, c :=v — ¢y, and d :=
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1 T I T

= = = Investment in R&D

1 —— No investment

Figure 4. Illustration of the ruin probability without any investment (blue curve with circle markers),
the minimized ruin probability with investment in research and development (red dashed curve). The
x-axis denotes the initial wealth of the underlying company and the y-axis denotes the (minimized)
ruin probability. Here, we take v = 0.5, 00 =1,v =0.1,Ag =0.1,0 =1,c; = land ¢ = 1.

Next, let us consider an example for v = 1 for the state-dependent dual risk model.
Let us recall that in Example 2, p(x) = po(c1x +¢2), A(x) = (V + %)p(x), and é(x) = dy,
and under the assumption that v < Jy < v + A, the optimal C* is given by C* = 0if x < x*
and C* = o0 if x > x*, where x* := %. From Example 2, with optimal investment,
the minimized ruin probability is given by V(x) in (34) if x > x* and the minimized ruin
probability is given by V(x) in (35) if x < x*, where x is the initial wealth. Without any
investment, as in Theorem 2, under the assumption that A > 1, we can compute that the
ruin probability is given by

co A 1
I (4 55) Gt o140 4 (g~ 1142 (111)

oo A 1 A -1
I (v—f— ﬁ) )% dy 0otv

which is strictly between 0 and 1.

In Figure 5, we plot the curve of the ruin probability as a function of the initial wealth
without investment (blue curve with circle markers) and the minimized ruin probability as
a function of the initial wealth with the optimal investment in research and development
(red dashed curve) as in the example of the state-dependent dual risk model we described
above. In Figure 5, the critical threshold for the optimal investment strategy is x* = 3
in the plot. When the wealth process is below this threshold x*, the optimal strategy for
investment in R&D is not to invest, and when the wealth process is above this threshold
x*, the optimal strategy for investment in R&D is to invest as aggressively as possible.
When x < x*, from (35), we can see that V(x) decays polynomially in x, and when x > x*,
from (34), we can see that V(x) decays exponentially in x.

V(x)
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Figure 5. Illustration of the ruin probability without any investment (blue curve with circle markers),
the minimized ruin probability with investment in research and development (red dashed curve). The
x-axis denotes the initial wealth of the underlying company and the y-axis denotes the (minimized)
ruin probability. x* on the x-axis is the critical threshold above which the optimal strategy is to invest
as much as possible in R&D, and below which the optimal strategy is not to invest at all in R&D.
Here, we take pg = 1 (irrelevant), v = 0.1, Ag = 1.2, 69 = 0.4 and ¢c; = ¢ = 1 (irrelevant) and y = 1.
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Abstract: We present a pathwise deep Backward Stochastic Differential Equation (BSDE) method for
Forward Backward Stochastic Differential Equations with terminal conditions that time-steps the
BSDE backwards and apply it to the differential rates problem as a prototypical nonlinear problem
of independent financial interest. The nonlinear equation for the backward time-step is solved
exactly or by a Taylor-based approximation. This is the first application of such a pathwise backward
time-stepping deep BSDE approach for problems with nonlinear generators. We extend the method
to the case when the initial value of the forward components X can be a parameter rather than
fixed and similarly to also learn values at intermediate times. We present numerical results for a call
combination and for a straddle, the latter comparing well to those obtained by Forsyth and Labahn
with a specialized PDE solver.

Keywords: differential rates; FBSDEs; nonlinear pricing; deep learning for pricing

1. Introduction

As proposed in Han and Jentzen (2017), deep learning (DL) and deep neural networks
(DNN) can be used to solve high-dimensional nonlinear PDEs by converting them to
Forward Backward Stochastic Differential Equations (FBSDE) and building neural networks
to learn the control and initial value of the corresponding stochastic control problem. They
use their method on, for instance, a differential rates problem, as studied in Mercurio (2015),
for a combination of two call options. Hientzsch (2021) also gives an overview of pricing
different instruments in quantitative finance via deep BSDE and FBSDE.

To summarize, deep BSDE methods rewrite the FBSDE problem into a stochastic
control problem where one searches for a control (ultimately approximating the gradient
of the solution) and an initial value or initial value function which minimize certain
loss functions. The minimization typically occurs through stochastic gradient descent
approaches and variants (such as Adam), where the stochastic gradient with respect to the
parameters of the control and of the initial value function is obtained from a mini-batch of
realizations of the underlying dynamics (X) and corresponding realizations of the solution
of the BSDE (Y) given the current control I1. The forward deep BSDE methods (first
described in Han et al. (2018)) and the backward deep BSDE methods described here differ
by how the realization of Y is computed given the current control and the realization of X
and also by the loss function to be minimized. These pathwise deep BSDE methods have
the advantage that one only needs to implement a discretization of the forward dynamics
X and a pathwise computation of the backward dynamics for Y and the loss function
generically in a deep learning framework such as TensorFlow and can use standard deep
learning techniques. They also can be implemented for very high-dimensional problems
avoiding or at least mitigating the curse of dimensionality.

Han et al. (2018) propose time-stepping both forward and backward SDE forward in
time and transform the final value problem to a stochastic control problem in which the
objective function measures how well the given final value has been approximated. We
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call their method the "forward deep BSDE” method since it time-steps the BSDE forward.
Wang et al. (2018) consider a BSDE with zero drift term which can be trivially time-stepped
backwards and propose and demonstrate forward and backward methods with fixed X,
describing the first pathwise backward deep BSDE method. Liang et al. (2021) solve
BSDEs with linear generators with both forward and backward methods. They indicate
a Taylor expansion approach for nonlinear generators, without giving details or results
for nonlinear problems. We describe the general approach and the application to the
differential rates setting for two variants of this pathwise backward deep BSDE method,
which is, to the best of our knowledge, the first application of this pathwise backward
method to nonlinear problems.

The backward method starts with the given final value at maturity and then time-steps
the BSDE backwards until a given initial time ¢y, which is assumed to be 0 without loss of
generality in this paper. In continuous time and complete markets, a trading strategy can
completely eliminate randomness; thus, all realizations of Y}, (initial value of derivative)
for the same initial risk factors X;, should have the same value. Thus, if we minimize
a measure of the range of Y;,, we should obtain a minimum of 0 and a risk-eliminating
trading strategy. In the time-discrete and/or incomplete setting, the randomness can no
longer be eliminated, but its impact can be minimized. In the pathwise backward methods,
the variance of Y}, serves as that measure—either with respect to a Monte Carlo mean or
a to-be-learned parameter. Similarly, for random X;,, we minimize the square distance
from an also to-be-determined function Yinit(Xt, ) represented by a DNN. This extension to
random Xj, is new.

We consider the differential rates problem together with Black-Scholes dynamics for
European options. To force nonlinear behavior, one can consider, for example, a linear
combination of calls with coefficients with opposite signs or a straddle. Differential rates
mean that positive cash balances in the trading strategy accrue interest at a lower lending
rate, while negative cash balances (debts/loans) accrue interest at a higher borrowing rate.

For the differential rates problem, (Han and Jentzen 2017, Section 4.4) mention a
nonlinear PDE which can be solved by appropriate nonlinear PDE solvers in small dimen-
sions (see, for instance, Forsyth and Labahn (2007)). For a more general setting, Mercurio
(2015) presents PDEs and proposes PDE solution or binomial tree methods. None of these
methods work in higher dimensions due to the curse of dimensionality. All these methods
require problem-specific implementations of nonlinear PDE or tree solvers.

There are other approaches to such nonlinear problems, including in high dimensions,
that also rely on the equivalent FBSDE formulation. As mentioned above, Han and Jentzen
(2017) solve a nonlinear differential rates problem with their pathwise forward deep BSDE
method. Huré et al. (2020) solves nonlinear problems by a BSDE rollback method, where
the solution and its gradient at each time-step are sequentially learned by minimizing the
residual of the time-discretized BSDE. Warin (2018) solve nonlinear problems by repeatedly
nested Monte Carlo. While somewhat straightforward to implement, this only works for
shorter maturities and requires substantial computational resources. Raissi (2018) solves
the BSDE by adding loss terms for the residuals of all time-steps to the usual final loss
term. Training for such complex loss functions can be quite challenging and unreliable and
might not lead to solutions that satisfy all constraints and loss functions equally well, and
standard stochastic optimization methods often struggle to optimize well. None of these
works except Han and Jentzen (2017) solve the differential rates problem.

In this paper, we first introduce FBSDE for general nonlinear problems, with particular
details for the differential rates problem, time-discretize them, and then derive exact
solutions and Taylor approximations for the backward step problem. We then quickly
describe the forward and backward deep BSDE approaches that we consider—both the
batch-variance variant already described in the literature but also the novel initial variable
and network versions, the last one for varying or random Xj,, together with a computational
graph for the network version. Then, we apply these methods to the differential rates
problem for the call combination case from (Han and Jentzen 2017, Section 4.4) and for the
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straddle case from Forsyth and Labahn (2007). We compare the results for a case with fixed
X;, and for a case with varying X;, with the results from Forsyth and Labahn (2007) and
see that they agree well. Finally, we conclude.

2. FBSDE for Nonlinear Problems

We are interested in solving a nonlinear PDE for a single function u that depends on
time t and an n-dimensional state vector x of the following general form:

ue(t,x) + Leu(t,x) + f(t,x,u(t,x), Vyu(t,x)) =0, 1)

with
Lou(t,x) = %Tr((mTT)(t,x)(Hessxu)(t,x)) +u(t, X)Vault, x), %)

where V ,u is the gradient vector with respect to the x and Hess,u is the Hessian matrix
with respect to the x, with p(t,x) € R" and o(t, x) € R™" being appropriate vector and
matrix functions of their arguments, together with terminal condition at maturity T given as

u(T,x) = g(x). ®)

A nonlinear Feyman-Kac theorem! shows that the solution of the above PDE also satisfies
the following FBSDE system under appropriate assumptions:
The forward SDE (FSDE) for the vector X; € R™:

dXt = y(t, Xt)dt+0'(t,Xt)th, (4)

and the backward SDE (BSDE) in terms of strategy I; € R":

—dY; = f(t, X, Y3, IL)dt — TILo(t, X;)dW, (5)
with terminal condition?
Yr = g(Xr1), (6)
where
Yt = M(t, Xt), Ht = qu(f, Xt) (7)

In terms of pricing applications in finance, X; is the vector of values of the underlying
assets, and g(Xr) is the final payoff of the European option that one tries to replicate with
a self-financing portfolio in the underlying asset(s) and a remaining cash position. That
portfolio will contain 7;(¢) worth of the jth underlying asset (corresponding to index j in
the vector X;), and I1; is the vector of the 7;(t).The portfolio (including cash position) is
worth Y; at time ¢t.

Now, Y; or equivalently u (¢, X¢) represent the needed wealth at ¢ to exactly or approx-
imately replicate the payoff when starting at X; at time t. One can thus define price (by
replication) price(t, X;; X1 — ¢(Xt)) as the solution of the FBSDE and/or the nonlinear
PDE. In linear pricing, one has

price(t, X; X1 +— ¢(X7)) = —price(t, Xi; X7 — —g(X71)). (8)

In nonlinear pricing, these two prices are no longer necessarily the same but will give an
upper and a lower price.

Using the Euler-Maruyama method to discretize time direction forward for both X;
and Y;, we have

Xti+1 = Xti + y(fi, th.)Ati + U'(tl‘, Xt,.)AWi 9)
and

Y}

i+1

=Yy, — f(ti, Xe, Yo, T ) Aty + TTE o (1, X4, ) AW (10)
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2.1. Backward Time-Stepping

As discussed in the introduction, in deep BSDE methods, we compute pathwise real-
izations of Y given pathwise realizations of X. Since the FBSDE that we are considering are
decoupled, a realization of X can be computed independently and ahead of the realization
of Y. In the pathwise backward deep BSDE methods, we compute the realization of Y
backwards, starting from a given final value Yr = ¢(Xr) and using the realizations of AW’
from X. In terms of filtration, this means that we are operating under a filtration that has
all the information about W; until t = T and are measurable with respect to information
about X and W up to time T (and not time ¢ as in the forward method). Since we are
using realizations of X and corresponding realizations of Y given the current strategy I1.
to compute gradients with respect to strategy parameters, the strategy can be assumed
known. Thus, the formulas in this subsection all contain realizations, not random variables.

2.1.1. Exact Backward Time-Stepping
To backward step in time direction, we rewrite (10) as

Yy — f(ti, X, Yo, T ) Aty = Ve, — T o (4, Xi ) AW (11)

i+1
and solve for Y3,.

For a differential rates setup in a risk-neutral measure, the f generator function in the
BSDE is

n +
f(t, X:, Ys, Ht) = —Tl(t)Yt + (Fb(i') — 7’(t>) <Z 71']‘(1') — Yt> . (12)
=

This driver expresses that all assets X;(t) and positive cash balances grow at a risk-neutral

rate 7 (t) unless the cash position Y; — Y7 (t) is negative, and that negative cash balance

will grow at a rate 1’ () corresponding to the higher borrowing rate as compared with the
lower or equal lending rate.

There are two cases for Equation (12):

D). I Xy () > Y(8):

Ft, X, Y, TL) = = () Ys + (PP (1) — 7 (1) (i i(t) — Yt> . (13)

Inserting this into Equation (11) and solving, we obtain

i+ (P00 = #1(8)) (S 7 (8) ) At = T 0 (8, X)) AW

Y:, 14
ki 1—|—1’b(tl‘)Ati (14
(). I Yy mi(t) < Y(t):
f(t, Xt, Yt, Ht) = —rl(t)Yt. (15)
Inserting this into Equation (11) and solving, we obtain
Y, — Lo (t, Xi, ) AW
= tit1 t; ( 1 tz) (16)

1+ rl(t;)At;

However, we do not know Y}, before solving the nonlinear Equation (11) for it. From (14)
and (16) and the conditions involving Y}, we obtain that the condition Y}, < Z;’:l nj(ti) is
equivalent to

n .
Vi1 < (1 + rl(ti))Ati) Y- i) + I o(t, Xi ) AW (17)
j=1
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and the same for the relation with >. Thus, if (17) is satisfied, we use (14), otherwise (16).

2.1.2. Time-Stepping from Taylor Expansion
By a first-order Taylor expansion, we have
f(ti/ Xti/Yti/Ht];U(ti/ Xti)> ~ f(ti/ le,‘/ YtH,l/Hz;g'(tl‘/ Xl‘i)>

9f (ti X1, Ve

- Mo(t, X)) (Y, = Yi). - (18)

i+’
Inserting this into Equation (11) and solving for Y}, we have the following:

f(tir Xt,-r Yt,-_H/ Ht];a(til Xt,'))Ati - HZU'(ti, Xti)AWi

Vi, = Yoy, + (19)

d
1- %(ti/ Xti/ Yt Hz;(f(ti, th>)At

i+17
Note that f and % are evaluated at Y}, .
With the same setup for the differential rates problem, it is clear that there are only
two possible forms for f:
M. X () > Yy

Fti, Xe, Yoy 0, Ty) = =7 (1) Y (1) + (P (1) — 7' (1)) <i mi(t;) — Yt,-+1> (20)
=

and

of _ b
3y = " (). (21)
Inserting this into Equation (19), we obtain the same (14).

(2). If 2?:1 7'[]‘([’1') <Y;

i+1°

f(ti, Xe, Ve, I1y) = ()Y, (22)

i+1

and of
= —r(t). (23)
Inserting this into Equation (19), we again obtain (16).
Notice that both the exact and Taylor backward steps have the same form (14) and
(16); the difference is in the conditions when they are applied.

3. Deep BSDE Approach
3.1. Forward Approach

As introduced in Han and Jentzen (2017), with forward time-stepped Equations (9) and (10),
one minimizes the loss function

E(|[Y7"" - g(Xn)IP) (24)

over parameters of the strategies I'. and over initial value Yy , where Yf’n is the result of
forward stepping (10) with strategy vector I1.

The initial portfolio value Yj is a parameter of the minimization problem, as are all
the parameters of the DNN functions 7;(t;, X;,) treated as functions of X;, (that give the
stochastic vector process I1; as value of the holdings of the risky underlying securities in the
portfolio). Since X is fixed, instead of learning a function 779(Xp), one learns a parameter
mo. Alternatively, one can learn a single function 77(t;, Xy,) as function of t; and X;,, which
means that all the parts of the computational graph that represent the evaluation of 7t(f, x)
share the same DNN parameters.? The minimization problem is then solved with standard
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deep learning approaches. For the case of random X, one also learns the initial value of Y
as a function Yinit(Xp) of Xo using the same loss function.

The minimization is typically implemented through mini-batch stochastic gradient
descent and similar approaches, such as Adam. The gradients of the expected value with
respect to the trainable parameters are approximated by the gradients of the empirical sum
over the loss function as evaluated on a number of trajectories. In this work, we generate
new trajectories for each mini-batch for each epoch/stochastic gradient descent step, and
we tested both on fixed testing batches as well as freshly generated batches. In general,
strategies and initial value functions will be somewhat noisy, since the approximation of
the expectation respective its gradient will depend on the mini-batch size. Such noise can
be reduced by increasing the mini-batch size or by various kinds of postprocessing. Given
a strategy I'T and keeping it fixed, one can also compute a refined Yinit(Xp) by performing
a separate optimization only on the parameters of Yinit.

3.2. Backward Approach

In the backward approach, one time-steps Equation (9) forward but time-steps Equation (10)
backward, starting from Y7 = g(Xr). As discussed in the previous section, one can use an
analytical solution of (11) or some Taylor expansion approach. Using either approach, one
will obtain an expression or implementation

Y:, = ybackstep(t;, Y Xt,-,Ht,-/AWi)- (25)

i+17

For the differential rates setup, the backward step ybackstep is given by (14) and
(16) depending on whether Y}, , satisfies (17) or not (for the exact step), or whether
Y1 7j(ti) < Yy, or not (for the Taylor step). In general, ybackstep can be any exact
or approximate solution of (11).

As discussed before, the time-stepping of both (9) (forward) and (10) (backward)
occurs in a single realization—one generates a realization AW for all i, simulates X, for
all i from (9) and then performs the time-stepping for this specific realization for V. A
little bit more formally, let us define recursively backwards for any given current strategy
function 7t(t,x) the following random variables ) that are measurable as of time T:

YV = VF, = g(Xr) and
y{f(w) = ybackstep(f;, y{;l (w), Xy, (w), 7(t;, Xy, (w)),AWi(w)) (26)

realization by realization. This is a well-defined sequence of random variables, all measur-
ableasof T.
For fixed X, the loss function used in Wang et al. (2018) and Liang et al. (2021) is

var(Yf) (27)

and one optimizes over functions 7t to find the strategy that minimizes this initial vari-
ance. (In the limit for vanishing time-steps, the gradient of the PDE solution will lead to
zero variance).

For the stochastic gradient descent approaches, this variance will be approximated by
the variance over the current mini-batch. Thus, for the mini-batch stochastic gradient step,
the loss function will be the mini-batch variance

E([|V5 = Yo%), (28)

where Y, will be the mean over the mini-batch. Similarly to before, approximating the
expectation with a finite sum over the mini-batch will introduce noise into the optimization
and into the computation of Yj, which depends on the size of the mini-batch.

Thus, for estimates of the initial value of the instrument, one does not necessarily have
to use only the last mini-batch mean, one can compute the mean of V' over a larger sample
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of paths or batches generated with a fixing trading strategy. Instead of using the mini-batch
mean in the loss function, one can learn Y; as a parameter/variable (resulting in the same
loss function but with different meaning of Yy = Yinit).

Once X is random, one can no longer use batch variance in a straightforward way.
Instead (and inspired by the parameter version just discussed), one uses a loss function

E([|VF — Yinit(Xo)[*), (29)

where the Yinit(Xp) is a function represented by a DNN which is learned as part of the
DL approaches.
Restating more formally again, we can define

Y =Yinit(Xo; 1) = E[V{| Xo] (30)
and define a loss function*
L(rr) = E(||Y§ = Yinit(Xo; )| *). (31)
We now are solving a (time-discrete but continuous in space) stochastic control problem

" = argmin L£(71) (32)

7T

and we define uj(Xo) = Yinit(Xop; 7). We expect that 77* will be an approximation (up
to time-discretization error) for the gradient of the solution of the FBSDE (and thus PDE)
int =0...T and uj will be an approximation of the solution at time t = 0. Proceeding
similarly for arbitrary t, we can similarly obtain approximations of the solution at any time
tin0...T.

We solve (32) by gradient-based optimization methods to iteratively improve strategies
until we obtain a minimum. The involved expectations cannot be analytically computed as
functions of 7, so one needs to approximate them by sampling. As discussed above, one
uses mini-batch stochastic gradient descent and methods based on such (such as Adam).
Moreover, instead of exactly determining the Yinit function as a conditional expectation
given a strategy 71, we update parameters for both 7t and Yinit at the same time.

As an illustration, the computational graph to compute a single sample for the empiri-
cal loss function for the backward method with random Xj is shown in Figure 1. (For the
initial variable version for fixed Xy, both Yj,,;; and 11y would be variables independent of
X, rather than networks depending on Xy, and Xy would be an input.) First, one simulates
X forward, starting at the first time-step, proceeding through intermediate time-steps,
and reaching the final time-step, according to (9). At the final time-step, Vr(w) is set to
¢(Xt), and backward steps ybstep are taken (as discussed in Section 2.1), proceeding
throughintermediate steps, until one reaches the first time-step again. At the first time-step,
one computes Voy(w) — Yinit(Xo(w)) (“Mismatch” shown in green), and the empirical loss
function is defined as an average over the square of the mismatch. Unfilled boxes are given
implementations/operations that do not change, pink boxes are networks to be trained,
and blue circles are randomly generated each time.

Algorithm 1 shows an entire pathwise backward deep BSDE method as pseudocode.
The computational graph shown in Figure 1 represents lines 5-9 in the pseudocode, with L
being the sum of squares of the mismatch.
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Figure 1. Computational graph for the entire method with initial network.

Algorithm 1 The pathwise Backward deep BSDE Method

1: procedure PATHWISEBACKWARDDEEP BSDE(batchsize)
2: > Initialization
3 Initialize DNNs Yinit(X;6,) and 7t(t, X; 6r) with random parameters 6, and 6,
4 repeat
5: for nbatch < 1, batchsize do
6 Generate trajectory Xjba/ch
7 Generate corresponding backward trajectory Y[i’bmh with current 7t
8 end for )
9: L — Zz%zct@iliiel (ngutch _ Yinit(xgbatch)
10: Update 8, by Vy L with SGD, Adam, or similar
11: Update 8, by Vy L with SGD, Adam, or similar
12: until stopping criterion satisfied
13: > Yinit(x; 0, ) approximates u(0, x) and 77(¢, x; 0, ) approximates Vu(f, x)

14: end procedure

Similarly, one can introduce additional terms
E(]|Y;, — Ylearned;(Xy,)|[?) (33)

at some (or all) intermediate times t; to learn some approximations for the solution func-
tion Ylearned;(X},) as a function represented by a DNN, which is learned as part of the
minimization of the combined loss function (with initial and intermediate time terms). The
DNN thus learned will be an approximation of u(t;, Xi,) = Y{* = E[Y]T|X;]. Alternatively,
one could first learn the control from maturity to the last intermediate time using the loss
function for the intermediate time and then learn the control for the interval to the previous
intermediate times piece by piece until one reaches the initial time.

Considering the strategy I1 fixed, one can thus obtain functions Yinit and Ylearned;
as solutions of least square problems, and one can use standard approaches to compute
them. In the method described above, strategies are judged by variance against these
functions, and we are looking for strategies that minimize variance. One could alternatively
look for strategies that optimize other risk measures, such as quantiles, expected shortfall,
or unequally weighted or one-sided variances (to only or predominantly optimize over
trajectories where not enough initial capital was provided in hindsight), as long as one
can compute these loss functions appropriately on mini-batches and optimize them well.
Given any such strategies, one can then determine an appropriate initial value or price also
in different ways, not only as conditional expectations as above but possibly such that the
probability that initial capital was not enough is at most a given value, or that the expected
initial mismatch is bounded by a certain number, even in the case that initial capital was
not enough.

The setting proposed here with a variance against the conditional expectation most
closely fits with the setting of the forward pathwise deep BSDE and the underlying PDE,
and we thus use it here exclusively. We intend to study the other settings in future work.
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All the pathwise backward methods except the one using batch variance are novel, to
the best of our knowledge, and we are the first to apply them to nonlinear generators f, in
particular nonlinear with respect to y.

4. Results

We present results on two financial derivatives treated in the literature. The two finan-
cial derivatives are a call combination (long one call on the maximum across assets with a
strike of 120 and short two calls on the maximum with a strike of 150, with a maturity of
0.5 years) as in® Han and Jentzen (2017) and a straddle on the maximum (long both a put and
a call, with a strike of 100.0 with a maturity of 1 year) as in Forsyth and Labahn (2007). These
two instruments correspond to the payoff g in (6) as g(Mr) = (M — Ky)* —2(Mp — Kp)t,
with K3 = 120 and K, = 150 for the call combination and g(M7) = (Mr — K)* + (K — Mp) ™"
with K = 100 for the straddle, both with M; = max(’_; X; as the maximum across assets,
which in one dimension simplifies to M; = X;. While we are presenting results for the
one-dimensional case to compare with the results of Forsyth and Labahn (2007), the same
method can be applied to high dimensions. We refer to Ganesan et al. (2022), who show the
application of the forward pathwise deep BSDE methods to high-dimensional boundary
value/barrier option problems and leave high-dimensional examples for the backward
pathwise deep BSDE methods introduced here for future work.

Both examples use constant-coefficient Black—Scholes dynamics for the underlying
X¢, where p(t, X;) = pand o(t, Xy) = o in (4), but with different constant values, as listed
in the subsections. Both examples are differential rates problems, where the BSDE (5) has
the generator f(t, Xy, Y;,11;), as given in (12), once again with different parameters for the
two examples.

4.1. Call Combination

For the example from Han and Jentzen (2017), we picked o = 0.2, u = 0.06, r; = 0.04,
and r, = 0.06. We used 50 time-steps. For the fixed X, case, we picked Xy = 120. For
the random/varying X, case, we picked a uniform distribution within the range [70,170].
We use various batch sizes, prescaling, Adam with default parameters and exponentially
decaying learning rate, two hidden layers with dim 4 10 = 11 neurons, and activation
function Softplus for the first two layers and then identity on the output layer.

The loss function behaves similarly for all methods, and we show an example in
Figure 2.

MC estimates for the loss function

+  Loss from one random mini-batch
—— average loss over 10 mini-batches
4 -=- average loss+-2 stderr over 10 mini-batches

0 2500 5000 7500 10,000 12,500 15,000 17,500 20,000
number of mini-batches in DL

Figure 2. Loss function over 20,000 mini-batches for long call combination for batch-variance method
with exact backward step. Loss functions for the other variants look very similar. Batch size 512.

Figure 3 shows the Y path values for fixed X (on the left) and for uniform random
Xy (on the right) for the long call combination. Notice that the random X variant covers
much more of the solution surface. Figure 4 shows initial Yinit network results vs. rollback,
minimal loss solution and the range of the 10 last validation solutions for long and short,
and solution and strategy from different methods. We see that the solutions from different
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deep BSDE (including Taylor vs. exact step) are close to each other, and the strategies are
also rather similar, with the forward strategy slightly different but close.
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(a) Fixed Xj. (b) Random Xj.

Figure 3. Y path values at 20,000 mini-batches for the batch-variance version with exact backward
step (other variants look very similar) for long call combination with fixed X on the left and initial

network version with random X on the right. Notice the much smaller coverage for fixed Xy. Batch
size 512.

Comparing minimum loss deepBSDE solutions
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(a) Portfolio values for different methods (b) Strategies for different methods

Comparison between deepBSDE solution and rollback

DeepBSDE values for long and short positions
— Long - minimum loss
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Range of last 10 (long)
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(c) Backward exact—Yinit vs. rollback (d) Backward exact—long and short

Figure 4. Call combination: results for random Xjy. Batch size 512. Panels (a—c) show results for a
long position. (d) shows results for both long and short positions.

4.2. Straddle

(Forsyth and Labahn 2007, Table 1 on page 28 in hjb.pdf) picked ¢ = 0.3, u = r}, = 0.05,
and r; = 0.03. We used 100 time-steps (one of the numbers of time-steps for which results
are given in tables in Forsyth and Labahn (2007)). The strike for the straddle is 100. We
used various batch sizes, prescaling, Adam with default parameters and exponentially
decaying learning rate, two hidden layers with dim + 10 = 11 neurons, and activation

function Softplus for the first two layers and then identity on the output layer, as in the call
combination case.
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We first consider the fixed X case. Like Forsyth and Labahn (2007), we pick Xy to be
100. In Figure 5, we plot Yy estimates and parameter for different backward and forward
methods for a certain range of mini-batches, showing the behavior once the methods
have converged to a region where the mini-batch size limits how well the loss function is
approximated (and thus the results vary within a range). We see that the method that learns
the Yy parameter initially converges more slowly (which the lower price converging even
more slowly than the upper price) than the batch-variance methods. However, once close
to true value, its convergence is smoother and better than the batch-variance methods—and
it varies less. Computing the mean over 100 mini-batches rather than over one leads to a
faster and smoother convergence of the initial value for the batch-variance variants.

computzd or leamed Yo
computedor leamed Yo

i
H — Forward, Learned Yo, Shared, Long
o] |f -~ Forward, Learned Yo, Shared, Short

0 2500 5000 7500 10,000 12500 15000 17,500 20,000 0 1000 1500 2000 2500 3000 3500 4000 4500 5000
number of minibatches in DL number of minibatches in DL

(a) All mini-batches. (b) Detail.

Figure 5. Y estimates or parameters for the straddle case—all 20,000 mini-batches (a) and detail (b).
Exact backward step. (Batch size 256). The results for Taylor backward step look very similar.

We use this example to visualize the details of the pathwise backward methods. We set
7t to the strategy obtained after optimizing over 100, 1000, and 20,000 mini-batches using the
exact backward step with the batch-variance variant for fixed Xj. Using these strategies, we
generate many samples from the rollback random variable )’ and show them in Figure 6.
The optimization starts with a 1 DNN with random weights and biases. In the beginning
of the optimization, the strategy cannot control the distribution of the rollback well yet, but
it slowly reduces the distribution’s variance, making it (approximately) unimodal. After
batch 100, the strategy for the short position already creates a unimodal distribution for
the rollback, while the strategy for the long position still results in a distribution that is
bimodal and more spread out. After batch 1000, both strategies result in unimodal and
narrowing distributions. After batch 20,000, the strategies are even narrower and more
peaked, with clearer separation between short and long.

5. Fixed Xo, Exact BV-Shared,  from Batch 100 o292 Fixed Xo. Exact-BV-hared,  from Batch 1000 450 2B for Shared. Fixed Xy, Exact-BV-Shared, Batch 20000

030
= Long = Long = Long
short short Short

025 025 025

density (10240 samples)
density (10240 samples)

(a) With 7t from batch 100 (b) With 7t from batch 1000  (c) With 7t from batch 20,000

Figure 6. Distribution of the rollback V' for strategies of certain batches in the optimization. Straddle.
Backward method with exact backward step. Single DNN for 7. Batch size 512.

In Figure 7, we show the distribution of batch means for freshly generated mini-
batches, now only for the policy from the 20,000th mini-batch. This distribution is much
narrower and clearly separated between long and short. For comparison, we also plotted
the mean over all generated mini-batches.
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In Figure 8, we show the distribution of batch losses for freshly generated mini-batches,
again only for the policy from the 20,000th mini-batch. For comparison, we also plotted
the average loss over all generated mini-batches. We can see that the losses are similarly
distributed for short and long positions. To estimate the loss very well from a single mini-
batch, one would need a batch size that is 10 or 100 times larger. However, using stochastic
gradient descent approaches has the advantage of implicit regularization and avoidance of
local minima.

Figure 9 shows loss curves over five independent runs started from different seeds.
Crosses indicate losses approximated by single mini-batches; black shows loss approxima-
tions averaged over ten mini-batches, with red showing ranges implied by ten mini-batches.
While the behavior under different seeds is different in the beginning, it becomes very
similar and lies in the same range once the optimization through stochastic gradient descent
or Adam progresses more and more. The curves all go through the same phases—an initial
fast decrease which subsequently slows down and then slowly decreases and stabilizes
once the loss reaches the magnitude of estimation and stochastic gradient noise.

Y7 for Fixed X, Exact-Shared, m after batch 20000

—— Long (mean of 100 batches)

—— Short (mean of 100 batches)

mmm Long (100 Batch means)
Short (100 Batch means)

Figure 7. Distribution of batch means of the rollback Y[ for the strategies after the 20,000th batch in

the optimization. Straddle. Backward method with exact backward step. Single DNN for 7. Batch
size 512.

wvar()f) for Fixed Xo, Exact-Shared, m after batch 20000

— Long (Loss over 100 batches)

—— Short (Less over 100 batches)
= Long (Batch loss)

2 Short (Batch loss)

var(s%)

Figure 8. Distribution of batch losses for the rollback Vj for the strategies after the 20,000th batch in

the optimization. Straddle. Backward method with exact backward step. Single DNN for 7r. Batch
size 512.
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Losses for 5 different seeds, BackwardExact BatchVar-Shared

atch

0 2500 5000 750 10600 1250 1600 17.500 20,000
number of mini-batches in DL

Figure 9. Loss function over 20,000 mini-batches for the short and long straddle for batch-variance
method with exact backward step with a single DNN for 7t for five independent realizations. Behavior
is very similar for other variants.

One can similarly extract, visualize, and study the distribution of the rollbacks and
their means and losses defined on them (with respect to batch mean, with respect to a
learned mean, or with respect to an externally given reference mean). In the noisy region
where the loss has stabilized up to noise, the distribution of the rollbacks, means, and losses
during the stochastic gradient descent method or Adam method starts to resemble the
distribution under one (randomized or deterministic) policy but with much larger sample
size. This actually means that if we work with the distribution of rollbacks, means, or
losses over a sequence of mini-batches from the optimization from that noise region, we
will obtain results corresponding to methods with larger samples and mini-batch sizes,
allowing us to obtain quite accurate results despite the relatively small mini-batch size
(such as 128, 256, or 512). Since the loss estimate from a single mini-batch is not very
accurate, selecting the strategy to be from the mini-batch with the smallest loss estimate
does not necessarily result in picking the strategy with the smallest actual loss. However,
one can pick several candidate strategies and estimate the loss more accurately and then
select the one with the smallest accurate loss or use an ensemble from some with small
accurate losses. Since our results (mean or range over mini-batches during optimization)
agree well with the range of results given by Forsyth and Labahn (2007), we do not do so
here, but we plan to do so in future work.

We compare our lower and upper price against the results given in (Forsyth and
Labahn 2007, Tables 2 and 3) in Table 1. The results are very close to each other. Since
Forsyth and Labahn use a PDE method, they report results for a certain number of space
steps, while our method does not discretize space. They report results for higher numbers
of space steps (and an equally higher number of time-steps) which are even closer to our
results, but the different number of time-steps does not allow definite conclusions.

In Table 2, we report the results over five different random seeds. One can see that the
price across seeds varies within an interval around the prices given in Forsyth and Labahn.
The particular seed does not impact the price a lot. The range of prices over mini-batches
in the optimization in the noise region provides estimates that are consistent with estimates
across different random seeds.

For the random X case, we pick Xj uniformly within the range [50, 150] but plot
results within the range [80,120]. We saved and discretized Figure 1 from (Forsyth and
Labahn 2007, Figure 1) (the hjb PDF version), extracted relative coordinates for the points
on the curve and converted them to values, and plotted them as curves in the figures
(curves shown in black).

Figure 10 shows comparisons of the backward exact deep BSDE method (both mini-
mum loss solution and range of last 10) against the curves from (Forsyth and Labahn 2007,
Figure 1), while Figure 11 shows comparisons of different deep BSDE methods against
each other. It can be seen that the curves from (Forsyth and Labahn 2007, Figure 1) are
within the range for both batch sizes and that the different methods mostly agree, although
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somewhat more so for batch size 512.% Similarly to before, exact vs. Taylor step only has
minimal impact.

Table 1. Different pricers. * Means that Taylor is different by 0.01. Fixed Xj. Yj range over every 100
in the last 1000 in parentheses. Middle of range as price.

Method Upper Price Lower Price
Results from Forsyth and Labahn-101 nodes
Fully Implicit HJB PDE (implicit control) 24.02 23.06
Crank-Nicolson H]JB PDE (implicit control) 24.05 23.09
Fully Implicit HJB PDE (pwc policy) 24.01 23.07
Crank-Nicolson HJB PDE (pwc policy) 24.07 23.09
Forward deep BSDE—20,000 batches, size 256
Learned Y (shared) 24.06 (23.99-24.14) 23.10 (23.02-23.17)
Learned Y|y (separate) 24.07 (24.01-24.12) 23.10 (23.06-23.15)
Backward deep BSDE—20,000 batches, size 256
Batch variance/1 (shared) 24.14 (23.98-24.30) 23.19 (23.00-23.37)
Batch variance/100 (shared) 24.08 (24.06-24.09) 23.13 (23.09-23.16)
Batch variance/1 (separate) 24.06 (23.94-24.19 %) 23.10 (22.95-23.25)
Batch variance/100 (separate) 24.07 (24.06-24.09 *) 23.12 (23.10-23.13)
Learned Y (shared) 24.06 (23.99-24.14) 23.10 (23.02-23.17)
Learned Y (separate) 24.06 (24.01-24.11 %) 23.10 (23.06-23.15)

Table 2. Impact of random seed. Fixed Xj. Exact backward step. Range of price over seeds. Y{ range
over every 100 in the last 1000 in parentheses.

Method Upper Price Lower Price
Results from Forsyth and Labahn—101 nodes
Fully Implicit (implicit control) 24.02 23.06
Crank-Nicolson (implicit control) 24.05 23.09
Fully Implicit (pwc policy) 24.01 23.07
Crank-Nicolson (pwc policy) 24.07 23.09
Backward deep BSDE—20,000 batches, size 512, five seeds
. 24.02-24.08 23.06-23.12
Batch variance/1 (shared) (23.87-24.29) (22.91-23.33)
. 24.06-24.07 23.11-23.12
Batch variance/100 (shared) (24.03-24.09) (23.09-23.15)
Long and short straddle (BackwardExact) Long and short straddle (BackwardExact)
ul Forsth and Labahn curves 3 — Forsth and Labahn curves
—— Minimum loss solution (long) —— Minimum loss solutien {long)

= Minimum loss selution (short) —— Minimum loss solution (short}
Range of last 10 (long) 2 Range of last 10 {long)
Range of last 10 (shert) Range of last 10 (shert)

Value
Value

80 8 90 95 100 105 10 1s 120 80 3 a0 95 100 105 110 115 120
Underlier Underlier

(a) Batch size 128 (b) Batch size 512

Figure 10. Yinit(Xy) for two batch sizes and backward exact step plotted against Forsyth and Labahn
curves from (Forsyth and Labahn 2007, Figure 1).
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Comparing minimum loss deepBSDE solutions Comparing minimum loss deepBSDE solutions

BackwardExact, Shared Parameters BackwardExact, Shared Parameters
BackwardTaylor, Shared Parameters BackwardTaylor, Shared Parameters
Forward, Shared Parameters Forward, Shared Parameters
BackwardExact, Separate Parameters 2 BackwardExact, Separate Parameters
BackwardTaylor, Separate Parameters BackwardTaylor, Separate Parameters
Forward, Separate Parameters Forward, Separate Parameters

Value
Value
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(a) Batch size 256 (b) Batch size 512

Figure 11. Yinit(Xy) for various methods for two batch sizes.

5. Conclusions

We first introduced FBSDE for general nonlinear problems, with particular details
for the differential rates problem, time-discretized them, and then derived exact solutions
and Taylor approximations for the backward step equation. We then quickly described
the pathwise forward and backward deep BSDE approaches that we consider—both the
batch-variance variant already described in the literature and also the novel initial variable
and network versions; the last one is for random Xj. Then, we applied these methods for
the differential rates problem for the call combination case from Han et al. (2018) and for
the straddle case from Forsyth and Labahn (2007). We compared the results for a case with
fixed Xy and for a case with varying Xy with the results from Forsyth and Labahn (2007)
and saw that they agree well with Forsyth and Labahn (2007) and each other.

The deep BSDE methods described in this paper use a very different approach from the
PDE methods in Forsyth and Labahn (2007), but they give results that agree well with those
published there. This makes us confident that these methods can be used to generically
and efficiently approximate solutions to such nonlinear pricing problems, using relatively
small batch sizes such as 128, 256, or 512.
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Notes

1 Set Z; = HtTa(t, X;) and f(t, X,Y,Z)=f(t,X,Y,o(t, Xt)_TZtT). Then, (Pardoux 1998, Theorem 2.2) with this Z; and f shows
that one can construct a solution Y; and Z; of the BSDE from a classical C>! solution of a corresponding PDE and a solution X;.
Rewriting the PDE and BSDE in terms of IT] instead of Z; and using function f rather than f gives the form reported below. For
the opposite direction, (Pardoux 1998, Theorem 2.4) shows how a solution Y; of the BSDE (corresponding to a X that starts at x at
time f) gives a continuous function u(t, x), which is a viscosity solution of the corresponding PDE.

2 In general, the terminal condition could be given as a random variate Gt that is measurable with respect to the information
available of time T (i.e., the sigma algebra generated by X; with t < T). The FBSDE approach then will be more general than the
PDE approach. If there is an exact (or approximate) Markovianization with a Markov state M;, the strategy I'l; and the solution
Y; would in general be functions 7t(t, M;) and u(t, M;) of that Markov state. We only treat the usual final value case here.

3 There are many introductions into DL, DNN, and common forms of DNN. For a minimal one geared towards deep BSDE, see
Hientzsch (2021).

4 This is actually the expectation of the conditional variance var()§|Xo) over the distribution of Xj.

5 Here, we consider the 1-dimensional case, while Han and Jentzen (2017) consider the 100-dimensional case.

6 Notice that (Forsyth and Labahn 2007, Figure 1) do not give the number of space or time-steps used for their plot.
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Abstract: We present a method for the arbitrage-free interpolation of plain-vanilla option prices and
implied volatilities, which is based on a system of integral equations that relates terminal density and
option prices. Using a discretization of the terminal density, we write these integral equations as a
system of linear equations. We show that the kernel matrix of this system is, in general, ill-conditioned,
so that it cannot be solved for the discretized density using a naive approach. Instead, we construct
a sparse model for the kernel matrix using singular value decomposition (SVD), which allows us
not only to systematically improve the condition number of the kernel matrix, but also determines
the computational effort and accuracy of our method. In order to allow for the treatment of realistic
inputs that may contain arbitrage, we reformulate the system of linear equations as an optimization
problem, in which the SVD-transformed density minimizes the error between the input prices and
the arbitrage-free prices generated by our method. To further stabilize the method in the presence of
noisy input prices or arbitrage, we apply an Li-regularization to the SVD-transformed density. Our
approach, which is inspired by recent progress in theoretical physics, offers a flexible and efficient
framework for the arbitrage-free interpolation of plain-vanilla option prices and implied volatilities,
without the need to explicitly specify a stochastic process, expansion basis functions or any other
kind of model. We demonstrate the capabilities of our method in a number of artificial and realistic
test cases.

Keywords: option pricing; plain-vanilla options; volatility interpolation; arbitrage; inverse problem;
optimization; regularization; sparse modeling

1. Introduction

Since the dawn of modern quantitative finance, academics and practitioners have tried
to understand the dynamics of asset price fluctuations, which, in financial markets, are
called volatility. Understanding volatility is not only necessary for the risk management of
financial products in general, but also, specifically, for the pricing of option contracts, since
their value depends on the size of expected price fluctuations for the respective underlying
assets. These studies have produced various books and reviews (Carr and Lee 2009; Clark
2010; Derman and Miller 2016; Gatheral 2006), as well as many focused studies for which
we can cite only a few examples here: (Ait-Sahalia et al. 2001; Baker et al. 2004; Egloff et
al. 2010; Hagan et al. 2001; Jiang 2020; Lipton 2002; Mixon 2002; Xing et al. 2010). Over
time, many option pricing models have emerged, which assume specific dynamics for
the underlying asset and its volatility. Among them are the seminal Black and Scholes
(1973) model and the, similarly influential, Heston (1993) model, which specify an explicit
stochastic process for the price of the underlying asset, and also for the volatility, in the
case of the Heston model.

Most option pricing models require knowledge of various parameters which reflect the
state of the market, such as interest rate, dividends or implied volatilities. If, for example,
the ubiquitous Black-Scholes model (Black and Scholes 1973) is applied to realistic settings,
it requires an implied volatility for each strike for which a price is intended. This implied
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volatility characterizes the size of price fluctuations for the option’s underlying asset, which
is implied by the price of the option, i.e., only when this value of volatility is inserted into
the pricing formula does one obtain the same price as is observed on the market.

Plain-vanilla European options for many underlyings are traded on exchanges, but for
a fixed discrete set of strikes. To price a plain-vanilla option with a strike not contained
in this set of market-quoted instruments, it is necessary to calculate the volatility for this
missing strike out of the available option prices. Often, this is done not only by implying
the volatility for single strikes, but by constructing a continuous representation of the
implied volatility out of the discrete set of quoted option prices. Other use cases for
such a continuous representation of implied volatility include the construction of a local
volatility (LV) (Derman and Kani 1994; Dupire 1994) for use in the popular class of local
stochastic volatility (LSV) models (Lipton 2002; Lipton et al. 2014), or the pricing of exotic
derivatives. (Carr and Lee 2009).

There are many methods for constructing a continuous representation of option prices
or implied volatilities, starting from simple spline interpolation, directly applied to the
implied volatility, and moving to sophisticated arbitrage-free schemes in either volatility
or option prices. Kahale (2004) uses a C? interpolating function to produce an arbitrage-
free interpolation of option prices, but requires that the inputs also be arbitrage-free.
Andreasen and Huge (2011) developed a one-step finite difference scheme to calibrate a
piecewise constant local volatility model to quoted option prices. Jackel (2014) formulates
another method to construct C? interpolants for option prices and presents an algorithm to
remove arbitrage from these interpolants. Another approach, developed by Le Floc’h and
Osterlee (2019a, 2019b) directly relates option prices and terminal density using stochastic
collocation to various basis functions. Such a relation exists, since the fair price of any
financial instrument is the present value of its expected payoff. This expected payoff can
be calculated from the payoff function of the instrument and the risk-neutral probability
distribution. For plain-vanilla options, which are investigated herein, the payoff is only
determined at maturity, so that the terminal density is sufficient to calculate the expected
payoff (Breeden and Litzenberger 1978).

A totally different route to a continuous representation of option prices or implied
volatility are stochastic volatility models, such as the Heston (1993), or SABR (Hagan et
al. 2015) models and related approximate formulae for the volatility smile (Gatheral and
Jacquier 2014; Lorig et al. 2017). These models are usually based on, or inspired by, a
stochastic process with few parameters. Therefore, the forms of the volatility smiles in
these models are somewhat inflexible, and it can be hard to fit them to market-quoted
prices. Nevertheless, these models describe the whole dynamics of an underlying asset,
instead of just the terminal density at a given point in time, which enables them to also
price path-dependent options (Carr et al. 2022; Guterding and Boenkost 2018; Tian et al.
2014) and other exotic derivatives. (Guterding 2021; Zhu and Lian 2012).

Our aim here was to find a method for which it is not necessary to specify a stochastic
process and which should also not require specifying a specific functional form for either the
volatility or the terminal density. Such a method for the interpolation of implied volatilities
would be versatile and applicable to a broad range of realistic situations. Inspired by
recent progress on inverse problems in theoretical physics (Otsuki et al. 2020), we present a
new method that uses the singular value decomposition (SVD) and L;-regularization to
obtain a sparse model, i.e., one containing only a few non-zero parameters of the relation
between plain-vanilla European option prices and the terminal density of the underlying
asset. Using a constrained and L;-regularized optimization, our method is able to extract
arbitrage-free representations of both option prices and implied volatilities, even from
inputs that contain severe arbitrage, without any de-arbitraging or pre-processing steps.
Since we are directly working with the density, our method is also able to extrapolate
implied volatilites in an arbitrage-free manner beyond the quoted strike range.

We first review the relation between option prices and terminal density and describe
how it can be discretized and written in matrix form. We show why naive attempts to
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invert this system of equations fail, in general, and propose a solution that involves trans-
forming the problem into a better-conditioned one using the SVD. Then, we reformulate
the procedure for finding the terminal density from a matrix inversion into a constrained
optimization problem that also avoids arbitrage. We test our method on several classic ex-
amples, such as normal and log-normal densities. Furthermore, we show that our method
can easily handle multimodal densities, arbitrage and volatility smiles with kinks, all of
these being areas in which stochastic volatility models struggle (Le Floc’h and Osterlee
2019a). We conclude with a summary of the advantages and disadvantages of our method.

2. Methodology
2.1. Relation between Terminal Density and Option Price

Suppose we know the probability distribution or density ¢(x) for the price of an asset
at time T. Then, we may calculate the price of a European option on this underlying asset
at time ¢, with strike K and expiry at time T, from the following integral: (Breeden and
Litzenberger 1978)

Pr(K) = " / dx (K, x)¢(x) . 1)

The time to expiry is given by T = T — t and r is a risk-free interest rate. The kernel
(K, x) depends on the type of option we want to price. For a European Call option we use
the following kernel:

Pc (K, x) = max(0,x — K). 2)

For a European Put option we use another kernel:
Pp(K, x) = max(0,K — x). (3)

In cases when the price of the underlying asset is, for example, non-negative, such as
a stock, or obeys some other restriction, this may be taken into account not only by picking
a suitable probability distribution ¢(x) , but also by adjusting the integral boundaries.

For numerical calculations, it is useful to discretize ¢(x). If we pick a relevant interval
[X¥min : Xmax], divide it into L, not necessarily uniform, sub-intervals and apply the trape-
zoidal rule, we obtain a discrete representation of Equation (1). Using the abbreviation

f(x) = frrr(x) = e "TPp(K, x)¢p(x), it reads:
L
Pe(k) = 5 15 (£) + fx0) (51— i) @

i=

If we pick a uniform discretization of the interval [Xmin : Xmax|, We obtain the following
simplified approximation:

L-1

Pr(K) = (5 [f(x0) + f(x)] + L flx))Ax. ©

i=1

As we refine the interval into smaller sub-intervals, the calculated price converges to
the true price.

2.2. Matrix Representation of the Relation between Option Price and Terminal Density

From Equation (1), it is clear that the same density, ¢(x), should be used for Call
and Put options with the same underlying and expiry at T. Different strikes are taken
into account through the kernel ¢(K, x). In practice, European Call and Put options are
often traded on exchanges, such that quoted prices for a set of discrete strikes are publicly
available.
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Based on these prices, we would like to find an approximation to the density ¢(x).
We write down a matrix equation that relates all M available Call and Put prices to the
uniformly discretized density with N points (see Equation (5)):

Pry 381(x1)  g1(x2) ... gilxn-1)  agi(xn) )\ [ ¢(x)
Pr = : = : : : : : =G¢. 6)

P/ \lgw() gu() . sm(eno1) emCen)) \p(an)

Here, we absorbed Ax into the function g;(x). If the option with index 7 is a Call option
with strike K;, we use:

Qi(x) = Ax-e ""Ppc(K;, x) = Ax - e " max(0,x — K;) . (7)
If the option with index i is a Put option, we use:
gi(x) =Ax-e ""pp(K;, x) = Ax - e " max(0,K; — x) . 8)

2.3. The Difficulty in Implying the Terminal Density from Option Prices

In general, we are interested in a finely resolved density ¢(x) with N discrete points
in the interval [Xmin : ¥max], while only a limited number of option prices M is available.
Hence, G in Equation (6) is, in general, not a square, but an (M x N) matrix, where M < N
and often even M < N. Therefore, G is ill-conditioned and cannot, in general, be inverted
to find the vector of ¢(x;) on the right-hand side.

A way to circumvent this difficulty is provided by the singular value decomposition
(SVD) of a matrix. The singular value decomposition of G reads:

G=Uusvr. ©9)

Here, T denotes the transpose of a matrix. Matrices U and V are orthogonal matrices of
sizes (M x M) and (N x N). S is a matrix of size (M x N), which contains, on its diagonal,
the singular values s;, where i = 1,...,min(M, N). The singular values are non-negative
real numbers in descending order.

This means we can write Equation (6) as:

Pr=G¢=USVT¢p. (10)

Since U and V are orthogonal matrices (UT = U~!), we can multiply from the left by

UT and obtain:
uter =utusvle =u-tusvie =svie. (11)
We now introduce the abbreviations Pr' = U'Pr and ¢/ = VT¢, which we call
transformed quantities from now on. Prices Pr’ are the SVD-transformed prices, while 4)’ is
the SVD-transformed density. With these transformed quantities we can write Equation (11)

in the following form:
Pr' = U"Pr=SVTp=5¢". (12)

Since the matrix of singular values S in Equation (12) is diagonal, we conclude that an
element-wise equation also holds:

Pr; = Sii; = si¢; - (13)

This shows that the transformation from ¢ to Pr via G can be decomposed into
three steps:

1.  application of a basis transformation from ¢ to ¢’ via ¢’ = V¢
2. weighting the elements of ¢’ with the singular values S to get Pr’ via Pr’ = S¢/
3.  application of a basis transformation from Pr’ to Pr via Pr = UPr/
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Whether such a transformation is easily invertible, is characterized by the decay of
singular values and, in particular, by the condition number C = smax/Smin. While the
best-conditioned system of equations has C = 1, we are dealing here with the kernel matrix
G (see Equation (6)), for which C > 1.

To show this, we analyze the kernel G for an equidistant discretization of the interval
[¥min : Xmax] with N = 10,000 points and a variable number of strikes in the same interval.
For simplicity, we only take into account Call options. The condition number as a function
of the number of option strikes M in the problem is shown in Figure 1.

10°
10

103

condition number

101 102 103
number of strikes

Figure 1. Log-log plot of the condition number of the kernel matrix G defined in Equation (6) as
a function of the number of strikes. The fit with f(x) = a - x* clearly shows that the growth of the
condition number follows such a power law with exponent k ~ 2.

We fit the condition number of the matrix G with a power law of the form f(x) = a - x*,

where we take x to be the number of option strikes. The fit clearly reveals that k ~ 2, which
means that the condition number increases quadratically with the number of options taken
into account. Importantly, even if only as few as ten strikes are considered, we already have
C > 1, i.e,, the system is very ill-conditioned and any naive attempt at solving Equation (6)
for ¢ will not succeed.

2.4. Rapid Decay of the Kernel Matrix Singular Values

The fact that G is, in general, ill-conditioned leads to problems in treating Equation (6)
numerically. In the previous section, we discussed how the condition number increases
rapidly as we consider a larger number of options. This indicates that the additional
singular values associated with additional market quotes, i.e., additional linear equations,
decay rapidly.

Here, we show that the singular values also decay rapidly for a fixed matrix G, i.e., for
a fixed number of considered options M and for a fixed number of discretization points
N within [Xmin : ¥max|. We chose M = 25 equidistant strikes in a fixed interval and varied
the number of discretization points N. As before, we only took into account Call options.
The normalized singular values s;/s1 are shown in Figure 2. We attempted to fit the decay
of singular values with an inverse power law of the form f(x) = x~*. The initial decay
seemed to follow such a law with roughly k ~ 2.7 and slowed down a little for the tail of
singular values.

Recall from the previous section (see Equation (13)) that the singular values s; play the
role of weights for the transformed density ¢’ to obtain the transformed prices Pr’. From
Figure 2, it is obvious that these weights may differ by several orders of magnitude.

In any direct inversion method this would cause severe numerical problems, essentially
because we would calculate ¢! = Pr}/s;, wherein we would have to divide by the quickly
decaying singular values s;.

However, the role of s; as weights also shows that most of the relevant information
must be contained in the first few basis vectors associated with the largest singular values.
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Therefore, we may consider only a limited number of these singular values and basis
vectors to reconstitute a better-conditioned approximate version of G.

—_
)
o

—_
o
N

—_
S
w

norm. singular value (s;/s1)
—_ —_
o o
L L

Figure 2. Logarithmic plot of the normalized singular values s; /s for various numbers of discretiza-
tion points N. The number of strikes is fixed to M = 25. The normalized singular values decay with
an inverse power law of the form f(x) = x % with k ~ 2.7.

Let us fix the number of considered singular values to Q, where 1 < Q < min(M, N).
We take the Q largest singular values and form the new diagonal matrix 5. We also reduce
the dimensionality of U with (M x M) to U with (M x Q) and of VT with (N x N) to VT
with (Q x N), by keeping only the first Q columns for U or rows for VT, respectively. Thus,
the new kernel matrix reads:

G=Uusvr. (14)

The matrix G is still of size (M x N), but is better conditioned than the initial matrix
G, which it aims to approximate. We achieved this by cutting off the tail of singular values
sjwithQ < j < min(M, N), for which we know that sj < 5. Thus, the condition number
of GisC = s,/ sg, for which we know, in general, that C < C. However, since we have
already shown that singular values for our kernel matrix G decay with a power law (see
Figure 2), we can safely assume that C < C if the chosen Q is sufficiently small, i.e., the tail
of small singular values is discarded.

This means we can systematically reduce the condition number of our kernel to obtain
a better-conditioned kernel matrix G by retaining only the largest singular values and
associated orthogonal vectors, which is accomplished by lowering Q.

The prices Pr and the density ¢ are now related by the new kernel matrix G, which
gives us a new relation similar to Equation (10):

Pr~ Gp=USVT¢p. (15)

How good the approximation of G by G is, obviously depends on how many singular
values we retain, i.e., how we pick Q.

We also note that Pr and ¢ have M and N entries, respectively, while the transformed
quantities Pr’ ~ U”Prand ¢’ ~ VT¢ both only have Q entries. Since we are often interested
in cases where N > M > Q, this can make a large difference computationally.

In this sense, the SVD allows us to describe the relation between density and prices
with only a few parameters and related orthogonal vectors. Therefore, we may say that the
SVD gives us a sparse model of the original relation defined by Equation (6).
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This, however, does not mean that our method is only useful for sparse inputs. Rather,
our method generates a sparse representation of the relation between any number of input
prices and any number of density discretization points.

2.5. Optimization Problem for Finding the Density

So far, we have discussed how to treat the kernel matrix G of Equation (6) that relates
prices Pr and densities ¢. Remember that, in practice, the prices Pr are known, and, thus,
we are interested in the density ¢. This means we now attempt to solve Equation (6)
approximately, by actually solving Equation (15).

This could work in cases in which the input prices are reachable with a non-negative
density, i.e., they contain no arbitrage. In many other methods this is solved by filtering the
input prices or applying some other form of de-arbitraging. (Jackel 2014; Kahale 2004; Le
Floc’h and Osterlee 2019a).

However, we can resolve the need for de-arbitraging by reformulating Equation (15) in
the form of a constrained optimization problem. This optimization problem should give us the
non-negative density ¢ with N entries. In our sparse model, ¢ is, however, directly related to
¢' ~ VT, which has only Q entries. Therefore, the most efficient way to find ¢ is to actually
find ¢’ via optimization.

To this end, we minimize the squared error in the transformed quantities:

/ / 1 / U
XC(9|Pr') = S[IPr' — S/ (16)

To further enhance the sparsity in the transformed domain, we add another term for
Li-regularization with a free parameter A:

1 ~
F(¢'[Pr',A) = S[[Pr’ = S¢'[3 + Allg |11 (17)

The same optimization may also be carried out based on the deviation from the
non-transformed prices Pr:

1 -~
F(¢/|Pr, A) = S|P — US¢'[[5+ M|/l (18)

We still cannot guarantee that the density ¢ is non-negative, as it should be. Therefore,
we constrain the optimization with the following additional conditions:

¢i=(Vg'), >0 Vi. (19)

Furthermore, the integral of the density, expressed using the trapezoidal rule as before,
should be equal to one:

1= (% (¢1+on) + Zél 4’:‘)Ax
—(X[79+ ()] + E(W»)M 0)

Our goal is now to find the transformed density ¢’ that minimizes Equation (18) under
the constraints defined by Equations (19) and (20). The true density ¢ can then be calculated
from the solution ¢’ of the optimization problem via ¢ = V¢'.

In Appendix A we discuss further details of how to calculate the error in prices and
when it may be reasonable to convert between Call and Put prices.

In cases in which not only the mid-price is known, but also the Bid-Ask spread for
each option is known, one could reformulate the optimization problem in Equation (18)
to penalize calculated prices that lie outside the spread. We leave this problem for fur-
ther studies.
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2.6. Finding a Solution to the Optimization Problem

We implemented the system of equations defined by Equation (18) under the con-
straints defined by Equations (19) and (20) using the domain-specific language CVXPY
(Agrawal et al. 2018; Diamond and Boyd 2016), available as a package for the Python
programming language.

The transformed density ¢’ that minimizes the squared error with additional L;-
regularization on ¢’ (see Equation (18)) can be found using various optimization algorithms.
While some authors recommend using their own implementation of the Alternating Direc-
tion Method of Multipliers (ADMM) (Boyd et al. 2010), we have found that the open-source
solvers ECOS (Domahidi et al. 2013) and SCS (O’Donoghue et al. 2016) both deliver excellent
performances, especially with systems, such as the system we attempt to solve, which usu-
ally have only a few degrees of freedom (remember that ¢’ has only Q entries). Therefore,
we refer readers who are interested in details of the implementation of these solvers to the
respective papers. In our case, ECOS seemed to be a good choice for the numerical solver.

For further considerations on how to efficiently solve the optimization problem, please
see Appendix B. For readers interested in the computer code of our reference implementa-

tion, we provide a full working example on Github.!

2.7. A Measure for the Similarity of Probability Distributions

For test cases with known probability distributions we wanted to quantify the degree
to which our method recovered the known density. A suitable measure for the similarity of
probability distributions is the Bhattacharyya (1943) distance dp, which, for two probability
distributions, p(x) and g(x), is defined as:

da(pg) = ~In| [ dx\[p(a)ao)] @

If the probability distributions p(x) and g(x) are identical, i.e., the overlap is maximal,
the integral under the logarithm is equal to one and the Bhattacharyya distance is zero. For
all other cases, the overlap calculated from the integral is between zero and one, or exactly
zero when there is no overlap. The Bhattacharyya distance is a non-negative number which
approaches +oo in cases where there are no overlaps.

In practice, we sample the probability distributions that are exactly known on the same
grid for which we know our implied density ¢(x) and calculate the integral in Equation (21),
using the trapezoidal rule.

3. Examples

In this section, we calculate option prices for a number of known densities and show
that our method is able to accurately recover the terminal density only using the supplied
prices. Furthermore, we demonstrate that our method is able to reconstruct densities from
realistic input prices without any de-arbitraging, filtering or other pre-processing steps.

Since our implied density is non-negative, we can safely apply linear interpolation to
the density and calculate option prices with strikes between the available input prices. This
enables us to also interpolate implied volatilities by calculating these from the interpolated
option prices.

3.1. Normal Density

A normal density corresponds to the Bachelier model, which, having mostly been
ignored for a long time, has regained attention in the context of negative interest rates and
negative prices for oil-futures. (Bachelier 1901; Choi et al. 2022).
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Using the forward price F of the underlying asset, the strike of the option K, the
normal volatility o and the time to expiry 7, we define the moneyness m of an option in the
following way:

F-K
oJT
Denoting the normal density function as ¢y and the cumulative normal density

function as Py, the pricing formula of the Bachelier model can be expressed as follows for
a Call option:

m=m(F,K,o,T) =

(22)

Prc = e "T[(F — K)®n(m) + ov/Tn(m)] . (23)
For the Put option it reads:

Prp = ¢~ [(K — F)®y (—m) + o/ (m)] 24)

We fixed the initial underlying price to Sg = 0.1, the normal volatility to ¢ = 0.1, the
interest rate to r = 0.05 and the time to expiry to T = 1. We then calculated the prices of
200 Call and Put options for a uniformly discretized grid of strikes between Kijn = —0.7
and Kyax = 0.7.

We used our method with the option prices so-calculated to imply the density ¢(x)
on a uniformly discretized grid with xpin = —0.9, xmax = 0.9 and N = 1000. We retained
Q = 150 singular values.

The normal distribution, upon which the Bachelier model is based, was recovered
to a high degree of accuracy (see Figure 3). Further evidence is shown in Figure 4, which
depicts the error in prices x? calculated from Equation (16) and the Bhattacharyya distance
of ¢(x) with respect to the normal distribution calculated via Equation (21).
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Figure 3. Comparison of the exact (bold line) and implied (dashed line) densities ¢(x) for two
different values of the regularization parameter A. The exact density was normal with ¢ = 0.1

and shifted to y = Sy exp(r7) ~ 0.105. The top panel shows an under-regularized implied density
(A = 10712), while the bottom panel shows a close to optimal implied density with A = 1077,
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For A < 1078 the error in prices was almost independent of A. That meant that many
different solutions to the optimization problem existed, which produced a basically perfect
fit to the prices. This was possible since we retained a large number of singular values. In
the density ¢(x) this manifested in the form of tiny oscillations, as can be seen in Figure 3.
In other words, without regularization the input prices did not contain enough information
for the optimization to yield a smooth density at the high resolution we selected for ¢(x).
As expected, all densities, irrespective of the value of A, were non-negative.

log10(x?)

log1o(d)
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Figure 4. Log-log plot of the squared error in prices x? (top panel) and the Bhattacharyya distance

—-12 -10

dp (bottom panel). Both measures were calculated based on a comparison between the exact input
data and our implied output data for prices and densities, respectively. The input option prices were
based on a Bachelier model. The related input density was a normal distribution with o = 0.2 and
shifted to y = Sy exp(rt) = 0.105. The vertical lines mark the positions of A = 10712 and A = 1077,
for which we show the implied densities in Figure 3.

For A ~ 1077, the error in prices was very slightly higher, but the Bhattacharyya
distance dp, with respect to the known normal distribution, was actually minimal, since
the oscillations were suppressed.

For larger values of A, the error in prices and Bhattacharyya distance increased, since
the implied density was a broadened version of the original normal distribution.

The effect of regularization on the optimized parameters ¢’ could also be visualized by
counting the number of entries in ¢, for which the absolute value was above a threshold a.
The visualization for a few different threshold values is shown in Figure 5. Recall that the
number of entries in ¢’ was Q = 150. Figure 5 shows that for A < 1077 the problem was
basically unregularized, and almost all parameters had a magnitude larger than a = 1072
As soon as the regularization became effective, the number of parameters with significant
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magnitude drastically reduced, starting with those that had the least impact on the quality
of the prices.

The point where the number of parameters sharply decreased was directly related to
the minimum in the Bhattacharyya distance that we observed in Figure 4. For larger values
of the regularization parameter, the fit simply became worse, since relevant components of
¢’ were strongly suppressed. The fit tried to compensate for this by increasing the number
of other non-zero components of ¢’, but failed to achieve good accuracy.

The Bhattacharyya distance dp can of course only be used to select an optimal solution
when the original density is known. As we see in further examples, the minimum in the
Bhattacharyya distance usually corresponds to the point where the error in prices starts to
increase after showing a plateau for small values of the regularization parameter A.

150

Y — a=10

a=10"2

S 1007 — a=10""
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Figure 5. Visualization of the effect of regularization on the number of relevant parameters for

—12 —-10

the implied transformed density ¢'. A larger regularization parameter A led to fewer entries with
significant magnitude in ¢, i.e., regularization turned ¢’ into a sparse representation of the true
density ¢. The number of entries in ¢’ with a magnitude above the positive threshold 4 is denoted as
n(|¢}| > a) and shown as a function of the regularization parameter A. For A we chose to show the
axis in logarithmic scale. The figure is based on the same Bachelier model as that in Figures 3 and 4.
The effect of regularization is clearly visible around A ~ 10~7-5, where there was a sharp decrease in
the number of parameters with significant magnitude.

Hence, for practical use cases, where the density is not known, we suggest calculating
the solutions for multiple values of A, as we did here, and selecting the solution with
the highest value of A that still shows close to minimal error in prices x>. The effect of
regularization on the parameters can also be verified by an analysis, similar to what we
presented in Figure 5.

3.2. Log-Normal Density

A log-normal density corresponds to the classic Black-Scholes formula for option
pricing. (Black and Scholes 1973) We fixed the initial underlying price to Sy = 0.5, the
volatility to o = 0.2, the interest rate to r = 0 and the time to expiry to T = 1. We then
calculated the prices of 200 Call and Put options for a uniformly discretized grid of strikes
between K, = 0.01 and Kynax = 1.0.
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We used the so-calculated option prices to imply the density ¢(x) on a uniformly
discretized grid with xmin = 0, ¥max = 1.5 and N = 1000 using our method. We retained
Q = 150 singular values.

In summary, we recovered the log-normal distribution of the Black-Scholes model
to a high degree of accuracy (see Figure 6). Further evidence is shown in Figure 7, which
depicts the error in prices x? calculated from Equation (16) and the Bhattacharyya distance
of ¢(x) with respect to the log-normal distribution calculated via Equation (21).

It is clear that the results were optimal for A ~ 1077, where the price error and the
Bhattacharyya distance were simultaneously minimized. For smaller values of the regular-
ization parameter A we observed convergence issues in the ECOS solver, probably because
we retained a large number of singular values Q, which allowed for many similarly good
solutions. This could probably be resolved by either fine-tuning of numerical parameters
in ECOS or by reducing the number of singular values.

Figure 6 compares the exact log-normal distribution and our implied discretization
¢(x) for two values of the regularization parameter A. The optimal solution (A = 10~7?)
closely followed the log-normal distribution. Even though the less optimal solution had
a slightly broader shape, it still looked similar to a log-normal distribution. Finally, we
verified that all densities we implied from option prices were non-negative.

—— exact
- == implied

A=10"75

Figure 6. Comparison of the exact (bold line) and implied (dashed line) density ¢ (x) for two different
values of the regularization parameter A. The exact density was log-normal with ¢ = 0.2 and shifted
to 4 = Sp = 0.5. The top panel shows a close to optimal regularized implied density (A = 1077-),
while the bottom panel shows an over-regularized implied density with A = 1073,
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Figure 7. Log-log plot of the squared error in prices x? (top panel) and the Bhattacharyya distance dp
(bottom panel). Both measures were calculated based on a comparison between exact input data and
our implied output data for prices and densities, respectively. The input option prices were based on
the Black-Scholes model. The related input density was a log-normal distribution with ¢ = 0.2 and
shifted to 4 = Sy = 0.5. The vertical lines mark the positions of A = 1077 and A = 1073, for which
we show the implied densities in Figure 6.

3.3. Multimodal Density

Since it has been reported that several known methods struggle with multimodal
densities (Le Floc’h and Osterlee 2019a), we wanted to verify that our method also per-
forms well in such cases. For simplicity, we considered a linear combination of normal
distributions ¢ (p, o). Since the price could be calculated from an integral over the density
(see Equation (1)), and since every integral was linear, we concluded that the price for an
option on an underlying that was distributed according to a linear combination of normal
distributions, could be calculated as the equivalent linear combination of Bachelier option
prices (see Equations (23) and (24)).

We next considered a probability distribution ¢4, built from the linear combination of
three normal distributions ¢y:

3

om =) cipn (pi, 07) . (25)

i=1

For the parameters, we used the values given in Table 1. If we want ¢ to be a
probability distribution, we must obviously require that }; c; = 1 and that all ¢; are non-
negative. Note that setting the mean value y; for each normal distribution implies the use
of different values for the forward price F = y; in the Bachelier formulae for each term.
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Table 1. Parameters for a multimodal density. These parameters are used in Equation (25) to generate
a density which is a superposition of multiple normally distributed components.

i i Hi Oi
1 0.50 —0.20 0.10
2 0.45 0.15 0.15
3 0.05 0.55 0.05

Again, we fixed the interest rate to » = 0.05 and the time to expiry to T = 1. We then
calculated the prices of 200 Call and Put options for a uniformly discretized grid of strikes
between Kin = —0.7 and Kipax = 0.7.

We used the so-calculated option prices to imply the density ¢(x) on a uniformly
discretized grid with xmin = —0.9, ¥max = 0.9 and N = 1000 using our method. We
retained Q = 150 singular values.

In summary, multimodal distributions seem to pose no problem for our method. The
original density is recovered with good accuracy (see Figure 8). Quantitative error estimates
are shown in Figure 9, which depicts the error in prices x? calculated from Equation (16)
and the Bhattacharyya distance of ¢(x) with respect to the linear combination of normal
distributions calculated via Equation (21). Again, we observed that the minimum in the
Bhattacharyya distance d corresponded to the minimum of the price error x?.

d(x)

d(x)

-0.6 -03 0.0 0.3 0.6 0.9

Figure 8. Comparison of the exact (bold line) and implied (dashed line) density ¢(x) for two
different values of the regularization parameter A. The exact density is a linear combination of normal
distributions, according to Equation (25), with parameters taken from Table 1. The top panel shows an
optimal regularized implied density (A = 10~8%), while the bottom panel shows an over-regularized
implied density with A = 1074,

In Figure 8 we show a comparison between the exact linear combination of normal
distributions and our implied discretization ¢(x) for two values of the regularization
parameter A. The optimal solution (A = 10~8) closely followed the original distribution.
The solution for A = 10~ was a version of our initial density, in which the features were
broadened to become almost indistinguishable.
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Figure 9. Log-log plot of the squared error in prices x? (top panel) and the Bhattacharyya distance
dp (bottom panel). Both measures were calculated based on a comparison between exact input data
and our implied output data for prices and density, respectively. The input density was given by
Equation (25), with parameters taken from Table 1. The input option prices were calculated from
an equivalent linear combination of Bachelier models with the same parameters, as in Table 1. The
vertical lines mark the positions of A = 10-8% and A = 104, for which we show the implied densities
in Figure 8.

3.4. Density Implied from Prices with Arbitrage

We now show that our method not only recovered known densities with high accuracy,
but also carried out automatic de-arbitraging. Again, we set up a “density” as a linear
combination of three normal distributions using Equation (25). However, we use quotation
marks since we introduced one negative pre-factor, so that the resulting “density” ¢y
contained negative “probabilities”. The parameters used in this subsection can be found in
Table 2.

Table 2. Parameters for a multimodal density. These parameters were used in Equation (25) to
generate a density which was a superposition of multiple normally distributed components. This
parameter set contained arbitrage, i.e., the resulting “density” contained negative “probabilities”.
This was due to the negative pre-factor.

i i Hi Oi
1 0.55 0.80 0.10
2 —0.20 1.15 0.07
3 0.65 1.35 0.20

We used the Bachelier option pricing formulae (see Equations (23) and (24)) in the
same way as in the multimodal case previously discussed. We set the interest rate to
r = 0.05 and the time to expiry to T = 1. We then calculated the prices of 200 Call and Put
options for a uniformly discretized grid of strikes between Kyin = 0.3 and Kmax = 1.7.
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From the so-calculated option prices we implied the density ¢(x) on a uniformly
discretized grid with xpin = 0.1, xmax = 2.2 and N = 1000 using our method. We retained
Q = 150 singular values.

Even prices that corresponded to partly negative “densities” could be processed using
our method. In Figure 10 we show the error in prices x? calculated from Equation (16)
and the Bhattacharyya distance. Here, special care must be taken when calculating the
Bhattacharyya distance, which is not defined for partly negative “densities”. Therefore,
we calculated the Bhattacharyya distance using Equation (21) with respect to the non-
negative part of the input “density”, that is ¢y, (x) = max(0, pp(x)). However, ¢}, is not
truly a density. Recall that we fixed the sum of coefficients ) ; c; = 1 so that the integral
over the density yielded unity. However, if there are negative regions, we know that the
integral over the non-negative part 4)]'& is larger than one. Therefore, the overlap in the
Bhattacharyya formula may be larger than one, so that the Bhattacharyya distance dp may
become negative.
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Figure 10. Log-log plot of the squared error in prices x? (top panel) and log plot of the Bhattacharyya
distance dp (bottom panel). Both measures were calculated based on a comparison between exact
input data and our implied output data for prices and densities, respectively. The input density was
given by Equation (25) with parameters taken from Table 2. The input option prices were calculated
from an equivalent linear combination of Bachelier models with the same parameters as those in
Table 2. The vertical lines mark the positions of A = 1077 and A = 1075, for which we show the
implied densities in Figure 11.

Of course, we could have normalized the non-negative part so that the integral over
it was exactly one. However, we believe that such a situation may occur in practical
applications and wanted to point out the consequences in detail. Therefore, we show, in
Figure 10, the Bhattacharyya distance dp directly, instead of its logarithm.

This time, any regularization led to an increase in the pricing error x2. This was
quite logical, since the input prices were simply not reachable with a non-negative density,
both because the inputs implied negative “probabilities” and because the integral over
the positive part of the input “density” was not equal to one. Hence, there is no easy
rule for selecting an appropriate regularization parameter. Any regularization increases
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the pricing error, while it reduces the oscillations in the extracted density. Therefore, we
suggest defining the necessary pricing accuracy and then selecting the largest possible
regularization parameter A that yields a lower pricing error.

In Figure 11 we show a comparison between the exact linear combination of normal
distributions and our implied discretization ¢(x) for two values of the regularization
parameter A. Which of these extracted densities was better suited for further processing
depended on the specific use case.

3 - —— exact
——=- implied

d(x)

d(x)

03 06 09 12 15 18 2.1
X

Figure 11. Comparison of the exact (bold line) and implied (dashed line) density ¢ (x) for two different
values of the regularization parameter A. The exact “density” is a linear combination of normal
distributions according to Equation (25), using parameters from Table 2, which contains a region with
negative probability. The top panel shows an under-regularized implied density (A = 10~7), while
the bottom panel shows a well-regularized implied density with A = 1075.

The automatic de-arbitraging feature of our method is also very useful when dealing
with implied volatilities. Suppose we did not know the density from which input prices
were generated. If we were to calculate implied volatilities we would usually use log-
normal volatilities and simply calculate them by inverting the Black—Scholes model. This
generates an implied volatility smile, which may, and in this case does, contain arbitrage.
However, we could also generate an arbitrage-free volatility smile from the prices that we
obtained from our optimization procedure. We calculated the implied volatilities using
a simple bisection solver. We re-used the interest rate r = 0.05 and time to expiry T = 1.
However, we now also needed an initial value of the underlying, which we arbitrarily set
to So = 1.0. Of course, in a realistic setting, this value would be known from the market.

We show the results of the log-normal implied volatility calculation in Figure 12.
Clearly, the original volatility smile and our de-arbitraged version, calculated on the
density with A = 107 (see Figure 11, bottom panel) were very similar. The arbitrage in
the original volatility smile was not directly visible. This also shows why methods that
work directly with the implied volatility may introduce arbitrage, which is not immediately
apparent to the user.
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Figure 12. Comparison of the log-normal implied volatilities ¢ (as a function of the option strike K)
calculated from the input prices containing arbitrage (bold line), which were based on Equation (25)
and parameters from Table 2, and the de-arbitraged prices calculated from our method (dashed line)

at A = 107°. The calculation of de-arbitraged implied volatilities is based on the density shown in
Figure 11 (bottom panel).

Note how our method also enables us to extrapolate beyond the range of known
strikes, since it gives us access to smooth non-negative density in our range of choice.
The results beyond the range of strikes with known prices are certainly speculative, but
consistent with the known inputs. That we obtain sensible behavior in the wings of the
volatility smile without any additional effort, is another advantageous property of the
sparse modeling approach.

3.5. Density Implied from S&P 500 Option Prices

It has been mentioned in the literature (Le Floc’h and Osterlee 2019a) that short-term
SPX500 options pose a challenge, particularly to stochastic volatility models and the similar
SVI smile model (Gatheral and Jacquier 2014), since their volatility smiles are quite steep.
We imported the market data from Table 11 in Le Floc’h and Osterlee (2019a), which
corresponded to SPX500 1M (one month) options on 5 February 2018. We calculated Call
and Put option prices from these market data for 75 strikes in the range between 1900 and
2900, using the Black (1976) model.

We noticed that the strikes in the thousands range led to numerical problems in the
ECOS solver, so we divided all strikes in the inputs by 1000. The same transformation was
also applied to the forward price. This simple rescaling of the problem solved the numerical
issues we encountered with the original inputs.

We used the so-calculated option prices to imply the density ¢(x) on a uniformly
discretized grid with xpin = 1.4, xmax = 3.4 and N = 1000 using our method. We retained
Q = 70 singular values, which was lower than in the previous cases, because we also had
fewer quoted strikes available.

The original prices were reproduced to a high degree of accuracy. In Figure 13 we
show the error in prices x? calculated from Equation (16), which was negligible in the
unregularized limit. Since the terminal density was truly unknown in this case, we could
not measure the Bhattacharyya distance. As can be seen in Figure 13, any increase in the
regularization parameter A led to an increase in pricing error.

In Figure 14 we show the implied density ¢(x) for two different values of the regu-
larization parameter A. For A = 1077 the error in prices was still close to minimal and the
density showed a pronounced spike around x = 2800, followed by a very sharp decrease.
For stronger regularization, such as for A = 104, the features of the density were smeared
out and the error in prices increased substantially. Again, the largest possible A, which still
gives an error in prices x? close to the minimum, should be selected.
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Figure 13. Log-log plot of the squared error in prices x? as a function of the regularization parameter
A for SPX500 1M options as of 5 February 2018. The squared error was calculated from a comparison
between exact input data and our implied output prices. The input option prices were calculated
from the Black (1976) model with market data of Table 11 in Le Floc’h and Osterlee (2019a). The
vertical lines mark the positions of A = 1077 and A = 10~4, for which we show the implied densities
in Figure 14.
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Figure 14. Comparison of implied densities ¢(x) for SPX500 1M options as of 5 February 2018. A
good compromise between accuracy and smoothness was achieved for A = 10~7 (bold line), while
A=10"* yielded a density that contained fewer features (dashed line) and was potentially over-
regularized. As explained in the main text, we rescaled both the price x of the underlying asset and
the density ¢(x), for numerical reasons, by a factor of 1/1000 and 1000, respectively.

Since the original data in Le Floc’h and Osterlee (2019a) is given in terms of log-normal
implied volatilities, we also calculated these implied volatilities from our density ¢(x)
at A = 1077. The implied volatility was found by calculating option prices from the
density using Equation (1) and then inverting the Black formula using a bisection solver
for the volatility.

The comparison between input volatilities and the volatility smile extracted from our
method is shown in Figure 15. The visible kink in the implied volatility around K = 2800
was well reproduced. Note again how our method enabled us to not only interpolate, but
also extrapolate, implied volatilities even in challenging situations.

127



Risks 2023, 11, 83

0.7 1 O original
— fit

0.6 -

0.5 -

0.4 A

0.3 -

0.2 A

1.8 20 22 24 26 28 3.0
K/1000

Figure 15. Comparison of input implied volatilities ¢ (open circles) and the volatility smile provided
by our method at A = 10~ (bold line) for SPX500 1M options as of 5 February 2018. The volatilities o
are shown as a function of the option strike K in units of thousands. Clearly, our method reproduced
the inputs with a high degree of accuracy and, additionally, provided a sensible extrapolation of the
available data.

4. Conclusions

We have presented a new method for implying terminal densities directly out of
option prices. We showed that our method is able to produce arbitrage-free interpolations
and extrapolations of both option prices and implied volatilities, while it does not require
de-arbitraging of input prices or other pre-processing steps.

Our algorithm is based on singular value decomposition (S§VD), which produces a
transformation to a basis, in which the relation between prices and density is represented
by a sparse model. In this sense, the number of parameters in the model Q is smaller than,
or similar to, the number of input option prices M, while we may extract the density ¢(x)
with a much larger number of discretization points N.

This property is the hallmark of any sparse model. It enables us to formulate the
optimization problem for finding the density based on optimizing a small number of
parameters Q. We also showed how L;-regularization helps in finding a density that is a
good compromise between pricing error and smoothness.

Besides the trivial parameters xpmin and xmax that define the boundaries of the interval
in which the density is discretized, the only relevant parameters of our method that are
visible to the user are the number of retained singular values Q, the number of input option
prices M, the number of discretization points for the density N and the regularization
parameter A. The number of input prices M is fixed by the problem that is under investi-
gation. We experienced good results when choosing Q < M/2. For N, we simply chose a
large number so that we could re-calculate option prices with sufficient accuracy. For our
purposes, N = 1000 always seemed sufficient.

In this sense, only the regularization parameter A is truly up to the user’s choice. We
also presented a simple rule for selecting A by scanning the error in prices for a number of
different values for A and choosing the highest possible one with close to minimal error x?.
In the literature, this is often referred to as the “elbow method”.
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As far as we are aware, relying on optimization, and the subsequent need to choose a
regularization parameter, seem to be the only drawbacks of the sparse modeling approach.
Of course, our method cannot be used to directly price exotic options, while this is easily
possible with stochastic volatility models once they have been calibrated. That, however, is
not the topic of the present investigation.

Barring these restrictions, the advantages of our method are clear. The mathematics
behind our method is simple and easy to understand. Using the numerical libraries
mentioned, the algorithm is also easy to implement. Our own implementation in the
Python programming language consists of fewer than 100 lines of code. The accuracy of
our method proved to be excellent for all artificial and realistic examples we investigated.

Furthermore, our algorithm is robust against defects in the input data, such as arbitrage.
Since it works directly with the terminal density, our method can also be used to extrapolate
option prices and implied volatilities in an arbitrage-free manner far beyond the available
range of market quotes. Having sensible behavior in the wings of the volatility smile,
without any further effort, is quite rare an occurrence and is certainly a strong advantage of
our method.

What makes our method stand out from other available approaches, is that choosing a
polynomial or other basis for the regression is not necessary, because a suitable orthogonal
basis is automatically constructed by the SVD. In this sense, our method is truly model-free.

At present, our algorithm works with options of multiple strikes, but with a single
time to maturity. In future works, we would like to investigate extensions to multiple
maturities, such that the whole volatility surface can be calibrated consistently.

Such an extension would enable us to use our method to calibrate a local volatility (Der-
man and Kani 1994; Dupire 1994) or local stochastic volatility model (Lipton 2002; Lipton
et al. 2014), which we could then use to price options with American exercise (Andersen
and Lake 2021; Andersen et al. 2016; Healy 2021), barrier options (Clark 2010; Guterding
and Boenkost 2018) or other exotic products. Since our method is robust against defects
in the market data, such an extension should be particularly helpful in situations where
the market data are potentially stale or only a few strikes are quoted. For example, this
could be the case in markets for cryptocurrency (Hou at al. 2020; Yang and Hamori 2021a;
Zulfigar and Gulzar 2021), energy (Benth et al. 2008; Fabbiani et al. 2020; Yang 2021b) or
foreign exchange options (Clark 2010; Guterding and Boenkost 2018), and also for Equity
options (Healy 2021) with less popular underlyings.
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Abbreviations

The following abbreviations are used in this manuscript:

SVD Singular Value Decomposition
LV Local Volatility
LSV Local Stochastic Volatility

SABR Stochastic Alpha, Beta, Rho
SPX500 Standard & Poor’s 500 Stock Index
IT™ In-The-Money

OT™ Out-Of-The-Money
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Appendix A. Treatment of In-the-Money Options in the Error Function Calculation

When considering Call and Put options with arbitrary strike, the prices of the options
may differ by several orders of magnitude if some options are in-the-money. In-the-money
options are executed with large probability and, hence, have a high price.

However, if the prices in our problem differ by orders of magnitude, the calculated
error function is dominated by the options with the largest price, which are, unfortunately,
those that depend only on the tail of the probability distribution ¢. This is not desirable,
since we are usually equally interested in all regions of the density, or even more so in
the density close to at-the-money. This problem can be solved by transforming prices of
in-the-money options to prices of out-of-the-money options.

Let F define the forward price of the underlying asset at time T. Then a Call option
with strike K is considered in-the-money if K < F. A Put option is considered in-the-money
if K > F. Conversely, a Call option is out-of-the-money if K > F and a Put option is
out-of-the-money if K < F.

Let Prc denote the price of a European Call option with strike K and expiry at T and
let Prp denote the price of a Put option with the same strike and expiry. If Sy is the value of
the underlying asset at t = 0, then, for European options with the same strike and the same
time to expiry 7, Put-Call-parity holds:

Prc + Ke™"" =Prp+ Sp. (A1)

So, for all in-the-money Call options, we may calculate the price of the respective
out-of-the-money Put option from Equation (A1). Likewise, for all in-the-money Put
options, we may calculate the price of the respective out-of-the-money Call option from
Equation (A1).

In this way, we can easily restrict the prices in our optimization problem to out-of-the-
money and at-the-money options, which all have prices with roughly the same order of
magnitude. Hence, the error function is not dominated by the options that depend only on
the tails of the probability distribution.

Although we did not have to apply this transformation from ITM to OTM options
in the present manuscript, we believe it makes sense to document this idea, in case our
readers encounter problems with ITM options when applying our method.

Appendix B. Ideas for Performance Optimization

The main tunable parameters that influence the performance of the algorithm we
presented are the number of retained singular values Q and the number of discretization
points for the density N. Since Q is also the number of parameters in the optimization
problem, it is clear that reducing Q could lead to faster convergence of the optimization
algorithm. Figure 5 clearly shows that after regularization only a few relevant parameters
remained. Therefore, the remaining parameters with negligible weight could also be
removed, before we even started the optimization process, by choosing a lower value of Q.

Based on our analysis of singular values in Figure 2 we could expect that a reduction of
Q would first result in discarding of the less relevant parameters and would then progress
to removing more relevant ones if Q further reduced. However, the manner by which this
depends on input prices is not clear. Therefore, this issue needs more analysis before we can
give any definitive conclusion, but this was not the main point of the present manuscript.

The second opportunity for speeding up the algorithm is to reduce the number of
discretization points for the density N. The point of having more discretization points than
input strikes is to have a high enough resolution to be able to recalculate the input option
prices with sufficient accuracy, so as to enable use of the implied density for interpolation.
Since N determines the effort for the partial SVD, the basis transformations and the checking
of the constraints in the optimization problem, it is worth thinking about a reduction of N.
We suggest first checking whether a reduction in N increases the error in prices x?. If the
density is required for an interpolation of prices or implied volatilities, first interpolating
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the density linearly and then calculating prices and implying volatilities, based on the
interpolated densities, is always an option. Since a linear interpolation of a non-negative
function is also non-negative, we can be sure that this procedure would not introduce
negative densities, i.e., arbitrage. Linear interpolation of the density also does not violate
the constraint that the trapezoidal integral over the density must be equal to unity.

If our method is used in a live environment, where the density is implied on every
market data update, or on every couple of market data updates, it may be useful to
warm-start the numerical solver from the previous solution ¢ to accelerate convergence.

Note

1 https:/ / github.com/danielguterding /svdensity (accessed on 21 April 2023).
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Abstract: We explain the evolution of the volatility market and present the infamous day of “Vol-
mageddon’ as an insightful case study. Our survey focuses on the pricing and trading of volatility-
linked assets, highlighting the impact of mechanical hedging in markets for futures and higher-order
derivatives. We supplement the vast statistical analysis of volatility derivatives with a financial
economist’s perspective.
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1. Introduction

Financial market volatility continues to reign supreme. In this paper, we outline
volatility’s progression from a theoretical risk measure to a tradable asset class, and describe
the cataclysmic impact of mechanical hedging by major volatilty market participants.

The Chicago Board Options Exchange’s (CBOE) Volatility Index (VIX) is a widely
followed index that calculates the implied volatility of the U.S. stock market for the next
30 days. Colloquially referred to as the ‘Fear Gauge’, the VIX is updated every 15 s during
a trading day. The VIX lies at the heart of the Volatility Complex, as illustrated in Figure 1,
which influences how traders price the sprawl of volatility-linked assets.

S&P 500 Index (SPX)

Options on SPX

Volatility Index (VIX)

Options on VIX Futures on VIX

Volatility of VIX (VVIX) VIX Exchange-Traded Products

(ETPs)
Figure 1. The Volatility Complex.

This paper is composed of two self-contained chapters. The first chapter builds the
Volatility Complex from the ground up, beginning with the academic definition of volatility
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and ending with the construction of a volatility-linked exchanged traded product. Along
the way, we cover the appropriate mathematical and financial prerequisites to understand
the VIX calculation methodology. One goal is to demystify the inner workings of the
derivative and volatility markets. The second chapter delineates the growth in shorting, or
betting against, volatility and the reason behind such a trading strategy’s risk of backfiring.
The carnage in financial products designed to short volatility on 5 February 2018 was later
dubbed as “Volmageddon’.

The prevalent explanation of Volmageddon, which we expound upon, posits that
higher order volatility-linked derivatives sparked a negative feedback loop in tandem
with underlying assets further down the volatility ladder because of the price-insensitive
hedging carried out by major market participants. We postulate that a similar ‘tail-wagging-
the-dog’ effect occurred in the SPX options market on 20 March 2020, again due to a
mechanical hedging strategy.

The post-crisis regulation gave birth to the ongoing, protracted boom in volatility-
sensitive investing. However, this came with an unintended consequence, the volatility
is now more volatile. In particular, drawdowns in volatility-linked assets have increased
in both frequency and intensity Peterseil and Kawa (2019). Many have valiantly tried
(and failed) to hedge against such drawdowns using assets in the complex. Mistakes
are inevitable if investors do not fully understand what they are actually trading. In
light of this truism, we hope the paper will serve as a valuable guide to help the reader
navigate through—and skilfully manage—fear in the Volatility Complex. As Mark Twain
supposedly opined, “It ain’t what you don’t know that gets you into trouble. It’s what you
know for sure that just ain’t so”. This paper may be of use to regulators, academics, and,
of course, investors.

2. The Volatility Complex

Simply put, volatility is financial uncertainty. If volatility can be quantified, then so
can an investment’s risk profile. In 1952, Harry Markowitz explained volatility in statistical
terms that allowed investors to better understand an investment portfolio’s return as a
function of risk. About 20 years later, in 1973, Black and Scholes” seminal paper “The
Pricing of Options and Corporate Liabilities” introduced a model to calculate implied, i.e.,
future, volatility from market prices of option contracts. Another 20 years later, in 1993, the
CBOE launched the first version of the VIX, which computed the implied volatility of a
basket of U.S. stocks with the help of the Black-Scholes—-Merton model. In 2003, the CBOE
changed the VIX’s calculation methodology to make it ‘model-free’. A couple of years later,
derivatives on the VIX were rolled out and quickly picked up in popularity. Although
the volatility market is relatively young (about 20 years), its rapid expansion provides an
insight into how and why volatility derivatives became so popular with investors, ranging
from retail to institutional.

2.1. Volatility as Risk

Any investment decision is based on two variables, risk and expected return. Risk
is disliked (the less the better), and expected return is welcomed (the more the better). In
practice, however, the investor is forced to make a trade-off between the two because an
investment with higher expected return is usually accompanied with higher risk. So how
is risk understood with respect to an expected return?

One way to measure risk is by the volatility of a financial asset’s return. Indeed,
when the return is normally distributed, return and volatility fully describe this return
profile. In less simple scenarios, the frequency of extreme events (thick tails), asymmetry
(skewness), time-dependence (e.g., caused by the business cycle or crises), the unthinkable
(non-anticipated changes, such as the occurrence of a ‘black swan’), and other dimensions,
can also matter to the investor. Figure 2 illustrates how volatility corresponds to the degree
of dispersion of an asset’s return. In this example with a normal distribution, the expected
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return is 8% for each asset. The distribution of (future) returns is symmetric about this
expected return which means, for example, a future return of 12% is as likely as a return 4%.

Three Expected Return Distributions

0.40 1 —— 1% Vol
3% Vol
—— 5% Vol

0.35 A

0.30 A

0.25 A

0.20 A

0.15 A

0.10 A

Probability of Expected Return

0.05 A

0.00 A

-2.5 0.0 2.5 5.0 7.5 10.0 125 15.0 175
Expected Return (%)

Figure 2. Three assets with expected return +8%. Volatilities are 1%, 3%, and 5%.

The bell-shaped curve posits that future returns closer to the expected return are more
likely than those further toward the tail ends. As volatility ¢ increases, however, future
returns away from the 8% mark increase in likelihood. Thus, the asset with 5% volatility is
the riskiest of the three. In reality, however, one will find that the expected return increases
with volatility.

There are subtleties in the semantics. An expected return is one you predict to see on
average; a realized return is one you will observe in the future. There is a range of possible
returns ex ante, but there will only be one return ex post. Risk, like expected return, is an
ex ante concept because it is a feature of not-yet-realized returns. For example, consider
an asset that promises you one of two returns, 20% or 10%, with equal likelihood. The
expected return is 15%, but it will never be physically realized.!

One of the biggest challenges in quantitative finance is to come up with a fairly tenable
distribution of an asset’s future return. Are you able to provide a detailed account of the
possible returns and their respective likelihoods of, say, Apple’s stock price in one year’s
time? A more informed alternative to daft speculation is the projection of historical data
into the future. Nevertheless, how likely is Apple’s past performance a ‘guarantee of its
future results’? It is difficult to say, but the use of historical data to quantify a future return
is a widely used rule-of-thumb by financial practitioners.

The S&P 500 index (SPX), which captures roughly 80% of the total U.S. stock market
capitalization, is a measure of the near-term outlook of the United States” economy. It might
be more intuitive to think about the SPX as a financial barometer that indicates the expected
weather of the general U.S. economy in the coming months.

Therefore, an investment in the index is an investment in the broad U.S. economy. The
SPX is merely a tracker and not directly investable; its index ‘level” is a number calculated
from all 500 stocks and their respective market capitalizations. So one can invest in other
instruments that either proxy the SPX or that expose you to risks associated with it. That
sounds more complicated than it actually is.

One standard investment vehicle that tracks, and delivers, the returns of an underlying
index is called the exchange-traded fund (ETF). In the case of the SPX, an issuer of the ETF
pools together millions or billions of dollars to buy shares of businesses comprising the
index in the right proportions. The issuer will then passively manage this ‘copy-of-SPX’
portfolio on behalf of the investor in exchange for a management fee. Figure 3 depicts
the past performance of the SPDR S&P 500 ETF Trust (SPY), a popular ETF on the S&P
500 index.
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Figure 3. Price chart of the SPDR S&P 500 ETF Trust (SPY) since its inception.

Two popular alternative investments are options and futures on the underlying SPX.
Each one is a derivative contract with specifications on when to trade the underlying and
for how much. A futures contract specifies a future date when the buyer purchases the
underlying asset from the seller at the predetermined ‘future price’. Given the logistical
challenges of delivering all 500 stocks associated with an SPX futures contract on the future
date, the contract is instead settled on a cash basis. For example, if the SPX is higher than
the predetermined future price on the future date, the buyer of the SPX futures receives the
difference—in cash—from the seller.

A futures contract, unlike other derivatives, requires no payment upfront from the
buyer to the seller.? Hence, the future price can be understood as the market’s expectation
of where the SPX is going to be on the predetermined future date. Figure 4 depicts a
futures contract’s payoff, from the point of view of the buyer and the seller. When a futures
contract is agreed upon by both parties, the directional risk (i.e., whether the SPX will move
up or down on the way to the future date) is taken up equally by both sides because the
transaction is obligated to take place on the future date.

Long Futures Short Futures
Payoff Payoff

Price at

‘ Price at
Maturity Maturity

Figure 4. Long and Short Futures Payoff Structures.

An option contract differs in this regard by requiring an upfront payment in exchange
for the option or choice to conduct the transaction on the future date.> An option contract’s
specifications are those of the futures’, a future price and a future date. However, market
players refer to an option’s future price as its strike price and its future date as its expiration
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date. The option to transact from the buyer’s point of view, i.e., the right to buy on
expiration date, is a call option. Likewise, the right to sell is a put option.

The buyer of a call option, therefore, gains if the SPX’s level is higher than the strike
price on the expiration date. The seller of the option will have to pay to the buyer the
difference between the SPX and the strike price, i.e., cash settlement on expiration. However,
if the SPX’s level is below the strike price, no payment is made as the rational choice for
the buyer would be to not exercise her right to purchase the SPX for a higher price. In
options-speak, this call option expires out-of-the-money.

With put options, the payment on the expiration date is different. Since the buyer has
the right to sell, the option is only exercised if the SPX is below the strike price. In that
case, the put option seller pays the buyer the difference between the strike and the SPX.
If the SPX is above the strike at the expiry date, the option is out-of-the-money and not
exercised. To avoid confusion between the price of an option with the price of, say, the SPX,
market players refer to the option price (aka the upfront payment) as option premium or
simply premium.

A profit and loss (PL for short) is the price to hold the derivative starting now less the
payoff at maturity. A long call’s payoff, as shown in Figure 5, is only a neat approximation.
In reality, its payoff is a convex function—i.e., a tilted smile of a curve above the approxi-
mation. For this reason, option contracts are a non-linear (i.e., convex) security. Likewise,
futures contracts are a time-dependent linear derivative.

) Long Call (Holder) Short Call (Writer)
PayofY Payoff
Option
(—N Premium
K
Price ar Pricc at
/ Maturity Maturity
™ K
Option
Premium

Figure 5. Call Option Payoff Structure.

Pricing an options contract is no mean feat. For example, as a seller of a call option, how
do you determine the fair value of your premium?* Too high and there will be no buyers;
too low and you will lose your shirt. Just right, and you would have received a Nobel prize.
In 1997, Robert C. Merton and Myron S. Scholes were awarded the ‘Bank of Sweden Prize
in Economic Sciences in Memory of Alfred Nobel’ for the Black—-Merton-Scholes (BSM?)
option pricing formula.

The method is derived from an active trading strategy that is designed to perfectly
replicate the payoff of an options contract using the underlying. The amount of cash
required to mimic this payoff is simply the price of the option, i.e., the option premium,
which is calculated for you by the formula. In technical terms, by dynamically trading with
an amount equal to the option premium, one can fully hedge the option’s payoff.

The trading strategy is simple as it only depends on the sensitivity of the premium with
respect to the change in the price of the underlying. For example, if the option premium
went up (down) by USD 0.75 and the price of the underlying went up (down) by USD 1,
then the trading strategy advises the investor to hold exactly 0.75 units of the underlying.
In technical terms, the A of an option provides the investor with an exact hedge. When
a call option is hedged, the position in the underlying is positive (or, in finance terms,
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long) and money needs to be borrowed. When a put option is hedged, the position in the
underlying is negative (short) and money is deposited.

In practical terms, the hedge makes the seller of an options contract ‘market-neutral’,
i.e., it removes the directional risk associated with selling an option. The bet from the seller’s
point of view is that the market goes down (up) and the call (put) option expires worthless.

Since hedging is of extreme importance to market participants, they have coined terms
that express the underlying’s current price relative to the option’s strike price. An option is
said to be ‘out of the money” (OTM) if an expiration today will yield the contract worthless.
Furthermore, an option is ‘in the money’ (ITM) if an expiration today will yield a positive
payoff. Finally, an option is ‘at the money’ (ATM) if its strike price is the same as the current
price of the underlying. Figure 6 presents how the delta value (A) of a call or a put varies
with the moneyness of an option with respect to its strike. All most all options are issued
with a strike close to the current price of the underlying.

e Call

Put

05

oTm ATM m

Delta Value

Moneyness

0.6

Figure 6. At the money, calls have a delta of 0.5 and puts have a delta of —0.5.

So who trades options and for what reasons? Well, there are a few market players
whose intentions are clear. Retail investors would buy a call (put) if they are more (less)
optimistic than the average investor about the future development of the underlying. They
are classified as ‘speculators’, along with hedge funds, etc., because they make directional
bets in the market. You will also find several investment banks who sell, or underwrite,
options. Their aim is to collect the option premia and then hedge much less than what the
BSM model prescribes. In fact, managing a large book of derivatives implies that many
idiosyncratic risks offset each other, and so the investment bank only needs to manage the
residual risk, i.e., what is leftover. Needless to say, computing this residual risk is not a
walk in the park!

On the other hand, futures are often used by asset managers who want to hedge
their investment. Suppose you manage a portfolio worth USD 100 billion in assets and
whose risk-return profile closely resembles the S&P 500 index. If you are concerned
about tomorrow’s release of U.S. labour market data (i.e., the non-farm payroll), you can
completely hedge your portfolio with an appropriate short futures position on the SPX. No
matter what the markets tell you tomorrow, any change in the value of the S&P 500 will be
matched (or closed out) by an opposite change in the value of the futures. You are, once
again, market-neutral.
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2.2. The CBOE Volatility Index

In 1993, the first volatility index was introduced by the CBOE to measure the 30-
day implied volatility of the S&P 100 index. The old VIX, now called the VXO, took the
average of the BSM implied volatilities® from eight near-the-money (~ATM) S&P 100 in-
dex options with the two nearest expirations. In 2003, the calculation methodology was
changed to provide a ‘model-free’ measure of S&P 500 index’s 30-day expected volatil-
ity, Carr and Wu (2006). The methodology is in use to this day, and we aim to provide a
sufficiently detailed discussion of it.

The VIX is quoted in volatility percentage points, when the VIX is at 15, it means
that the (annualised) 30-day expected volatility of the S&P 500 is 15%. Rather counter-
intuitively, it will make more sense to first understand how the VIX-squared works. The
VIX? is modelled after a variance swap, which is a forward contract on annualised variance
expressed in variance percentage points, see Diamond (2012). A buyer and a seller of a
variance swap agree on the variance swap rate V when exchanging contracts. On expiration
day T, the buyer pays the variance swap rate V and receives the realized variance V7. The
buyer makes a profit when the realized variance is higher than the swap rate, and a loss
otherwise. In other words, the buyer locks in on the swap rate—which can be interpreted
as the expected value of the variance.

Formally, the CBOE defines the VIX as

VX2 =V (1)

Here, the VIX? is the variance swap rate of a variance swap on the S&P 500. The
variance swap rate V in a variance swap is analogous to the predetermined future price in
a futures contract; i.e., the variance swap rate V is the expectation of total realized variance
Vr on expiration. Mathematically, this is written as

T
V=E[Vi]=E H | /0 atzdt] 2)

Rather remarkably, the fair value of V can be calculated directly from out-of-the-money
put and call options on the S&P 500 index, see Demeterfi et al. (1999). This is formally
expressed as

1 /T 20T [ rFo put © call
2 _ 2 K K
VIX® = E[T ./0 lop dt} =7 [/O 5 dK + Fo 5 dK}. 3)

Here, F is the forward price of the S&P 500 index at T days in the future, i.e., the
market’s best guess where the S&P 500 will be at that time. The VIX uses all put options at
strikes lower than Fy and all call options at strikes higher than Fy. All of these options are
currently, at the present Fy, out-of-the-money. The price of each option, whether a put or a
call, is divided by its strike price squared, K2.

As the strike K becomes further out-of-the-money for both options, the scaling factor
1/K? dampens the effect that these puts and calls have on the index’s final calculation
(see Figure 7). Likewise, as the prices of puts and calls clustered near the strike increase,
the index weighs them approximately at their face value. It is important to note that it is
extremely rare to have the VIX jump because of an increase in purchases of SPX calls near
the strike Wang (2021). Instead, the VIX spikes when market players bid up the prices of
SPX puts in anticipation that the underlying index will precipitously decline in value in the
near future. It is for this reason that the Volatility Index is given the moniker ‘fear gauge’.
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Figure 7. Option Price: USD 100. Volatility: 20%. Interest Rate: 2%. Expiration: 30 Days.

Since there are not infinitely many SPX options, the CBOE applies the following

discrete approximation:”

; , 2
VD 2eTZQ(K1)AKi_1(F0_1) ] @)

Let us develop a qualitative feel for CBOE’s approximation. The integral over a
continuum of options with strike prices K changes into a sum of currently traded options
with their respective strike price K;. The sum adds up prices of all available out-of-the-
money puts and calls. The price is the midpoint of its bid-ask spread—expressed as the
function Q(K;). The AK;, a discrete modification to dK, is the sum of half the spread
between its closest, neighbouring strike prices. There is, however, one catch: at Ky, the
first strike below the forward price Fy of the S&P 500 indeX, the call option is in-the-money.
Indeed, the last term in (4) represents the correction needed to convert this in-the-money
call into an out-of-the-money put.®

Remember that the new Volatility Index is defined as the square-root of a one-month
variance swap rate on the SPX; however, the CBOE only makes use of SPX options with
Friday expirations in their calculation. Here, SPX options with more than 23 days and less
than 37 days to the Friday SPX expiration are weighted to yield a constant, 30-day measure
of the expected volatility of the S&P 500 index.

Since the VIX cannot be traded or replicated (in contrast to stocks and stock market
indices which can be either traded or replicated), the standard futures pricing relationship
based on ‘cash-and-carry’ arbitrage’ does not hold. Hence, any fair-value calculation of a
futures contract on the VIX will always be model-dependent.

However, there are upper and lower price bounds on VIX futures. The VIXis defined
as the square-root of a one-month variance swap rate, i.e., the variance swap rate expressed
in volatility units, on the SPX; it is not the one-month volatility swap rate on the SPX. The
difference between the two is given by Jensen’s Inequality:

VIX = \/E[Vr] > E|/Vr| = Volatility Swap Rate ®)
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A futures contract on the VIX, at time t with expiration T, is the expectation of
square-root of expected total realized variance as shown below (Carr and Wu 2006).

T'+T
VIX futures = E; [VIX at time T'] = E; \/ Ep H / afdt} (6)
T/

The mathematics here serves a symbolic purpose as it keeps the timeline in check.
A typical volatility swap allows one to trade between realized and expected volatility. A
forward volatility swap allows one to trade between future volatility percentages. While
one fixes a volatility swap rate at the inception of a typical volatility swap, the fixing
of a volatility swap rate on a forward volatility swap is set at some future time and the
settlement day is on some time T’ further in the future. A VIX futures contract is not your
typical, over-the-counter volatility swap because it looks beyond the VIX, which itself is a
forward-looking measure as it constantly gauges the expected square-root of variance of
the SPX over the next 30 days. So then what is a VIX future?

By Jensen’s inequality, the price of a VIX futures is bounded below by a forward
volatility swap rate. Likewise, the price of a VIX futures is bounded above by a forward
variance swap rate, expressed in volatility percentage points. In practice, however, the VIX
future price is set approximately to a forward volatility swap rate on the VIX. In volatility
parlance, a VIX futures is simply referred to as a forward volatility swap.'? For cases where
this is violated, see Van Tassel (2020).

2.3. Volatility as an Asset Class

The quantification of volatility via an index allowed investors to track expected volatil-
ity of the broad U.S. stock market. Soon, it led investors to crave for directional exposure on
the VIX—but this is the equivalent of trading the market’s expectation of future volatility.
The initial VIX futures contracts were introduced in 2004, and VIX options followed after in
2006. Both volatility derivatives are settled in cash.

Historically, the correlation between daily returns of the S&P 500 index and daily
changes in the VIX is around —0.8, see Macroption (2022). Figure 8 illustrates the negative
relationship, leading up to and including Volmageddon.

Daily VIX v. S&P Returns, 2003-18
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Figure 8. On most days, when the SPX rises (falls), the VIX falls (rises).

Such a correlation exists for a valid reason. A VIX future, in terms of contract specifi-
cations, is just like any other futures contract. Namely, the buyer of a VIX future profits
if the VIX at some date at or before expiry exceeds the future price, i.e., if the market’s
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expectation of volatility has increased since the buyer entered the contract. Sudden market
drawdowns tend to increase the market’s expectation of volatility in the coming 30 days
or so, therefore the price of near-term VIX futures shoots up. Likewise, the seller of a VIX
futures profits if the market expects lower volatility in the short-term, which is usually
associated with a rising market. Hence, the existence of the negative correlation between
the VIX and SPX.

Of course correlation is not causality and there are several days where VIX and SPX
move in opposite directions (all observations in the lower-left and upper-right quadrant
in Figure 8). We also observe several outliers; the most extreme are a VIX movement of
+19 resp. —17 while the SPX moved by less than £4%. The former will be discussed in
detail in the next section on Volmageddon.

A VIX option contract’s specifications adhere to those of any regular option on an
underlying. Purchasing a call (put) means to speculate on an increase (decrease) in short-
term volatility. Again, wanting limited downside risk as a buyer of an option would
naturally entail the issuer demanding an upfront premium in return.

One drawback of entering a longer dated futures contract is that the exposure to
changes in future volatility declines as the expiration date approaches. Implementing a
futures trading strategy that maintains a defined exposure to the VIX can be challenging
for the retail investor. For instance, it may be difficult to manage a portfolio of VIX futures
that is supposed to provide a constant 30-day forward-looking exposure to the VIX. This
sounds like a job for an index!

The index’s aim is clear: track a time-varying basket of VIX futures that maintains an
average of 30 days to expiration. This is obtained by continuously adjusting the relative
proportion of VIX futures; each day, the index adds exposure to the second month futures
contract and reduces exposure to the first (or front) month futures contract, thus maintaining
30 days to maturity. The so-called S&P 500 VIX Short-Term Futures Index (VIX Futures
Index) does just that and is maintained by the S&P Dow Jones Indices LLC!!. Like the S&P
500 index, this index cannot be directly invested in. Instead, VIX exchange-traded product
(ETP) promises to track, and deliver, the returns of the VIX Futures Index.

Retail investors can buy ETPs from (and later sell them back to) their issuers, gaining
access to an instrument that mimics changes in the 30-day VIX futures return. From the
issuer’s point of view, keeping the index as an underlying allows the issuer to hedge by
taking the opposite side of the trade. It would ensure that the issuer avoided all directional
exposure to volatility, but it is not that simple.

The recipe to construct a VIX ETP involves choosing the type of product, and the
direction and magnitude of the volatility trade. The two options permitted in each case
are, respectively, an exchange-traded note (ETN) or exchange-traded fund (ETF); long or
‘inverse’; and leveraged or unleveraged.

For example, a 2X long leveraged VIX ETP with USD 100 million in assets would
double the daily gains or losses for its investors by using a margin account to construct a
USD 200 million notional position in VIX futures. Similarly, an unleveraged inverse VIX
ETP would take short positions in VIX futures without any leverage.

On 29 January 2009, Barclays LLC (Barclays) launched the first VIX ETP—the iPath
S&P 500 VIX Short-Term Futures ETN (VXX)—that started trading on 30 January 2009.
By 2016, the VXX ETP would be the fifth-most actively traded security in the US stock
markets (Wigglesworth 2017). An ETN is simply an unsecured debt obligation. The issuer
promises to pay a 30-day VIX future price at a pre-specified maturity date. At the same
time, Barclays also launched another ETN which gives exposure to a weighted average
VIX futures maturity of 5 months (VXZ). Such ETNs are still actively traded at the time
of this writing. On 19 January 2018, Barclays relaunched the iPath Series B S&P 500 VIX
Short-Term Futures ETN (VXX) after the previous series hit its maturity the same year.
VXX'’s new maturity is 23 January 2048 and has an annual management fee of 0.89%.

An ETN is different from an ETF. An ETF is secured by assets, e.g., an equity ETF, such
as SPX, is backed by some proportion of the 500 stocks. When you own an ETF, you own
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a portfolio; when you own an ETN, you own a promise because an issuer can (in theory)
invest the investors’ money in any asset. For the VXX, the investor is therefore exposed to
credit risk, i.e., Barclays’ ability to keep its promise. However, there are two main reasons
to own an ETN, a favourable tax treatment and—at least in theory—no tracking error, i.e.,
the value of the ETN follows the underlying index when traded in the secondary market
due to arbitrageurs correcting mispricing. ETN issuers tend to also hedge some of the risk
they are exposed to (Damato 2009).

In 2011, inverse VIX ETPs, which provided investors with the opportunity to short
volatility, followed suit. The most popular inverse VIX ETP at the time was issued by
Credit Suisse Group AG (Credit Suisse) and was called the Velocity Shares Daily Inverse
VIX Short-Term Futures ETN (XIV). A directional counterpart to the VXX, XIV promised
to replicate the inverse one-day return of the VIX Futures Index. For example, if the VIX
Futures Index dropped by 10%, XIV would post an end-of-the-day return of +10% to
its investors (see Figure 9). The XIV offered to harvest the ‘volatility risk premium” by
betting that near-term future, or expected, volatility will be lower than realized volatility.
In practice, the XIV carried out its mandate by mechanically selling the same basket of
near-term VIX futures that the VIX Futures Index tracks.

A Tale of Two ETPs: VXX v. XIV
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Figure 9. Their inceptions mark the birth of long and short volatility strategies, respectively.

3. Volmageddon

On Monday, 5 February 2018, a day with unremarkable weather in Chicago and New
York, the S&P 500 index dropped 4%. Such an event is rare and happens about twice per
year on average. Given the historical correlation of —0.8 between the VIX and the SPX,
the VIX should have responded with a rise of about 3.2 points. Instead, the VIX spiked by
about 20 points, from 17 at open to 37 at close, which marked the largest ever recorded
increase in the index in a single day. The VIX’s sudden skip, along with its tragic aftermath,
would later aptly be dubbed “Volmageddon’'.

3.1. The Big Volatility Short

After the Global Financial Crisis in 2007 /2008, investors became painfully aware of
the need to hedge against ‘tail risk’. This risk refers to the highly unlikely probability of
extreme movements in asset prices.!? If one is exposed to such risk (as most equity investors
are), one can suffer drastic losses in a short time period.

Given the historically negative correlation between the VIX and the S&P 500 index,
many market participants conjectured that VIX futures—if properly traded—could protect
them against tail risk. A corollary is that longing the S&P 500 index is equivalent to
(implicitly) shorting volatility. Therefore, a long VIX futures position can hedge away
potential volatility shocks in a portfolio resembling the S&P 500 Index.
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This hedging tactic gained traction after the the launch of the first long VIX exchange-
traded product (VXX) in 2009. While VIX futures were introduced a full five years earlier, it
required a financial crisis and a complex financial instrument to track them to make their
presence known to risk managers. The previous strategy of manually ‘rolling” VIX futures
contracts, i.e., paying monthly insurance premiums to tame the tail risk, was seen as a
messy way of trading them.

After a couple of years of low volatility in 2009—2011 (see Figure 10), insuring against
an event that did not occur started to lose its appeal. Investors began to ask: why not
switch sides? Shorting VIX futures contracts mean they would collect, as opposed to pay,
periodic insurance premiums. The introduction of the first inverse VIX ETP (XIV), in 2011,
made this trade available to the general public. Around this time, however, the European
debt crisis led to considerable economic uncertainty, and the VIX reached a two-year high

of 48. After this spike, the VIX would stay low for the next seven years until 2018.'3

Post-GFC Volatility Regime
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Figure 10. As the VIX level steadily declined, VIX futures volume picked up.

The start of the new volatility regime quickly conjured up a self-reinforcing prophecy:
shorting the VIX—via options and futures—drives down the index and, thus, benefits those
who are short, making betting against rising volatility even more attractive.

Conceptually, trading volatility with these products is similar to buying or selling
a volatility swap; an investor who is looking to short volatility sells implied volatility
and receives realized volatility at expiration. The volatility risk premium, i.e., expected
volatility less realized volatility, is what the short seller seeks to capture or ‘harvest’.
Sellers of volatility collect periodic premiums, from buyers of volatility, in exchange for
warehousing tail-risk. Unique to volatility markets, shorts make long-term bets while
longs make short-term bets. However, the spread between implied and realized volatility
narrows when selling insurance becomes a crowded trade.

Realistically, the dynamics of holding a short position against an index using futures
contracts is different. Suppose you short 600 futures contracts, each with a notional value
of USD 100, at a futures price of USD 10. If the futures index price goes up by 33%, your
net asset value (NAV) drops from USD 60,000 to USD 40,000. However, the notional value
of your position has become —600 x USD 100 x 1.33 = —USD 80,000. To restore the
short position to your new NAV of USD 40,000, you have to buy futures at notional USD
40,000, i.e., USD 40,000/USD 100 = 400 contracts. If you are short, an adverse market
move requires you to buy futures. If, instead, the market moves in your favour (falls),
then you will have to sell more futures. In summary, an inverse VIX ETP (i.e., leverage -1)
would sell (buy) if the price of futures goes down (up). A leveraged long VIX ETP (i.e.,
leverage > 1), rather surprisingly, works the exact same way! If the market moves up, the
issuer has to go further long and buy futures contracts. If the market goes down, the issuer
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has to sell futures to reduce the notional amount of the position. Therefore, whether the
exchange-traded product is inverse or leveraged long, both trade in the same direction in
the futures market, buying when broad market goes up and selling when it goes down.
For this reason, both inverse and leveraged long are simply referred to as leveraged VIX
ETPs (Augustin et al. 2021). It does not take a genius to realize that this strategy can create
a feedback loop if the issuers of leveraged ETPs are large enough and all trade in the
same direction.

At the time, it was slowly becoming clear to certain market players that issuers of
leveraged VIX ETPs were, themselves, the largest traders of VIX futures. Since issuers also
generate revenue from management fees, and not from directional bets on volatility, they
are incentivised to issue big or go home. Market players also knew when and how often
issuers of VIX ETPs would bid up or down the prices of VIX futures contracts: two minutes
before the close at 4:00 pm ET, every trading day!

It was a smart trading strategy for those who knew what to do, given that leveraged
VIX ETPs had to buy VIX futures in the event of a VIX spike, simply buy those VIX futures
earlier for cheap and sell them to their issuers later for more.

The scene was set for the seven-year volatility regime to come to an abrupt end. All the
VIX needed to do now was vault higher than the market expected to set off a catastrophic
feedback loop. On Friday, 2 February 2018, U.S. stocks sold off as investors worried that the
Federal Reserve might raise interest rates faster than needed (Kawa 2019). The VIX began
to rise.

3.2. The Volatility Storm

On Monday, 5 February 2018, US stock prices fell sharply as the S&P 500 declined
by more than 4%. Amidst the stock market volatility, the VIX experienced its largest ever
daily jump, rising 115% from 17 to 37. Credit Suisse’s XIV opened at USD 110 on that day,
and closed around 10% lower at 4:00 pm ET. During after-hours, however, the price of XIV
precipitously declined and had lost another 90% by around 6:30 pm ET (Franck 2018). So
what happened? The XIV ETN became a victim of its own success.

We will use approximate numbers for a simpler illustration of what happened during
market hours. For a more detailed account of that trading day, see Augustin et al. (2021).
Recall that XIV was an exchange-traded note, with Credit Suisse as its issuer, that promised
to track the inverse of the VIX short-term futures index. The prevalent theory is that
XIV carried out the mechanical rebalancing strategy—as explained previously—at the
end of the trading day (Augustin et al. 2021). As of Monday morning, the VIX stood at
15 and XIV had 15 million shares outstanding at a value of approximately USD 100 per
share, or USD 1.5 billion in net asset value. Credit Suisse’s XIV, tracking the inverse of the
Index, maintained an appropriate short VIX futures position worth USD 1.5 billion. So, for
instance, if VIX futures jumps from 15 to 20 (a 33% increase), XIV’s net asset value drops
by 33% to USD 1 billion. Post-jump, however, Credit Suisse’s short position now has a

‘notional” value of USD 2 billion. In short, there is a mismatch between XIV’s NAV (which

adjusts real-time as investors reprice the ETN’s shares accordingly) and Credit Suisse’s
hedge (which needs to line up with NAV by the end of the trading day). In this specific
VIX jump, Credit Suisse has to cut its volatility exposure in half by buying USD 1 billion
VIX futures.

Towards the end of market’s close, market players—aiming to take advantage of the
end-of-day hedging by issuers—started to bid up the price of VIX futures at 3:30 pm ET.
The snowball effect then began after the large mechanical nature of the rebalancing. By
4:15 pm, near the close of the futures market in Chicago, the prices of the VIX futures
had spiked.

Drastic market movements are, by their very nature, extremely rare. A sharp down-
ward spiral can sometimes have a computer protocol kick in and temporarily halt trading
in order to prevent an all-out market panic. The VIX Futures Index, as per its provider S&P
Dow Jones Indices LLC (SEC v. S&P Dow Jones Indices LLC 2021), used a software that
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paused real-time updates in the event that the index moves by more than a pre-specified
amount. The reasoning behind such a mechanism is obvious: if an index moves more
than deemed ‘normal’, a human will need to intervene to ensure the price swing is not
a computational mistake. It can be understood as a quality-control measure. On the day
of 5 February 2018, prices of the underlying VIX futures fluctuated, and the index with it.
Throughout the trading day there was no halting measure imposed by the index as there
was no freakish market move. After market hours, however, between 4:00 pm and 5:08 pm,
the VIX Futures Index told a different story (Levine 2018).

At 4:08 pm, in the span of one minute, 115,862 VIX futures contracts (or about 25% of
the entire market) were transacted (Sushko and Turner 2018). A minute later, at 4:09 pm ET,
the computer system stopped updating the S&P 500 VIX Short-Term Futures Index. For the
next three minutes, the last reported value of 86 continued to be disseminated. At 4:12 pm
ET, the index was updated in real time but froze again at 87 from 4:13—4:35 pm.

In this 22-minute interval, XIV’s published intraday indicative value!* was fixed
at approximately USD 25 per share. This was not its true indicative value because the
underlying index failed to update real-time changes in the VIX futures market. Investors
were fooled into believing that the XIV had weathered the volatility storm on that day.
From 4:35-5:08 pm ET, the XIV was sporadically updated with values between USD 24 and
USD 27 per share. At 5:09 pm, XIV’s closing indicative value was finally published. It was
a meagre USD 4.22 per share, marking a 95% decline from its open on the day. Between
4:09 pm and 5:09 pm, USD 700 million in XIV shares were traded on the secondary market
in the after-hours session. Buyers overpaid dramatically during this hour (Levine 2021).
While VIX futures doubled and wiped out the value of XIV, investors of the note were
completely oblivious.

The story of XIV’s issuer during Volmageddon was not as tragic. After the VIX’s
unprecedented increase during the day, XIV’s issuer scrambled to align their hedged
positions with their ETP’s net asset value by buying VIX futures at the day’s close. Naturally,
this inadvertently pushed up the price of futures, further decreasing their net asset values
and forcing them to buy even more futures. In the most extreme case, the issuer would
have mechanically rebalanced their hedge until their wealth hits zero. Fortunately, there is
some legal leeway buried in their prospectus where it is stated that they can redeem shares
(essentially returning capital to the investors and exiting the market) in the event that the
underlying short-term VIX futures index moves by more than 80% in a single day (XIV
Prospectus 2018). On 21 February 2018, Credit Suisse announced the termination event and
redeemed notes at USD 5.99 each (Stempel 2021). Since they earn fees from managing the
product on behalf of investors, issuers did not have much to complain about: they simply
promised to track the underlying index, be it broken or not.

This misinformation about XIV’s indicative value was an unintended consequence
of the so-called ‘Auto Hold’ feature embedded in the S&P 500 Short-Term VIX Futures
Index. The irregular pauses in the dissemination of real-time information caused substantial
damage. Unfortunately, the index provider failed to disclose the existence of such a feature
when it licensed the index to issuers. In May 2021, three years later, S&P Dow Jones
Indices LLC agreed on a USD 9 million settlement with the U.S. Securities and Exchange
Commission, see SEC v. S&P Dow Jones Indices LLC (2021).

What is clear is that trading VIX futures for hedging purposes can break the VIX
Futures Index and ultimately affect the VIX note, which relies on the index to calculate its
fair value. Additionally, hedging via VIX futures will always go against the performance of
these notes. It is no surprise that investors who lost their shirts in February 2018 went on
to accuse Credit Suisse of market manipulation. Although the initial class action lawsuit
was dismissed, the appeal against that decision was successful (Stempel 2021). According
to the case brought to the U.S. Court of Appeals for the Second Circuit (Chahal v. Credit
Suisse Group AG 2021), the claimants say they lost USD 1.8 billion while the issuer made a
profit of USD 475 million.
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3.3. Vol ‘Til You Bawl

Three years after the delisting of XIV, in October 2021, Dynamic Shares Trust was
given permission by the SEC to list the Dynamic Short Short-Term Volatility Futures ETF
(WEIX). Its promise is the exact same as that of the demised XIV, to provide investors
with the inverse daily returns of the S&P 500 VIX Short-Term Futures Index. However,
Dynamic Shares Trust assured investors that this product is actively managed to “provide
better risk management than passively managed short VIX short-term futures ETFs” (WEIX
Prospectus 2022). In particular, WEIX will calculate its closing indicative value by using a
time-weighted average price of 15 min to 4:00 pm ET rather than the futures settlement
price, which is determined 2 min to close. This broader rebalancing period is a safety
measure applied to prevent a spike (once again) in the VIX futures prices near closing
(Peterseil and Greifeld 2021).

It is difficult to say with certainty whether the new rebalancing method will prove to
be an effective solution. Most forms of rebalancing, i.e., periodically rolling over contracts,
are inherently price-insensitive, the buying and selling is carried out without any heed to
the asset’s price. If these mechanical trades are large enough, they will rapidly tear apart
the very fabric of the underlying market, such as on 5 February 2018 and 19 October 1987.

We invite the reader to also look at the events during the week that ended on Friday,
20 March 2020, when the U.S. stock market found its floor. We postulate that a similar
mechanical hedge rebalancing, this time performed by SPX options dealers, could have
been the reason for the stock market drop. The so-called ‘Gamma Hedging’ is claimed to
sway the S&P 500 index even to this day (Wang 2022). In options-speak, gamma measures
how the delta of an option changes as the price of the underlying changes; in theory, a
gamma hedge protects the investor from all of the underlying’s price changes. An SPX
options dealer, as a market maker, avoids directional exposure associated with the trade
by hedging with respect to an option’s gamma. This sounds awfully price-insensitive.
Table 1 illustrates all of the similar hedging strategies deployed by VIX ETP issuers and
SPX options dealers.

Table 1. Mechanical Hedge Rebalancing—VIX ETP Issuers and SPX Options Dealers.

VIX ETP Issuers SPX Options Dealers
Price-Insensitive Hedge v v
Buy into Rise, Sell into Decline v v/ (Short Gamma)
Rebalancing Period End of Trading Day  Third Friday of the Month
Day of Major Event 5 February 2018 20 March 2020

Roughly USD 3.2 trillion options, of which USD 1.7 trillion were SPX options, expired
on the third Friday of September 2022. The monthly options expiration (OpEx) forces
holders to either mechanically roll over existing positions or open new ones. In recent
years, OpEx has become an important market phenomenon for market players (of all sizes)
to try and trade around (Wang 2022). It is unclear if the tail will wag the underlying dog,
again; nevertheless, it is clear that the more things change in the financial markets, the more
things seem to stay the same.

4. Conclusions

This survey paper threw light on the Volatility Complex and presented the ill-famed
Volmageddon as an instructive case study for investors. We described the calculation
methodology of the CBOE VIX and the pricing techniques applied to the index’s higher
order derivatives. We explained the reasoning behind the post-2008 strategy of harvesting
the volatility risk premium via VIX futures and ETPs.

Our analysis sought to reveal the pernicious impact that price-insensitive hedge
rebalancing by major market participants can have on the market microstructure. We

147



Risks 2023, 11, 86

posited that systematic gamma hedging by options dealers may have created a similar
negative feedback loop that resulted in the market bottom on the third Friday of March
2020. We hope our intuitive analysis of the SPX options market promotes future research in
this area.
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Appendix A. VIX Approximation

The VIX equation uses an infinite number of out-of-the-money call and put options.
In reality there are far fewer as the strike ladder on the SPX is in 5 point increments
(CBOE 2022), and not all out-of-the-money options are actively traded. Therefore, an
approximation is needed. However, there is another snag. The separation between puts
and calls is determined by the current forward price of the underlying index SPX, Fy, an
observable market price. Denoting by K the highest strike on the option strike ladder that
does not exceed Fy, the CBOE approximation CBOE (2019) includes one in-the-money call
if Fp > Kp. In order not to throw away any data, one keeps this option price and adjusts the
approximation accordingly.

An alternative way to approximate VIX is to change the integration limit to Ky from Fy,
work out the correction needed, and then translate into a discrete version that uses actual
option prices.

Starting with Equation (3), one has

20T [ Ko put * callg 2¢'T
e = S| [T EKaK dK
T { o k2 + Kk, K2 ] + T [

Fo puty — callg
dK|. Al
L. )

The first term in brackets is the one with changed integration bounds and the second
term is the ‘correction’. The put-call parity implies

puty — callg = e "T[K — Fy].
Therefore, the last bracketed term of (A1) can be written as
2
T
where the last approximation is derived from the second-order Taylor expansion around
1. Define f(x) = 1 —x +In(x). The second-order Taylor expansion at ¥ is given by

f(®) + f1(%)- (x— %)+ 3f"(%) - (x — %)2. Since f(1) =0, f'(1) = 0and f”(1) = —1, one
finds f(Fy/Ko) ~ —(Fo/Kg — 1)> which means

PhK-F | 2 F 2
/KO = dK] -z {1— I(()—kln(Fo/Ko)} ~ —T<KO—1> (A2)

F 1
1— -2 4 In(Fy/Ko) ~ —=(Fy /Ko — 1)2.
Ko 2

Thus, one obtains the CBOE definition (4). As the difference between Fy and Kj is
usually small, the (second-order) approximation error is negligible.
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Notes

1 However, would you exchange an asset with a 15% guaranteed one-year return for this one? A ‘risk-neutral’ trader would say

yes; the payoff in either case is 15% (realized or not).

2 In reality, some money is required upfront. The ‘initial margin’ is a percentage of the purchase price that must be covered by the
investor’s own money. The ‘maintenance margin requirement’ is the amount of money the investor is required to maintain to
keep her position open.

3 This is a European option. If one wanted the greater privilege of conducting the transaction on or before the future date, one will
have to purchase an American option via a larger upfront payment.

4 Buying an option is like buying insurance, so the seller of the insurance collects an initial premium in exchange for paying up in
case of the insured event happening in the future.

5 The first name is in honour of Fischer Black, who passed away two years before in 1995 and, therefore, made him ineligible to
receive the prize.

6 The model works like this. There are five input variables, current underlying price, strike price, risk-free interest rate, time to
maturity, and volatility. There is one output variable, option price. Given four out of five input variables and the current price of
the option, one can reverse-engineer to obtain the implied (embedded) volatility in the option.

7 The CBOE’s VIX White Paper (CBOE 2019) provides a step-by-step calculation with a sample set of SPX options prices.

8 An alternative derivation is provided in Appendix A.

9 See Sinclair (2013) for more information.

10 Alas, one has no choice but to become used to the financial ‘Sprachspiel’!
n Similar to the CBOE'’s treatment of VIX, the level of the index is calculated by plugging the prices of VIX futures into a formula.
12 Generally, this is defined as the (tiny) chance that the price of an asset swings by three standard deviations or more. For a
normally distributed return, a tail-risk event has an equal 0.3% chance of occurring on the upside or downside.
13 Mostly low would be more correct as another hop occurred in August 2015 after the devaluation of China’s currency.
14 The value was calculated by Janus Henderson Group Plc, which marketed XIV for Credit Suisse.
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Abstract: We propose a framework for constructing diversified portfolios with multiple pairs trading
strategies. In our approach, several pairs of co-moving assets are traded simultaneously, and capital
is dynamically allocated among different pairs based on the statistical characteristics of the historical
spreads. This allows us to further consider various portfolio designs and rebalancing strategies.
Working with empirical data, our experiments suggest the significant benefits of diversification
within our proposed framework.

Keywords: pairs trading; Ornstein-Uhlenbeck process; diversification; portfolio allocation; mean
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1. Introduction

Pairs trading is a widely used strategy for traders and fund managers. It involves
taking simultaneous positions in two correlated assets and speculating on the path behavior
of the resulting spread. While it is difficult to fully model the dynamics of a single asset,
a pair of assets or securities may exhibit mean reverting behavior that can be better captured
by statistical models.

Each pairs trading strategy involves three main steps: (i) identification of assets,
(ii) formation of spreads, and (iii) design of trading rules. While there are various ways
to select assets for pairs trading, the two price processes for each pair should exhibit an
adequate degree of comovement so that the resulting spread is mean reverting. In such a
case, trading opportunities arise when the spread deviates from its mean.

We adopt a statistical approach to pairs trading. For any given pair of stocks, we
construct the spread such that it best fits the Ornstein—Uhlenbeck (OU) model. Specifically,
we determine the optimal ratio between two stocks, along with the model parameters,
such that the resulting spread time series achieves the maximum likelihood. This method
is an extension of the maximum likelihood estimation (MLE) approach which typically
only determines the model parameters. With the spread formed, we apply a set of trading
rules. The critical levels to enter and exit are set at a multiple of the standard deviation
from the long-term mean of spread. For more details, we refer to Lee and Leung (2020) and
references therein.

To our best knowledge, existing studies on pairs trading analyze the performance of
a single pair, rather than the aggregate performance of multiple pairs. There are several
practical benefits of trading multiple pairs and considering them together in a trading
program. Firstly, more spreads may give rise to more trading opportunities at any point
in time. Secondly, the spreads generated from different stocks are likely to be mostly
uncorrelated, which makes it an ideal setting to take advantage of diversification. Lastly,
trading multiple pairs also opens up a new direction for portfolio optimization, which does
not exist when trading a single pair.

In this paper, we propose a novel framework for constructing diversified portfolios
from multiple pairs trading strategies. Capital is allocated among different pairs based
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on the statistical characteristics, such as the speed of mean reversion and volatility, of the
historical spreads. Moreover, our approach is adaptive as portfolio weights are adjusted
periodically. Among our allocation methods, we introduce the novel Mean Reversion Bud-
geting (MRB) and Mean Reversion Ranking (MRR) methods. The MRB method determines
the portfolio weights based on the speeds of mean reversion, volatilities, and estimated
average log-likelihood scores together. In contrast, the MRR method ranks spreads based
on their estimated likelihood scores and speeds of mean reversion and assigns prespecified
portfolio weights based on the rankings of the spreads.

Working with the empirical price data of six stock pairs, our experiment suggests that
the proposed framework offers some desirable return profiles and portfolio features. We
compare several allocation methods to the benchmark equal-weight portfolio and illustrate
how dynamic rebalancing can improve portfolio performance.

The rest of the paper is organized as follows. We provide a review of related studies in
Section 2. In Section 3, we outline the steps of portfolio construction and trading rules for
mean reversion trading. As part of Section 4, we demonstrate how the volatility of spreads
and speed of mean reversion affect the performance of simulated trades. In Section 5,
we describe the proposed diversification framework. Section 6 describes the asset pairs
included in our study, and our data collection process, and compares the performance of
the proposed framework to the baseline. Concluding remarks are provided in Section 7.

2. Related Studies

Examples of mean-reverting spreads can be found in a number of empirical studies.
They are generated from pairs of stocks and ETFs (Gatev et al. 2006; Avellaneda and Lee
2010; Montana and Triantafyllopoulos 2011; Leung and Li 2016), futures contracts (Brennan
and Schwartz 1990; Dai et al. 2011), physical commodity and commodity stocks/ETFs
(Kanamura et al. 2010), as well as cryptocurrencies (Leung and Nguyen 2019).

Gatev et al. (2006) provided one of the first in-depth studies on pairs trading. They
proposed a commonly used Distance Method (DM) and test the CRSP stocks from 1962 to
2002. The DM method opens a position for a pair when the prices diverge from 0 by more
than two historical standard deviations and closes the position at the next crossing of the
prices. They reported an excess return of 1.3% for the top 5 pairs of the DM, and 1.4% for
its top 20 pairs. Do and Faff (2012) examined the profitability of pairs trading accounting
for transaction costs.

Other than the DM method, the cointegration test is commonly used in many alter-
native methods for mean reversion trading. Vidyamurthy (2004) detailed a cointegration
framework for mean reversion trading based on the Engle and Granger’s error correction
model representation of cointegrated series presented in Engle and Granger (1987). Galenko
et al. (2012) examined an active ETF trading strategy based on cointegrated time series.
Leung and Nguyen (2019) constructed cointegrated portfolios of cryptocurrencies using
the Engle-Granger two-step approach and Johansen cointegration test. Huck and Afawubo
(2015) compared the performance of DM and cointegration method using the components
of the S&P 500 index.

Another popular approach, the stochastic spread method, captures the path behav-
ior of the spread through a stochastic process with mean-reverting property, such as
the Ornstein-Uhlenbeck (OU) process. The construction of spreads and extraction of
trading signals are typically derived from the analysis of parameters of the underlying
model. Elliott et al. (2005) proposed a mean-reverting Gaussian Markov chain model
to describe spread dynamics. The model’s estimates are compared with observations of
the spread to determine appropriate trading decisions. Do et al. (2006) further analyzed
the method proposed by Elliott et al. (2005) and proposed a general stochastic residual
spread method to model relative mispricing. Leung and Li (2015) studied the optimal
timing strategies for mean-reverting trading under the OU process. They solved an optimal
double-stopping problem to analyze the timing of entry and liquidation subject to trans-
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action costs. Lee and Leung (2020) examined the performance of mean reversion trading
using dynamically optimized entry and exit rules.

Additionally, there are methods that utilize copulas (Liew and Wu 2013; Xie et al. 2016),
Principal Component Analysis (PCA) (Avellaneda and Lee 2010), and machine learn-
ing (Guijarro-Ordonez et al. 2021). In recent years, new optimization algorithms have
been proposed to generate spreads with maximum in-sample mean reversion. Some of
these methods can be automated to analyze a large number of stocks simultaneously
(d’Aspremont 2011; Leung et al. 2020).

Finally, we note that all the studies mentioned above focus on the trading performance
of a single pair. The proposed framework herein is designed for trading multiple pairs
simultaneously and is optimized as a diversified portfolio.

3. Pairs Construction and Trading Rules

We construct a long-short position with two highly correlated assets S} and S?. The

portfolio value is given by
X; = S} — BS?,

where the coefficient B is called the hedge ratio and can be optimized. Following the
procedure detailed in Leung and Li (2016, chp. 2), we determine the optimal pair ratio
through maximum likelihood estimation (MLE), whereby the resulting historical spread
time series best fits the Ornstein—Uhlenbeck (OU) model.
An OU process is a mean-reverting process, described by the following stochastic
differential equation:
dXt = y(G—Xt)dt—i-ath, (1)

where y € R represents the speed of mean reversion, § € R is the long-term mean, and
o > 0 is the volatility parameter. Here, W; is a standard Brownian motion under the
historical measure P.

3.1. Statistical Estimation for Optimized Mean Reversion

For any given hedge ratio b, consider the observed time series of the resulting spread
Xt = S} — bS? up to time t;. Then, we apply the method of maximum likelihood estimation
to determine the optimal parameters for the OU model based on the historical data. Specifi-
cally, given x; = X;, with time increment At = t; — t;_;, define the average log-likelihood
function of the past L observations as

to—1

1
I(n,0,0,b) = i Y log f(xilxi—1;1,6,0)
i=ty—L+1 )
Linm) @) - 5 AL (1 — ¢ 2 i
= —In(271) —In(F) — —— X;—xj_qe " —0(1—e" ,
2 2L5? i=ty—L+1 o
where Al
1—e 4
2 _ 2
=0 72#

To express the OU parameter values that maximize the average log-likelihood in (2),
we define the following:

n
Xx = le'fll
i=1
n
Xy = in,
i=1

n
2
Xyx = Z Xi_1s
i=1
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In turn, the optimal parameter estimates under the OU model are given explicitly by

Xy Xax — XaXay

0* = ,
n(Xyx — Xxy) — (X2 - Xny)
§ = L1 Xy — O X — 07X+ n(6*)?
At Xex — 207Xy + n(0%)2
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—20%(1— e # A (Xy — e MM Xy) +n(07)3(1 — e A)2).

At this stage, we maximize the average log-likelihood function over the three OU
model parameters and denote the maximized average log-likelihood by

I(b) = 1(u*, 0%, 0", b).

Then, the maximized log-likelihood function I*(b) is further optimized over the ratio
b to give the optimal hedge ratio

B = argmax I*(b).
b

In practice, the implementation of this optimization can be done via a grid search. For
instance, suppose we limit the absolute value of the hedge ratio to be 2. Then, we compute
the maximized log-likelihood function [*(b) for

b={-2,-199,-198,---,1.99,2}.
The maximizer is denoted by B.

3.2. Trading Rules

We now describe the mechanism of the trading strategy in this study. Denote by S}
and S? the prices of two assets at time t. Let C; be the capital available at time t. The initial
investment amount is Cg.

A number of indicators are required in order to set up the trading signals. We consider
the M-day moving average of the spread X;, denoted by MA(X;). Similarly, we define
SD(X;) to be the standard deviation of the spread over the past M-days. We use the
notations POS(X;) and POS(S?) for positions of S} and S?. Finally, K is the trading
threshold, r is the chosen risk level for the stop-loss rule, L is the length of the lookback
window, and T is the length of the entire trading period.

In turn, the trading strategy is described as follows.

1. When entering trading period at time 0, use L-days historical prices of S} and S? to
calculate the optimal pair ratio, given by

B = argmax[*(D).
b

2. Ateach time point , construct the spread by X; = S} — BS?.
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3. Entry rule: If the current position is zero and that X; < MA(X;) — K« SD(X}), then
enter a long position as follows:

POS(X;) = Ci/S}, Ci = Ci — X;- POS(X;).

If the current position is zero but X; > MA(X;) + K * SD(X;), then enter the short
position:
POS(X;) = —C;/S}, Cp = Cy — X; - POS(Xy).

4.  Exitrule: If POS(X¢) > 0 and X; > MA(X}), then quit the long position:
Ci = Ci + X; - POS(X;), POS(X;) =0,
If POS(X;) < 0and Xy < MA(X¢), then quit the short position:
Cr = G+ X; - POS(X;), POS(X;) =0,

5. Stop-loss rule: Let X denote the value of spread at entry time. If POS(X;) > 0 and
Xt < Xo * (1 — r), then quit the long position:

Ci = Ci+ X; - POS(X;), POS(Xy) = 0.
If POS(X;) < 0and X; > X * (1+ r), then quit the short position:
Ct = G+ X; - POS(X¢), POS(Xy) =0.
6.  If there is no signal indicating entry or liquidation, then stay put:
POS(X;) = POS(Xt), Ci=Cy.

In Step 3, a long position of X; is established if no shares of X; are held and the price
of X; drops below the past M-days average value minus K times standard deviation. The
number of shares purchased is determined by the ratio of current cash C; and price of S}.
That is, invest all the cash at hand to long S} and short the corresponding S? with the best
pair ratio B.

As for the liquidation rule described in Step 4, the entire position is liquidated when-
ever the price of X; rises beyond the past M-days average value. In short, we enter the long
position if the price of spread drops sufficiently far from the long-term mean, and then
wait for the price to revert and take profit. The trading rule for short positions follows a
similar logic. For more details on this approach, we refer to Lee and Leung (2020) and the
references therein.

The trading system includes four parameters: L is the length of look-back window
length that determines how many data points are used to estimate the best ratio; T de-
termines how long we will use the estimated best ratio; M is the number of days used to
calculate the moving average and standard deviation of the spread, and K is the threshold
that determines the trading boundary.

Intuitively, L and M control how much past data should be incorporated in the current
trading decisions. The other parameter, K, will have direct influence on the timing and
frequency of trades. For instance, a smaller K will result in more frequent trading.

4. Monte Carlo Simulation

In this section, we analyze how different degrees of mean reversion may impact
trading performance via Monte Carlo simulation. This analysis will shed light on capital
allocation across different spreads in our diversification framework.

We begin by considering trading a single spread, whose values are simulated according
to the OU model. There are three parameters in the model. The speed of mean reversion is
denoted by y, the volatility of the process is denoted by ¢, and the long-term mean is 8. We
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generate 1000 sample paths with different combinations of parameters and simulate the
trading transactions over one year (T = 252) for each path by following the rule described
in the previous section.

We examine the trading performance through the Sharpe ratio, average daily return,
volatility, total trading numbers, and cumulative return, which are calculated based on
the average over 1000 paths. The other parameters of the trading system are K = 1 and
M = 30 in this experiment. Since we generate the spread time series directly, there is no
need to compute the optimal pair ratio.

The results are summarized in Table 1. Among the parameters, we observe that the
speed of mean reversion y has a significant effect on the performance. Raising y with o
and 6 constant, the daily returns, Sharpe ratio, and number of trades all increase while the
standard deviation decreases slightly. This is intuitive since a fast mean-reverting spread
offers more trading opportunities and reduces the risk associated with the trading strategy.

Table 1. The simulated one-year mean reversion trading performance under different configurations
of OU model. The bolded numbers signify outperforming values. Parameters i € {10,20,30,40,50},
o € {0.1,0.5,1.0,1.5,2.0}, and 6 is chosen from {5, 10,15, 20, 25}.

7 o 0 Ret (%) Std (%) Sharpe PnL (%) No.Trade
10 1.0 15 0.0136 0.2951 0.0467 3.4067 15.410
20 1.0 15 0.0229 0.2903 0.0794 5.8520 18.092
30 1.0 15 0.0299 0.2881 0.1043 7.7184 20.992
40 1.0 15 0.0353 0.2841 0.1248 9.2014 23.563
50 1.0 15 0.0400 0.2797 0.1431 10.4706 26.018
30 0.1 15 0.0029 0.0286 0.1031 0.7385 20.826
30 0.5 15 0.0148 0.1433 0.1032 3.7566 20.879
30 1.0 15 0.0300 0.2872 0.1048 7.7462 20.899
30 1.5 15 0.0456 0.4295 0.1064 11.9390 20.922
30 2.0 15 0.0600 0.5780 0.1041 15.7092 20.698
30 1.0 5 0.0292 0.2779 0.1051 7.9878 20.960
30 1.0 10 0.0290 0.2821 0.1028 7.5805 21.055
30 1.0 15 0.0295 0.2871 0.1032 7.6169 20.699
30 1.0 20 0.0304 0.2888 0.1053 7.6606 20.706
30 1.0 25 0.0298 0.2834 0.1052 7.7975 20.787

Next, we examine the effect of the spread volatility . For different ¢ with y = 30
and 6 = 15, the Sharpe ratio is almost unchanged since both daily returns and volatility
increase simultaneously as ¢ increases. Intuitively, higher volatility may offer more trading
opportunities as the spread fluctuates more rapidly. However, higher volatility also leads
to a wider trading band, thus increasing the risk exposure. Lastly, the long-term mean 0
does not have a significant impact on trading performance as expected, given that trades
are triggered by the deviation of the spread from the long-term mean.

Based on the simulation results, the speed of mean reversion has a significantly positive
effect on performance as measured by average return and Sharpe ratio. Moreover, a faster
spread of mean reversion also results in more frequent trades. On the other hand, the
spread volatility increases the mean and standard deviation of returns simultaneously, so
the Sharpe ratio is lower for very high volatility. In contrast, the long-term mean 6 does not
affect the trading performance materially. Hence, we consider the mean reversion rate as a
critical factor when designing the diversification framework for trading multiple pairs.

5. Diversification Framework

We consider a diversified portfolio approach to trading multiple pairs simultaneously.
This leads to the analysis of a number of different methods to allocate portfolio weights to
the traded pairs.
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The first step is to divide the entire trading period into stages with a defined schedule
for adjusting the allocation. During the first trading stage, we apply equal weights to trade
all the spreads in the portfolio. After that, empirical spreads and returns are recorded and
analyzed to yield an optimal allocation for the next trading stage. Moving forward, we will
periodically obtain updates on the portfolio weights and re-allocate the capital for the next
trading period accordingly.

5.1. Portfolio Weights

In our framework, capital is allocated across different pairs in order to form a diversi-
fied portfolio. There are various methods to determine the portfolio weights dynamically
over time. To that end, we consider several methods and examine their effects on portfolio
performance.

5.1.1. Mean-Variance Analysis

Inspired by Mean-Variance Analysis (MVA), one method for determining the portfolio
weights is by maximizing the Sharpe ratio. For any given lookback period, let R € RN be
the vector of average returns of each pair and £ € RN*N be the corresponding co-variance
matrix of daily returns of each pair. Then, the optimal weights are those that give the best
historical in-sample Sharpe ratio. Precisely, we have

T
w* = argar]nax %, st fwlp =1 3)
This MVA-based method assumes that the weights that have produced the best Sharpe
ratio in the recent past will lead to a good performance in the next trading period. This
depends on the stability of the returns over time, which may not be a reliable assumption.
To address this issue, we propose several alternative allocation methods based on the
characteristics of the spreads, rather than returns.

5.1.2. Mean Reversion Budgeting

We propose an allocation method, called Mean Reversion Budgeting (MRB), which
is based on the mean-reverting properties of the spreads. In essence, we seek to measure
the degree of mean reversion for each spread and assign more weights to those that are
considered highly mean-reverting.

The first index is the estimated maximum average log-likelihood function.

To measure the goodness of fit to an OU process for each spread, we consider the
corresponding log-likelihood score. For each spread i, we denote by [; the estimated
maximum average log-likelihood score from the previous stage. Next, we do min-max
normalization to make them all positive. Precisely, for each spread i, we define the index:

i [; — min{[;} '
max{/;} — min{/;}

In addition, we consider the speed of mean reversion y. Intuitively, a more rapidly
mean-reverting spread offers more trading opportunities, so it should be allocated with
more portfolio weights. In order to account for the fluctuations due to volatility, we scale
the speed of mean reversion by the volatility parameter. Precisely, we write

pr="ti
1 &i,
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where fi; and &; are, respectively, the estimated speed of mean reversion and volatility for
each pair. In turn, comparing across all spreads, we define the normalized relative speed of
mean reversion for spread i as

o Ao min{)
" max{f} — min{i7}

Lastly, we incorporate both I; and ji; into the portfolio weight allocation. This results
in the formula .
pili
wl':ﬁ,lzl,"',N. (4)
YLy Al
In summary, this means that more capital is allocated into pairs that are more OU-like
and mean-revert more rapidly.

5.1.3. Mean Reversion Ranking

The MRB allocation method above may sometimes lead to extreme portfolio weights.
For instance, if spread i has a likelihood score I; that is significantly larger than the others,
the method will allocate most of the capital to that pair based on (4), leading to portfolio
concentration. Furthermore, the MRB method is susceptible to estimation errors since the
portfolio weights are functions of the estimates.

These observations motivate us to propose an alternative allocation method, called
Mean Reversion Ranking (MRR), which assigns fixed values based on the rankings of the
product of the estimated likelihood score and speed of mean reversion. Assuming that n
pairs are currently traded, we sort the 1 pairs in ascending order based on the product, [;
and fi;, wherei =1, - - - ,n. Then, we calculate the weights of sorted pairs by

( n—1 n+1 3(71—1))

2n(n—1)"2n(n—1)"  '2n(n—1)

Q)

n—1
2n(n — 1)
with the lowest likelihood value and speed of mean reversion, then another fraction

2ny(ln+—11) to the pair with the second-ranked spread, and so on.

The intuition behind this approach is as follows. If we start with equal weights

11 1
n'n’’ " rn
value and speed of mean reversion, then we invest the saved capital into the pair with the
3(n—1)
2n(n — 1)
respectively. The weights in the middle then increase uniformly based on their ranking
indices. The ranking method offers a more moderate weight distribution than the MRB
method. As our experiment shows, this method produces the highest Sharpe ratio for a

given set of spreads.

This method suggests that we allocate the fraction of the capital to the pair

) and then reduce by half the weight of the pair with the lowest likelihood

highest score. This yields the fractions % and for the smallest and largest weights,

5.2. Trading Rules under Diversification Framework

Next, we present all the stages within our trading framework. To start, we let
{SH, 522, s, Sf\]l,S%\]Z} be the prices of N pairs of co-moved stocks at time t. With the
initial investment Cy, we denote C; to be the total cash at time ¢.

For each spread, we write MA(X;) and SD(X;) to represent the moving average and
standard deviation of past M-days spread, respectively. At each time ¢, the position of X; is
given by POS(X;).

The length of the whole trading period is T and the length of lookback window is
L. Ly represents the window length of each small stage, also referred to as rebalancing
window size. Note that the trading period is divided into T/Lg small stages. Then, there
are two types of transactions within the trading program: stage transition and intra-stage
trading.
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The complete trading procedure is described as followed:

Pairs ratio calculation. Entering trading period at time 0, use L-days historical prices
of each pair {Si!, 512} to calculate the optimal pair ratio, given by

B' = argmax[; (b),
where [ (-) is the maximized average likelihood function for the i-th pairand 1 < i <
N.
Spreads construction. At each time point f, construct N spreads by X! = Sil — BSi2,
1<i<N.
Stage transition. Entering a new stage, liquidate all the positions and use past Lg-

days trading information to update the weights w by equation (3), (4) or (5). Allocate
the total cash at hand based on weights:

Ci = w; - C.

Entry of intra-stage trading. Set a trading threshold K (a positive constant, e.g., 0.5, 1,
or 1.25). Check the entry condition for each pair. Fori € {1,---, N}, if POS(X}) =0
and X} < MA(X}) — K% SD(X}), then enter the long position:

POS(X!) = Ci/sit, Ci=cCi—Xi-POS(XD).
If POS(X}) = 0and Xi > MA(X!) + K * SD(X}), then enter the short position:
POS(X}) = —Ci/Si!, Ci=Ci— X} POS(X}).

Liquidation of intra-stage trading. Check the liquidation for each pair. Fori €
{1,---,N},if POS(X!) > 0 and X! > MA(X}), then quit the long position:

Ci=Ci+X}-POS(X{), POS(X})=D0.
If POS(X]) < 0 and Xj < MA(X}), then quit the short position:
Ci=Cj+X}-POS(X}), POS(Xj)=0.

Stop-loss rule of intra-stage trading. Set a risk level 7. Fori € 1,- - - , N, let X} denote
the value of each spread at entry time. If POS(X!) > 0 and X} < X} (1 —r), then
quit the long position:

Ci=Cj+X}-POS(X}), POS(Xj)=0.
If POS(X!) < 0and X! > X} = (1 + r), then quit the short position:
Ci = Cj+Xj-POS(X}), POS(Xi) =0,

No-trade scenario. If there is no signal of entry or liquidation, then keep the positions
unchanged: ' ‘ ' '

POS(X}) = POS(X}), Ci=C;.
Conduct intra-stage mean reversion trading for Lg days and go back to step 3.

The entire framework can be briefly summarized as follows: (1) divide the trading

period into several smaller stages; (2) when beginning a new trading stage, update the
weights based on the speed of mean reversion and volatility of spreads from the previous
stage; (3) liquidate all holding positions and re-allocate the total capital based on updated
weights; (4) conduct mean reversion trading on each pair separately with the allocated
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capital until the end of this stage; (5) record the historical spreads at the end and then move
onto the next stage.

6. Backtesting

In this section, we examine the performance of the proposed diversified trading
framework through a backtest. Different allocation methods are implemented and their
results are compared. It is worth noting that we do not apply the stop-loss rule in our
experiments.

6.1. Traded Assets and Price Data

To begin, we introduce the assets used in our experiment. Six pairs of stocks are
selected from six different sectors in the US market. Each pair consists of two stocks from
the same industry, ranging from airlines to banking. Table 2 provides a description of the
companies, along with the ticker symbols of all the pairs: WM-RSG, UAL-DAL, V-MA,
MS-GS, NVDA-AMD, and CVX-XOM.

For these six pairs, we collect the daily close prices for these stocks from 1 January 2021
to 31 December 2022 using the Yahoo! Finance APL! Figure 1 shows the price movements
of each pair. Each price time series has been divided by its initial values for normalization.
As we can see, the stock prices for each pair exhibit persistent comovement.
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Figure 1. Normalized historical daily close prices of six pairs of stocks from 1 January 2021-31
December 2022. From top to bottom: WM-RSG, UAL-DAL, V-MA, MS-GS, NVDA-AMD, and
CVX-XOM.

Pairs are constructed using the method detailed in Section 3 and the daily adjusted
close prices from the first year. In the experiment, the subsequent year is the trading period.
In each quarter, data are used to generate new trading signals. With quarterly rebalancing,
we test several trading thresholds and analyze annual performance statistics.
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Table 2. The stock pairs used for testing our mean-reversion trading strategies and the description of
the company.

Pairs Symbols Description
WM-RSG Waste Management and Republic Services provide waste management and
environmental services
UAL-DAL United and Delta are two of the largest American airlines
V-MA Visa and Mastercard are two dominant players in the payment industry
MS-GS Morgan Stanley and Goldman Sachs are two large-cap stocks in the banking
industry
NVDA-AMD Nvidia and AMD are two American multinational semiconductor companies
that develop computer processors
CVX-XOM Chevron and Exxon Mobil are major companies in the energy sector

6.2. Trading on Each Pair

To demonstrate the efficacy of the proposed mean-reversion trading strategy, we first
apply the strategy to six selected pairs separately. In the formation period, we use the data
from 1 January 2021 to 31 December 2021 to compute the optimal ratio for each pair. Table 3
lists the estimated best ratio and likelihood score of each pair. The parameters are selected
asK=1,L=252,T =252, and M = 63.

Table 3. Optimal ratio and likelihood score for each pair estimated from 1 January 2021 to 31
December 2021.

s} s2 Optimal Ratio b Likelihood Score [
WM RSG 0.98 5.7101
UAL DAL 1.02 5.3507
\Y% MA 0.99 5.8283
MS GS 1.00 6.1103
NVDA AMD 1.31 2.8395
CVvX XOM 0.95 4.6977

Then, we construct spreads from each pair based on the best ratio. In turn, each spread
is traded in the trading period. Figure 2 illustrates separately the spread, trading positions,
and returns for the six pairs in 2022. From top to bottom in each panel, we record the
movement of spread X, the position change POS(X;), and the cumulative return curve
for each pair. As we can see, almost all of the pairs, except CVX-XOM, have positive
annual profits, which demonstrates the effectiveness of the pairs trading strategy. As for
the pair CVX-XOM, the main reason for failure is that the spreads constructed from the
pairs do not display good mean reversion properties, as we can clearly observe a long-term
downward trend in the spread. With this in mind, based on the spread behaviors and
trading performance, it is intuitively optimal to allocate more weight to the first five pairs
and less weight to CVX-XOM during the trading period. This echoes our motivation to
propose a diversification framework to dynamically allocate weights on multiple pairs. It
would be interesting to see whether any of the allocation methods can assign the weights
accordingly.
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Figure 2. The separate trading performance on six pairs with K =1, L =252, T = 252, and M = 63
in 2022. For each pair, we show the spread, position, and cumulative return over time. (a) WM-RSG.
(b) UAL-DAL. (c) V-MA. (d) MS-GS. (e) NVDA-AMD. (f) CVX-XOM.

As shown in Figure 3, the correlation coefficients between different spreads are gener-
ally small, with the most positive correlation coefficient being approximately 0.3. These
low correlations suggest that there is a potential for diversification benefits in combining
these spreads in a trading portfolio. By diversifying across multiple spreads, traders can
potentially reduce portfolio volatility and increase the expected return. This motivates us
to investigate the effectiveness of our proposed diversified trading framework.
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Figure 3. Correlation matrix of the constructed six spreads.

6.3. Equal-Weight Portfolio

The baseline diversification is to trade all pairs equally, which means we implement
the trading strategies for all pairs with equally allocated initial cash during the entire
trading period. This equal-weight portfolio is conceptually the most straightforward way
to create a diversified portfolio. It is included here to compare against nondiversified
trading of single pairs and against other diversification methods.

To start, we first compare the performance of the equal-weight portfolio to the per-
formance of every single pair in this section. The trading period is the year 2022, and the
average annual and daily performance statistics of the trading strategies are presented in
Table 4. We consider different trading thresholds K € {0.5,0.75,1.0,1.25}. With a higher K,
the spread needs to deviate further from its moving average in order to trigger a trade. The
criteria presented include daily return (DailyRet), daily standard deviation (DailyStd), daily
Sharpe ratio (DailySR), annual maximum drawdown (AnnMDD), and annual cumulative
PnL (AnnPnL). In this experiment, we observe that the equal-weight portfolio generally
outperforms single pairs in terms of daily Sharpe ratio, daily standard deviation, and
annual maximum drawdown. This indicates the effectiveness of diversification for mean
reversion trading.

Moreover, we observe that the standard deviations of individual pairs range from 0.4
to 1, while the standard deviation of our portfolio is lower than 0.3. This indicates that
the equal-weight portfolio strategy has a lower level of risk compared to the individual
pairs. This can be attributed to the diversification effect, as the portfolio strategy involves
trading multiple pairs simultaneously, which helps reduce the overall risk. Therefore, our
results demonstrate that an equal-weight portfolio strategy can generate a higher return
and achieve a lower level of risk through diversification.
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Table 4. Performance statistics of the equal-weight portfolio and trading of single pairs. The bolded
numbers signify outperforming values. The parameters selected are: K € {0.5,0.75,1.0,1.25},
L=T=252,and M = 63.

Index Equal Weight WM-RSG UAL-DAL V-MA MS-GS NVDA-AMD CVX-XOM
K=05
DailyRet (%) 0.0260 0.0461 0.0741 0.0266 0.0060 0.0251 —0.0181
DailyStd (%) 0.3020 0.4616 0.8667 0.5882 0.5935 1.0802 1.0132
DailySR 0.0861 0.0999 0.0855 0.0452 0.0100 0.0233 —0.0179
AnnMDD (%) —1.7527 —4.0295 —1.5036 —4.7033 —6.5959 —3.6869 —10.1602
AnnPnL (%) 6.6218 11.9691 19.3084 6.4325 1.0577 4.9606 —5.6825
K=0.75
DailyRet (%) 0.0405 0.0337 0.0996 0.0377 0.0140 0.0435 —0.0168
DailyStd (%) 0.2702 0.4425 0.8010 0.5480 0.5233 1.0543 0.9531
DailySR 0.1499 0.0762 0.1244 0.0689 0.0267 0.0412 —0.0177
AnnMDD (%) —1.0363 —4.0295 —1.5036 —4.7033 —4.7938 —1.0167 —9.4947
AnnPnL (%) 10.5989 8.5626 27.383 9.5192 3.2131 9.9788 —5.2313
K=1
DailyRet (%) 0.0444 0.0362 0.1075 0.0442 0.0191 0.0393 0.0005
DailyStd (%) 0.2603 0.4406 0.7962 0.5410 0.5197 1.0602 0.9026
DailySR 0.1707 0.0823 0.1350 0.0821 0.0368 0.0371 0.0005
AnnMDD (%) —0.9259 —4.0295 —1.5036 —4.7033 —3.5482 —0.6721 —7.5687
AnnPnL (%) 11.7003 9.2573 29.9381 11.3813 4.5634 8.8227 0.9027
K=1.25
DailyRet (%) 0.0339 0.0199 0.0646 0.0190 0.0240 —0.0156 0.0336
DailyStd (%) 0.2377 0.3816 0.6833 0.4912 0.4816 0.9437 0.8126
DailySR 0.1428 0.0523 0.0945 0.0386 0.0499 —0.0165 0.0413
AnnMDD (%) —2.1982 —4.0295 —5.3303 —3.5172 —2.3069 —13.0758 —6.6102
AnnPnL (%) 8.8155 4.9415 16.9198 4.5624 5.9091 —4.9065 7.8850

6.4. Diversification Framework

We implement multiple mean reversion trading under the diversification framework
using different allocation methods, and compare the performance with the baseline equal-
weight portfolio. Since the trading period is one year (1/1/2022-12/31/2022) and the re-
balancing window is set to be three months, the trading period is divided into four periods.
As before, trading parameters are as follows: K € {0.5,0.75,1.0,1.25}, L = T = 252 days,
M = 90 days.

Figure 4 displays the cumulative return curves with different allocation methods in
the year 2022. Here, “MRB” stands for the Mean Reversion Budgeting method, “MRR” rep-
resents the Mean Reversion Ranking method, and “MVA” refers to the portfolio generated
by the mean-variance analysis. The equal-weight portfolio serves as a baseline portfolio
for comparison.

In terms of cumulative returns, the MRB method outperforms the baseline portfolio
by a significant margin. On the other hand, the MRR method’s returns are only slightly
higher than the baseline. This is not surprising since the rank-based method tends to spread
the weights more gradually from higher to lower-ranked pairs. In other words, the MRR
method does not penalize the poorly fitted spreads severely and does not assign oversized
weights to the spreads with the best mean-reverting properties.

However, taking volatility into account, subsequent experiments reveal that the rank-
ing method achieves a higher Sharpe ratio than the baseline. In contrast, the MVA portfolio
lags far behind the baseline. This is perhaps intuitive since the traditional mean-variance
analysis does not take into account the mean-reverting properties of the spreads.
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Figure 4. The accumulative returns for portfolios with different allocation methods. The trading
period is the year 2022, and the parameters are: L = T = 252, M = 90, and L = 63 days. Each plot
corresponds to a selected trading threshold K € {0.5,0.75,1.0,1.25}. (a—d) K =0.5,0.75, 1, 1.25.

To provide a comparative analysis of different portfolio allocation methods versus the
equal-weight portfolio, we summarize the statistics of trading performance with different
thresholds in Table 5. The statistics include daily returns (DailyRet), daily standard devi-
ation (DailyStd), daily Sharpe ratio (DailySR), annual maximum drawdown (AnnMDD),
and annual cumulative profit and loss (AnnPnL).

When compared to the baseline equal-weight portfolio, the MRB method significantly
improves the annual return without increasing the standard deviation considerably. As
a result, MRB yields a higher Sharpe ratio than the baseline portfolio. The MRR method
significantly decreases volatility and also achieves a high Sharpe ratio. These observations
support the notion that allocation based on mean reversion characteristics has the potential
to improve portfolio performance.

Regarding the standard deviations of the differently weighted portfolios, it is notable
that the MRR method exhibits the lowest standard deviation among all the portfolios,
indicating that this particular combination of pairs is the least volatile. In addition, the
MRB method also appears to decrease the standard deviation when compared to the equal
weights and MVA methods. These findings provide further evidence for the advantages of
employing a portfolio weights allocation approach to mitigate risk and enhance the overall
performance of the portfolio.
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Table 5. The comparison of different portfolio allocation methods vs. the baseline (equal-weight
(EW)). The bolded numbers signify outperforming values. The trading period is the year 2022, and
the parameters are: L = T = 252, M = 90, Lg = 63 days, and K € {0.5,0.75,1.0,1.25}.

Index EW MRB MRR MVA
K=05
DailyRet (%) 0.0260 0.0410 0.0289 0.0230
DailyStd (%) 0.3020 0.2755 0.2636 0.3624
DailySR 0.0861 0.1488 0.1097 0.0633
AnnMDD (%) —1.7527 —1.9555 —-1.7722 —3.5034
AnnPnL (%) 6.6218 10.7271 7.4317 5.7548
K=0.75
DailyRet (%) 0.0405 0.0431 0.0405 0.0272
DailyStd (%) 0.2702 0.2485 0.2349 0.4414
DailySR 0.1499 0.1734 0.1723 0.0616
AnnMDD (%) —1.0363 —1.9116 —1.3602 —3.3486
AnnPnL (%) 10.5989 11.3333 10.6107 6.7990
K=1
DailyRet (%) 0.0444 0.0479 0.0438 0.0277
DailyStd (%) 0.2603 0.2614 0.2310 0.4581
DailySR 0.1707 0.1834 0.1897 0.0604
AnnMDD (%) —0.9259 —19116 —1.3052 —3.3865
AnnPnL (%) 11.7003 12.6890 11.5503 6.9090
K=125
DailyRet (%) 0.0339 0.0351 0.0328 0.0216
DailyStd (%) 0.2377 0.2402 0.2123 0.2618
DailySR 0.1428 0.1461 0.1543 0.0823
AnnMDD (%) —2.1982 —2.4710 —2.2249 —2.5295
AnnPnL (%) 8.8155 9.1281 8.5101 5.4669

6.5. MRB Portfolio Weights

In our experiment, the MRB method appears to be the best allocation method. In this
section, we provide more details on how the weights vary under the MRB method during
the trading period. Let us focus on the case where K = 1. Table 6 shows the estimated
parameters using the data from 1 January 2022-31 December 2022. As we can see, the
NVDA-AMD and CVX-XOM pairs have the lowest likelihood scores. Table 7 shows the
changes in portfolio weights for each quarter during that year. Notice that the weights for
the NVDA-AMD and CVX-XOM pairs are close to zero. This is consistent with the MRB
method where weights are proportional to the likelihood scores.

Table 6. Parameters estimated from 1 January 2022 to 31 December 2022.

st s2 u o l
WM RSG 0.1415 0.0193 5.7888
UAL DAL 0.7284 0.0316 5.2948

v MA 0.0108 0.0175 5.8850

MS GS 0.0357 0.0244 5.5570
NVDA AMD 2.7227 0.2594 3.1927
CVX XOM 2.3461 0.3394 2.9276

Table 7. MRB portfolio weights for all six pairs over four quarters from 1 January 2022 to 31 December

2022.

st s? Period 1 Period 2 Period 3 Period 4

WM RSG 0.481 0.455 0.259 0.780

UAL DAL 0.176 0.161 0.069 0.030

\% MA 0.096 0.309 0.249 0.142

MS GS 0.220 0.065 0.422 0.048

NVDA AMD 0.000 0.000 0.000 0.000

CVX XOM 0.027 0.010 0.000 0.000
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7. Conclusions

We have presented a trading program that dynamically allocates capital to multiple
mean reversion trading strategies. The approach is designed for trading multiple pairs in
order to achieve diversification effects. Moreover, the dynamic rebalancing is adaptive to
the current model estimates and based on the relative performance or path behaviors of the
pairs in the portfolio. Our empirical experiments have shown that, for a given set of pairs
traded, the allocation method plays a significant role in the success of the diversification
framework.

This paper provides portfolio managers and traders with a useful and flexible frame-
work to test trading strategies and build portfolios involving multiple pairs. The approach
discussed herein can also be applied to multiple futures spread trading that is common in
other asset classes, such as interest rates, commodities, and currencies. There are plenty
of examples of mean-reverting spreads between futures contracts in different markets,
including Brent vs. WTI crude oil, soybean vs. soybean meal, gold vs. silver, and many
more. Spread trading is very common in managed futures portfolios.

Future research directions include considering a risk-sensitive approach and incorpo-
rating additional risk controls into the trading problem. The effects on trading performance
would be of practical interest. Another direction is to consider a variation of the mean-
reverting model. In particular, regime-switching mean-reverting models have been used
for futures trading (see Leung and Zhou 2019) and they can be suitable here for multiple
spread trading.
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B.N.; writing—review and editing, K.L. and T.L. All authors have read and agreed to the published
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Abbreviations

The following abbreviations are used in this manuscript:

ou Ornstein—Uhlenbeck

MLE Maximum likelihood estimation
DM Distance method

SSD  Sum of squared deviations

PCA  Principal component analysis
ETF  Exchange traded funds

CNN Convolutional neural network
MVA  Mean-variance analysis

Note

1 https:/ /pypi.org/project/yfinance/, accessed on 1 April 2023.

References

Avellaneda, Marco, and Jeong-Hyun Lee. 2010. Statistical arbitrage in the us equities market. Quantitative Finance 10: 761-82.
[CrossRef]

Brennan, Michael J., and Eduardo S. Schwartz. 1990. Arbitrage in stock index futures. Journal of Business 63: S7-S31. [CrossRef]

Dai, Min, Yifei Zhong, and Yue Kuen Kwok. 2011. Optimal arbitrage strategies on stock index futures under position limits. Journal of
Futures Markets 31: 394-406. [CrossRef]

d’Aspremont, Alexandre. 2011. Identifying small mean-reverting portfolios. Quantitative Finance 11: 351-64. [CrossRef]

Do, Binh, and Robert Faff. 2012. Are pairs trading profits robust to trading costs? Journal of Financial Research 35: 261-87. [CrossRef]

Do, Binh, Robert Faff, and Kais Hamza. 2006. A new approach to modeling and estimation for pairs trading. In Proceedings of the 2006
Financial Management Association European Conference. Stockholm: European Finance Association, vol. 1, pp. 87-99.

167



Risks 2023, 11, 93

Elliott, Robert J., John Van Der Hoek, and William P. Malcolm. 2005. Pairs trading. Quantitative Finance 5: 271-76. [CrossRef]

Engle, Robert F,, and Clive W. J. Granger. 1987. Co-integration and error correction: Representation, estimation, and testing.
Econometrica 55: 251-76. [CrossRef]

Galenko, Alexander, Elmira Popova, and Ivilina Popova. 2012. Trading in the presence of cointegration. The Journal of Alternative
Investments 15: 85-97. [CrossRef]

Gatev, Evan, William N. Goetzmann, and K. Geert Rouwenhorst. 2006. Pairs trading: Performance of a relative-value arbitrage rule.
Review of Financial Studies 19: 797-827. [CrossRef]

Guijarro-Ordonez, Jorge, Markus Pelger, and Greg Zanotti. 2021. Deep learning statistical arbitrage. arXiv arXiv:2106.04028.

Huck, Nicolas, and Komivi Afawubo. 2015. Pairs trading and selection methods: Is cointegration superior? Applied Economics 47:
599-613. [CrossRef]

Kanamura, Takashi, Svetlozar T. Rachev, and Frank ]. Fabozzi. 2010. A profit model for spread trading with an application to energy
futures. The Journal of Trading 5: 48-62. [CrossRef]

Lee, Donovan, and Tim Leung. 2020. On the efficacy of optimized exit rule for mean reversion trading. International Journal of Financial
Engineering 7: 2050024. [CrossRef]

Leung, Tim, and Hung Nguyen. 2019. Constructing cointegrated cryptocurrency portfolios for statistical arbitrage. Studies in Economics
and Finance 36: 581-99. [CrossRef]

Leung, Tim, and Xin Li. 2015. Optimal mean reversion trading with transaction costs and stop-loss exit. International Journal of
Theoretical and Applied Finance 18: 1550020. [CrossRef]

Leung, Tim, and Xin Li. 2016. Optimal Mean Reversion Trading: Mathematical Analysis and Practical Applications. Modern Trends in
Financial Engineering. Hackensack: World Scientific Publishing Company.

Leung, Tim, and Yang Zhou. 2019. Dynamic optimal futures portfolio in a regime-switching market framework. International Journal of
Financial Engineering 6: 1950034. [CrossRef]

Leung, Tim, Jize Zhang, and Aleksandr Aravkin. 2020. Sparse mean-reverting portfolios via penalized likelihood optimization.
Automatica 111: 108651.

Liew, Rong Qi, and Yuan Wu. 2013. Pairs trading: A copula approach. Journal of Derivatives & Hedge Funds 19: 12-30.

Montana, Giovanni, and Kostas Triantafyllopoulos. 2011. Dynamic modeling of mean reverting spreads for statistical arbitrage.
Computational Management Science 8: 23-49.

Vidyamurthy, Ganapathy. 2004. Pairs Trading: Quantitative Methods and Analysis. Hoboken: John Wiley & Sons, vol. 217.

Xie, Wenjun, Rong Qi Liew, Yuan Wu, and Xi Zou. 2016. Pairs trading with copulas. The Journal of Trading 11: 41-52. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

168



Article
Pricing of Pseudo-Swaps Based on Pseudo-Statistics *

Sebastian Franco *#

check for
updates

Citation: Franco, Sebastian, and
Anatoliy Swishchuk. 2023. Pricing of
Pseudo-Swaps Based on Pseudo-
Statistics. Risks 11: 141. https://
doi.org/10.3390/risks11080141

Academic Editors: Dan Pirjol and
Lingjiong Zhu

Received: 23 June 2023
Revised: 14 July 2023
Accepted: 28 July 2023
Published: 3 August 2023

Copyright: © 2023 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Anatoliy Swishchuk *#

Department of Mathematics and Statistics, University of Calgary, Calgary, AB T2N 1N4, Canada
* Correspondence: sebastian.franco@ucalgary.ca (S.F.); aswish@ucalgary.ca (A.S.)

* This paper is dedicated to Peter Carr.

1 These authors contributed equally to this work.

Abstract: The main problem in pricing variance, volatility, and correlation swaps is how to determine
the evolution of the stochastic processes for the underlying assets and their volatilities. Thus,
sometimes it is simpler to consider pricing of swaps by so-called pseudo-statistics, namely, the
pseudo-variance, -covariance, -volatility, and -correlation. The main motivation of this paper is to
consider the pricing of swaps based on pseudo-statistics, instead of stochastic models, and to compare
this approach with the most popular stochastic volatility model in the Cox-Ingresoll-Ross (CIR)
model. Within this paper, we will demonstrate how to value different types of swaps (variance,
volatility, covariance, and correlation swaps) using pseudo-statistics (pseudo-variance, pseudo-
volatility, pseudo-correlation, and pseudo-covariance). As a result, we will arrive at a method for
pricing swaps that does not rely on any stochastic models for a stochastic stock price or stochastic
volatility, and instead relies on data/statistics. A data/statistics-based approach to swap pricing is
very different from stochastic volatility models such as the Cox-Ingresoll-Ross (CIR) model, which,
in comparison, follows a stochastic differential equation. Although there are many other stochastic
models that provide an approach to calculating the price of swaps, we will use the CIR model for
comparison within this paper, due to the popularity of the CIR model. Therefore, in this paper, we
will compare the CIR model approach to pricing swaps to the pseudo-statistic approach to pricing
swaps, in order to compare a stochastic model to the data/statistics-based approach to swap pricing
that is developed within this paper.

Keywords: volatility; variance; covariance; correlation swaps; pseudo-swaps; pseudo-statistics;
Apple and Google data; CIR model

Preface

The authors would like to dedicate this paper to Peter Carr, with whom they have had
several discussions in the past about swaps, including variance, volatility, covariance, and
correlation swaps.

The second author’s first experience with swaps was in Vancouver in 2002 on a
5-day Industrial Problem Solving Workshop (IPSW) organized by PIMS. The problem was
proposed by RBC Financial Group (see (RBC Financial Group Team 2002)), and it concerned
the pricing of swaps involving the so-called pseudo-statistics, namely, the pseudo-variance,
pseudo-covariance, pseudo-volatility, and pseudo-correlation. The team consisted of nine
graduate students, with whom we solved the problem and prepared a report (see (Badescu
et al. 2002)). I would like to thank them all for a very productive collaboration during
this time. I would also like to mention that the idea to use the change in time method for
solving swap pricing problems (see (Swishchuk 2004)) actually appeared to the second
author during this workshop.

Peter was always humorous regarding any topic during our lighthearted conversations,
and there is no exception for the latter one. I remember when I told him that we had some
results on pricing pseudo-variance, pseudo-covariance, pseudo-volatility, and pseudo-
correlation swaps (discretely defined as volatility derivatives), which we obtained during
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this IPSW in Vancouver in 2002, together with nine graduate students and prepared a paper,
he immediately sent me an email saying “Please, send me your pseudo-paper!”.

1. Introduction

Volatility derivatives, such as variance, volatility, covariance, and correlation swaps,
have been popular in the financial market for a long time (Carr and Madan 2001; Carr and
Lee 2009; Demeterfi et al. 1999).

The simplest measure of a stock’s risk or uncertainty is its volatility. The volatility,
which we denote as oy, is the annualized standard deviation of the stock’s returns during
the period of interest, where the subscript R denotes the observed or “realized” volatility.
Volatility swaps, or realized volatility forward contracts, are the easiest way to trade
volatility because they provide pure exposure to volatility (and only to volatility). Therefore,
volatility swaps are forward contracts on future realized stock volatility, and variance swaps
are similar contracts on variance, the square of the future volatility. Both these instruments
provide an easy way for investors to gain exposure to the future level of volatility.

Even though volatility is commonly talked about amongst options market participants,
variance and volatility squared have more fundamental significance. A pricing covariance
swap, from a theoretical point of view, is similar to a pricing variance swap. A covariance
swap is a covariance forward contact of two underlying assets.

The following is in reference to the work of (Carr and Lee 2009). In the earlier part
of the 1990s, one can find the first evidence of volatility derivatives being traded in the
OTC market. Both variance and volatility derivatives were traded sporadically between
1993 and 1998. The first contracts to enjoy any liquidity were variance swaps. Due to
historically high implied volatility in 1998, one can see the emergence of variance swaps in
that year. The so-called covariance and correlation swaps have become available as well
(Brockhaus and Long 2000). Some papers advocate for the creation of volatility indices and
other financial products, whose payoff is tied to these indices, including the VIX index.
We would also like to mention that (Gastineau 1977) and (Galai 1979) introduced option
indices similar to stock indices. Futures and option contracts based on realized volatility
indices were proposed by (Brenner and Galai 1989). (Whaley 1993) introduced derivative
contracts written on the VIX index, while (Fleming et al. 1995) described the construction
of the original VIX index. More information about the development of a volatility indices
can be found in (Carr and Lee 2009).

Extending the Black Scholes model for stochastic volatility, some papers proposed
a parametric process. Specifically, (Griinbichler and Longstaff 1996) valued options and
futures considering a continuous time GARCH process for variance, while Brenner and
Galai (1993, 1996) created an evaluation model for options on volatility via a binomial
process. Some papers proposed an alternative non-parametric approach even before swaps
on variance had been introduced. In this direction, the first paper was a working paper
by Neuberger (Neuberger 1990), and it was published in 1994 (Neuberger 1994). Neu-
berger assumed that the price of stocks is continuous over time and that the limit of
the sum of squared returns should exist, in place of assuming a specific stochastic pro-
cess. Independently of Neuberger, (Dupire 1993) developed the same argument. Building
on a prior working paper by (Dupire 1996), (Carr and Madan 2001) completed the task
of developing a robust replicating strategy for continuously monitored variance swap.
The next main breakthrough in the robust pricing of volatility derivatives occurred in
path-breaking work by (Dupire 1996) and by (Derman et al. 1997). Moments swaps were
studied in (Schoutens 2005). Modelling and pricing of variance swaps for stochastic volatil-
ities with delay and for multi-factor stochastic volatilities with delay were considered in
(Swishchuk 2005) and (Swishchuk 2006), respectively. Extensive overview on volatility
derivatives may be found in (Carr and Lee 2009).

The Heston model is amongst the most popular stochastic models for the pricing of
volatility swaps, but new approaches and modifications are continually being suggested.
In (Salvi and Swishchuk 2014), the Heston model is used along with a new probabilistic
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approach to study volatility swaps, while a variance drift-adjusted version of the Heston
model is presented in (Swishchuk and Vadori 2014). Models and processes that incorporate
jumps are also increasingly popular for modeling the fluctuations of financial markets.
Amongst these jump processes is the Barndorff-Nielsen and Shephard (BN-S) model, which
was used in (Benth et al. 2007) to analyze swaps written on powers of realized volatility. The
arbitrage-free pricing of variance and volatility swaps under the BN-S model is examined
in (Habtemicael and SenGupta 2016b), while covariance swaps under the BN-S model
are looked at in (Habtemicael and Sengupta 2016a). (Issaka and SenGupta 2017) further
examine the BN-S model by calculating the bounds of the arbitrage-free variance swap
price. Derivative asset analysis and pricing of European style options under the BN-S
model is found in (Sengupta 2016).

The main problem in pricing variance, volatility, and correlation swaps is how to
determine the evolution of the stochastic processes for the underlying assets and their
volatilities. Thus, sometimes it is simpler to consider the pricing of swaps by so-called
pseudo-statistics, namely, the pseudo-variance, -covariance, -volatility, and -correlation
(Badescu et al. 2002; RBC Financial Group Team 2002).

The main motivation of this paper is to consider the pricing of swaps based on pseudo-
statistics, instead of stochastic models, and to compare this approach with the most popular
stochastic volatility model in the Cox-Ingresoll-Ross (CIR) model. Within this paper,
we will demonstrate how to value different types of swaps (variance, volatility, covari-
ance, and correlation swaps) using pseudo-statistics (pseudo-variance, pseudo-volatility,
pseudo-correlation, and pseudo-covariance). As a result, we will arrive at a method for
pricing swaps that does not rely on any stochastic models for a stochastic stock price
or stochastic volatility, and instead relies on data/statistics. A data/statistics-based ap-
proach to swap pricing is very different from stochastic volatility models such as the
Cox-Ingresoll-Ross (CIR) model, which, in comparison, follows a stochastic differential
equation (see (Swishchuk 2004)). Although there are many other stochastic models that
provide an approach to calculating the price of swaps, we will use the CIR model for
comparison within this paper, due to the popularity of the CIR model. Therefore, in this
paper, we will compare the CIR model approach to pricing swaps to the pseudo-statistic ap-
proach to pricing swaps, in order to compare a stochastic model to the data/statistics-based
approach to swap pricing that is developed within this paper.

In Section 2, we present the analytical closed-form formulas of pseudo-variance,
pseudo-volatility, pseudo-correlation, and pseudo-covariance. Section 3 defines a pseudo-
swap and presents the associated equations. In Section 4, four data sets that are to be
used in the numerical examples that follow are defined. Section 5 defines the logarithmic
return of a stock price, while in Section 6, we calculate the expected sample variance and
expected sample volatility. The pseudo-variance, pseudo-volatility, pseudo-covariance, and
pseudo-correlation are calculated in Sections 7, 8, 10, and 11, respectively. In Section 9, we
calculate the expected sample covariance of the two stock data sets presented in Section 4.
Section 12 outlines the data sets and purpose of the comparison between the pseudo-
statistic approach and the approach based on the Cox-Ingresoll-Ross (CIR) model. The
results of the numerical comparison between the variance and volatility swap payoffs when
using the CIR model and the pseudo-statistic approach are shown in Sections 13 and 14,
respectively. The paper is concluded in Section 15.

Within this paper, we will make use of statistical analysis, martingales, and stochastic
calculus to provide analytical closed-form formulas of the pricing of swaps and calculate
numerical values using these formulas. In addition, we have also used data analysis
methods in the selection and preparation of the data sets that are presented in Section 4.

2. Pseudo-Statistics
The pseudo-statistics, as defined by (Badescu et al. 2002), are the estimators for the
corresponding statistics. For example, if R(k) = log(St(l_k)/ Sgik}l),k =1,2,i=1,2,...,n,

i
tp=0<t <ty <... <ty =T,isthe log return of the underlying asset Sgk),k = 1,2, then
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the realized pseudo-variance is defined as

n
Vary(s®, T) := (RP —rP)2, 1)
=1

n
(n—1T !

1

where R,(qk) =1y, Rl(k), T is the maturity of the contract. It can be shown that the realized

continuously sampled variance is given by 02 (S)) = V)(T) := lim,_ o Var, (S¥, T) =

1 OT o?(k)dt, where oy (k) is the volatility (stochastic, in general) of the underlying asset

Sgk) ,k = 1,2. In the same way, as was shown in (Badescu et al. 2002), the other types of

pseudo-statistics (such as pseudo-volatility, -covariance, and -correlation) can be defined as

Vol, (8%, T) := \/Var,(s®), T) )

for pseudo-volatility,
n
Coon(s™),$%,1) 1= T Y (R — RYV)(R — R ©

for pseudo-covariance, and

s@,T) = Cov, (S, 8@, T)
\/Varn(S(l), T) \/Varn(s(z), T)

Corry (S, (4)

for pseudo-correlation.

3. Pseudo-Swaps
3.1. Swaps

A stock volatility swap, as defined by (Demeterfi et al. 1999), is a forward contract on
the annualized volatility. Its payoff at expiration is presented within (Demeterfi et al. 1999),
and it is equal to

N(UR(S) - Kvol)/ (5)

where o7y, is the realized stock volatility (quoted in annual terms) over the life of contract,
Koo is the annualized volatility delivery price, and N is the notional amount of the swap
in dollars per annualized volatility point. The holder of a volatility swap at expiration
receives N dollars for every point by which the stock’s realized volatility or has exceeded
the volatility delivery price K;,. The holder is swapping a fixed volatility K, for the
actual (floating) future volatility og. We note that usually N = «I, where « is a converting
parameter, such as $1 per volatility, and I is a long/short index (+1 for long and —1
for short).

However, the variance or volatility squared are of higher significance, despite the talk
of volatility by options market participants, as explained by (Demeterfi et al. 1999).

A variance swap, as defined by (Demeterfi et al. 1999), is a forward contract on
annualized variance, the square of the realized volatility. Its payoff at expiration is presented
within (Demeterfi et al. 1999), and it is equal to

N(UIZQ<S) — Koar), (6)

where 0% (S) is the realized stock variance (quoted in annual terms) over the life of the

contract, Ky, is the delivery price for variance, and N is the notional amount of the swap in
dollars per annualized volatility point squared. The holder of variance swap at expiration
receives N dollars for every point by which the stock’s realized variance 0 has exceeded
the variance delivery price Kyq. Therefore, pricing the variance swap reduces to calculating
the realized volatility square.
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From a theoretical point of view, consistent with the information presented within
(Salvi and Swishchuk 2014), pricing a covariance swap is similar to pricing variance swaps,
using the following equation presented in (Brockhaus and Long 2000):

Coovg(sM,52)) = 1/2[c3(sMs@)) — 0% (sW) — 0% (5?))), ?)

where (1) and () are two given assets, 0%(S) is a variance swap for underlying assets,

and Covg (S, $?)) is the realized covariance of the two underlying assets S and 5@,
Within (Salvi and Swishchuk 2014), a covariance swap is defined as a covariance

forward contract of the underlying rates S(!) and $(2), whose payoff at expiration is equal to

N(Covg(SW, $@) = Keoo), ®)

where K¢,y is a stock price, N is the notional amount, and Covg (S(l), S(Z)) is the covariance
between two assets S() and $(2).

A correlation swap is defined by (Salvi and Swishchuk 2014) as a correlation forward
contract of two underlying rates (1) and S(2), whose payoff at expiration is equal to

N(COTT’R(S(l),S(Z)) - Kcorr)r (9)

where Corr(S(l), 5(2)) is the realized correlation of two underlying assets S and 5(2), Keorr
is a strike price, and N is the notional amount.
Finally, correlation Corrg (S(l), 5(2)) is defined by (Salvi and Swishchuk 2014) as follows:

@) Covg (s, s?)
s = :
VoasW) Joa(s@)

where Coug (51, 5(?)) is defined in Equation (7) and ¢ (S1) is the realized variance of
asset 5(1) (quoted in annual terms) over the life of the contract.

Corrg(SW, (10)

3.2. Pseudo-Swaps

A pseudo-variance swap is defined within (Badescu et al. 2002), as a forward contract
with one unit of notional principal, a given maturity of T > 0, a strike Ky,,, and long/short
index of I (+1 for long and —1 for short), such that the matured payoff of the contract,
denoted by Cyer(S%), T), is given by

Cvar(s(k)/ T) = Nvarl[varn(s(k)/ T) - KUW]/ k=1,2, (11)

where Var, (S k), T) is defined in (1), and Ny, is a converting parameter, such as $1 per
variance. It can be shown, using the framework presented in (Swishchuk 2004), that
pricing the variance swaps reduces to calculating the expectation (with respect to the risk-
neutral measure) of the pseudo-variance. In the same way, as was conducted in (Badescu
et al. 2002), we can define the other types of pseudo-swaps, such as pseudo-volatility,
pseudo-covariance, and pseudo-correlation swaps, based on pseudo-statistics defined in
Equations (2)—(4). Therefore, we have the following formulas for pseudo-volatility, pseudo-
covariance, and pseudo-correlation swaps, respectively:

Coot (S®), T) = Nyo I[Vol, (ST, T) — Kour], k=1,2, (12)
Ceoo(S¥M), T) = NuooI[Cov, (S, 8P, T) — Koy, (13)
Ccorr(s(k)/ T) = Ncorrl[corrn (S(l); 5(2)/ T) - Kvar]: (14)

where Voln(S(k), T), Covy (S(l), s@), T) and Corry (S(l), s@), T) are defined in Equations (2)—(4).
In this paper, we show how to price different types of swaps (variance, volatility,
covariance, and correlation swaps) defined in Equations (5)—(9) using pseudo-statistics
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(pseudo-variance, -volatility, -covariance, and -correlation) and pseudo-swaps defined in
Equations (11)—(14).

4. Financial Data Used

For the following report, we have used real-life financial data from Yahoo Finance
(https:/ /ca.finance.yahoo.com/ (accessed on 7 June 2023)) of the publicly traded stocks
belonging to
- AppleInc. (AAPL)

—  Alphabet Inc. Class C (GOOG).

In the sections that follow, we will make use of four data sets, which are described in
the next two subsections.

4.1. 6-Month Data Sets

The first two data sets we will introduce contain 6 months of daily closing data for
GOOG and AAPL, from 9 November 2022 to 8 May 2023. As a result, each data set has
123 entries, and we will define the following variables:

—  Time in Years of First Data Entry: T; =0
—  Timein Years of Last Data Entry: T, = 0.5
—  Duration of Data Collection in Years: T, — T; = 0.5 — 0 = 0.5.

We can then define each data entry in the data sets of AAPL and GOOG daily closing
prices as follows:

AAPL Daily Closing Data at time t;:

Sgil) fort; € [Tg, Ts] and T; =ty < t] <... < tipp = T,.

Below, in Figure 1, a visualization of the daily closing price data of AAPL in the time
period from 9 November 2022 to 8 May 2023 is provided.

AAPL Stock Price
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Figure 1. AAPL stock price over a 6-month period of November 2022 to May 2023.

GOOG Daily Closing Data at time t;:

ng) for t; € [Tg, Ts] and T; =ty < t] < ... <ty =T
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In Figure 2, below, we present a visualization depicting the daily closing price data of
GOOQOG in the 6-month time period from November 2022 to May 2023.

GOOG Stock Price
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Figure 2. GOOG stock price over a 6-month period of November 2022 to May 2023.

4.2. One-Year Data Sets

In order to calculated the expected volatility and variance in 9 November, we will use
two more data sets that contain 1 year of daily closing data for GOOG and AAPL, from
8 November 2021 to 7 November 2022. As a result, each data set has 252 entries, and we
will define the following variables:

—  Time in Years of First Data Entry: T; = 0
—  Timein Years of Last Data Entry: T, =1
—  Duration of Data Collection in Years: T, — Ty =1 -0 = 1.

We can then define each data entry in these data sets of AAPL and GOOG daily closing
prices as follows:

AAPL Daily Closing Data at time t;:

Sgil) fort; € [T, Ts]and Ts =ty < t1 < ... < Ip51 = To.

Below, in Figure 3, a visualization of the daily closing price data of AAPL in the time
period from November 2021 to November 2022.

GOOG Daily Closing Data at time f;:

SEIZ) for t; € [Tg, TS] and Ts =t <t <... <ty =T

In Figure 4, below, we present a visualization depicting the daily closing price data of
GOOG in the 1-year time period from November 2021 to November 2022.
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Figure 3. AAPL stock price over a 1-year period of November 2021 to November 2022.
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Figure 4. GOOG stock price over a 1-year period of November 2021 to November 2022.

5. Logarithmic Return of Stock Price

In order to calculate the realized pseudo-statistics and the expected pseudo-statistics
for a future time period for the underlying stocks AAPL and GOOG, we must first calculate
the logarithmic return of each stock price. Therefore, we need to define the logarithmic
return and the arithmetic mean of the logarithmic returns. We will use the terminology and
definitions found in (Badescu et al. 2002) Section 1.2, and the following equations, which
can be found in (Badescu et al. 2002; Brockhaus and Long 2000; Carr and Lee 2009):

S(_k)
Logarithmic Return: Rl(k) =lIn (t;() , (15)
Sti—l
where t; € [T;, T, ,k=1,2,andi=1,2,...,n.
_ 14
Arithmetic Mean of Logarithmic Return: R,S") = Z ng),k =1,2, (16)

i=1
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where 1 is the number of logarithmic return data entries we need to calculate for each
stock, and this number is 1 less than the total number of price data points. Using this
information, along with Equations (15) and (16), we can now calculate the logarithmic
returns and arithmetic mean of the logarithmic returns for the four data sets introduced in
Section 4.

5.1. 6-Month Data Sets: Logarithmic Return and Arithmetic Mean

Using the data we described in Section 4.1, we can calculate the logarithmic return
and the respective arithmetic means of the logarithmic returns of AAPL and GOOG over
the 6-month period of November 2022 to May 2023, as follows:

Logarithmic Return of AAPL:

(1)

S

RY = | i,
i S

where t; € [0,0.5] and i = 1,2,...,122.

Below, in Figure 5, we present an illustration depicting the daily logarithmic returns of
AAPL that are calculated when Equation (15) is applied to the 6-month data set for AAPL
described in Section 4.1.

Logarithmic Return AAPL
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Figure 5. AAPL Logarithmic returns over a 6-month period of November 2022 to May 2023.

Arithmetic Mean of Rfl):
(1) _
Ry, = 0.0021.

Logarithmic Return of GOOG:

where t; € [0,0.5] and i = 1,2,...,122.
Below, in Figure 6, we present the values of the daily logarithmic returns of GOOG
calculated using Equation (15) and the 6-month data set for GOOG described in Section 4.1.
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Figure 6. GOOG Logarithmic returns over a 6-month period of November 2022 to May 2023.

Arithmetic Mean of REZ):

R = 0.0018.

5.2. One-Year Data Sets: Logarithmic Return and Arithmetic Mean
In a similar fashion, we will now use the data we described in Section 4.2 to calculate

the logarithmic return and the respective arithmetic means of the logarithmic returns of
AAPL and GOOG over the 1-year period of November 2021 to November 2022, as follows:

(1
Rfl):ln S(t—’) ,
Sti—l

where t; € [0,1] and i =1,2,...,251.

Below, we present Figure 7, which depicts the daily logarithmic returns of AAPL over
the 1-year time period from November 2021 to November 2022, which were calculated
using the 1-year data set for AAPL and Equation (15).

Logarithmic Return of AAPL:

Arithmetic Mean of Rgl):

R(D) _
RS = —0.00031739.

@
Sy
R =in| =& |,
Sti,)l

wheret; € [0,1] and i =1,2,...,251.

In Figure 8, below, we present the daily logarithmic returns of GOOG over the 1-year
time period from November 2021 to November 2022, which were calculated using the
1-year data set for GOOG and Equation (15).

Logarithmic Return of GOOG:
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Figure 7. AAPL Logarithmic returns over a 1-year period of November 2021 to November 2022.
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Figure 8. GOOG Logarithmic returns over a 1-year period of November 2021 to November 2022.

Arithmetic Mean of RSZ):

R$Z) = —0.0021.

6. Expected Sample Variance and Brockhaus-Long Approximation for Expected
Sample Volatility

In order to calculate the payoffs of pseudo-variance and volatility swaps, we must first
calculate the expected sample variance and the expected sample volatility at the start of the
swap contract, on 9 November 2022. In order to calculate the expected sample variance and
volatility, we will use the Brockhaus-Long approximation (Brockhaus and Long 2000), and
run a GARCH(1,1) regression on the logarithmic return data generated from the 1-year data
sets introduced in Section 4.2, as was conducted in (Javaheri et al. 2004), while defining the
following parameters:

—  Maturity Date in Years: T
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—  Number of Logarithmic Return Entries: #.
—  GARCH(1,1) Constant: C
- Kurtosis of Logarithmic Returns: ¢.

Using the regression model and the parameters, we can then define the following
formulas, which are dependent on the Heston model of securities markets, as described
and derived in (Swishchuk 2004). We are using these formulas and the Heston model of
securities markets, on which the formulas are based for comparison purposes, in order to
obtain numerical values for the expected sample variance and volatility of a data set:

ARCH(1,1) = a (17)
GARCH(1,1) = B. (18)
. . . T, — Ts
Interval of Time in Years between Price Data Entries: dt = P (19)
C
= ——--—-—>" 2
e (20)
1 n
1 . — L 7 2'
Short Volatility: oy p—] ;(Xl Xn)?%; (21)
. vV
Long Volatility: 0 = TS (22)
1—a —
Reversion Speed: k = %‘B ; (23)
¢—1
_ . 24
R Vi (24)
1—e kT
Expected Sample Variance: E(V) = T(Ug —0%) + 6% (25)
y2e— 2T
Var(V) = %m0 (26%T — 4e"TKT — 2) (02 — 6%) + (262 TkT — 3e*T + 4eKT —1)6%; (26)
Convexity Adjustment: m ; (27)
Expected Volatility: E( \/ 03(8)) ~ \/ E(V) — Convexity Adjustment. (28)

Having defined the previous equations and the parameters that go with them, we can
now apply these equations to the AAPL and GOOG data sets.

6.1. AAPL: Expected Variance and Volatility

We will use the 1-year data set of AAPL daily closing price data that we introduced
in Section 4.2, while assuming a maturity date of 6 months, from 9 November 2022. As a
result, we have the following parameters:

—  Maturity Date in Years: T = 0.5

-  Number of Logarithmic Return Entries: n = 251

-  Kurtosis of AAPL Logarithmic Returns: ¢ = 3.3689
—  Short Volatility: ¢y = 0.0216.
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We then apply a GARCHY(1,1) regression on the logarithmic AAPL stock return data,
the results of which are presented in Table 1, as follows:

Table 1. GARCH(1,1) regression on AAPL logarithmic returns.

Value Standard Error T Statistic p Value

Constant 3.9818 x 107° 6.0253 x 1075 0.66084 0.50871
GARCH({1} 0.87202 0.16901 5.1595 2.4762 x 107

ARCH({1} 0.045118 0.045974 0.9814 0.3264

From the data presented in Table 1, along with the parameters defined above and
Equations (17)—(28), we can calculate the following results:

Expected Sample Variance:

E(V) = 0.0132.

Expected Sample Volatility:

E(y/o3(SM)) ~ 0.109791.

6.2. GOOG: Expected Variance and Volatility

Similarly, we will use the 1-year data set of GOOG daily closing price data that we
introduced in Section 4.2, while assuming a maturity date of 6 months, from 9 November
2022. As a result, we have the following parameters:
—  Maturity Date in Years: T = 0.5
- Number of Logarithmic Return Entries: n = 251
-  Kurtosis of GOOG Logarithmic Returns: ¢ = 4.3086
—  Short Volatility: ¢y = 0.0233.

We then apply a GARCH(1,1) regression on the logarithmic GOOG stock return data,
which results in Table 2, as follows:

Table 2. GARCHY(1,1) regression on GOOG logarithmic returns.

Value Standard Error T Statistic p Value

Constant 1.8517 x 10~° 2.5736 x 107> 0.71949 0.47184
GARCH(1} 0.94614 0.062937 15.033 4.4556 x 1071

ARCH({1} 0.024207 0.025447 0.95125 0.34148

From the data presented in Table 2, along with the parameters defined above and
Equations (17)—(28), we can calculate the following results:

Expected Sample Variance:

E(V) = 0.0183.

Expected Sample Volatility:

E(y/02(51@)) ~ 0.126677.
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7. Realized Pseudo-Volatility Square and Pseudo-Variance Swap Payoff

In order to calculate the realized pseudo-volatility square and the payoff of a pseudo-
variance swap, we must first define the following parameters:

1 if Long Position Taken
—1 if Short Position Taken
- Converting Parameter: g,y

—  Strike Price: Y% = E(V).

Using these parameters, we can then utilize the following pair of equations found
in (Badescu et al. 2002), in order to calculate the realized pseudo-volatility square and
pseudo-variance swap payoff:

Realized Pseudo-Volatility Square:

- Position Taken: [ = {

~ 1 n _
Z?S) (n; Ts, Te) = T, i T. (I’l 1 Z(Ri - Rn)2>' (29)

Payoff of Pseudo-Variance Swap:

Voar (T) = ttoar I {ﬁ?s) (n; Ty, Te) — Zﬂ . (30)

We will use Equations (29) and (30), along with the defined parameters above, in the
following sections, in order to calculate realized pseudo-volatility squares and pseudo-
variance swap payoffs using the 6-month data sets introduced in Section 4.1.

7.1. AAPL: Realized Pseudo-Volatility Square and Pseudo-Variance Swap Payoff

Using the daily closing prices for AAPL in the 6-month period from November 2022
to May 2023, along with Equations (15), (16) and (29), we can calculate the realized pseudo-
volatility square of AAPL to be the following;:

Realized Pseudo-Volatility Square of AAPL:

A2
Z(s<1>)(122; 0,0.5) = 0.0805.

As previously calculated in Section 5.1, the mean of REU is 0.0021, which is the value
we used to calculate the realized pseudo-volatility square above. However, we can examine

the relationship between the realized pseudo-volatility square of AAPL and the arithmetic

mean of the logarithmic AAPL stock returns by letting Rg)z vary around its true value. As

a result, we can produce Figure 9, which is below.

Now, using the realized pseudo-volatility square from November 2022 to May 2023
of the AAPL stock, which we calculated above, we can calculate the payoff of a pseudo-
variance swap, whose underlying asset is the variance of the AAPL stock. We will assume
the pseudo-variance swap has a maturity of 6 months, and that we are interested in the
payoff associated with taking a long position on the swap. Additionally, we will assume
that the payoff is calculated using a converting parameter of $1 per unit of pseudo-statistic,
and we will use the expected sample variance of AAPL calculated in Section 6.1 as the
strike price. Therefore, we now have the following parameter values:

—  Maturity Date: T = 0.5
—  Position Taken: I = 1.
- Converting Parameter: ay,r = 1
—  Strike Price: Y2 = E(V) = 0.0132.

Using these parameters, Equation (16), and the previously calculated realized pseudo-
volatility square of AAPL, we can calculate the payoff of a pseudo-variance, swap whose
underlying asset is the variance of the AAPL stock, to be the following:
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Payoff of Pseudo-Variance Swap with Underlying of Variance of AAPL:
Voar(0.5) = 0.0673.
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Figure 9. Realized pseudo—volatility square of AAPL from November 2022 to May 2023, as a
(1)

. ~(1
function of Ry,;.

7.2. GOOG: Realized Pseudo-Volatility Square and Pseudo-Variance Swap Payoff

Similarly, we use the 6 months of daily closing prices for GOOG, along with
Equations (15), (16) and (29), to calculate the realized pseudo-volatility square of GOOG to
be the following:

Realized Pseudo-Volatility Square of GOOG:

)
2(5(2))(122} 0,0.5) = 0.1269.

In Section 5.1, we found that Rg% is 0.0018; however, we can allow this value to vary in
order to examine the relationship between the realized pseudo-volatility square of GOOG
and the arithmetic mean of the logarithmic GOOG stock returns. As a result, we can
produce Figure 10, which is included below.

Once again, we will calculate the payoff of a long position on a 6-month pseudo-
variance swap with a conversion factor of 1. However, the underlying asset of the variance
swap will now be the variance of GOOG, and we will use the expected sample variance of
GOOG calculated in Section 6.2 as the strike price. Therefore, we will now use the following
parameter values:

—  Maturity Date: T = 0.5

—  Position Taken: I =1

- Converting Parameter: aygr = 1

—  Strike Price: Y2 = E(V) = 0.0183.

Using these parameters, Equation (30) and the previously calculated realized pseudo-
volatility square of GOOG, we can calculate the payoff of a pseudo-variance swap whose
underlying asset is the variance of the GOOG stock to be
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Payoff of Pseudo-Variance Swap with Underlying of Variance of GOOG:
Voar(0.5) = 0.1086.
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Figure 10. Realized pseudo—volatility square of GOOG from November 2022 to May 2023, as a
function of Rg)z
8. Realized Pseudo-Volatility and Pseudo-Volatility Swap Payoff

To calculate the realized pseudo-volatility and the payoff of a pseudo-volatility swap,
we must first define the following parameters:

1 if Long Position Taken
—1 if Short Position Taken
—  Converting Parameter: a,,;

—  Strike Price: ox = E(4/03(S)).

Using these parameters allows us to utilize the following two equations, found in
(Badescu et al. 2002), to calculate the realized pseudo-volatility and pseudo-volatility
swap payoff:

Realized Pseudo-Volatility:

- Position Taken: I = {

&(S) (Tl, TS/ Tg) = Te i TS ( 1 Z(Rl - R}’l)2> . (31)

n—13

Payoff of Pseudo-Volatility Swap:
Vool (T) = ayor I [&(S) (n; T, T.) - ‘TK:| : (32)
We will use Equations (31) and (32), along with the defined parameters above, in the

following two sections, to calculate realized pseudo-volatilities and pseudo-volatility swap
payoffs using the data sets first introduced in Section 4.1.

184



Risks 2023, 11, 141

8.1. AAPL: Realized Pseudo-Volatility and Pseudo-Volatility Swap Payoff

Using Equations (15), (16) and (31), along with the daily closing prices for AAPL
in the 6-month period from November 2022 to May 2023, we can calculate the realized
pseudo-volatility of AAPL to be the following:

Realized Pseudo-Volatility of AAPL:

0(51)(122;0,0.5) = 0.2838.
(1)

Previously, in Section 5.1, we found that Réz is equal to 0.0021, which we used above
to calculate the realized pseudo-volatility. However, we can examine the relationship

between the realized pseudo-volatility of AAPL and the arithmetic mean of the logarithmic

AAPL stock returns by letting Rglz)z vary around its true value. As a result, we can produce
Figure 11 below.
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Figure 11. Realized pseudo—volatility of AAPL from November 2022 to May 2023, as a function
of R%)z

Using the realized pseudo-volatility calculated above, we can calculate the payoff of a
pseudo-volatility swap, whose underlying asset is the volatility of the AAPL stock over the
6-month period from November 2022 to May 2023. We will assume the pseudo-variance
swap has a maturity of 6 months, and that we are interested in the payoff associated
with taking a long position on the swap. Additionally, we will assume that the payoff is
calculated using a converting parameter of $1 per unit of pseudo-statistic, and we will
use the expected sample volatility of AAPL calculated in Section 6.1 as the strike price.
Therefore, we can now write the following parameter values:

—  Maturity Date: T = 0.5

—  Position Taken: [ =1

—  Converting Parameter: a;,,; = 1

—  Strike Price: ox = E(y/03(S(M)) = 0.109791.

Using these parameters along with Equation (32) and the previously calculated realized
pseudo-volatility of AAPL, we can calculate the payoff of a pseudo-volatility swap, whose
underlying asset is the volatility of the AAPL stock, to be the following:

185



Risks 2023, 11, 141

Payoff of Pseudo-Volatility Swap with Underling of Volatility of AAPL:

V,o1(0.5) = 0.174009.

8.2. GOOG: Realized Pseudo-Volatility and Pseudo-Volatility Swap Payoff

Similarly, we can use the 6 months of daily closing prices for GOOG, along with
Equation (15), (16) and (31), to calculate the realized pseudo-volatility of GOOG to be
the following:

Realized Pseudo-Volatility of GOOG:

0 52))(122;0,05) = 0.3563.

In Section 5.1, we found that the mean of Rl(z) is equal to 0.0018, yet we can allow this
value to vary in order to examine the relationship between the realized pseudo-volatility of
GOOG and the arithmetic mean of the logarithmic GOOG stock returns. As a result, we
can produce Figure 12 below.
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Figure 12. Realized pseudo—volatility of GOOG from November 2022 to May 2023, as a function
— 2)
of R§22.

Once again, we will calculate the payoff of a long position on a 6-month pseudo-
volatility swap with a conversion factor of 1. However, the underlying asset of the volatility
swap will now be the volatility of GOOG, and we will use the expected sample volatility of
GOOG calculated in Section 6.2 as the strike price. Therefore, we will now use the following
parameter values:

- Maturity Date: T = 0.5

—  Position Taken: [ =1

—  Converting Parameter: a,,; =1

—  Strike Price: ox = E(4/03(5(?))) = 0.126677.

Using these parameters, Equation (32), and the previously calculated pseudo-volatility
of GOOG, we can calculate the payoff of a pseudo-volatility swap, whose underlying asset
is the volatility of the GOOG stock, to be:
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Payoff of Pseudo-Volatility Swap with Underling of Volatility of GOOG:

V,o1(0.5) = 0.229623.

9. Expected Sample Covariance

In order to calculate the payoffs of pseudo-covariance swaps, we must first calculate
the expected sample covariance at the start of the swap contract, on 9 November 2022. We
will also use the equations and parameters we defined in Section 6, and we will again run
a GARCH(1,1) regression on the logarithmic return data generated from the 1-year data
sets introduced in Section 4.2. As a result, we can define the equation, found in (Swishchuk
2004), as follows:

Expected Sample Covariance:

1

E(Coo(s,51%))) = 2(E(0&(sMs?)) — E(ok (s /), (33)

where E(03(S)) = E(V) is calculated using Equation (25) defined in Section 6. Using these
equations, we can now apply them to the AAPL (5(1)) and GOOG (5(?)), 1-year data sets
defined in Section 4.2, in order to calculate the expected sample covariance.

9.1. (SMS@): Expected Variance

Using the 1-year data sets of daily closing prices of AAPL (5(1)) and GOOG (5(?)), and
multiplying each entry within them, we can form a new data set, denoted ($(1)$(2)). This new
data set, along with Equation (7) from Section 6, allows us to define the following parameters:
—  Maturity Date in Years: T = 0.5
—  Number of Logarithmic Return Entries: n = 251
- Kurtosis of GOOG Logarithmic Returns: ¢ = 3.0048
—  Short Volatility: ¢y = 0.0421.

We then apply a GARCH(1,1) regression on the logarithmic (S(V$(?)) return data,
which results in Table 3, as follows:

Table 3. GARCH(1,1) regression on (5(1)5(2)) logarithmic returns.

Value Standard Error T Statistic p Value

Constant 6.5445 x 107° 0.00010903 0.60024 0.54835
GARCH({1} 0.92637 0.083359 11.113 1.0847 x 10~28

ARCH{1} 0.040856 0.035391 1.1544 0.24833

From the data presented in Table 3, along with the parameters defined above and
Equations (15)—(28), we can calculate the following results:

Expected Sample Variance:

E(V) = 0.1916.

9.2. (M) /5®2)): Expected Variance

Similarly, we will use the 1-year data sets of daily closing prices of AAPL (1))
and GOOG (5®@), and divide each entry within them, to form a new data set, denoted
(81 /5(2)), which, along with Equation (7) from Section 6, allows us to define the following
parameters:
—  Maturity Date in Years: T = 0.5

- Number of Logarithmic Return Entries: n = 251
- Kaurtosis of GOOG Logarithmic Returns: ¢ = 7.1870
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—  Short Volatility: oy = 0.0157.

We then apply a GARCH(1,1) regression on the logarithmic (8 /52)) return data,
which results in Table 4, as follows:

Table 4. GARCH(1,1) regression on (5(1) /5(2)) logarithmic returns.

Value Standard Error T Statistic p Value

Constant 0.00024031 0.012376 0.019416 0.98451
GARCH{1} 2 x 10712 51.535 3.8809 x 10~ 14 1
ARCH({1} 2x 10712 0.05022 3.9825 x 10~ 11 1

From the data presented in Table 4, along with the parameters defined above and
Equations (15)—(28), we can calculate the following results:

Expected Sample Variance:

E(V) = 0.0036.

9.3. Calculating the Expected Sample Covariance of AAPL and GOOG

Using the results calculated above in Sections 9.1 and 9.2, along with Equation (33),
we can now calculate the expected covariance to be the following:

Expected Sample Covariance of AAPL and GOOG:

E(Cov(sW, s2))) = 0.0470.

10. Realized Pseudo-Volatility Cross and Pseudo-Covariance Swap Payoff
In order to calculate the realized pseudo-volatility cross and the payoff of a pseudo-
covariance swap, we must first define the following parameters:
1 if Long Position Taken
—1 if Short Position Taken
- Converting Parameter: «coy
—  Strike Price: Y2 = E(Cov(S(),5(?))).
Using these parameters allows us to utilize the following pair of equations, found in
(Badescu et al. 2002), to calculate the realized pseudo-volatility cross and pseudo-covariance

swap payoft:
Realized Pseudo-Volatility Cross:

) n 1 &2 (k
Lsmsen (T Te) = 7 | =7 LIRS~ Ra (34)

- Position Taken: [ = {

i=1k=1

Payoff of Pseudo-Covariance Swap:

A 2
VCOU(T) = Qeop | |:Z(S( 1) 5(2) 7’1 Ts, Te ZK:| (35)

Using Equations (15), (16) and (34), along with the daily closing prices for AAPL and
GOOG in the 6-month period from November 2022 to May 2023, we can calculate the
realized pseudo-volatility cross of AAPL and GOOG to be the following:

Realized Pseudo-Volatility Cross of AAPL and GOOG:

a2
Z(s(l) 5)

’

(122;0,05) = 0.0712.
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As previously calculated in Section 5.1, Rg)z = 0.0021; thus, we can allow Rg)z to vary

around its true value in order to allow us to examine the relationship between the realized
pseudo-volatility cross of AAPL and GOOG over 6 months, and the arithmetic mean of the
logarithmic AAPL stock returns. As a result, we can produce Figure 13, which is presented
below.

Volatility Cross
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Figure 13. Realized pseudo—volatility cross of AAPL and GOOG from November 2022 to May 2023,
(1)

. =(1
as a function of R;,.

Similarly, we can allow Rg)z to vary around its true value of 0.0018 to examine the re-

lationship between the realized pseudo-volatility cross of AAPL and GOOG over 6 months,
and the arithmetic mean of the logarithmic GOOG stock returns. As a result, we can
produce Figure 14, which is presented below.
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Figure 14. Realized pseudo—volatility cross of AAPL and GOOG from November 2022 to May 2023,
(2)

. =(2
as a function of Ry5,.

Using the realized pseudo-volatility cross calculated above, we can calculate the
payoff of a pseudo-covariance swap, whose underlying asset is the covariance of AAPL and
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GOOG stocks over the 6-month period from November 2022 to May 2023. We will assume
the pseudo-covariance swap has a maturity of 6 months, and that we are interested in the
payoff associated with taking a long position on the swap. Additionally, we will assume
that the payoff is calculated using a converting parameter of $1 per unit of pseudo-statistic,
and we will use the expected sample covariance calculated in Section 9.3 as the strike price.
Therefore, we can now write the following parameter values:
- Maturity Date: T = 0.5
—  Position Taken: I =1
- Converting Parameter: a¢pp = 1
—  Strike Price: Y% = E(Cov(S™1),5(2))) = 0.0470.

Using these parameters, Equation (21), and the previously calculated pseudo-volatility
cross of AAPL and GOOG, we can calculate the payoff of a pseudo-covariance swap, whose
underlying asset is the covariance of AAPL and GOOG, to be

Payoff of Pseudo-Covariance Swap with Underlying of Covariance of AAPL and GOOG:

Voo (0.5) = 0.0242.

11. Realized Pseudo-Correlation and Pseudo-Correlation Swap Payoff
In order to calculate the realized pseudo-correlation and the payoff of a pseudo-
correlation swap, we must first define the following parameters:
1 if Long Position Taken
—1 if Short Position Taken

—  Converting Parameter: acr
- Strike Price: pg.

- Position Taken: I = {

Using these parameters allows us to utilize the following two equations, found in
(Badescu et al. 2002), to calculate the realized pseudo-correlation and pseudo-correlation
swap payoff:

Realized Pseudo-Correlation:

YT ( k) _ R(k))

ﬁ(s( )52 )(7’1 Ts, Te = . (36)
2, \/Z R - R’
Payoff of Pseudo-Correlation Swap:
Vcorr(T) = Qcorr I {ﬁ(s(l),s(z)) (Tl; T, Te) - PK} . (37)

Using Equations (15), (16) and (36), along with the data sets of daily closing prices
for AAPL and GOOG introduced in Section 4.1, we can calculate the realized pseudo-
correlation of AAPL and GOOG to be the following:

Realized Pseudo-Correlation of AAPL and GOOG:

psm s(122;0,0.5) = 0.7039.

Back in Section 5.1, we found that Rg)z = 0.0021; thus, in order to examine the
relationship between the realized pseudo-correlation of AAPL and GOOG over 6 months,
(1)

and the arithmetic mean of the logarithmic AAPL stock returns, we can allow R;,, to vary
around its true value. As a result, we can produce Figure 15 below.
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Figure 15. Realized pseudo—correlation of AAPL and GOOG from November 2022 to May 2023, as
a function of Rglz)z
(g) to vary around its true value of 0.0018 to examine the

Similarly, we can allow R;5,
relationship between the realized pseudo-correlation of AAPL and GOOG over 6 months,

and the arithmetic mean of the logarithmic GOOG stock returns. In this case, we can

produce Figure 16 below.
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Figure 16. Realized pseudo—correlation of AAPL and GOOG from November 2022 to May 2023, as

a function of Rg)z

Using the realized pseudo-correlation calculated above, we can calculate the payoff of
a pseudo-correlation swap, whose underlying asset is the correlation of AAPL and GOOG
stocks over the 6-month period from November 2022 to May 2023. We will assume the
pseudo-covariance swap has a maturity of 6 months, and that we are interested in the
payoff associated with taking a long position on the swap. Additionally, we will assume
that the payoff is calculated using a converting parameter of $1 per unit of pseudo-statistic.
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For the strike price we will use the realized pseudo-correlation achieved over the last 15
market days before the start of the swap contract on 9 November. Therefore, we can now
write the following parameter values:

Maturity Date: T = 0.5

—  Position Taken: I =1
Converting Parameter: acorr =1
Strike Price: pg = 0.7016.

Using these parameters, Equation (37), and the previously calculated pseudo-correlation
of AAPL and GOOG, we can calculate the payoff the payoff of a pseudo-correlation swap,
whose underlying asset is the covariance of AAPL and GOOG, to be

Payoff of Pseudo-Correlation Swap with Underlying of Covariance of AAPL and GOOG:

Veorr (0.5) = 0.0023.

12. Comparing the Approach Based on the Cox-Ingresoll-Ross Model to the Realized
Pseudo-Statistic Approach

The purpose of this section is to compare the payoffs of volatility and variance swaps,
when the realized volatility and variance is calculated using the Cox-Ingresoll-Ross (CIR)
model for variance rather than using the realized pseudo-statistic approach. The pseudo-
statistic approach to calculating realized volatility and variance is a data/statistic approach
that does not rely on a stochastic model for a stochastic stock price or stochastic volatility.
Meanwhile, the Cox-Ingresoll-Ross (CIR) model is a stochastic volatility model that follows
a stochastic differential equation (see (Swishchuk 2004)). Moreover, the Cox-Ingresoll-Ross
(CIR) model is the most popularly used stochastic model for the calculation of variance,
making it ideal for the comparison between a stochastic approach and a data/statistics
approach to the pricing of swaps. Therefore, we will use the CIR model to create a compari-
son between a stochastic approach to pseudo-statistics and a data/statistical approach to
pseudo-statistics in the following sections.

In the following two sections, we will calculate the realized variance and volatility of
two stocks over a 6-month period, along with the payoffs of variance and volatility swaps,
using the CIR model. Then, we will compare these calculated values to the payoffs of vari-
ance and volatility swaps associated with the same stocks over the same time period, which
were calculated using the realized pseudo-statistic approach (see (Badescu et al. 2002)).

For the following report, we have used real-life financial data from Yahoo Finance
(https:/ /ca.finance.yahoo.com/ (accessed on 7 June 2023)) of the publicly traded stocks
belonging to
- AppleInc. (AAPL)

—  Alphabet Inc. Class C (GOOG)

In the sections that follow, we will make use use of four data sets. The first two
data sets contain 6 months of daily closing data for AAPL (SMY) and GOOG (5?)) from
9 November 2022 to 8 May 2023. The last two data sets contain 1 year of daily closing data
for AAPL and GOOG from 8 November 2021 to 8 November 2022.

13. Realized Variance and Variance Swap Payoff

In order to calculate the realized variance using the Cox-Ingresoll-Ross (CIR) model,
we will use the analytical closed form for discretely sampled variance, which is found in
(Swishchuk 2004). The equation for the discretely sampled variance is as follows:

n
Realized Discretely Sampled Variance: Var,(S) = ﬁ log®
n i=1

St,»
7
Sti—l

(38)

where T is the maturity date of the swap, n is one number less than the number of entries
in the daily closing price data set, and Sy, is the daily closing price at time i.
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Using Equation (38), we can calculate the realized sample variance according to the
CIR model for AAPL and GOOG in the 6-month time period from November 2022 to May
2023, while making note of the remark that follows.

Remark 1. Using the same two 6-month data sets, one can find that the realized pseudo-volatility
square of AAPL is 0.0805 and the realized pseudo-volatility square of GOOG is 0.1269.

13.1. Calculating the Realized Discretely Sampled Variance Using the CIR Model

Using the 6-month daily closing price data set for AAPL described in Section 12, while
using the following parameters:

- Maturity Date: T = 0.5
—  Number of Logarithmic Return Data Points: n = 122.

It is possible to use Equation (38) to calculate the AAPL realized discretely sampled
variance from November 2022 to May 2023 to be the following:

AAPL Realized Discretely Sampled Variance:

Varin(SM) = 0.0816.

Comparing this value to the realized variance of AAPL obtained through the realized
pseudo-statistic approach (see (Badescu et al. 2002)), one can observe that the value calcu-
lated above represents a 1.37% increase over the realized variance of 0.0805 that is obtained
with the realized pseudo-statistic approach.

Similarly, in order to calculate the realized variance over the 6 month period from
November 2022 to May 2023 for GOOG, we will assume that

—  Maturity Date: T = 0.5
—  Number of Logarithmic Return Data Points: n = 122.

Then, we are able to use Equation (38) along with the 6-month daily closing price data
set for GOOG described in Section 12, to calculate the GOOG realized discretely sampled
variance to be

GOOG Realized Discretely Sampled Variance:

Varip(s®) = 0.1277.

Comparing this value to the realized variance of GOOG obtained through the realized
pseudo-statistic approach (see (Badescu et al. 2002)), one can see that the value calculated
above represents a 0.63% increase over the realized variance of 0.1269 that is obtained with
the realized pseudo-statistic approach.

13.2. Variance Swap Payoffs

In order to calculate the payoff of a variance swap, we must first define the following
equation, which is found in (Swishchuk 2004):

Payoff of Variance Swap: N (03 (S) — Koar), (39)

where Ky, is the strike price, 01%(8) is the realized variance calculated using Equation (38),

and N is the notional amount, as previously defined in Section 3.1.

The strike price values for both GOOG and AAPL will be the expected 6-month variance
calculated using a GARCH(1,1) regression on the 1-year data sets described in Section 12.
This approach is explained in detail in (Javaheri et al. 2004) and (Swishchuk 2004). The
strike prices have been calculated to be

—  Strike Price AAPL = E(V) = 0.0132
- Strike Price GOOG = E(V) = 0.0183.
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Then, using Equation (39), the strike prices above, and a notional amount of N = 1, along
with the previously calculated realized variance for AAPL and GOOG from Section 13.1, we
can calculate the payoffs of the volatility swaps using the CIR model to be

AAPL Variance Swap Payoff:

N(c3(s™M) —0.0132) = 0.0684.

GOOG Variance Swap Payoff:

N(0%(5?)) —0.0183) = 0.1094.

These values are different from the variance swap payoffs calculated using the pseudo-
statistic approach for realized variance (see (Badescu et al. 2002)). This is true, as if the
pseudo-statistic approach is used, then the payoff of a swap whose underlying asset is the
variance of AAPL is calculated to be 0.0673, and if the underlying asset of the swap is the
variance of GOOG, the swap payoff becomes 0.1086.

14. Realized Volatility and Volatility Swap Payoff

In order to calculate the realized volatility using the Cox-Ingresoll-Ross (CIR) model,
we will use the analytical closed form for discretely sampled volatility. The equation for
discretely sampled volatility is found in (Swishchuk 2004), and it can be defined as follows:

Realized Discretely Sampled Volatility: Vol,(S) = y/Var,(S), (40)

where Var,, (S) is the realized discretely sampled variance that was defined by Equation (38).

Using Equation (40), we can calculate the realized volatility according to the CIR
model for AAPL and GOOG in the 6-month time period from November 2022 to May 2023,
while making note of the remark that follows.

Remark 2. The realized pseudo-volatility of AAPL over the same 6-month time period is 0.2838,
while the realized pseudo-volatility of GOOG from November 2022 to May 2023 is 0.3563.

14.1. Calculating the Realized Discretely Sampled Volatility Using the CIR Model

Using the 6-month daily closing price data set for AAPL described in Section 12, we
previously calculated in Section 13.1 that the realized discretely sampled variance for AAPL
from November 2022 to May 2023 is 0.0816. Therefore, we can use Equation (40) to calculate
the realized discretely sampled volatility over the 6-month time period for AAPL to be:

AAPL Realized Discretely Sampled Volatility:

Vol (S)) = 0.2856.

Comparing this value to the realized volatility of AAPL obtained through the realized
pseudo-statistic approach (see (Badescu et al. 2002)), one can see that the value calculated
above represents a 0.63% increase over the realized volatility of 0.2838 that is calculated if
using the realized pseudo-statistic approach.

Similarly, in Section 13.1, we found that the realized discretely sampled variance of
GOOG over the 6-month period from November 2022 to May 2023 is 0.1277. Therefore,
using Equation (40), we can calculate the realized discretely sampled volatility over the
6-month time period of November 2022 to May 2023 to be:

GOOG Realized Discretely Sampled Volatility:

V01122 (5(2) ) = 0.3574.

194



Risks 2023, 11, 141

Comparing this value to the realized volatility of GOOG obtained through the realized
pseudo-statistic approach (see (Badescu et al. 2002)), one can see that the value calculated
above represents a 0.31% increase over the realized volatility of 0.3563 that is calculated if
using the realized pseudo-statistic approach.

14.2. Volatility Swap Payoffs

In order to calculate the payoff of a volatility swap, we must first define the equation,
found in (Swishchuk 2004), as follows:

Payoff of Volatility Swap: N(0r(S) — Kyor), (41)

where K, is the strike price, 0g(S) is the realized volatility calculated using Equation (40),
and N is the notional amount, as previously defined in Section 3.1.

The strike price values for both GOOG and AAPL will be the expected 6-month volatility
calculated using a GARCH(1,1) regression (see (Swishchuk 2004) and (Javaheri et al. 2004))
and the Brockhaus-Long approximation (see (Brockhaus and Long 2000)) on the 1-year
data sets described in Section 12. The strike prices have been calculated to be

—  Strike Price AAPL = E(4/0%(S())) = 0.1098
—  Strike Price GOOG = E(4/03(5(?))) = 0.1267.

Using these strike prices, a notional amount of N = 1, Equation (41), and the previ-
ously calculated realized volatility for AAPL and GOOG from Section 14.1, we can calculate
the payoffs of the volatility swaps, using the CIR model, to be:

AAPL Volatility Swap Payoff:

N(or(5M) —0.1098) = 0.1758.

GOOG Volatility Swap Payoff:

N(or(S?) —0.1267) = 0.2307.

These values differ from the volatility swap payoffs calculated using the pseudo-
statistic approach for realized volatility (see (Badescu et al. 2002)). If the pseudo-statistic
approach is used, then the payoff for a swap whose underlying asset is the volatility of
AAPL is calculated to be 0.1740, and if the underlying asset of the swap is the volatility of
GOOG, then the swap payoff becomes 0.2296.

15. Conclusions and Future Work

In accordance with the main motivation of this paper, which was described in Section 1,
in the previous sections of this paper, we have considered the pricing of swaps based on
pseudo-statistics, instead of stochastic models, and we have compared this approach
with the most popular stochastic volatility model in the Cox-Ingresoll-Ross (CIR) model.
Within this paper, we have demonstrated how to price various types of swaps (variance,
volatility, covariance, and correlation swaps) using pseudo-statistics (pseudo-variance,
pseudo-volatility, pseudo-correlation, and pseudo-covariance). We have also presented
analytical closed-form formulas for both the pseudo-statistics and the pricing of swaps
based on these pseudo-statistics. As a result, within this paper, we present a method for
pricing swaps that does not rely on any stochastic models for a stochastic stock price or
stochastic volatility, and instead relies on data/statistics. Consequently, using real-life
data along with this data/statistical approach to swap pricing, we were able to calculate
numerical values for the value of various swaps based on the volatility, variance, covariance,
and correlation of AAPL and GOOG. Some of these results are summarized below in Table 5.

The data/statistics-based approach to swap pricing we have introduced is very differ-
ent from stochastic volatility models such as the Cox-Ingresoll-Ross (CIR) model, which,
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in comparison, follows a stochastic differential equation (see (Swishchuk 2004)). There-
fore, in this paper, we have compared the CIR model approach to pricing swaps to the
pseudo-statistic approach to pricing swaps, in order to compare a stochastic model to the
data/statistics-based approach to swap pricing, which was developed within this paper.
Although there are many other stochastic models that provide an approach to calculating
the price of swaps, we have used the CIR model for comparison within this paper, due to
the popularity of the CIR model.

After using Section 12 to define the four data sets that were to be used in the calcu-
lations of Sections 13 and 14, along with providing a short description of the approach
that was to be used, we were able to use the Cox-Ingresoll-Ross (CIR) model to calculate
the realized discretely sampled variance of AAPL and GOOG over a 6-month period of
November 2022 to May 2023 in Section 13.1, the variance swap payoffs in Section 13.2, the
realized discretely sampled volatility in Section 14.1, and the volatility swap payoffs in
Section 14.2.

Consequently, we were able to compare these values to previously calculated values,
which were obtained using the same time period and the same data sets, but with the
realized pseudo-statistic approach (see (Badescu et al. 2002)). Although the values obtained
through the realized pseudo-statistic approach were similar to the values obtained through
the CIR model, differences between the values did exist, as can be seen in Table 5 below:

Table 5. Summary of results presented in sections above.

oMy s USgCIRModel g0 i rosch
AAPL Realized Variance 0.0816 0.0805
GOOG Realized Variance 0.1277 0.1269
AAPL Variance Swap Payoff 0.0684 0.0673
GOOG Variance Swap Payoff 0.1094 0.1086
AAPL Realized Volatility 0.2856 0.2838
GOOG Realized Volatility 0.3574 0.3563
AAPL Volatility Swap Payoff 0.1758 0.1740
GOOG Volatility Swap Payoff 0.2307 0.2296

As a result, through the calculations contained within this report, we can conclude
that realized volatility and variance, as well as the payoffs associated with volatility and
variance swaps, can be calculated with either the CIR model or the realized pseudo-statistic
approach, and similar results will be obtained. However, it is clear that even though
the results will be similar depending on the approach used, the resulting values will not
be identical.

In future work, we plan to further research the comparison between the data/statistical
approach to swap pricing and the stochastic approach to swap pricing, beyond the Cox—
Ingresoll-Ross (CIR) model. Therefore, future work could include comparing the pseudo-
statistic approach to the non-Gaussian Ornstein-Uhlenbeck stochastic volatility model,
using the information in (Benth et al. 2007) as a framework for calculating volatility under
the Ornstein—Uhlenbeck model. Other stochastic models that should be compared to the
data/statistical approach to calculating volatility include the BN-S stochastic volatility
model (see (Sengupta 2016)), delayed volatility swaps (see (Swishchuk and Vadori 2014)),
and Markov-modulated volatilities (see (Salvi and Swishchuk 2014)).
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Abstract: We present a semi-static replication algorithm for Bermudan swaptions under an affine,
multi-factor term structure model. In contrast to dynamic replication, which needs to be continuously
updated as the market moves, a semi-static replication needs to be rebalanced on just a finite number
of instances. We show that the exotic derivative can be decomposed into a portfolio of vanilla discount
bond options, which mirrors its value as the market moves and can be priced in closed form. This
paves the way toward the efficient numerical simulation of xVA, market, and credit risk metrics
for which forward valuation is the key ingredient. The static portfolio composition is obtained by
regressing the target option’s value using an interpretable, artificial neural network. Leveraging
the universal approximation power of neural networks, we prove that the replication error can be
arbitrarily small for a sufficiently large portfolio. A direct, a lower bound, and an upper bound
estimator for the Bermudan swaption price are inferred from the replication algorithm. Additionally,
closed-form error margins to the price statistics are determined. We practically study the accuracy
and convergence of the method through several numerical experiments. The results indicate that the
semi-static replication approaches the LSM benchmark with basis point accuracy and provides tight,
efficient error bounds. For in-model simulations, the semi-static replication outperforms a traditional
dynamic hedge.

Keywords: semi-static replication; Bermudan swaptions; affine term structure models

1. Introduction

The financial crisis of 20072008 firmly emphasized the importance of quantifying
counterparty credit risk (CCR), which is the risk that the counterparty will default on
the obligation and fail to fulfill its contractual agreements. Important indicators used to
measure and price CCR include expected exposure (EE), potential future exposure (PFE),
and various valuation adjustments (xVAs), which reflect credit, funding, and capital costs
related to OTC derivative trading Gregory (2015). Most of these metrics depend on the
distribution of the potential future losses resulting from a credit event. Due to the complex
nature of these distributions, practitioners resort to numerical methods like Monte Carlo
(MC) simulation to approximate the quantities. Typically, this involves scenario generation
for the underlying risk factors and subsequent valuation of the contract for each time-step
on each path Zhu and Pykhtin (2007). The latter is generally considered the most involved
aspect because it needs to be carried out for full portfolios. This poses a major computational
challenge to financial institutions. Efficient numerical methods for derivative valuation,
both on spot and future simulation dates, are therefore highly relevant.

To address this problem, we extend the concept of (semi-)static replication, which has
been extensively studied for, for example, equity derivatives, to interest rate derivatives.
A traditional dynamic replication, such as a delta hedge, is achieved by constructing an
asset portfolio that is rebalanced continuously through time as the market moves. A
static replication on the other hand is an asset portfolio that mirrors the value of the
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derivative without the need for rebalancing. The weights of the portfolio composition are
so to speak static. In this work, we consider a semi-static hedge, which is a replicating
portfolio that needs to be updated on only a finite number of instances. Considering a
replication of vanilla products instead of the exotic derivative itself can greatly simplify its
risk-assessment. Typically, ample machinery is available to analyze vanilla instruments,
including closed-form prices and sensitivities.

In the equity world, the static replication problem has been addressed in the literature
by, for example, Breeden and Litzenberger (1978), Carr and Bowie (1994), Carr et al. (1999),
and Carr and Wu (2014). The main concept is to construct an infinite portfolio of short-dated
European options with a continuum of different strike prices. A different but comparable
approach is proposed in Derman et al. (1995). Here, a portfolio of European options
with a continuum of different maturities is constructed to replicate the boundary and
terminal conditions of exotic derivatives, such as knock-out options. The replication of an
American-style option is challenging as it involves a time-dependent exercise boundary,
giving rise to a free boundary problem. In Chung and Shih (2009), this is addressed by
composing a portfolio of European options with multiple strikes and maturities, and, in
Lokeshwar et al. (2022), a semi-static hedge is constructed using shallow neural network
approximations. However, in the field of interest rate (IR) modeling, this topic has received
little attention and the static replication of exotic IR derivatives remains largely an open
problem. Where equity options depend on the realization of a stock, IR derivatives depend
on the realization of a full term structure of interest rates, leveraging the complexity of the
hedge. The articles of Pelsser (2003) and Hagan (2005) are among the few contributions to
the literature, treating the static replication of guaranteed annuity options, and CMS swaps,
caps, and floors, respectively, with a portfolio of European swaptions.

In this work, we study the replication problem of Bermudan swaptions under an
affine term structure model, possibly multi-factor. Bermudan swaptions are a class of exotic
interest rate derivatives that are heavily traded in the OTC market. We show that such
a contract can be semi-statically replicated by a portfolio of short-maturity options, such
as discount bond options. We propose a regress-later approach, which is introduced in
Lokeshwar et al. (2022) for callable equity options. In Lokeshwar et al. (2022), the replication
method combines the approximation power of artificial neural networks (ANNs) with
the computational benefits of regress-later schemes. In traditional regress-now schemes,
such as that of Longstaff and Schwartz (2001), sampled realizations of the continuation
value are regressed against the realizations of the risk factors at the preceding monitor
date. Advanced variations in this algorithm, where the polynomial regression functions
are replaced by ANNSs, include the work of Kohler et al. (2010), Lapeyre and Lelong (2019),
and Becker et al. (2020). In contrast, in regress-later schemes, the sampled realizations of
the continuation value are regressed against the realizations of the risk factors at the same
date. The continuation value at the preceding monitor date is then obtained by evaluating
the conditional expectation of this regression. An analysis and discussion of the benefits of
this approach can be found in Glasserman and Yu (2004) and an example of such a scheme
is presented in Jain and Oosterlee (2015).

Novel pricing algorithms that replace costly valuation functions with ANN-based
approximations have been the subject of many recent papers. An early attempt to ap-
proximate option prices in the Black—Scholes model can be attributed to Hutchinson et al.
(1994) and dates back to 1994. Since then, a great number of variations in this approach
have been investigated. A comprehensive overview of articles devoted to this topic can be
found in the literature review of Ruf and Wang (2020). An accessible introduction to neural
networks and an application to derivative valuation is, for example, given in the work of
Ferguson and Green (2018). A drawback of directly replacing value functions with ANNs
is that the method continues to rely on external pricing methodologies to provide input
to the training process. In that sense, it can accelerate, but not fully substitute, traditional
valuation routines.
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Other approaches in the literature consider an indirect use of ANNs and therefore do
not depend on classical benchmarks for training. A noteworthy example is the development
of deep backward SDE solvers, which, in a financial context, have been introduced by
Henry-Labordere (2017). Where the dynamics of financial risk factors are typically captured
by forward SDEs, option prices tend to be the solution to backward SDEs. An application
to Bermudan swaption valuation is treated in Wang et al. (2018) and a generalization to
a CCR management framework is proposed in Gnoatto et al. (2020). Another example is
the development of the deep optimal stopping (DOS) algorithm by Becker et al. (2019).
They propose an ANN-based method by directly learning the optimal stopping strategy
of callable options, without depending on the approximation of continuation values. In
the work of Andersson and Oosterlee (2021), the DOS algorithm is applied to compose
exposure profiles for Bermudan contracts.

Our contribution to the existing literature is threefold. First, we propose a semi-static
replication method for Bermudan swaptions under a multi-factor short-rate model. In
the one-factor case, we argue that replication can be achieved with an options portfolio
written on a single discount bond. In the multi-factor case, replication can be achieved
with an options portfolio written on a basket of discount bonds. As such, we generalize the
Black—Scholes-embedded method presented in Lokeshwar et al. (2022) to an interest rate
modeling framework. Additionally we propose an alternative ANN design, such that a
replication with vanilla options can also be achieved in the multi-factor case (as opposed to
basket options). This facilitates highly efficient pricing, which is essential for credit risk
applications, such as exposure, VaR, and xVAs, which rely on frequent re-evaluations of
the portfolio.

Second, we propose a direct estimator and a lower and an upper bound estimator
to the contract’s value, which is implied by the semi-static replication. The lower bound
results from applying a non-optimal exercise strategy on an independent set of Monte
Carlo paths. The upper bound is based on the dual formulation of Haugh and Kogan (2004)
and Rogers (2002), which, in contrast to other work, can be obtained without resorting
to expensive nested simulations. We complement the study of Lokeshwar et al. (2022) by
deriving analytical error margins to the lower and upper bound estimators. This provides
a direct insight toward the approximation quality of the proposed estimators and proves
their convergence as the regression errors of the ANNs diminish.

Thirdly, we prove that any desired level of accuracy can be achieved in the replication
due to the universal approximating power of ANNs. We support this theoretical result with
a range of representative numerical experiments. We demonstrate the pricing accuracy
of the proposed algorithm by benchmarking to the established least-square method of
Longstaff and Schwartz (2001). The regression error and convergence of the method is
presented for different contract specifications. Lastly, we study the replication performance
for different ANN designs.

The paper is organized as follows: Section 2 introduces the mathematical setting,
describes the modeling framework, and provides the problem formulation. Section 3
provides a thorough introduction to the algorithm, motivates the use and interpretation of
neural networks, and treats the fitting procedure. Section 4 introduces the lower bound and
upper bound estimates to the true option price. In Section 5, we introduce the error bounds
on the direct, lower bound, and upper bound estimates brought forth by the algorithm.
We finalize the paper by illustrating the method through several numerical examples in
Section 6 and providing a conclusion in Section 7.

2. Mathematical Background

In this section, we describe the general framework for our computations and give a
detailed introduction to the Bermudan swaption pricing problem.
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2.1. Model Formulation

We consider a continuous-time financial market, defined on finite time horizon [0, T].
We additionally consider a probability space (), F,P), which represents all possible states
of the economy, and let the filtration F = (F}), c[o,7) Tepresent all information generated
by the economy up to time-t. The market is assumed to be frictionless and we ignore any
transaction costs.

We let B(t) denote the time—t value of the bank account. Investments in the money
market are assumed to compound a continuous, risk-free interest r;, which we refer to as
the short rate. B(t) corresponds to the time-t value of a unit of currency invested in the
money market at time-zero and we assume it is given by the following expression (see
Andersen and Piterbarg 2010a or Brigo and Mercurio 2006):

B(t) := eordu 40, 7]

We denote by Q the risk-neutral measure equivalent to P, which is associated to B(t) as the
numeéraire. Attainable claims denominated by the numéraire are assumed to be martingales
under Q, which guarantees the absence of arbitrage Harrison and Pliska (1981).

We assume that the dynamics of the short-rate r are captured by an affine term
structure model, in accordance with the set-up introduced in Duffie and Kan (1996) and Dai
and Singleton (2000). The short rate itself is therefore considered to be an affine function of
a—possibly multi-dimensional—latent factor x;, i.e.,

r(t) = wi +wy ' x 1)

with w1, wy denoting a scalar and a vector of time-dependent coefficients, respectively. We
furthermore assume that the stochastic process {x;}, c[o,7] 18 @ bounded Markov process

that takes values in R?, which represents all market influences affecting the state of the
short rate. Let the dynamics of x; be governed by an SDE of the form

dx; = y(t,xt)dt—i-a(t,xt)dwt (2)

where W; denotes an R?— valued Brownian motion under Q adapted to the filtration F.
The measurable functions p : [0,T] x R — R% and ¢ : [0, T] x R? — R¥*? are taken to
satisfy the standard regularity conditions by which the SDE in Equation (2) admits a strong
solution.

We let P(t, T) denote the time—t value of a zero-coupon bond contract that matures
at T. A zero-coupon bond guarantees the holder one unit of currency at maturity, i.e.,
P(T, T): = 1. Within the class of affine term structure models, zero-coupon bond prices are
exponential affine in x; Andersen and Piterbarg (2010b); Duffie and Kan (1996). Therefore,
the value of P(t, T) can be expressed as

P(t,T) i= EQ[e J v

Fi| = exp{A(tT) = B(,T) x|

where the deterministic coefficients A(t, T) € Rand B(Ty, T») € R¥ can be found by solving
a system of ODEs, which are of the form of the well-known Riccati equations; see Dulffie
and Kan (1996) or Filipovic (2009) for details. We consider this framework as it is still
intensively used for risk management purposes. High-dimensional models, such as Libor
market models, can be intractable for quantifying credit risk for large portfolios, particularly
in a multi-currency setting. Multi-factor short-rate models are therefore popular amongst
practitioners, providing a solid compromise between modeling flexibility and analytical
tractability.

For simplicity, we will assume that the collateral rate used for discounting and the
instantaneous rate used to derive term rates are both implied by the same short rate 7;.
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Thus, we consider a classic single-curve model environment. As term rates, we consider
simply compounded rates, which we refer to as LIBOR Brigo and Mercurio (2006)

1-P(t,T)

L(t,T) := PG T)

where T denotes the year fraction between date t and T.

2.2. The Bermudan Swaption Pricing Problem

We consider the pricing problem of a Bermudan swaption. A Bermudan swaption is a
contract that gives the holder the right to enter a swap with fixed maturity at a number of
predefined monitor dates. Should the holder at any of the monitor dates decide to exercise
the option, the holder immediately enters the underlying swap. The lifetime of this swap is
assumed to be equal to the time between the exercise date and a fixed maturity date Ty;.

As an underlying, we take a standard interest rate swap that exchanges fixed versus
floating cashflows. For simplicity, we will assume that the contract is priced in a single-
curve framework and that cashflow schemes of both legs coincide, yielding fixing dates
Tr ={To,...,Tm-1} and payment dates 7, = {Ty,..., Tnm}. However, we stress that the
algorithm is applicable to any industry standard contract specifications and is not limited to
the simplifying assumptions that are made here. The time fraction between two consecutive
dates is denoted as ATy, = Ty, — T;,,—1. Let N be the notional and K the fixed rate of the
swap. Assuming that the holder of the option exercises at T}, the payments of the swap
will occur at Tyy11, ..., Ty

We consider the class of pricing problems, where the value of the contract is completely
determined by the Markov process {x; },. [0,7] I R? as defined in Section 2. Let i, : RY — R
be the FT, -measurable function denoting the immediate pay-off of the option if exercised
at time T,,. Although the methodology holds for any generalization of the functions h,,, we
will consider those in accordance with the contract specifications described above. This
means that the functions /;, are assumed to be given by

hm(x1,,) =0 N - Apm(Tn) (Smm (Ti) — K)

where the indicator § = 1 infers a payer and 6 = —1 infers a receiver swaption. The swap
rate S, o1 and the annuity A,, s are defined in the same fashion as Brigo and Mercurio
(2006), given by the expressions

yM  AT:P(t T)F(t,T;i_q, T; M
Sm,M(t) = m+1M ! ( ]) ( ! )/ Am,M(t) = Z ATjP(tr TJ)
Zj:m—i—l ATjP(tf T]) j=m+1

where the function F denotes the simply compounded forward rate given by the expression

F(t T, T)) = <1°(ij—1)_1>

ATj\ P(4,Ty)

forany j € {1,..., M}. For details, we refer to Brigo and Mercurio (2006).
Now, let T denote the set of all discrete stopping times with respect to the filtration IF,
taking values on the grid 7 U {co}. Define the function /i as

e (xe) = g (xe (@) = {Z’”("Tm) IZEZ; ~ weo G)
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In this notation, T(w) = co indicates that the option is not exercised at all. We aim to
approximate the time-zero value of the Bermudan swaption, which satisfies the following
equation:

. @ h-r (XT)

o ==

Finding the optimal exercise strategy 7 is typically a non-trivial exercise. Numerical

approximations for V(0) can, however, be computed by considering a dynamical program-

ming formulation as given below, which is shown to be equivalent to (4) in, for example,

Glasserman (2013). Let t € (Ty, Tjy11] for some m € {0, ..., M — 2} and denote by V(¢) the

value of the option, conditioned on the fact that it is not yet exercised prior to t. This value
satisfies the equation (see Glasserman 2013)

}—0} @

max{ly - 1(XTM 1), 0} ift =Ty
max{hm Xt), E@[ m+l ]-"t] } ift=T,, me{0,..., M—2} 5)
()EQ[% ff} if t € (Tin, Tys1), m €4{0,...,M—2}

We refer to the random variables Cy, (t) := B(t)EQ [%“))

values. They represent the expected value of the contract if it is not being exercised up until
t but continues to follow the optimal policy thereafter. Approximations of the dynamic
formulation are typically obtained by a backward iteration based on simulations of the
underlying risk factors. The objective is then to determine the continuation values as a
function of the state of the risk factor x;. Popular numerical schemes based on regression
have been introduced in, for example, Carriere et al. (1996) and Longstaff and Schwartz
(2001).

Based on approximations of the continuation values, the optimal policy T can be
computed as follows. Assume that, for a given scenario w € (), the risk factor takes the
values x7, = Xo, ...,Xr,, , = Xpm—1. Then, the holder should continue to hold the option if
Cn(Tm) > hm(xm) and exercise as soon as Cy, (T ) < hpm(xp). In other words, the exercise
strategy can be determined as

]-"t} as the hold or continuation

T(w) = min{Tm € 7}‘|Cm(Tm) < hm(xm)}

Should, for some scenario, the continuation value be bigger than the immediate pay-off for
each monitor date, then T(w) = oo and the option expires as worthless.

3. A Semi-Static Replication for Bermudan Swaptions

The main concept of our method is to construct static hedge portfolios that replicate
the dynamical formulation in Equation (5) between two consecutive monitor dates. In
this section, we introduce the algorithm for a Bermudan swaption that is priced under a
multi-factor affine term structure model. The methodology is inspired by the algorithm
presented in Lokeshwar et al. (2022) and utilizes a regress-later technique in which the
intermediate option values are regressed against simple IR assets, such as discount bonds.
The regression model is chosen deliberately to represent the pay-off of an options portfolio
written on these assets. An important consequence is that the hedge can be valued in
closed form. Throughout this work, we will use the terms semi-static hedge and semi-static
replication interchangeably. A hedge in general refers to a trading strategy that reduces the
exposure to market risk of an outstanding position. A replication refers to an asset portfolio
that mirrors the value of a derivative, which is a common means to set up a hedge. As we
see the efficient valuation properties in the context of credit risk quantification as the main
application, rather than actual hedging, we will put emphasis on the term replication.
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3.1. The Algorithm

The regress-later algorithm is executed in an iterative manner, backward in time. The
outcome is a set of option portfolios {ITj_1,...,IIp} written on pre-selected IR assets.
To be more precise, the algorithm determines the weights and strikes of each portfolio
I, such that it closely mirrors the Bermudan swaption after its composition at T,_1
until its expiry at T;. The pay-off of I1,, exactly meets the cost of composing the next
portfolio 11,41 or the Bermudan’s pay-off in case it is exercised. The methodology yields
a semi-static hedging strategy as the portfolio compositions are constant between two
consecutive monitor dates. Hence, there is no need for continuous rebalancing, as is the
case for a dynamic hedging strategy. The algorithm can roughly be divided into three steps,
presented below. Algorithm 1 summarizes the method.

Algorithm 1 The algorithm for a Bermudan swaption

Generate N risk factor scenarios for x7,, form =0,..., M
Compute N corresponding asset scenarios for z,, form =0,..., M
V(TM,l;x%W]) — max{hM,l (x%vH), 0} forn=1,...,N
Initialize Gy;_1 parameters §j;_1 from independent uniform distributions
form=M-1,...,1do

&m < argmin L(¢|Zy, £, ) minimizing the MSE

CeRP
forn=1,...,Ndo

Cm—l (Tm—l) < B(Tm—l)EQ {W ‘]:Tm—li|

V(Toni, ) max{ Gt (Tur), o (v, )}

end for
Cm—1 < Cm initialize weights of G,,_4
end for
¢o < argmin L({|2o, £0) minimizing the MSE
CeRP
Q[ Go(z0(To))
return [E [ B(To) ‘]:0]

3.1.1. Sample the Independent Variables

We start by sampling N realizations of the risk factor x; on the time grid 7 =

{To, ..., Tam—1}. These realizations will serve as an input for the regression data. We will

denote the data points as £ := { (x%o, ey x’%M_l) }nNzl. Different sample methodologies

could be used, such as:

*  Take a standard quadrature grid for each monitor date T}, associated with the transi-
tion density of the risk factor. For example, if x; has Gaussian dynamics, one could
consider the Gauss-Hermite quadrature scaled and shifted in accordance with the
mean and variance of x;. See, for example, Xiu (2010).

*  Discretize the SDE of the risk factor and sample by the means of an Euler or Milstein
scheme. Make sure that a sufficiently coarse time-stepping grid is used, which includes
the M monitor dates. See, for example, Kloeden and Platen (2013) for details.

Secondly, we select an asset that will serve as the independent variable for the regression.

We will denote this asset as z,,,(t). The choice for z,, can be arbitrary, as long as it meets the

following conditions:

*  The asset z;,(T;;) should be a square integrable random variable that is Fr, measur-
able, taking values in R%.

e The risk-neutral price of z,,(t) should only be dependent on the current state of the
risk factor and be almost surely unique; that is, the mapping xr,, — z|xt, should be
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continuous and injective. This is required to guarantee a well-defined parametrization
of the option value.
Examples for z,, would be a zero-coupon bond, a forward Libor rate, or a forward swap
rate. For each sampled realization of the risk factor, the corresponding realization of the
asset value will be computed and denoted as 2 := {(zf},..., 2%, ;) }nNzl. This will serve as
the regression data in the following step.

3.1.2. Regress the Option Value against an IR Asset

In this phase, we compose replication portfolios Iy, . .., IIp—; by fitting M regression
functions Gy, ..., Gy_1. We consider functions of the form G,, : R? — R, which assign
values in R to each realization of the selected asset z,,. Fitting is performed recursively,
starting at Tps_1, moving backwards in time, until the first exercise opportunity Ty. Ap-
proximations of the Bermudan swaption value at each monitor date serve as the dependent
variable. At the final monitor date, the value of the contract (given it has not been exercised)
is known to be

V(TM,l;xﬁMA) - max{hM,l (x%vH), o}, n=1,...,N

Now, assume that, for some monitor date T;;,, we have an approximation of the contract
value V(Tm;xg‘-m) "y V(Tm ;x’%m). Let ¢ € R? for some p € N denote the vector of the
unknown regression parameters. The objective is to determine ¢, such that

Gm(zm(Tm)) = V(Tm)

with the smallest possible error. This is carried out by formulating and solving a related
optimization problem. In this case, we choose to minimize the expected square error,
given by

E2[[Guu(zn (Tw)) = V(Tw) ] (6)

There is no exact analytical expression available for the expectation of Equation (6). How-
ever, it can be approximated using the sampled regression data, giving rise to an empirical
loss function L given by

1 Y - 2
n=1

The parameters ¢, are then the result of the fitting procedure, such that

&m ~ argmin L(|2m, £m)
ceR?

If the regression model is chosen accordingly, G, (zm) represents the pay-off at Ty, of a
derivative portfolio I1,, written on the selected asset z;,. Details on suggested functional
forms of G, asset selection for z,,, and fitting procedures are subject of Section 3.2.

3.1.3. Compute the Continuation Value

Once the regression is completed, the last step is to compute the continuation value
and subsequently the option value at the monitor date preceding T,,. For each scenario
n=1,...,N, we approximate the continuation value as

Cpu1(T—1) = B(Ty_1)E® [‘;gm)) fT;n1:|
" ®)
o S
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As Gy, is chosen to represent the pay-off of a derivative portfolio I1,, written on z,,, we
argue that computing C,,_1 is in fact equivalent to the risk-neutral pricing of 11,,. In other
words, we have

Iy (Tm)

Coret(Tur) = B(Tyu1)E2 [B(T)

’FTml:| = Hm(Tmfl)

In Section 3.2, we treat examples for which I1,, can be computed in closed form.
Finally, the option value at the preceding monitor date T,,_; is given by

V(T x%,) = max{Cm,l(Tm,l), Hy—1 (erlm,l) }, n=1,...,N

The steps are repeated recursively until we have a representation Gy of the option value at
the first monitor date. An estimator of the time-zero option value is given by

7(0) = EQ {GO(ZO(TO)) '}—0}

We refer to this approximation as the direct estimator.

3.2. A Neural Network Approach to G,

In this section, we propose to represent the regression functions Gy, as shallow, artifi-
cial neural networks. The choices that are presented here are adapted to a framework of
Gaussian risk factors, such as that presented in Section 2. The method, however, lends itself
to be generalized to a broader class of models by considering an appropriate adjustment to
the input or structure.

3.2.1. The 1-Factor Case

First, we discuss the cased = 1. Letm € {0,..., M — 1}. As a regression function, we
consider a fully connected, feed-forward neural network with one hidden layer, denoted
as Gy, : R — R. The design with only a single hidden layer is graphically represented in
Figure 1 and is chosen deliberately to facilitate the network’s interpretation. As an input to
the network (the asset z;;), we select a zero-coupon bond, which pays one unit of currency
at TM
*  The first layer consists of a single node and corresponds to the discount bond price,

which serves as input. It is represented by the left node in Figure 1. The hidden

layer has g € N hidden nodes, represented by the center layer in Figure 1. The affine
transformation acting between the first two layers is denoted A; : R — R7 and is of
the form

A1:x—wix+Db, WleRle,bERq

As an activation function ¢ : R7 — R acting on the hidden layer, we take the
ReLU-function, given by

¢: (x1,...,%) — (max{xy, 0},..., max{x,, 0})

Note that the ReLU function corresponds to the pay-off function of a European option.
e The output of the network estimates contract value V,, € R and therefore takes

value in R. It is represented by the right node in Figure 1. We consider a linear

transformation acting between the second and last layer A, : R7 — R, given by

Ap 1 X — WX, Wy € R1x4

On top of that, we apply the linear activation, which comes down to an identity
function, mapping x to itself.
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Figure 1. Suggested neural network design for Dim(x;) = 1.
Combined together, the network is specified to satisfy
Gm():=Apo@o Ay
and the trainable parameters can be presented by the list
& = {w11,b171,...,w19,b14} U{was,..., wr4}

3.2.2. Interpretation of the Neural Network

Now that we have specified the structure of the neural network, we will discuss how
each function G, can be interpreted as a portfolio I1;,. In the one-dimensional case, G,
can be expressed as follows:

q
G (zm) := Y wyjmax{ws iz, + bj, 0}
=1

We can regard this as the pay-off of a derivative portfolio 11,, written on the asset z;,. The
portfolio contains g derivatives that each have a terminal value equal to w,;
max{wlrjzm + bj, 0}. In total, we can recognize four types of products, which depend
on the signs of wy j and b;.

1. Ifw;;>0andb; >0, wehave
Wi max{wlljzm + b]‘, 0} = Wy jW1,jZm + wzrjb]‘

which is the pay-off of a forward contract on w jwy ; units in z,, and w ;b; units of
currency.
2. Ifwp;>0andb; <0, wehave

b
wy jmax{wy jzp + bj, 0} = wy jwy max{zm - a]', 0
/]

which is the pay-off corresponding to w; jwy j units of a European call option written
. . . —b
on z;;, with strike price ﬁ

3. Ifw;;<Oandb; >0, wehave

b:
Wy, maX{ijZm + b], 0} = —Wy, W max{ —Zél -~ Zm, 0
/]

which is the pay-off corresponding to —w jw1 ; units of a European put option written

bj
=

on z,;, with strike price
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4. If wy,j < 0 and bj < 0, we have
wy jmax{wy iz, +bj, 0} =0

which clearly represents a worthless contract.

The sign of the coefficient w, ; indicates if one has a short or long position of the product
in the portfolio. Hence, under the assumption of a frictionless economy, the absence
of arbitrage, and the Markov property for z,, the portfolio I1,, replicates the original
Bermudan contract over the period (T;,—1, Ti|. As the portfolio composition is constant
between two consecutive monitor dates, the method described here can be interpreted as a
semi-static hedging strategy.

3.2.3. The Multi-Factor Case

In the case d > 2, we propose that a basket of d zero-coupon bonds all maturing
at different dates T, + 61, ..., Ty + J, is required as input to the regression. If the risk
factor space is d-dimensional, it can only be parametrized by an at least d-dimensional
asset vector.

To see why the above statement is true, simply consider n bonds P(Ty,, Ty, + 91), ...,
P(Ty, Ty, + 6») and note that the following relation holds:

P(Ty, T + 1) exp{ A(Tw, T +61) = Ty Bj(Tow, T + 61)%;(Ton) }
P(Ty, Ty + 6,) exp{ A(To, T + 61) — Xy Bj(Tn, Tow + 6)x(Tn) }
Bl(Tm,Tm—"-(Sl) Bd(Tm,Tm—"-(Sl) xl(Tm)

= : : :
Bi(Tw, Tyu 4+ 61) .. Ba(To, T+ 1)) \xa(Ti)

A(Tm, Ty + (51) — IOgP(Tm, T + 51)

A(Tw, Trn + 64) — log P(Tyu, Tin + 1)
= B(Ty)x1, = &

Since we have that rank(B(Ty,)) = min{n,d}, it follows that if n < d, the image of B does
not span the whole risk factor space, whereas if n > d, the image of B is still equal to the
casen =d.

Concluding on the argument above, it would be an obvious choice to take a d —dimensional
vector of bonds as the input and generalize the architecture of G, by increasing the input
dimension (i.e., the number of nodes in the first layer) from 1 to 4. However, in that case,
I1,, represents a derivatives portfolio written on a basket of bonds, by which the tractability
of pricing I'l,, would be lost. Therefore, we suggest two alternatives to the design of G,
intended to preserve the analytical valuation potential of I1,,.

The basic specifications of the neural network will remain similar to the one-factor
case. We consider a feed-forward neural network with one hidden layer of the form
Gm:RT = R.

*  The first layer consists of d nodes and the hidden layer has g € N hidden nodes. The
affine transformation and activation acting between the first two layers are denoted

Ay :RY - R7and ¢ : R7 — RY, respectively, given by

A x> wix + Db, wy € R1*9 b e RY
¢:(x1,...,%) — (max{xy, 0},..., max{x,, 0})
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¢  The output contains a single node. A linear transformation acts between the second
and last layer A : R7 — R, together with the linear activation, given by

Ap i x — WX, Wy € Rlxq
e Thenetwork is given by Gy, (-) := Az 0 g o A;.

3.2.4. Suggestion 1: A Locally Connected Neural Network

The outcome of each node in the hidden layer represents the terminal value of a
derivative written on the asset z,,, which, together, compose the portfolio I'l,,. In the
d—dimensional case, the outcome of the j* node vj can be expressed as

d
vi(z) = max{ Y wiz + by, 0}

k=1

which corresponds to the pay-off of an arithmetic basket option with weights wjy, ... wjy
and strike price b;. Such an exotic option is difficult to price. To overcome this issue, we
constrain the matrix wy to only admit a single non-zero value in each row. The architecture
of this suggestion is graphically depicted in Figure 2a. Let the number of hidden nodes be
a multiple of the input dimension, i.e., g = n - d for some n € N. The matrix wy is set to be
of the form

w11 0 o --- 0 0
w, 0 0 -~ 0 0
0 W2 n+1 0 0 0
w1 = . .
0 W2 2n 0o --- 0 0
0 0 0o --- 0 W4 d-n

As a result, none of the hidden nodes are connected to more than one input node (see
Figure 2a). Therefore, the outcome of each node v; again represents a European option or
forward written on a single bond, which can be priced in closed form (see Appendix A.1).

Q @)
Q 0
O Q e
Q g/ e
O IO\
O 0
O O O O <O O
O =0
O Q)
O O\l \_Q
O S
O 9 \\e
O \e|
O ke

(@) (b)

Figure 2. Suggested neural network designs for Dim(x;) > 2. (a) Locally connected neural network.
(b) Fully connected neural network.
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We can recognize two drawbacks to this approach. First, the number of trainable
parameters for a fixed number of hidden nodes is much lower compared to the fully
connected case. This can simply be overcome by increasing q. Second, as the network is not
fully connected, the universal approximation theorem no longer applies to G,. Therefore,
we have no guarantee that the approximation errors can be reduced to any desirable level.
Our numerical experiments however indicate that the approximation accuracy of this
design is not inferior to that of a fully connected counterpart of the same dimensions; see
Section 6.

3.2.5. Suggestion 2: A Fully Connected Neural Network

Our second approach does not entail altering the structure or weights of the network,
but suggests to take a different input. We hence consider a fully connected feed-forward
neural network with one hidden layer of the form G,, : R? — R. The architecture is
graphically depicted in Figure 2. As a consequence, each hidden node is connected to each
input node. However, as an input, we use the log of n bonds, i.e.,

Zm = (].OgP(Tm, Tm +51),...,10gP(Tm,Tm +5n))—|—

Therefore, each node vj can be compared to the pay-off of a geometric basket option written
on n assets z,, equal to the log of P(t, T, + (5]-). Under the assumption that the dynamics of
the risk factor x; are Gaussian, these options can be priced explicitly as we will show in
Appendix A.2.

An advantage of this approach is that it employs a fully connected network that, by
virtue of the universal approximation theorem Hornik et al. (1989), can yield any desired
level of accuracy. A drawback is that the financial interpretation of the network as a
replicating portfolio is not as strong as in suggestion 1 due to the required log in the payoff.

3.3. Training of the Neural Networks

In this section, we specify some of the main considerations related to the fitting pro-
cedure of the algorithm. The method requires the training of M shallow feed-forward
networks as specified in Section 3.2, which we denote Gy, ..., Gp—1. Our numerical experi-
ments indicated that the normalization of the training set strongly improved the networks’
fitting accuracy. Details for pre-processing the regression data are treated in Appendix B.

Optimization
The training of each network is performed in an iterative process, starting with Gps_1

working backwards until Gy. The effectiveness of the process depends on several standard
choices related to neural network optimization, of which some are listed below.

. As an optimizer, we apply AdaMax Kingma and Ba (2014), a variation of the commonly
used Adam algorithm. This is a stochastic, first-order, gradient-based optimizer that
updates weights inversely proportional to the Leo-norm of their current and past
gradient, whereas Adam is based on the Ly-norm. Our experiments indicate that
AdaMax slightly outperforms comparable algorithms in the scope of our objectives.

*  The batch size, i.e., the number of training points used per weight update, is set to a
standard 32. The learning rate, which scales the step size of each update, is kept in the
range 0.0001-0.0005.

e  For the initial network, Gp;_1, we use random initialization of the parameters. If
the considered contract is a payer Bermudan swaption, we initialize the (non-zero)
entries of wy 1.i.d. unif(0,1) and the biases b i.i.d. unif(—1,0). In the case of a receiver
contract, it is the other way around. The weights wy are initialized i.i.d. unif(—1,1).

e  For the subsequent networks, Gp_», . .., Gg, each network Gy, is initialized with the
final set of weights of the previous network G, 1.

*  Asa training set for the optimizer, we use a collection of 20,000 data-points.
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Some specific choices for the hyperparameters are motivated by a convergence analysis
presented in Appendix C.

4. Lower and Upper Bound Estimates

The algorithm described in Section 3.1 gives rise to a direct estimator of the true option
price V. The accuracy of this estimator depends on the approximation performance of
the neural networks at each monitor date. Should each regression yield a perfect fit, then
the estimation error would automatically be zero. In practice, however, the loss function,
defined in Equation (7), never fully converges to zero. As the networks are trained to
closed-form exercise and continuation values, error measures such as MSE and MAE can
be easily obtained. In particular, the mean absolute errors provide a strong indication of
the error bounds on the direct estimator (see Section 5).

Although convergence errors put solid bounds on the accuracy of the estimator, they
are typically quite loose. Therefore, they give rise to non-tight confidence bounds. To
overcome this issue, we introduce a numerical approximation to a tight lower and upper
bound to the true price, in the same spirit as Lokeshwar et al. (2022). These should provide
a better indication of the quality of the estimate.

4.1. The Lower Bound

We compute a lower bound approximation by considering the non-optimal exercise
strategy T implied by the continuation values estimates introduced in Section 3.1. We define
T as

F(w) = min{Tm € T;|Cn(Tw) < hm(me)} )

where Cy, refers to the approximated continuation value given in Equation (8). A strict
lower bound is now given by

L(0) = E@ VEE’;) O] = P(0, Tyy)ET™ L)h(;();f[\i)‘}'o] (10)

where h; corresponds to the definition given in Equation (3). The term on the right is
obtained by changing the measure from Q to the T);—forward measure Q"¥Geman et al.
(1995). Under the Ty;—forward measure, the lower bound can be estimated by simulating a

fresh set of scenarios of the risk factor £ := { (x?l, x’fz, eeey, x’%M) ’n =1,..., N}. Denote by

P"(t, Tp) the zero-coupon bond realization corresponding to x}'. Then, the lower bound
cab be approximated as

o P(0,Ty) & han(x2)
L

n=1

4.2. The Upper Bound

We compute an upper bound by considering a dual formulation of the price expression
Equation (4) as proposed in Haugh and Kogan (2004) and Rogers (2002). Let M denote
the set of all martingales M; adapted to F such that sup, o 1 |M¢| < 0. An upper bound

U(0) to the true price V(0) is obtained by observing that the following inequality holds
(see Haugh and Kogan 2004):

V(0) < My +E® = U(0) (11)

hm(xT )
I XT) vy VR
TT?%{ B(T,) Tu (/0
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for any M; € M. To find a suitable martingale that yields a tight bound, we consider the

Doob-Meyer decomposition of the true discounted option price process B((t; As the price

process is a supermartingale, we can write

V(t)

=Y+ Z

B(H) t+ 2t
where Y; denotes a martingale and Z; is a predictable, strictly decreasing process such that
Zy = 0. Note that Equation (11) attains an equality if we set M; = Y}, i.e., the martingale
part of the option price process. The bound will hence be tight if we consider a martingale
M that is close to the unknown Y;. Let G, (+) denote the neural networks induced by the
algorithm. In the spirit of Andersen and Broadie (2004) and Lokeshwar et al. (2022), we
construct a martingale on the discrete time grid {0, Tp, ..., Tar—1} as follows:

Go(z0(To))
B(To)

Go(2o( To

= EQ
Mo = B2 | 0

73], mr, =

My, _MT""W(W_EQ[(WIFTH} m=1,...,M—1

Clearly, the process {Mr,, }%;01 yields a discrete martingale as

E®[Mr,, | Fr, ,] = EQ [MTM + W ~EQ {Gm](;"ﬂm‘f T 1} mel]
B ) [ FaT) S,

= MTm—l

Furthermore, the process M; as defined above will coincide with Y; if the approximation
errors in Gy, (-) equal zero, hence yielding an equality in Equation (11). Note that the
recursive relation in Equation (12) can be rewritten as

_ Go(2(Ty) & (Gi(F(T)) o] Gilz(T))
My, = =51y *,;( B(T) E[ B(T) ‘f TD (13

We can now estimate the upper bound by again simulating a set of scenarios of the risk

factor {(x’fl,x{‘z, .. ,xg‘-M) ‘n =1,...,N } and approximate U(0) under the risk-neutral

measure as ( )
- 1 Y hr, (*1,,
(0) = M+ — B VA
(0) O+NYET]§1§%{ B (Ty) Tm}

The upper bound can be approximated under the Ty;—forward measure. In that case, the
risk factor should be simulated under Q™ and the numéraire B(t) should be replaced by
P(t, Tyr). By carrying this out, we avoid the need to approximate the numéraire on a coarse
simulation grid.

Note that by the deliberate choice of Gy, (), all the conditional expectations appearing
in Equation (13) can be computed in closed form (see Appendix A). Hence, there is no need
to resort to nested simulations, in contrast to, for example, Andersen and Broadie (2004)
and Becker et al. (2020). Especially if simulations are performed under the T);—forward
measure, both lower and upper bound estimations can be obtained at minimal additional
computational cost.
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5. Error Analysis

In this section, we analyze the errors of the semi-static hedge, the direct estimator,
the lower bound estimator, and the upper bound estimator, which are induced by the
imprecision of the regression functions Gy, ..., Gp—1. We show that for a sufficiently large
hedging portfolio, the replication error will be arbitrarily small. Furthermore, we will
provide error margins for the price estimators in terms of the regression imprecision. We
thereby show that the direct estimator, lower bound, and upper bound will converge
to the true option price as the accuracy of the regressions increases. The cornerstone to
the subsequent theorems is the universal approximation theorem, as presented in, for
example, Hornik et al. (1989). Given that V is a continuous function on the compact set Z,
it guarantees that, for each m € {0,..., M — 1}, there exists a neural network G, such that

sup B (Tou) | V(T x) — G (zm (Tin) | x) | < &
xe€Zy

for arbitrary e > 0. In other words, the regression error can be kept arbitrarily small on any
compact domain of the risk factor.

5.1. Accuracy of the Semi-Static Hedge
Let 7} = {To, ..., Tpr—1} denote the set of monitor dates. For the following theorem,
we assume that x; € 7, for some compact set Z; C RY. As 7, can be arbitrarily large,

this assumption is loose enough to account for a vast majority of the risk factor scenarios
in a standard Monte Carlo sample. On top of that, Z; can be chosen as sufficiently large

such that E[[V(Tyr) — Gon(z0n) | 1y, 1.}
Appendix D.

fo] approaches zero. For the proof, we refer to

Theorem 1. Let e > 0 and |T;| = M. Denote by V (t) the value of the replication portfolio for a
Bermudan swaption, conditional on the fact that it is not exercised prior to time t. Assume that
there exist M networks Gy, (-) such that

sup Bil(TM)W(Tm?x) - Gm(zm(Tm”x)‘ <g vme{O,...,M—l}
XEZd

Then, for any t € [0, Tp1—1], we have that

sup B~ ()| V(x) — V(tx)| < Me
XEZd

5.2. Error of the Direct Estimator

Theorem 1 bounds the hedging error of the semi-static hedge in terms of the maximum
regression errors. This implicitly provides an error margin to the direct estimator under the
aforementioned assumptions. Although the universal approximation theorem guarantees
that the supremum errors can be kept at any desired level, in practice, they are substantially
higher than, for example, the MSEs or MAEs of the regression function. This is due to
inevitable fitting imprecision outside or near the boundaries of the finite training sets. In
the following theorem, we propose that the error of the direct estimator can be bounded in
terms of the discounted MAEs of the neural networks. These quantities are generally much
tighter than the supremum errors and are typically easier to estimate.

The proof of the theorem follows a similar line of thought as the proof of Theorem 1.
As the direct estimator at time-zero depends on the expectation of the continuation value at
Ty, we can show by an iterative argument that the overall error is bounded by the sum of the
mean absolute fitting errors at each monitor date. The error bound in the direct estimator
therefore scales linearly with the number of exercise opportunities. For a complete proof,
we refer to Appendix E.
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Theorem 2. Let ¢ > 0 and assume that | T¢| = M. Denote by V the time-zero direct estimator for
the price of a Bermudan swaption V. Assume that, for each Ty, € {Ty, ..., Tavr—1}, there is a neural
network approximation Gy, (-) such that

EQ [Bl(Tm)W(Tm) - Gm(zm)|‘]-'0] <e

m+

/ Gt1(Zm
where V(Ty,) = max{B(Tm)E@ |:B-¢(-%(1451)

]:Tm] s (xT,) } denotes the estimator at date T,.

Then, the error in V is bounded as given below:
|V(0) —V(0)] < Me

5.3. Tightness of the Lower Bound Estimate

A lower bound L(t) to the true price can be computed by considering the non-optimal
exercise strategy, implied by the direct estimator (see Section 4.1). This relies on the
stopping time

Fw) = min{Tm € T7|Cn(Tw) < hm(me)} (14)

In the following theorem, we propose that the tightness of L(0) can be bounded by the
discounted MAEs of neural network approximations.

The proof of the theorem relies on the fact that, conditioned on any realization of ¥
and T, the expected difference between L(0) and V(0) is bounded by the sum of the mean
absolute fitting errors at the monitor dates between T and 7. In the proof, we therefore
distinguish between the events ¥ < T and T > 7. Then, by an inductive argument, we can
show that the bound on the spread between L(0) and the true price scales linearly with the
number of exercise opportunities. For a complete proof, we refer to Appendix F.

Theorem 3. Let ¢ > 0 and assume that |T¢| = M. Denote by L(0) the lower bound on the true
Bermudan swaption price as defined in Equation (10). Assume that, for each Ty, € {To, ..., Tpm-1},
there is a neural network approximation Gy, (+), such that

EQ [B—l(Tm)W(Tm) — Gm(zm)\‘}"o] <e

where V(Ty) := max{B(Tm)EQ [% FT,n} ,hm(me)} denotes the estimator at date Ty,.

Then, the spread between V (0) and L(0) is bounded as given below:

IV(0) — L(0)| < 2(M — 1)e

5.4. Tightness of the Upper Bound Estimate

An upper bound U(#) to the true price can be computed by considering a dual formu-
lation of the dynamic pricing equation Haugh and Kogan (2004); see Section 4.2. From a
practical point of view, the difference between the upper bound and the true price can be
interpreted as the maximum loss that an investor would incur due to hedging imprecision
resulting from the algorithm Lokeshwar et al. (2022). The overall hedging error at some
monitor date Ty, is the result of all incremental hedging errors occurring from rebalanc-
ing the portfolio at preceding monitor dates. As the incremental hedging errors can be
bounded by the sum of the expected absolute fitting errors, we propose that the tightness
of U(t) can be bounded by the discounted MAEs of the neural networks and scales at most
quadratically with the number of exercise opportunities.

The proof follows a similar line of thought as that presented in Andersen and Broadie
(2004). There, it is noted that the difference between the dual formulation of the option
and its true price is difficult to be bound. Here, we make a similar remark and propose a
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theoretical maximum spread between U (0) and V(0) that is relatively loose. Our numerical
experiments, however, indicate that the upper bound estimate is much tighter in practice.
For a complete proof, we refer to Appendix G.

Theorem 4. Let e > 0 and assume that | T¢| = M. Denote by U(0) the upper bound on the true
Bermudan swaption price as defined in Equation (11). Assume that, for each Tpy € {To, ..., Tpm-1},
there is a neural network approximation Gy, (-), such that

EQ [B_l(Tm)|I7(Tm) — Gm(zm)|‘}'o] <e

where V(Ty,) := max{B(Tm)EQ [% me:| , hm(me)} denotes the estimator at date Ty,.

Then, the spread between V (0) and U(0) is bounded as given below:

|U(0) — V(0)| < M(M —1)e

6. Numerical Experiments

In this section, we treat several numerical examples to illustrate the convergence,
pricing, and hedging performance of our proposed method. We will start by considering
the price estimate of a vanilla swaption contract in a one-factor model. This is a toy
example by which we can demonstrate the accuracy of the direct estimator in comparison
to exact benchmarks. We continue with price estimates of Bermudan swaption contracts
in a one-factor and a two-factor framework. The performance of the direct estimator
will be compared to the established least-square regression method (LSM) introduced
in Longstaff and Schwartz (2001), fine-tuned to an interest rate setting as described in
Oosterlee et al. (2016). Additionally, we will approximate the lower and upper bound
estimates as described in Section 4 and show that they are well inside the error margins
introduced in Section 5. Finally, we will illustrate the performance of the static hedge for
a swaption in a one-factor model and a Bermudan swaption in a two-factor model. For
the one-factor case, we can benchmark the performance by the analytic delta hedge for a
swaption, provided in Henrard (2003).

A Ty x Ty contract (either European swaption or Bermudan swaption) refers to an
option written on a swap with a notional amount of 100 and a lifetime between Ty and T).
This means that Ty and T;_1 are the first and last monitor dates, respectively, in case of
a Bermudan. The underlying swaps are set to exchange annual payments, yielding year
fractions of 1 and annual exercise opportunities. All examples that are illustrated here have
been implemented in Python using the Quant-Lib library Ametrano and Ballabio (2003)
for standard pricing routines and Keras with Tensorflow backend Chollet et al. (2015) for
constructing, fitting, and evaluating the neural networks.

6.1. 1-Factor Swaption

We start by considering a swaption contract under a one-dimensional risk factor
setting. The direct estimator of the true V(0) swaption price is computed similar to a
Bermudan swaption, but with only a single exercise possibility at Ty. Therefore, only a
single neural network per option needs to be trained to compute the option price. We have
used 64 hidden nodes and 20,000 training points, generated through Monte Carlo sampling.
We assume the risk factor to be captured by the Hull-White model with constant mean
reversion parameter 2 and constant volatility ¢. The dynamics of the shifted mean-zero
process Brigo and Mercurio (2006) are hence given by

dx(t) = —ax(t)dt +cdW(t), x(0) =0 (15)

216



Risks 2023, 11, 168

For simplicity, we consider a flat time-zero instantaneous forward rate (0, t). The risk-
neutral scenarios are generated using a discrete Euler scheme of the process above. Param-
eter values that were used in the numerical experiments are summarized in Table 1.

Table 1. Parameters 1F Hull-White model.

Parameter a o f(0,t)

Value 0.01 0.01 0.03

Figure 3a,b show the time-zero option values in basis points (0.01%) of the notional for
a5Y x 10Y and a 10Y x 5Y payer swaption as a function of the moneyness. The moneyness
is defined as %, where K denotes the fixed strike and S the time-zero swap rate associated
with the underlying swap. The exact benchmarks are computed by an application of
Jamshidian’s decomposition Jamshidian (1989). The relative estimate errors are shown in
Figure 3c,d. We observe a close agreement between the estimates and the reference prices.
The errors are in the order of several basis points of the true option price. In the current
setting, the results presented serve mostly as a validation of the estimator. We however
point out that this algorithm for swaptions is applicable in general frameworks, such as
multi-factor, dual-curve, or non-overlapping payment schemes, for which exact routines
are no longer available.
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Figure 3. Accuracy of the direct estimator for vanilla swaptions. S5y 10y ~ S1gy x5y ~ 0.0305.

6.2. 1-Factor Bermudan Swaption

As a second example, we consider a Bermudan swaption contract. The same dynamics
for the underlying risk factor are assumed as discussed in the previous paragraph, using the
parameter settings of Table 1. Monte Carlo scenarios are generated based on a discretized
Euler scheme associated to the SDE in Equation (15), taking weekly time-steps.

We first demonstrate the convergence property of the direct estimator, which is implied
by the replication portfolio. We consider a 1Y x 5Y Bermudan swaption with strike K = 0.03.
This strike is selected as it close to ATM, a moneyness level that is most likely to be liquid
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in the market. For this analysis, the neural networks were trained to a set of 2000 Monte-
Carlo-generated training points. Figure 4a shows the direct estimator as a function of the
number of hidden nodes in each neural network, alongside an LSM-based benchmark. In
Figure 4b, the error with respect to the LSM estimate is shown on a logscale. We observe
that the direct estimator converges to the LSM confidence interval or slightly above, which
is in accordance with the fact that LSM is biased low by definition. The analysis indicates
that a portfolio of 16 discount bond options is sufficient to achieve a replication of a similar
accuracy to the LSM benchmark.
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3.75 —e— Direct estimator 95% confidence LSM
95% confidence LSM v
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Figure 4. Convergence of the direct estimator for the 1Y x 5Y Bermudan swaption price as a function
of hidden node count, with respect to the LSM benchmark under a 1-factor model.

Table 2 depicts numerical pricing results for a 1Y x 5Y, 3Y x 7Y and 1Y x 10Y receiver
Bermudan swaption. For each contract, we consider different levels of moneyness, setting
the fixed rate K of the underlying swap to, respectively, 80%, 100%, and 120% of the time-
zero swap rate. The estimations of the direct, the upper bound, and the lower bound
statistics are again reported alongside LSM-based benchmarks. Here, the neural networks
have 64 hidden nodes and are fitted using a training set of 20,000 points. The lower and
upper bound estimates, as well as the LSM estimates, are based on simulation runs of
200,000 paths each. The given lower and upper bounds are Monte Carlo estimates of the
statistics defined in Equations (10) and (11) and are therefore subject to standard errors,
which are reported in parentheses. The reference LSM results have been generated using
{1,x,x?} as regression basis functions for approximating the continuation values. The
standard errors and confidence intervals are obtained from ten independent Monte Carlo
runs. The choice for hyperparameter settings is motivated by the analysis of Appendix C.

Table 2. Results of 1-factor model. S1yxs5y &~ S3yx7y = Siyx10y ~ 0.0305. Standard errors are in
parentheses, based on 10 independent MC runs of 2 x 10° paths each.

Type K/S Direst. Lowerbnd Upperbnd UB-LB LSMest. LSM 95% CI

1Y x5 80% 1.527 1.521(0.001) 1.528 (0.000) 0.007 1.521 (0.001) [1.518, 1.523]
100% 2.543 2.534 (0.002) 2.542 (0.000) 0.008 2.534 (0.002) [2.531,2.538]
120% 4.015 4.016 (0.002) 4.018 (0.000) 0.002 4.016 (0.002) [4.012,4.021]

3Y x7Y 80% 3.296 3.293(0.002) 3.295(0.000) 0.002 3.293 (0.002) [3.290, 3.296]
100% 4.767 4.755(0.004) 4.761 (0.000) 0.006 4.755 (0.004) [4.747,4.762]
120% 6.625 6.629 (0.004) 6.631 (0.000) 0.002 6.629 (0.004) [6.621, 6.638]

1Y x 10Y 80% 3.950 3.945 (0.005) 3.960 (0.000) 0.015 3.945 (0.005) [3.935, 3.955]
100% 5.818 5.811(0.003) 5.818 (0.000) 0.007 5.811 (0.003) [5.805,5.816]
120% 8.346  8.354 (0.005) 8.360 (0.000) 0.006 8.353 (0.005) [8.344, 8.362]
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The spreads between the lower and upper bound estimates provide a good indication
of the accuracy of the method. For the current setting, we obtain spreads in the order of
several basis points up a few dozen of basis points. The lower bound estimate is typically
very close to the LSM estimate, which itself is also biased low. Their standard errors are of
the same order of magnitude. The upper bound estimates prove to be very stable and show
a variance that is roughly two orders of magnitude smaller compared to that of the lower
bound. The direct estimate is occasionally slightly less accurate. This can be explained by
the fact that it depends on the accuracy of the regression over the full domain of the risk
factor, whereas, for the lower bound, only a high accuracy near the exercise boundaries
is required. In Figure 5, the mean absolute error of each neural network after fitting is
presented as a function of the network’s index. The errors are displayed in basis points of
the notional. We observe that the errors are the smallest at maturity and tend to increase
with each iteration backward in time. That the errors at the final monitor date are virtually
zero can be explained by the fact that the pay-off at Ty;_; is given by

max{hy—1(x7, ,), 0} = N-max{Ap—1,m(Tr-1) - (K= Sp—1,m(Tm-1)), 0}
=N- max{(ATMK + 1)P(TM_1, TM) -1, 0}

~ wrp(wiz — b)

which can be exactly captured by a network with only a single hidden node. With each
step backwards, the target function is harder to fit, yielding larger errors. We observe
MAE:s up to one basis point of the notional amount. The empirical lower-upper bound
spreads remain well within the theoretical error margins provided in Sections 4.1 and 4.2.
The spreads are mostly much lower than the sum of the MAEs, indicating that the bound
estimates are in practice significantly tighter than their theoretical maximum spread.
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Figure 5. Mean absolute errors of neural network fit per monitor date under a 1-factor model.

6.3. 2-Factor Bermudan Swaption

As a final pricing example, we consider a Bermudan swaption contract under a
two-factor model. The dynamics of the underlying risk factors are assumed to follow a
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G2++ model Brigo and Mercurio (2006). Monte Carlo scenarios are generated based on a
discretized Euler scheme, taking weekly time-steps, based on the SDE below:

dxl(t) = —alxl(t)dt + Uldwl(t), X1(0) =0
de(f) = —HQJQ(t)dt + Udez(t), XZ(O) =0

where W; and W, are correlated Brownian motions with d(W;, W,), = pdt. Parameter
values that were used in the numerical experiments are summarized in Table 3.

We again start by demonstrating the convergence property of the direct estimator for
both the locally connected and the fully connected neural network designs as specified
in Section 3.2.3. The same 1Y x 5Y Bermudan swaption with strike K = 0.03 is used and
the networks are each fitted to a set of 6400 training points. Figure 6a shows the direct
estimator as a function of the number of hidden nodes in each neural network, alongside an
LSM-based benchmark. In Figure 6b, the error with respect to the LSM estimate is shown
on a logscale. We observe a similar convergence behavior, where the direct estimators
approach the LSM benchmark within the 95% confidence range. Here, it is noted that a
portfolio of eight discount bond options is already sufficient to achieve a replication of a
similar accuracy to the LSM estimator.
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Figure 6. Convergence of the direct estimator for the 1Y x 5Y Bermudan swaption price as a function
of hidden node count, with respect to the LSM benchmark under a 2-factor model.

Table 3. Parameters 2F G2++ model.

Parameter ai as o1 o e f(o,t)
Value 0.07 0.08 0.015 0.008 —-0.6 0.03

In Table 4, numerical results fora 1Y x 5Y, 3Y x 7Y, and 1Y x 10Y receiver Bermudan
swaption are depicted for different levels of moneyness. We again report the direct, the
upper bound, and the lower bound estimates for both neural network designs. In this case,
all networks have 64 hidden nodes and are fitted to training sets of 20,000 points. As before,
the lower bound, the upper bound, and the LSM estimates are the result of 10 independent
Monte Carlo simulations of 200,000 scenarios.

For the LSM algorithm, we used {1, X1,X7, x%, X1X2, x%} as basis functions. Note that
the number of monomials grows quadratically with the dimension of the state space and,
with that, the number of free parameters. For our method, this number grows at a linear
rate. Choices for the hyperparameters are again based on the analysis of Appendix C. The
results under the two-factor case share several features with the one-factor results. We
observe spreads between the lower and upper bounds ranging from several basis points
up to a few dozen basis points of the option price. The lower bound estimates turn out to
be very close to the LSM estimates and the same holds for their standard errors. The upper
bounds are again very stable with low standard errors and the direct estimator appears
as slightly less accurate. If we compare the locally connected to the fully connected case,
we observe that the results are overall in close agreement, especially the lower and upper
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bound estimates. This is remarkable given that the fully connected case gives rise to more
trainable parameters, by which we would expect a higher approximation accuracy. In the
two-factor setting, the ratio of free parameters for the two designs is 3:4.

Table 4. Results of 2-factor model for the locally connected and fully connected neural network cases.
S1yx5y ~ S3yx7y ~ S1yxioy ~ 0.0305. Standard errors are in parentheses, based on 10 independent
MC runs of 2 x 10° paths each.

LOCALLY CONNECTED NEURAL NETWORKS

Type K/S Dir.est. Lower bnd Upper bnd UB-LB LSM est. LSM 95% CI
1Y x 5Y 80% 1.617 1.617(0.002) 1.619(0.000) 0.002 1.617(0.002)  [1.614,1.621]
100% 2.652 2.650(0.002) 2.654(0.000) 0.004 2.650(0.002)  [2.646, 2.654]

120% 4.128 4.127(0.003) 4.131(0.000) 0.004 4.127(0.003)  [4.121,4.132]

3Y x 7Y 80% 3.073 3.076(0.004) 3.078(0.000) 0.002 3.077(0.004)  [3.069, 3.085]
100% 4.554 4.553(0.004) 4.553(0.000) 0.000 4.552(0.004)  [4.545, 4.559]

120% 6.444 6.448(0.004) 6.451(0.000) 0.003 6.446(0.005)  [6.435, 6.456]

1Y x 10Y 80% 3.616 3.624(0.002) 3.626(0.000) 0.002 3.622(0.002)  [3.618, 3.627]
100% 5.508 5.509(0.002) 5.514(0.000) 0.005 5.508(0.002)  [5.503, 5.512]

120% 8.128 8.123(0.005) 8.130(0.000) 0.007 8.121(0.005)  [8.110, 8.132]

FULLY CONNECTED NEURAL NETWORKS

Type K/S Dir.est. Lower bnd Upper bnd UB-LB LSM est. LSM 95% CI
1Y x 5Y 80% 1.617 1.617(0.002) 1.619(0.000) 0.002 1.617(0.002)  [1.614,1.621]
100% 2.651 2.650(0.002) 2.654(0.000) 0.004 2.650(0.002)  [2.646, 2.654]

120% 4.129 4.127(0.003) 4.131(0.000) 0.004 4.127(0.003)  [4.121,4.132]

3Y x 7Y 80% 3.076 3.077(0.004) 3.078(0.000) 0.001 3.077(0.004)  [3.069, 3.085]
100% 4.553 4.553(0.004) 4.554(0.000) 0.001 4.552(0.004)  [4.545, 4.559]

120% 6.451 6.447(0.005) 6.451(0.000) 0.004 6.446(0.005)  [6.435, 6.456]

1Y x 10Y 80% 3.616 3.624(0.002) 3.626(0.000) 0.002 3.622(0.002)  [3.618, 3.627]
100% 5.506 5.509(0.002) 5.514(0.000) 0.005 5.508(0.002)  [5.503, 5.512]

120% 8.124 8.123(0.005) 8.130(0.000) 0.007 8.121(0.005)  [8.110, 8.132]

In Figure 7, the mean absolute errors of the neural networks after fitting are shown.
The MAEs for the locally connected networks are in blue; the fully connected are in red. All
are represented in basis points of the notional amount. We observe that the errors are mostly
in the same order of magnitude as the one-dimensional case. The figures indicate that the
locally connected networks slightly outperform the fully connected networks in terms of
accuracy, although this does not appear to materialize in tighter estimates of the lower and
upper bounds. For the locally connected case, we again observe that the errors are virtually
zero at the last monitor date, for the same reasons as in the one-factor setting. In the fully
connected representation, an exact replication might not exist, resulting in larger errors.
We conjecture that this effect partially carries over to the networks at preceding monitor
dates. The empirical lower-upper bound spreads remain well within the theoretical error
margins, as the spreads are in all cases lower than the sum of the MAEs. Hence, also for
the two-factor setting, we find that the bound estimates are tighter in practice than their
theoretical maximum spreads.
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Figure 7. Accuracy of neural network fit per monitor date under a 2-factor model. Blue lines represent
the locally connected (l.c.) case and the red lines represent the fully connected (f.c.) case. The legend
in Figure (c) applies to all three graphs.

6.4. Performance Semi-Static Hedge

Finally, we consider the hedging problem of a vanilla swaption under the one-factor
model and a Bermudan swaption under the two-factor model.

6.4.1. 1-Factor Swaption

Here, we compare the performance of a static hedge versus a dynamic hedge in
the one-factor model. As an example, we take a 1Y x 5Y European receiver swaption at
different levels of moneyness. The model set-up is similar to that in Section 6.2, using the
same set of parameters reported in Table 1. In the static hedge case, the option contract
writer aims to hedge the risk using a static portfolio of zero-coupon bond options and
discount bonds. The replicating portfolio is composed using a neural network with 64
hidden nodes, optimized using 20,000 training-points generated through Monte Carlo
sampling. The portfolio is composed at time-zero and kept until the expiry of the option
att = 1 year. In the dynamic hedge case, the delta-hedging strategy is applied. The
replicating portfolio is composed of units of the underlying forward-starting swap and
investment in the money market. The dynamic hedge involves the periodic rebalancing of
the portfolio. The delta for a receiver swaption under the Hull-White model (see Henrard
2003) is given by

M ¢P(t, Tyv(t, Tj)@(x + o)) — P(t, To)v(t, To)P()

A(t) = Zin1 ¢;P(t, Tj)v(t, T;) — P(t, To)v(t, Tp)

(16)

where x is the solution of
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and
2 To 2
a; ::/O (v(u, Tj) — v(u, To)) “du

where ® denotes the CDF of a standard normal distribution, ¢; = AT;Kforj=1,..., M —1,
and cp; = 1+ ATy K. The function v(t, T) denotes the instantaneous volatility of a discount
bond maturing at T, which, under Hull-White, is given by v(t,T) := %(1 — (T
We validated the analytic expression above with numerical approximations of the Delta
obtained by bumping the yield curve. Within the simulation, the dynamic hedge portfolio is
rebalanced on a daily basis between time-zero and expiry of the option. In this experiment,
that means it is updated on 255 instances at equidistant monitor dates.

The performance of both hedging strategies is reported in Table 5. The results are based
on 10,000 risk-neutral Monte Carlo paths. The hedging error refers to the difference between
the option’s pay-off at expiry and the replicating portfolio’s final value. The quantities are
reported in basis points of the notional amount. The empirical distribution of the hedging
error is shown in Figure 8. We observe that, overall, the static hedge outperforms the
dynamic hedge in terms of accuracy, even though it involves only a quarter (64 versus 255)
of the trades. Although it is not visible in Figure 8b, the static strategy does give rise to
occasional outliers in terms of accuracy. These are associated with scenarios that reach or
exceed the boundary of the training set. These errors are typically of a similar order of
magnitude as the errors observed in the dynamic hedge. The impact of outliers can be
reduced by increasing the training set and thereby broadening the regression domain.
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Figure 8. Hedge error distribution for a 1Y x 5Y receiver swaption, based on 10* MC paths.
SlY><5Y =~ 0.0305.

Table 5. Hedging errors for static and dynamic hedging strategy for a 1Y x 5Y receiver swaption,
based on 10* MC paths. Sty 5y = 0.0305.

Hedge Error (bps) K/S Static Hedge Dyn. Hedge

Mean 80% —1.9x 1072 0.38

100% —22 %1073 0.61

120% —1.5x 1072 0.46

St. dev. 80% 25 9.1
100% 3.1 x 1072 10.1

120% 45 %1072 9.4

95%-percentile 80% 6.6 x 102 15.7
100% 12 x 1072 17.9

120% 2.0 x 1072 16.2

6.4.2. 2-Factor Bermudan Swaption

Here, we demonstrate the performance of the semi-static hedge for a 1Y x 5Y receiver
Bermudan swaption under a two-factor model. We compare the accuracy of the hedging
strategy utilizing a locally connected network versus a fully connected neural network.
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In the former, the replication portfolio consists of zero-coupon bonds and zero-coupon
bond options. In the latter, the Bermudan is replicated with options written on hypothetical
assets with a pay-off equal to the log of a zero-coupon bond (see Section 3.2.3). The model
set-up is similar to that in Section 6.3, using the same set of parameters reported in Table 3.
Both networks are composed with 64 hidden nodes and optimized using 20,000 training
points generated through Monte Carlo sampling. The portfolio is set up at time-zero and
updated at each monitor date of the Bermudan until it is either exercised or expired. We
assume that the holder of the Bermudan swaption follows the exercise strategy implied by
the algorithm, i.e., the option is exercised as soon as Cy,(Tyu) < hp(x7, ). When a monitor
date T}, is reached, the replication portfolio matures with a pay-off equal to Gy, (2 (Ty))-
In case the Bermudan is continued, the price to set up a new replication portfolio is given

by V(Ty) = B(T,)EQ [% .7-"Tm}, which contributes G (zi(Ti)) — V(Ty) to the

hedging error. In case the Bermudan is exercised, the holder will claim V(Ty,) = hy(xT,,),
which also contributes Gy, (zy(Tw)) — V(T) to the hedging error. The total error of the
semi-static hedge (HE) is therefore computed as

M—-1 -
HE := Y (Gu(zn(Tw)) = V(Tu)) Liz<1,)

m=0

where V(Ty,) := max{B(Tm)IEQ [%
at date T, and T denotes the stopping time, as defined in Equation (9).

The performance of the strategies related to locally and fully connected neural net-
works is reported in Table 6. The results are based on 10,000 risk-neutral Monte Carlo
paths and reported in basis points of the notional amount. The empirical distribution of the
hedging error is shown in Figure 9. We observe that both approaches yield an accuracy
in the same order of magnitude, although the locally connected case slightly outperforms
the fully connected case. This is in line with expectations, as the fitting performance of the
locally connected networks is generally higher. For similar reasons to the one-factor case,
the hedging experiments give rise to occasional outliers in terms of accuracy. These outliers
can be in the order of several dozens of basis points. Again, the impact of outliers can be
reduced by broadening the regression domain.

]:Tm] s o (X, )} denotes the direct estimator

Table 6. Hedging errors of the semi-static hedging strategy for a 1Y x 5Y receiver Bermudan swaption,
based on 10* MC paths. Syy 5y ~ 0.0305.

Hedge Error (bps) K/S Loc. conn. NN Fully conn. NN
Mean 80% 32x 1072 2.1 %1072
100% 7.9 x 1072 ~5.5x 1072
120% —9.4 x 1072 4.5 x 1072
St. dev. 80% 0.45 0.55
100% 0.38 0.48
120% 0.37 0.67
95%-percentile 80% 0.66 0.69
100% 0.56 0.85
120% 0.72 0.76
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Figure 9. Hedge error distribution for a 1Y x 5Y receiver Bermudan swaption, based on 10%* MC
paths. Sy x5y =~ 0.0305.

7. Conclusions

In this paper, we have proposed a semi-static replication algorithm for Bermudan
swaptions under an affine term structure model. We have shown that Bermudan swaptions,
an exotic interest rate derivative that is heavily traded in the OTC market, can be semi-
statically replicated with an options portfolio written on a basket of discount bonds. The
static portfolio composition is obtained by regressing the target option’s value using a
shallow, artificial neural network. The choice of the regression basis functions are motivated
by their representation of an option’s portfolio pay-off, implying an interpretable neural
network structure. Leveraging the approximating power of ANNs, we proved that the
replication can achieve any desired level of accuracy given that the portfolio is sufficiently
large. We derived a direct estimator of the contract price, and an upper bound and lower
bound estimate to this price can be computed at minimal additional computational cost.

The algorithm we presented is inspired by the work of Lokeshwar et al. (2022),
which proposes a semi-static replication approach for callable equity options embedded
in the Black-Scholes model. We contribute to the literature by extending the concept of
(semi-)static replication to the field of interest rate modeling. Next, to a direct, lower bound,
and upper bound estimator, we have derived analytical error margins for these statistics.
This proves their convergence as the regression error diminishes and provides a direct
insight toward the accuracy of the estimates. Additionally, we propose an alternative ANN
design, which constrains the replication into a portfolio of vanilla bond options, even in the
case of a multi-factor model. This guarantees efficiency in the portfolio valuation, which is
key to many applications in credit risk management.

The performance of the method was demonstrated through several numerical exper-
iments. We focused on Bermudan swaptions under a one- and two-factor model, which
are popular amongst practitioners. The pricing accuracy of the method was determined
through a benchmark to the established least-square method of Longstaff and Schwartz
(2001). This reference is approached with basis point precision. A convergence analysis
showed that a portfolio of 16 bond options suffices in achieving a replication with a similar
accuracy to the LSM. Finally, the replication performance was studied through an in-model
hedging experiment. This showed that the semi-static hedge outperforms a traditional
dynamic replication in terms of hedging error.

As a look-out for further research, we consider applying the algorithm to the computa-
tion of credit risk measures and various value adjustments (xVAs). These metrics typically
rely on generating forward value and sensitivity profiles of (exotic) derivative portfolios.
We see the semi-static replication approach combined with the simple error analysis as an
effective tool to address the computational challenges associated with these risk measures.
The performance of the method in the context of quantifying CCR will therefore be studied
in a forthcoming companion paper.
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Appendix A. Evaluation of the Conditional Expectation

In this section, we will explicitly compute the conditional expectations related to the
continuation values. We will distinguish two approaches associated with the two proposed
network structures, i.e., the locally connected case (suggestion 1) and the fully connected
case (suggestion 2).

For ease of computation, we will use a simplified, yet equivalent representation of the
risk factor dynamics discussed in Section 2.1. This concerns a linear shift of the canonical
representation of the latent factors as presented in Dai and Singleton (2000). We write

xt == (x1(t), ..., xn(t)) ", where each component x; denotes a mean-reverting zero-mean
process. The risk-neutral dynamics are assumed to satisfy

a1(t)x1(t) ou(t) ... o1(t) x1(0) 0
- : dt + : Do dW(t), : =1: (A1)
aq(t)xq(t) on(t) ... oa(t) x4(0) 0

where W denotes a standard d-dimensional Brownian motion with independent entries.
By setting G;(t) := HZ?:1 Uizj(t), the process above can be rewritten in terms of one-
dimensional Itd processes Shreve (2004) of the form

dx;(t) = —a;(t)x;(t)dt + &;(t)dW;(t), i=1,...,d (A2)

where Wy, ..., Wd denote a set of one-dimensional, correlated Brownian motions under the
measure Q. The instantaneous correlation is denoted by p;;, such that d(W,, W]> ;= pij(t)dt.

Appendix A.1. The Continuation Value with Locally Connected NN
We consider the network Gy,(+), which is trained to approximate V(Ty,). Let t €
~ "Tm
[T;n—1, T ). In order to obtain V(t), we need to evaluate E? {e* Ji ’(”)d”Gm(me) ’]’t} . As

G (-) represents the linear combination of the outcome of g hidden nodes, we will focus
on the conditional expectation of hiddennode i € {1,...,¢q}. Our aim is then to compute
the following:

HL(f) = EQ [ei [ r(u)duq)(wlTP(Tm) +b;) ’]:t]

The map ¢ : R — R denotes the ReLU function defined as ¢(x) = max{x,0}. The
weight vector w; (corresponding to hidden node i) and P(T},) are defined as
w} P(Ty, T + 61)
wi=| 1|, P(Tu)= :
w P(Ty, T +64)
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with Ty, < Ty + 01 < ... < Ty + 64 < Ty Recall that, as a characteristic of the affine term
structure model, the random variable P(t, T) can be expressed as

P(t, T) = AW Bi(tT)xi()

for deterministic functions A and B;, which are available in closed form (see Brigo and
Mercurio 2006). By the structure of the network, the weight vector is constrained to have
only a single non-zero entry, which we will denote to have index k. Therefore, we can
rewrite .

Hi(t) =EQ [e‘ Je™ r(u)du max{wé‘P(Tm, Ty + 5k) +b;, 0} ‘ft}

As we argued before, if wf and b; are both non-negative, H;(t) denotes the value of a
forward contract. In that case, we have

Hi(t) = EQ[e” S () (wEP(Ty, Ton -+ 8) + ;) | 7]
_ w?EQ {e [T r(uw)duQ {e -TTr:lnﬁk r(u)du ]_—Tm] ft} + biEQ [e* S (u)du ]_—t]

= wi‘cp(t/ T + (Sk) + biP(t, Tm)

If, on the other hand, b; < 0 < wi‘ or wi‘ < 0 < b;, we are dealing with a European
call or put option, respectively. Closed-form expressions for European bond options are
available based on Black’s formula and have been treated extensively in the literature; see,
for example, Musiela and Rutkowski (2005), Filipovic (2009), or Brigo and Mercurio (2006).
In our case, we have

i

H(t) = WEP(t, Ty + 6¢)®(dy) + biP(t, Ty ) P(d-) if b < 0 < wk
—b;P(t, Tyn)®(—d—) — WP(t, Ty + &) P(—d4) ifwk <0< b

where ® denotes the CDF of a standard normal distribution, and we define

wkP(t, Ty +0k) 1
log(— bip(t,Tm)k ) + QZ(t, Tm)

dy =
* =(t, Tr)

and T
S(t, T) ::/t [v (1, Ton + 6¢) — v(u, Tr) || *du

In the expression above, the function v(t, T) € R¥ refers to the instantaneous volatility
at time t of a discount bond maturing at T. Under the dynamics of Equation (A1), v is
given by

Yy Bilt, T)ou ()
v(t,T) = : (A3)

Y4 Bi(t, T)oal(t)

Appendix A.2. The Continuation Value with Fully Connected NN

Once again, we consider the network Gy, (+), focus on the outcome of hidden node i €
{1,...,q9},and lett € [T,,_1, T;u). Now, our aim is to evaluate the conditional expectation
below, which, by a change in numéraire argument, can be rewritten as

- {ei [ r(u)d”go(WiT log P(T,,) — b)) ’ft]

= P(t, Tpy)Em [max{wiT logP(T,) — b;), 0} ‘ft}
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where the expectation on the right is taken under the T,,-forward measure, taking P (¢, Tr,)
as the numéraire. The weight vector w; (corresponding to hidden node i) and log P(T,)
are defined as
w} log P(Ty, Ty + 01)
wi=1|: [ log P(Tin) = :
wfi log P(Tym, Ty + 64)

with T, < Ty +61 < ... < Ty + 05 < Tpr. We set the input dimension equal to the number
of risk factors (i.e., d = n). Therefore, we can write

TlogP (Tw) Zw logP(Tm,Tm+(5)
d

j=1
d d

= ;w;A(Tm,mej)—; ;Z (T, Tin + 65) %k (Tin)
= =

A(Tm, T +51)

—wh |
A(Tm,Tm+(5d)
Bl(Tm,Tm+(51) Bd(Tm,Tm—f—Jl) X1(Tm)
—(wh ) : : :
Bl(Tm/Tm‘f"sd) Bd(Tm/Tm+5d) xd(Tm)

=w; A(Ty) — w,; B(Ty)xT,
where we implicitly define

A(Ty, T + 61)

A(Tw) = ,
A(Ty, Ty + 64)
B1(Tw, T +61) ... By(Twm, T+ 61)
B(Tw) := : :
Bi(Tw, T +64) ... By(Tw, T+ 64)

In order to compute the conditional expectation of Equation (A4), a change in measure is
required to obtain the dynamics of xy, ..., x, under the T,, —forward measure. Consider
the Radon-Nikodym derivative process Beyna (2013), defined by

T m
7= i) = exp{ = [ vt T awlu) = 5 [ vt T Pt

where v refers to to the instantaneous volatility of the numéraire, given in Equation (A3).
The dynamics of the risk factors under Q' can be obtained by an application of Girsanov’s
theorem Musiela and Rutkowski (2005). Denote by 0;(t) := (071 (t), . ..,034(t)) the ith row
of the volatility matrix of x; and let WiT*” be Brownian motions under Q”»; then,

dxi(t) = —a;()x;()dt — oi() - v(t, T)dt + 5 (AW (1),  i=1,...,d (A4)

Let ©;(t, Tn) = [, Tm 0i(s) - v(s, Ty)e ™ Js a ()du gs; then, the SDE above solves to

%i(Tw) = xi(H)e= ™" ad _ @, (¢, T,y) +/ Gi(s)e K" AngwTn(s), i=1,...,d (A5)
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It follows that, as a property of the Ito integral, the risk factors (x1(Ty), ..., xn(Tw)) as
presented in Equation (A5), conditional on F;, have a multivariate normal distribution
under Q7. Their mean vector and co-variance matrix are, respectively, given by

i Bl (Tu)| B\ (xa(he 5" @i — @ (t,T,)
pi=1 | = : = :
Ha E™ [x4(T) | Ft] xg(t)e” S ag(wdu _ ©y(t, Tin)
€11 ... €14 Cov[x1(Tw), x1(Tm)|Ft] ... Cov[x1(Tm), xq(Tn)|Ft]
C:= =
il - Cag Cov[xy(Tw), x1(Twm)|Ft] ... Cov[xg(Tm),xq(Twu)|Fi]

T ~Tm
Cii :/t 6’?(5)672]5 ai(u)duds Vie{lwd}
Tm

T
Cij:/t p(s)ffi(s)(rj(s)e*fs (ai(u)+aj(u) )du g Vi

As a result, it should be clear that the random variable Y := WZT log P(Ty,) is normally
distributed with mean and variance given, respectively, by

Hy = Wz'TA(Tm) - Wz‘TB(Tm)P‘

and variance
0% = w, B(T,)CB(T,) "'w;

As a result, we can compute

EQ [e* i ’(”)d”(p(wiT logP(T,) — b;)

ft] — P(t, Tpy)E™ [max(Y — by, 0)| F4]

where the conditional expectation on the right-hand side can be expressed in closed form
following a similar analysis as presented in Musiela and Rutkowski (2005). Let d; := ”’?,—;b’
and denote by ¢ ~ N(0,1) a standard normal random variable. Then, it follows that

E™ [max(Y — b;, 0)| 7] = ET» [(Y — b)) Liyap) yft]

=R [(Y — VY)]l{Y>bi}} + (py — bi)QT’” [Y > bi|}—t]

Y —
_ T Ky
= (TyE |: oy R{Y;:Y>*di} .7:{:|
Y —
+ (py — b))Q™ [UYW > —d; ]:t]

= 0vE[~E1y_geay] + (v — b)PIE < d]
= oy¢(d;) + (py — b;) D (d;)

where ¢ denotes the standard normal density function and ® the standard normal cumula-
tive density function.

Appendix B. Pre-Processing the Regression-Data

A procedure that significantly improves the fitting performance of the neural networks
is the normalization of the training data. The linear rescaling of the input to the optimizer
is a common form of data pre-processing Bishop et al. (1995). In the case of a multivariate
input, the variables might have typical values in different orders of magnitude, even though
that does not reflect their relative influence on determining the outcome Bishop et al. (1995).
Normalizing the scale avoids the impact of a certain input being prioritized over another
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input. Also, the transfer of the final weights in G4 to the initialization of G, is more
effective as the target variables are of roughly the same size at each time-step. In the default
situation, the average continuation values would change in magnitude and the risk factor
distribution would grow with each passing of a monitor date.

Another argument for pre-processing the input is that large data values typically
induce large weights. Large weights can lead to exploding network outputs in the feed-
forward process Goodfellow et al. (2016). Furthermore, it can cause an unstable optimiza-
tion of the network, as extreme gradients can be very sensitive to small perturbations in the
data Goodfellow et al. (2016).

In practice, we propose the following rescaling of the data. Denote by

z1(Tn) z1(Tm)
2(Tw) == : PR : , V(Tw) = {V(Tm;xle>,...,V(Tm;x%l)}
z4(Tw)/ 4 24(Tw)/

the training points for the in- and output of network G,,. Define the standard sample mean
and standard deviations as

1 N 1 &
Vzi(Tm) = N Z 2 (Twm), wy (Tn) := N Z V(Tm"x%,,)
n=1 n=1

T-—lN"T 2 T-—lNVT-” T,))?
0z (Tw) := mr;(Zi( m) —Hz)" ov(Tw) = mn;l( ( m/me) — v m))

We then perform a simple element-wise linear transformation to obtain the scaled data £*
and V' given by

V(Tn)

oy (Tm)

2T(Tm) — 2i(Twm) — pz;(Tm)

02, (Tin) ’ VH(Tn) =

With the transformations above in mind, it is important to adjust the associated composition

of the replicating portfolio accordingly. For the two network designs, this has the following

implications:

The locally connected NN case: Consider the outcome of the i hidden node v; and de-
note the input of the network as z. Then, v; = ¢ (wfzk + bi) , where k is the index of

the only non-zero entry of w;, the i*" row of weight matrix w;. The transformation
z — 22 implies that

Oz
K2k — Mz w) wkyzk
1/,-»—>(p(wi+bi):go —tz+ [ — =
Oz Oz 0z
k

As a consequence, in the analysis of Appendix A.1, the transformations wf — éu—’
%k

k
wip
0z

and b; — b; — ==& should be taken into account. Additionally, the transformation

k
W) — oyWy is required to account for the scaling of V.

The fully connected NN case: Again, consider the outcome of the i*" hidden node v;. This
time, the transformation z + % implies that

j j
d wl d wip,

vi»—>q)<w;rz(_fyz—0—bi) =9 Z—lz]-—i- bi—)
z i i
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1

As a consequence, in the analysis of Appendix A.2, the transformations w; — (;Z’, .
1

wgyzj
0z

- should be taken into account. And, again, the
24

W\ ' 4
. > and b; — b; — Zj:l

transformation wyp — oywy is required to account for the scaling of V.

Appendix C. Hyperparameter Selection

The accuracy of the neural network fitting procedure is dependent on the choice
of several hyperparameters. For the numerical experiments reported in Section 6, the
hyperparameters have been selected based on a convergence analysis. We focused on the
following:

*  Hidden node count: see Figure Al;
¢  Size training set: see Figure A2;
¢ Learning-rate: see Figure A3.

Several numerical experiments indicated that the batch size did not have a significant
impact on the fitting accuracy and is therefore fixed at a default of 32. For the convergence
analysis of the parameters listed above, we considered a 1Y x 10Y receiver Bermudan
swaption with a fixed rate of K = 0.03. Experiments were performed under the two-factor
G2++ model using the model specifications depicted in Table 3. The figures show the mean
absolute errors of the neural network fits per monitor date in basis points of the notional.

3.0 —— 3.0

— —— ~—_ # hidden nodes — N # hidden nodes
a T~ —— 16 a —— 16
£23 // o 32 225 - \””\\ / 2
s s .
£20 \ — 64 £20 / - 64
2 —— 128 o —— 128
é s /\ - 256 é 1.5 —~ - 256
310 — 2 / \
— 1.0 p \
505 =+ . MRS Sos . S
2 X\ 205 Z/———
0.0 M
2 6 8 10 00 2 6 8 10
Monitor date index Monitor date index
(a) Locally connected NN (b) Fully connected NN

Figure A1. Impact hidden node count: accuracy of the neural network fit per monitor date under a
2-factor model. # training points = 5000. Learning-rate = 0.0002.
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(b) Fully connected NN

— ™\ \
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Figure A2. Impact size training set: accuracy of the neural network fit per monitor date under a
2-factor model. # hidden nodes = 64. Learning-rate = 0.0002.
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_12 \ learning-rate . T learning-rate
§10 \\ 01 g1 T — 0l
< 0.01 T s 0.01
£ - \\ —— 0.001 £ —— 0.001
s, / \ —— 0.0001 o6 —— 0.0001
5 — \ « 1e-05 =S « 1le-05
2 / 2 4
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c c
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0 0
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(a) Locally connected NN (b) Fully connected NN

Figure A3. Impact learning-rate: accuracy of the neural network fit per monitor date under a 2-factor
model. # hidden nodes = 64. # training-points = 10,000.

Appendix D. Proof of Theorem 1

Proof. We prove by induction on m. At the last exercise date of the Bermudan, i.e.,
t = Tpr_1, we have V(Ty_1;x) = V(Ty_1;x) := max{hy_1(x),0}, representing the final
pay-off of the contract, which at Ty;_1 is exactly known. Hence, it should be obvious that

sup B_l(TMfl)}V(TMfl; x) — V(TM,L‘ X)’ =0
xe€ly

For the inductive step, assume that, for some T}, 1 € Ty, an approximation V(Tyy1) of the
price is given, satisfying

sup B~ (Ty1) |V (Tius15%) — V(Tpugrs x) | < ke
erd

We will show that it follows that, for all ¢ € [Ty, Tyy11),

sup B! ()|V(tx) = V(tx)| < (k+1)e
x€ly

First, consider the case t € (Tyy;, T;;+1)- It follows that

sup V(t;x) - V(tx) _ Cim(t;x) — Cu(t; x)
XGId B(t) xEId B(t)
V(Tut1) Gmy1(Zmy1)
= su EQ[WF X —x} —EQ[m Xt =X
xeg B(Terl) t B(Tm+1) t
< sup BB~ (Ty11) [V (Tos1) = Gt (2l [ x = ]
xEId
= sup BB~ (T, 1) | V(Tus1) = V(Tsa)
xGId

+V(Tm+1) = Gm+1 (Zm+1)|‘xt = x}

sup (E@ [B*l(TmH)yV(TmH) - V(TMH)”xt = x}
xEId

IN

+EQ [Bil(Tm+1)|‘7(Tm+1) - Gm+1(2m+1)\‘xt = xD

In the last expression above, the first term is bounded due to the induction hypothesis,
ie, B Y Tyi1)|V(Tms1) — V(Tpi1)| < ke. The second term is bounded by assumption,
i.e., there exists a network Gy,1(+) such that B~ (Tyy41) | V(Typt1) — G (zm11)| < & We
hence conclude that

su%o Bil(t)|V(t;x) —V(t;x)| < (k+1)e, Ve (T, Toin)
xely
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If, on the other hand, t = T},, we have that

V(t;x) — V(tx) max{Cy,(t; x), hy(x)} — max{Cp (t; x), hi(x)}

su = su
erl B vt B(#)
Denoting H(x): = B (t)|max{Cpu(t;x), hy(x)} — max{Cp(t;x), hu(x)}| in the

expression above, we can distinguish four cases for each x € Z;, which are
o Cu(t;x),Cult;x) > hy(x), then H(x) = B~1(t)|Cu(t;x) — Cu(tx)| < (k+1)g;
o Cu(t;x),Cu(t;x) < hy(x), then H(x) = B (t)|hm(x) — hm(x)] =0 < (k+1)g;

e Cul(t x) < hm(x) < Cu(tx), then H(x) = B~ () |y (x) — Cou(t; x)|
< B~ ]Cm t;x) Cm(t x)| < (k+1)e,

o Cultix) < () < (1), then H(x) = B=1 (1) () — I (3)
< B (1) |Cu(tx) = Cu(t;x)| < (k+1)£

From all the cases, we can induce that

sup B! )|V(tx) = V(tx)| < (k+1)e
x€ly

We conclude that, by inductiononm =M —1,...,0,

sup B (1)|V(t;x) — V(t;x)| < Me
x€ly

forallt € [0, Tpr—1]. O

Appendix E. Proof of Theorem 2
Proof. First, we fix some notation.

e LetV, := V(T)) denote the true price of the Bermudan swaption at T, conditioned
on the fact that it is not yet exercised.

. Let Cm = B(Tm)EQ [W

at Tpy,.
o Let Vy := max{Cy, hy(x1,)} denote the estimator of V.
. Let Gy, := Gp(zmm ) denote the neural network approximation of Vi
e Let By, := B(T);) denote the numéraire at T,.
*  Lethy := hu(xT,).

Let Ty, € {To, ..., Tp—1}- We will prove the theorem by induction on m. For the base case,
note that at time zero we have

Fr, } denote the estimator of the continuation value

V(0) - V(0)| = ‘E@[ZZ

G
_wrQ| =0
}—0} " {Bo

Foll £ EQ 7‘/0 — Go
= By

]:0} (A6)

which is induced by Jensen’s inequality. For the inductive step, assume that, for some
m € {0,...,M — 1}, we have that

Vin — G

|V(0) — V7(0)| < EV H 5

}+m-£ (A7)

The expectation in (A7) can be rewritten using the triangular inequality

EQ Vi — G F _ RO Vio = Vi + Vi — Gy, Fo
Bm Bm
(A8)
< EQ 7Vm _ Fol + EQ 7‘/ G Fo
m By,
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The second term in (A8) is, by assumption, bounded by ¢. Note that the first term in (AS8)
can be bounded as

EQ Vi — Vi 7| = EC [ max{Cy, ym } — max{Cp, Iy, } 7
Bm Bm
< EQ 7(:7” = Cu .7:0]
B
— ]E@ EQ |:‘/m+l ‘FTm:| _ EQ |:Gm+1 me:| ]:'O
Bm+1 Bm+1

< EQ|ge H Vint1 — Gmi1

Bm+1
]-'o]

]:0] +(m+1)-¢

8

me]

Vins1 — Gug1
Bm+1

It follows that

[V(0) = V(0)] < ]E@{ Vint1 = Gt

Bm+1

For the final step, note that if m = M — 1, we have

Vm - Gm
B

|

]__0:| _ E@ |: maX{hM_l, 0} - GM_1
Bp-1

.7:0:| <E€
We conclude by induction on m that |V(0) — V(0)| < Me O

Appendix FE. Proof of Theorem 3
Proof. We consider the following three events: {1 = 7}, {t < T}, and {7t > T}. Note that

V(0) — L(0) = EQ [h;?;) - hfgxf)) ]-"0]

T
(355
5[

=E1+E+E;

(4 e

g

We will bound the three terms above one by one.
Bounding Ej:Starting with the event {T = 7}, we observe that we can write

=2 (55 5 ) e

7 =0

Bounding E;:We continue with the event {t < 7}. For this, we will introduce two types of
sub-events: Ay: = {T =Ty AT > Ty} and By, := {t < Tjy AT > T}, where A denotes

V(Tm) hf X-L'—)
B — . Tt

the logical AND operator. Also, we define the difference process e;,: =

should be clear that 1,7 = Z%;Ol 14, Therefore, it holds that

S S

M-1
fo] < Y E° [em]lAm’}—O}
m=0
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where the inequality follows from the fact that the direct estimator has the property
V(Tw) = max{Cp, hm} > hy. Now, we will show by induction that E, < (M — 1)e.
First, observe that Ay = By. Second, note that, for any m € {0,..., M — 1}, we have that

[ Gt (Zmy1) hz(xz)
Q —_mwQ Q| Zm41\~m+1) _
s [emh”’ FO} g _<E { B(Tp+1) fT’”} B(%) 15|70

[(Gui1(zmy1)  he(xe)

_ Q m+1\4m+1 it

52 (Tt~ ) 1 o (A9)

NGt (zms1) V(T

<EQ 1\ Emtl) g | Fol +EQ|e, 115 |F

= B(Tut1)  B(Turn) | |"° mertn| o)

The first equality follows from the fact that V(T,) = Cy in the event ¥ > T,. The
second equality follows from the tower rule in combination with the fact that 1p, is
Fr,,—measurable. The final inequality follows from an application of the triangle inequality.
The first term in (A9) is, by assumption, bounded by ¢. The second term in (A9) can be
rewritten by observing that 1p, := 1p1 + 1p := Lirer, nz=7,, 1} + Lir<T, n2>T,,,,)- We
have that

hni1(XT,,1)  hmia(xT,, ;)
Fol = EQ [( m+ m1/) m+1 ) 1
O} B(Terl) B(Terl) B

EQ [eerl I]'B,ln ]:'0:| =0

Furthermore, we have that 1 g2, + 14,., =1p Therefore we can infer that

m+1°

fo] <e+EQ [emHntﬂ fo} +EQ [emHnA fo]

m+1 m+1

E? [enlp, | Fo| +E®[emi1la

=& +EQ {eerlILB

A

m+1

Together with the fact that Ay = By, we conclude by induction on m that

M-1
fo] + ) EQ [eml “
m:1Mfl
Fo|+ ¥ Eenla,

m=2

E2 S EQ {60130

7

<e+E@[e1131

7

< (M - 1)8 + EQ {eM—l ]lBM—l

fo} = (M—1)e

Bounding E3:We finalize the proof by considering the third event {t > 7}. In a similar
fashion as before, we introduce two types of sub-events: A;;: = {T = T,y AT > T} and
By = {T < Ty AT > Ty }. Also, again define a difference process, this time given by e;:

= Ielbd) _ VTu) 14 should be clear that 1 (t>7) = Z%;Ol 14, Therefore, it holds that

B(7) B(Ty) *
M-1 h (X ) h~(x~) M—-1
_ Q \Xr)  Ne(Xg _ Q
B= L E (55 o) L E® et | 70)
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where the second equality follows from the fact that the direct estimator has the property
V(%) = hz. Now, we will show by induction that E3 < (M — 1)e. Note that, for any
m € {0,...,M — 1}, we have that

[ he(xc) Gm+1(zZma1)
Q < Q T\ AT Q m-+ m—+
fentan 7] < B (55 22| St s
h (X ) G 1(Zm 1)
— RQ ( T miL=mt U V1, | F
B(t B(Tps1) ) 2|70 (A10)
i V(T 1) Gui1(zms1)
<E@"”+—m 15, |Fo| +E9|eni11p,, | F
= BTu) BT | [0 a1 [0

The first inequality follows from the fact that V(T,,) = max{Cy, hs} > Cy. The sub-
sequent equality follows from the tower rule in combination with the fact that 1p_ is
Fr,,—measurable. The final inequality follows from an application of the triangle inequal-
ity. The first term in (A10) is, by assumption, bounded by ¢. The second term in (A10) can
be rewritten by observing that 1p,: = 1p1 + 1p = Lz, =T, 1} + Liz<T, At T,00 )
We have that

EQ [em_ﬂ ILB,l,,

hm (x m+1) % m
R

]:0:| <0

where the inequality follows from the fact that V(T 1) = max{Cp i1, lmi1} > hpmi1-

Furthermore, we have that 15> +14,,,, = 13,,,,. Therefore, we can once again infer that
EQ [emn B fo} +EQ [emﬂ g, fo] <et+EQ [emH 1 fo} +EQ [emH Ta,,, fo]
=&+ EQ [emH ]le-H fo}

Together with the fact that Ag = By, we again conclude by induction on m that

M-1
fo] + Y EC [em]l “
m=1

M-1
2 EQ |:€m ]]'Am

m=2

E3 < EQ {60]130

7

< S+EQ |:€1]].Bl

.7:0} +

7|

< (M - 1)8 + EQ {erl ]]‘BMfl

fo} = (M—1)e
Conclusion: We hence find that
V(0)—-L0O0)=E1+E+E<0+(M-1)e+(M—-1)e=2(M—1)e
O

Appendix G. Proof of Theorem 4

Proof. The discounted true price process is a supermartingale under Q. Therefore, we
have that % = Y} + Z; for a martingale Y; and a predictable process Z;, which starts
at zero (i.e., Zgp = 0) and is strictly decreasing. Define a difference process on 7, given
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by er, = %. We can rewrite martingale M; as defined in (13) in terms of ¢; as
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