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For any odd prime p such that p™ = 3 (mod 4), the structures of all (a+uf)-
constacyclic codes of length 4p® over the finite commutative chain ring Fpm + uF,m
(u? = 0) are established in term of their generator polynomials. When the unit (o + u83)
is a square, each (a 4 uf)-constacyclic code of length 4p* is expressed as a direct sum

of two constacyclic codes of length 2p®. In the main case that the unit («
(Fpm +uF,m)[z]

square, it is shown that the ambient ring m

+uf) is not a

is a principal ideal ring. From

that, the structure, number of codewords, duals of all such (a4 uf3)-constacyclic codes
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are obtained. As an application, we identify all self-orthogonal, dual-containing, and the
unique self-dual (a + uf8)-constacyclic codes of length 4p® over Fpm + ulFpm.

Keywords: Constacyclic codes; dual codes; repeated-root codes; codes over rings; chain
rings.

Mathematics Subject Classification 2010: 94B15, 94B05, 11T71

1. Introduction

The class of constacyclic codes plays a very significant role in the theory of error-
correcting codes as they are a direct generalization of the important family of
cyclic codes, which are the most studied of all codes. Many well-known codes, such
as BCH, Kerdock, Golay, Reed—Muller, Preparata, Justesen, and binary Hamming
codes, are either cyclic codes or constructed from cyclic codes. Constacyclic codes
also have practical applications as they can be efficiently encoded with simple shift
registers, they have rich algebraic structures for efficient error detection and cor-
rection, which explains their preferred role in engineering.

The class of finite commutative chain rings of the form Fpm + ulF,m, where
u? = 0, has been widely used as alphabets for constacyclic codes. For example, the
structure of Fy + ulFs is interesting, it is lying between F4 and Z4 in the sense that
it is additively analogous to [y, and multiplicatively analogous to Z,4. It has been
studied by a lot of researchers (see, for example, [T}, [2, 5, [13, 17, 18]).

The classification of codes has an important role in studying their structures,
but in general, it is very difficult to do so. Over the last few years, in a series of
papers [3, B-8], Dinh et al. have done this job of classifying classes of constacyclic
codes of certain lengths over certain finite fields or finite chain rings. In 2009 [5],
all constacyclic codes of length 2° over the Galois extension rings of Fy + ulFy are
classified and their detailed structures are also established. Then in 2010 [6], we
classified and gave the detailed structures of all constacyclic codes of length p° over
Fpm 4ulFpm; and in 2012 [7] and 2013 [8], we provided that for all constacyclic codes
of length 2p® and 4p® over the finite field Fpm. In 2015 and 2016, the structures of
negacyclic codes, and then more generally, all constacyclic codes, of length 2p® over
Fpm + uF,m, were established in [T2] and [3], respectively.

Recently, in 2017, Dinh et al. [9] continued this line of research to investigate
constacyclic codes of length 4p*® over F,m + uF,~ in the case where p is an odd
prime such that p”™ = 1 (mod 4). The key result was that, when the unit X is
not a square in Fpm + ulF,m, any nonzero polynomial of degree <4 over Fpm is
invertible in the ambient ring W of constacyclic codes of length 4p® (cf.
[9, Propositions ] and 5.1]). This fact was then be used to obtain the algebraic
structure of all constacyclic codes of length 4p® over Fpm + ulF,m and their duals.
However, [0, Sec. 6] explained that this fact is no longer true for the case p™ =
(mod 4).

Notice that there are two types of units of the ring Fpm + ulFpm, namely,
a +uf and v, where a, 3,7 € F... Motivated by that, in this paper, we study
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(v + uf)-constacyclic codes of length 4p° over Fpm + uF,m for the remaining case
of p™ = 3 (mod 4), which is the hypothesis we use throughout the paper. The
remaining case of y-constacyclic codes over Fpm + ulFpm for v € F}.. is considered
in our recent paper [11].

This paper is organized as follows. Section Blgives preliminary concepts, includ-
ing a discussion of the easier case that the unit A is a square in the ring Fpm +uF,m.
In this case, each A-constacyclic code of length 4p® over Fpm + uF,m is represented
as a direct sum of an —a-constacyclic and an a-constacyclic codes of length 2p®
over Fpm + uF,m, where the structures of such constacyclic codes were given in
[B]. The rest of the paper considers the main case that the unit (o + u3) is not
a square in Fym + uF,m. In Sec. Bl we show that z* — o factors into a product
of two pairwise coprime irreducible quadratic factors. It then will be shown that
the ambient ring % is a principal ideal ring, which gives the structure
of all (a + uf3)-constacyclic codes. Using this structure, Sec. [ establishes all duals
codes, and identifies the unique self-dual (a + uf)-constacyclic code, as well as all
self-orthogonal and dual-containing codes.

2. Preliminaries

An ideal I of a ring R is called principal if it is generated by one element. A ring R
is a principal ideal ring if its ideals are principal. R is called a local ring if R/rad R
is a division ring, or equivalently, if R has a unique maximal right (left) ideal.
Furthermore, a ring R is called a chain ring if the set of all right (left) ideals of R is
linearly ordered under set-theoretic inclusion. The following equivalent conditions
are known for the class of finite commutative rings (cf. [I0) Proposition[2.]).

Proposition 2.1. Let R be a finite commutative ring, then the following conditions
are equivalent:

(i) R is a local ring and the mazimal ideal M of R is principal, i.e. M = () for
some v € R,
(ii) R is a local principal ideal ring,
(iii) R is a chain ring whose ideals are (v'), 0 < i < N(v), where N(v) is the
nilpotency of .

Let R be a finite ring, a code C of length n over R is a nonempty subset of R™,
and the ring R is refered to as the alphabet of the code. If this subset is, in addition,
a R-submodule of R”, then C is called linear. For a unit A of R, the A-constacyclic
(A-twisted) shift 7, on R™ is the shift

T)\($0a Ty 71'7171) = ()\‘rnflvaa Tlyeeey $n72)u

and a code C' is said to be A-constacyclic if 7\(C) = C, i.e. if C is closed under the
A-constacyclic shift 7). In case A = 1, those A-constacyclic codes are called cyclic
codes, and when A = —1, such A-constacyclic codes are called negacyclic codes.
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Each codeword ¢ = (¢, c1,...,¢n—1) is customarily identified with its polyno-
mial representation c¢(z) = co + c1x + - + ¢,_12" 7!, and the code C' is in turn
identified with the set of all polynomial representations of its codewords. Then in
the ring %, xze(x) corresponds to a A-constacyclic shift of ¢(x). From that, the
following fact is well known (cf. [14], T5]) and straightforward.

Proposition 2.2. A linear code C of length n is A-constacyclic over R if and only
if C is an ideal of the quotient ring <£[f]>\> . (Hence, this quotient ring is referred to

as the ambient ring of the code C'.)

Given n-tuples © = (zo, 21, ..., Tn-1),¥ = (Y0,Y1,---,Yn—1) € R", their inner
product or dot product is defined as usual

T-Yy=2xoYo +T1y1 + -+ Tp—1Yn—1,

evaluated in R. Two n-tuples z,y are called orthogonal if = -y = 0. For a linear
code C over R, its dual code C* is the set of n-tuples over R that are orthogonal
to all codewords of C, i.e.

Ct={z|z-y=0,VyeC}.

A code C'is called self-orthogonal if C C C*, and it is called self-dual if C = C+.
The following result is well known (cf. [4] T4HI6]).

Proposition 2.3. Let p be a prime and R be a finite chain ring of size p*. The
number of codewords in any linear code C of length n over R is p*, for some integer
k€ {0,1,...,an}. Moreover, the dual code C+ has p' codewords, where k+1 = an,
i.e. |C|-|CH| = |R|™.

In general, we have the following implication of the dual of a A-constacyclic
code.

Proposition 2.4. The dual of a A\-constacyclic code is a A\~'-constacyclic code.

In this paper, for any odd prime p with p™ = 3 (mod 4), we will consider
constacyclic codes of length 4p® over the ring R = Fym +ulFpm. The ring R consists
of all p™-ary polynomials of degree 0 and 1 in indeterminate u, it is closed under
p™-ary polynomial addition and multiplication modulo w2. Thus, R = F‘ZZ;[;‘] =
{a +ub|a,b € Fym} is a local ring with maximal ideal uFF,~, and hence, it is a
chain ring.

Hereafter, for any unit A of R, we denote the ambient ring of A-constacyclic
codes of length 4p® over R as

Rx]
=)
Then, by Proposition[ZZ] constacyclic codes of length 4p® over R are ideals of R .

Ry =

Definition 2.5. If
fl@)=ay+az+ - +az"
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then the reciprocal of f(x) is the polynomial
f*(x) = ap + @17 + ap_ox® + -+ apz”.

Symbolically, f*(x) can be expressed by f*(x) = mTf(%) If I is an ideal of Ry,
then I* = {f*(x) : f(x) € I} is also an ideal of Ry-1.

Definition 2.6. Let I be an ideal of Ry. We define ann(I) = {g(z) | f(z)g(z) =0,
V f(x) € I'}. Then ann([) is called the annihilator of I, which is also an ideal of R.

From the above definition we can see that if C' is a constacyclic code of length n
over R with associated ideal I (which is an ideal of Ry), then the associated ideal
of C+ is ann(I)* (which is an ideal of Ry-1.) The following lemma is easy to prove
and will be used in Sec.[4]

Lemma 2.7.

(a) (f(x)g(@))" = f*(z)g" (2).
(b) If deg f > degg, then

(f() +g(2))" = f*(x) + a9 md89g% ().

(¢c) More generally, if deg f > deg g;, for 1 <i <k, then

k * k
(f () + Hm(@) = [*(z) + [Jats 89 gy ().
i=1

i=1
(d) Let C be an ideal of Ry, then C+ = ann(C)*, which is an ideal of Ry-1.

An element a+ub of R (a,b € Fym) is invertible if and only if @ # 0. Hence, the
ring R has p™(p"™ —1) units, and we categorize them into two types, namely, a+ug3,
and v, where a, 3,7y are nonzero elements of the field Fpm. In this paper, unless
otherwise stated, we will assume that p is a prime such that p” = 3 (mod 4), and
we focus on the case the unit A is of the form a 4+ ug.

When the unit \ is a square, i.e. there exists a unit o € R such that A = a?, we
have

2P N =% % = (prS + a)(meS — ).
And hence, by the Chinese reminder theorem,

Rlz] Rlz]

Ry = .
T ) T @ =)

It follows that ideals of R, are of the form A & B, where A and B are ideals of

<w££ﬂa> and <$££”ﬂa>, respectively, i.e. they are —a- and a-constacyclic codes of
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length 4p® over R. It means that any A-constacyclic code of length 4p® over R, i.e.
an ideal C of R, is represented as a direct sum of Cy and C_:

C=C,aC_,

where C4 and C_ are ideals of <12§£"’:]_a> and <121§_L"”_}a

sification, detailed structure, and number of codewords of constacyclic codes C of
length 4p® over R can be obtained from that of the direct summands Cy and C_
(cf. [3]). Tt turns out that the dual code C+ of C is also a direct sum of the dual
codes of the direct summands Ci- and Ct.

7 respectively. Thus, the clas-

Theorem 2.8. Let the unit A\ = a? € R, and C' = C, & C_ be a constacyclic code
R[z] R[z]

T ey (@ —ay respectively.

of length 4p® over R, where Cy, C_ are ideals of i
Then

Cct=ctect
In particular, C' is a self-dual constacyclic code of length 4p° over R if and only
if Cy, C_ are self-dual —a-constacyclic code and self-dual a-constacyclic code of
length 2p° over R, respectively.
Proof. Clearly, C’i ® C+ C Ct. Now,

_RPPORPT R R
ICel1C-] G-l |C]

Thus, C+ = C’j_‘ @O0t O

ICr @ C=[Ct|-|C2] =|CH|.

3. Structure of (a + ug3)-Constacyclic Codes

In this section, we consider the case that the unit A is of the form A = o + uf for
nonzero elements a, § of Fm, and A is not a square in R. By Proposition[2.2] the
(o + uf)-constacyclic codes of length 4p® are ideals of the ambient ring
Rlx]

(4" — (o +up))
It is worth noting that a+wu( is not a square in R if and only if « is not a square in
F,m. Otherwise, if « = a/? € Fym, then a+uf = (o/ +uf3')?, where ' = 271a/71 .

Since a € Fpm, a?” = «, and so P = «, for any positive integer t. By the
Division Algorithm, there exist non-negative integers oy, o, such that s = aym+a;,

(ag+1l)m—s (aqg+1)m
and 0 < o, <m—1. Let g = o P

Ra,p =

m—ap s
=af . Then of =« =«
Clearly, o is not a square if and only if ag is not a square. Moreover, in R, g,
(2% — )P = 2% — a = uB. We summarize the above discussion in the following

proposition.

Proposition 3.1. Let oy € Fpm be such that o = ozgs. InRa.p, (2% —ap)P") = (u).
In particular, x* — ag is nilpotent with nilpotency index 2p°.

1950023-6
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Proposition 3.2. The following hold true:

(i) Any nonzero linear polynomial cx + d € Fym[x] is invertible in R 3.
(ii) Any linear polynomial cx + d € R[z], which is not a multiple of u, is invertible
m Raﬂ.

Proof. (i) Let cx + d € Fym|[z], where ¢ # 0. In R, 3, we have
(x4 d)P (z —d)P (22 + )P = (2t — dHP" = 2% — %" = (a — d*?") + up.

Since a is not a square in Fym, o —d*?" is invertible in Fm, whence, (o —d*") +uf
is invertible in R. Thus,

(z4+d)7 = (z+d)P o —d)P (2% +d>)P (o — d*? +uB) L.
Therefore, for any ¢#0 in Fym, x + ¢~ 1d is invertible, and
(cx+d) P =cta+ctd)!
= o+ )P N — e rd)P (2 + 2
X (a— P f )L
(i) Let f(z) = (c1 + uca)x + di + udy € R[z], where c¢1,c¢2,d1,d2 € Fpm, be a

linear polynomial which is not a multiple of u, i.e. ¢; and dy cannot be both 0. We
have f(x) = (c1z + di1) + u(cazw + d2). Hence,

f($)<(clm + dl) - U(CQI' + dQ)) = (011' + d1)27

which is invertible because, by part (i), ciz + dy is invertible. That means f(x) is
invertible. O

Lemma 3.3. Let z € Fpm be a non-square. Then:

(i) —z is a fourth power in Fym.

(i) There is an element 2’ € Fym such that z = —4z"%.

Proof. (i) Since p™ = 3 (mod 4), —1 is an odd power of £. As z is a non-square,
z is also an odd power of &. Thus —z is an even power of ¢, say —z = &2F. If k is
even, then —z is a fourth power. If k is odd, then —¢* is an even power of ¢, and
hence —z = (—¢&*)? is a fourth power.

(ii) Note that p™ = 3 (mod 4) means p = 3 (mod 4) (and m must necessarily
be odd), and hence either 2 or —2 is a square in Fpm. Thus, 4 is a fourth power in
F,m. By part (i), we get —z/4 is a fourth power, i.e. there is an element z’ € Fym
such that —z/4 = 2"*. Therefore, z = —42"%. |

Proposition 3.4. Let n € F,m be such that ag = —4n* (such n emzists by
Lemma B3). Then x* — ag has the following factorization into product of monic
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coprime irreducible factors:
2t —ag = (2% + 29z + 202) (2 — 20z + 29°).
Moreover, in Rq, g,
(&% + 2na + 20%)%") = (&% + 20 + 2p%)*" ),
((@® = 20z +207)%") = ((2® — 2nz + 29%)?"F),

for any non-negative integer k.

Proof. We have

zt — ag :x4—|—4774

— (.T4 +4772-T2 +4n4) —4772532
= (2> +2n*)% — (2nx)?
= (¢® + 20z + 20°)(«® — 20z + 20°).

Since (22 + 2nz + 2n?) — (22 — 2nx + 2n?) = 4nz, which is invertible, 22 + 2nx + 21>
and 22 —2nz +2n? are coprime. As z* — aq is nilpotent, they are both not invertible.
Thus, by Proposition 3.2, any nonzero linear factor of R[z], which is not a multiple
of u, is invertible, so both x? 4 2nz + 2n? and x? — 2nz + 2n? are irreducible.
For the last assertion, note that, since 2% + 2nz + 2n? and z? — 2nz + 2n? are
coprime, (22 + 2nz + 2n%)* and (2% — 2nx + 2n?)?P" are also coprime. Hence, there
are polynomials g, h € Ry g such that (22 + 20z +2n?)Fg+ (22 —2nz+20?)?P h = 1
in Ra,3. Therefore, in Ra g,

= (2% + 2z + 202)%" — (2 — )P h

= (2% + 20z + 20°)%F",
implying <(5U2 + 2nx + 2772)2;75) = <(1=2 + 20z + 2n2)2ps+k>. -
Theorem 3.5. The ring Ra.p is a principal ideal ring whose ideals are {(z* +

2nz + 2n%)H(2? — 2nz + 2n?)7), where 0 < i,j < 2p°. Equivalently, each (o + uf3)-
constacyclic code of length 4p® over R has the form

C= <(ac2 + 20z + 207 (2% — 2n2 + 2172)j>7
for 0 <i,j < 2p°. Moreover, C' contains p" &7 =21=21) codewords.

Proof. Let C be a (a + uf)-constacyclic code of length 4p® over R, i.e. C' is an

ideal of the ring Rn, 3. Let C, be the set of elements of C' reduced modulo u. Then

C, is an ideal of the ring <f;;:ﬂ> _

As discussed above, 2% — o factors into product

1950023-8



J. Algebra Appl. Downloaded from www.worldscientific.com
by NATIONAL UNIVERSITY OF SINGAPORE on 03/27/18. For personal use only.

On (o + uf)-constacyclic codes of length 4p® over Fpm + uF pm ™

of monic irreducible pairwise coprime polynomials in F,m[z] and R[z] as
zt — g = (2% + 20z + 20%) (2% — 29z + 20?),

and C,, = (2% + 2nz + 2n*)* (22 — 2nx + 2n?)*2), where 0 < ki, ko < p*. Thus, for
any polynomial ¢(z) € C, there exist polynomials g(z), h(x) € Ra,p such that

() = g(a) (& + 22 + 2°)" (2® — 2z + 2P)* + uh(a).

By Proposition B u € ((z* — ag)?") = (22 + 2nz + 2n?)P" (2% — 2nz + 20%)P"),
which implies

C C ((2®+2nz + 2%k (2% — 2na + 2172)k2>.

Choose i,j to be the largest among those powers £, /s such that C C ((2? +
2nz + 2n?)4 (2% — 2nz + 29?)%). Then 0 < 0,5 < 2p* and C C {((z% + 2nz +
202 (22 — 2nz + 21?)7). By the maximalities of i, ], there exists d(z) € C such
that d(z) = e(x)(z? + 2nz + 2n?)* (2% — 2nx + 21?)7, where e(z) € R4 5 such that
ged(e, 22 + 2nx + 2n?) = ged(e, 22 — 2nx + 2n?) = 1. Thus,

ged(e, 2t — ag) = ged(e, (22 + 2nz + 20?) (22 — 20z + 21%)) = 1.
By Proposition B3 it follows that e(z) is invertible in R, g. Hence,
(2% + 2nz + 20)" (2 — 20z + 20°) = d(x)e(z) "' € C,

and hence, C' = ((z% + 2nz + 2n%) (22 — 2nz +2n?)7). As discussed above, 0 < 4,5 <
2p%. In fact, if either i or j is greater than 2p®, say, ¢ = 2p®+k, then Proposition 3-4]
gives

(2% + 20z 4 20?) (2% — 20z 4 20°)7) = ((2® + 20z + 202)2P HF (22 — 22 + 29%)7)

= (2% 4 2nz + 20*)%P" (2% — 20z + 20%)7).
O

We spend the rest of this section to provide some additional properties of the
ambient ring Rq. 3. Any element f(z) of Ro, 5 can be viewed as a polynomial of
degree up to 4p® — 1 of R[z], and so f(x) = fi(z) + ufz(x), where fi(z), fa(x)
are polynomials of degrees up to 4p® — 1 of Fym[z]. Thus, f(z) can be uniquely
expressed as

p’—1
flz) = Z (a0ix® + boix® + coi + doi) (2" — )’
=0
p°—1
+u Z (alim?’ + b1i$2 + ci;x + dli)(lA — Cko)Z
=0

1950023-9
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= (aooz® + booz® + coo + doo)
p°—1
=+ ($4 — ao) Z (aOix?’ + b0i1'2 + coix + dol')(lA — OZ())Zil
i=1

p°—1
+u Z (a1;2® 4 b1i2® + criw + dig) (2t — ap)’,

i=0
where ag;, a1;, boi, bii, Coi,s €14, doi, d1; € Fpm. By Proposition Bl u € (z* — ap), and
so f(x) can be expressed as f(x) = (ago2®+boox?+coor+doo)+ (2% —ap)g(x). Thus,
f(x) is nilpotent if and only if agy = boo = coo = doo = 0, i.e. f(x) € (x* — ap).
It means that (z* — ap) is the set of all nilpotent elements of R, g, which is the
so-called nil radical of R4,3. On the other hand, f(x) is invertible if and only if
ago > + boox? + coox + doo is invertible, which is equivalent to agoz? + boox? + coox +
doo & (2% + 2nz + 2n?) and agox® + boox? + coox + doo & (2% — 20z + 20?), ie.
agor® + boox? + coor + doo € (x? + 2nx + 2n%) U (22 — 2nx + 2n?). That means
(22 + 20z + 2n*) U (2 — 2nz + 2n?) is the set of all non-invertible elements of R, 3.
Moreover, it is easy to see that (22 + 2nx + 2n?) and (2% — 2nx + 2n?) are maximal
ideals of R 3. We summarize those in the following proposition for future use.

Proposition 3.6. The following hold true for the ambient ring Rq g:

(i) Ra.p is a principal ideal ring with mazimal ideals (x* + 2nz + 21°) and (z? —
20z + 2n°).
(ii) The ideal (z* — ap) is the nil radical of Ra.g3-
(iii) The set (x® + 2nz + 2n%) U (2% — 2nz + 2n?) is the set of all non-invertible
elements of Ra,3.

4. Duals of (a 4+ ug)-Constacyclic Codes

For an (a + uf)-constacyclic code C C R, g of length 4p° over R, by Proposition
2.4, its dual C* is an (a+uB) ! of length 4p* over R. Since (a+ufB)(a—uf) = o?,
it follows that (o +uB)"! = (@ —uB)a™? = a~! —ua~23. It means

Rlz]
(x%" — (a1 —ua—2p0))"

ul
Cc+C Ra717_a725 =

Since o = a, (ay')?" = a~!, and oy ' is not a square. As in Lemma 3.3 and

Proposition 3.4, there exists 1 € Fpm such that ag = —4n*, or equivalently, aal =

4

—4
—1—. Hence, z* — oy ! factors into product of monic coprime irreducible divisors

as follows:
—4
ot —agl =2t + WT

4
_ (x4 L2 4 T) 22

1950023-10
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On (o + uf)-constacyclic codes of length 4p® over Fpm + uF pm ™
_92\ 2
n _ 2
= (xQ + T) - (77 156)

-2 -2
= (m2 +n7 e+ %) (xQ —n e+ %)

Hence, our arguments for R, s in Sec. Bl work the same way for R,-1 _,-24, and

we have the following results.

Theorem 4.1. In Ry-1 425, ((z* —ag")P") = (u). In particular, x*
nilpotent with nilpotency index 2p°. The ambient ring Ro-—1 _o-25 8 a principal
ideal ring, whose ideals are

-2\ ¢ —2\J
<(x2+n1m+%> <m2—n1m+%) >7

where 0 < 4,5 < 2p°. Equivalently, the (a~! — ua=2p3)-constacyclic codes of length
4p® over R are precisely the ideals

-2\ ¢ —2\J
<(x2+n1m+%> <m2—n1m+%) >7

—2
where 0 < i,j < 2p*. Each (o' — ua~2)-constacyclic code ((z* +n~'z + L)
—2. 4 S e o
(332 —n7lz + "T)j> CRa1,—a—2p has p (80" =21=27) codewords.

[
— oy 18

%

Note that
-2
(2% + 2nz 4+ 20)* = 20?2 4 20z + 1 = 21° (332 +n e+ %),
and
(2% —2nz +20°)" =2n%2® — 2z + 1 =29° (xQ —n e+ T)
Therefore,

(22 + 2nz + 2°) ' (2® — 2nz + 2°)7)*
= (ann((mQ + 2nx + 2172)i(:r2 — 2nx + 2172)j>)*
= (((® + 20z + 20*)*" " (2® — 2 + 29°)77 )"
= (0 + 200+ 202)" P (0 = 200 4+ 202)7 ) )

n_Q 2p°—i n_Q 2p°—j
= <$2+7’}_1JU+T) (.I‘z—?]_l.T—FT) .

Hence, we now have a description of the duals of (a 4+ uf3)-constacyclic codes.
Theorem 4.2. Let C be an (o + uf)-constacyclic code of length 4p° over R. Then
C = ((z* + 2nz + 2n*) (z* — 2nz + 20*)?) C Ra g,

1950023-11
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for some i,j € {0,1,...,2p%}, and its dual C* is the (a~! — ua=23)-constacyclic
code

1772 2p° —i 7772 2p°—j
CJ— — (1‘2 + ,’7*1(1;- + T) ((pQ — 77711' + T) g ,]?,04—1770[—257

which contains p™ 2129 codewords.

It is readily to see that the ideal (u) C R, g is a self-dual (a + uf3)-constacyclic
code of length 4p® over R. We now show that it is the only self-dual code.

Theorem 4.3. The ideal (u) C Ry, g is the unique self-dual (o + uf)-constacyclic
code of length 4p® over R.

Proof. We only need to show the uniqueness. Let C' be an (« + uf3)-constacyclic
code of length 4p® over R. From Theorems and 2],

C= <(JU2 + 20z + 207 (2% — 2nz + 2772)j> C Ra,s,

for some i,j € {0,1,...,2p%}, its dual C* is the (™! — ua~23)-constacyclic code

77_2 2p°—i n_Q 2p° —j
ct = <x2+n—1x+ T) (12_77—1534_7) CRa1,—a—28;

and |C| = p™®r"=2=21) | |C+| = p™(2i+2))  Thus, in order for C to be self-dual, we
must have |C| = |C1], i.e. i+j = 2p°. At this point, we consider two cases, namely,
i=jandi # j.

Case 1: 7 = j. That means ¢ = j = p°. Then,

C = {(2*+2nz + 2772)”5 (22 — 2nx + 2n2)ps> = {(2* — ao)pst) = (u).

Case 2: i # j,say i < j. Since i 4+ 7 = 2p°, it follows that 0 < i < p* < j < 2p°.

Because (u) = ((z?+2nz+2n%)P" (2% —2nx+2n>)P"), it implies that C' Z (u). Thus,
C contains a codeword with an invertible entry. Without loss of generality, we can
assume that there exists a codeword (co,c1,...,caps—1) € C such that cape_; is
invertible. As C = C+, C is both (a+uf)- and (a~! —ua~?3)-constacyclic, hence,

((a +up)eaps—1,co,- - -, Caps—2) € C,
((O(_l - UOé_2ﬂ)C4ps_17 COy vy C4ps_2) eC.
Thus,

(e —a™ ) +u(B+a?B))eaps—1,0,...,0) € C.
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On (o + uf)-constacyclic codes of length 4p® over Fpm + uF pm ™

Now, since « is not a square, @ — a~! # 0, implying (o — a™1) + u(8 + a2p) is
invertible in R. Therefore,

(1,0,...,0) = (@ —a ") +u(B+a28) e 4
((c—a™H +uB+a?8))eaps—1,0,...,0) € C.
As (1,0,...,0) and all its cyclic shift give a basis for R*", it follows that C' = R*",

and so C+ = {0}, a contradiction to the assumption that C' is self-dual. O

Proposition 4.4. Let C' be an (a + uf)-constacyclic code of length 4p* over R.
Then CNCL C ulﬁ‘ffn )

Proof. Suppose to the contrary that CNC+ ¢ u]Ffﬁj, that means CNC* contains
a codeword with an invertible entry. Thus, without loss of generality, we can assume
that there is a codeword ¢ = (cg, c1, . . ., Caps—1) € CNCL, where cyp: 1 is invertible
in R. Since C' is (a+uf3)-constacyclic and C* is (a~! —ua~2f3)-constacyclic, we get

((v +uB)caps—1,¢0,- .., Caps—2) € C,
((of1 — ua*2ﬁ)04ps,1, €Oy -y Caps_2) € c+t.
Thus,
(a4 uf)caps—1c0 + coc1 + - -+ + Caps—2Caps—1 = 0,
(a7t — UOéiQﬂ)Czlps_lCO +coc1 + -+ Caps_oCaps_1 =0,
which implies
(o —a™") +u(B—a?8))caps—1c0 = 0.

Since « is not a square, a # a1, hence, (a —a~ 1) +u(B—a~2p) is invertible in R.
Therefore, ¢y = 0, i.e. the codeword ¢ = (0, ¢y, ..., caps—1). Continuing this process,
we have

((a+ U5)04ps—27 (o + uﬂ)célps—la O,c1..., C4p5—3) € C,

—1

(07" —ua™?B)eape—2, (a7 —ua ™ B)caps—1,0,c1, ..., Caps—3) € C*,

(a+uf)caps —101 +cre3 + -+ + caps —3¢aps 1 = 0,

(oz_1 - uoz_zﬂ)cz;ps,lcl +ecies+ o+ Capr_scaps1 = 0,
implying
(@ —a ™) +u(B—a28))caps —101 = 0,
so ¢ = 0. Keep repeating this process, we have co = ¢1 = -+ = caps 2 = cap:—1 = 0,
which is a contradiction. Therefore, C N C*+ C u]Ffﬁ: . O
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Recall that a code C is called self-orthogonal if C C C*+, and C is dual-
containing if C+ C C. We conclude this section by identifying self-orthogonal and
dual-containing (« + uf3)-constacyclic codes over R.

Corollary 4.5. Let C be an (a4 uf)-constacyclic code of length 4p® over R. That
means

C = {(2% + 2nz + 20*) (2 — 2nz 4 2n?)7) C Ra.3,

for some i,j € {0,1,...,2p%}, and its dual C* is the (™' — ua™23)-constacyclic
code

1772 2p° —i 7772 2p°—j
ct = (1‘2 + 1771$ + T) (mQ — 77*11- + T) CRo1 23

Then C' s self-orthogonal if p* < 4,7 < 2p°, and C is dual-containing if 0 < 1,
J=p°
Proof. If p® <i,j < 2p®, then
C = ((«® + 2z + 20*)"(2? = 202 + 20°) )%, ,
C (2% + 202 + 20*)"" (2 — 20z + 202" R, ,

= {(a* = a0)" )Ru.s

= (u)r,
= uIF;l,ﬂ
= (WR, 1 _ -2,
— (" =g )

—2\ P’ —2\ P’
e (o))
R,-1 2

,maTeB

77_2 2p° —i 77_2 2p°—j
Q (1‘2+7]_11‘+ T) (582 —77_1.1‘+ T)
R,-1 2

—a—2p

=Ct.
Similarly, if 0 < 4,5 < p*, then
C = ((«® + 2z + 20*)"(2? = 202 + 20°) )%, ,
D ((@® + 20z + 20°) (&% — 20z + 20°)P w4

= (@ — a0)" )R,
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= <U>Ra 8
= UF;%S
= <U>Ra7117a725
_ 4 -1 ps>
= X [0
((@* = agh) N

9 po 9 ps

= (1‘2+77 la:—&-T) (1’2—?7 la:—&-T)
Rao-1,_a—25

_oN 2p°—i _oN 2p°—j

2<(x2+77 1x+%> <x2—n 1x+n7) >
Ro—1 _a—25

=ct. O
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