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For any odd prime p such that pm ≡ 3 (mod 4), the structures of all (α +uβ)-
constacyclic codes of length 4ps over the finite commutative chain ring Fpm + uFpm

(u2 = 0) are established in term of their generator polynomials. When the unit (α+uβ)
is a square, each (α + uβ)-constacyclic code of length 4ps is expressed as a direct sum
of two constacyclic codes of length 2ps. In the main case that the unit (α + uβ) is not a

square, it is shown that the ambient ring
(Fpm+uFpm )[x]

〈x4ps−(α+uβ)〉 is a principal ideal ring. From

that, the structure, number of codewords, duals of all such (α + uβ)-constacyclic codes
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are obtained. As an application, we identify all self-orthogonal, dual-containing, and the
unique self-dual (α + uβ)-constacyclic codes of length 4ps over Fpm + uFpm .

Keywords: Constacyclic codes; dual codes; repeated-root codes; codes over rings; chain
rings.

Mathematics Subject Classification 2010: 94B15, 94B05, 11T71

1. Introduction

The class of constacyclic codes plays a very significant role in the theory of error-
correcting codes as they are a direct generalization of the important family of
cyclic codes, which are the most studied of all codes. Many well-known codes, such
as BCH, Kerdock, Golay, Reed–Muller, Preparata, Justesen, and binary Hamming
codes, are either cyclic codes or constructed from cyclic codes. Constacyclic codes
also have practical applications as they can be efficiently encoded with simple shift
registers, they have rich algebraic structures for efficient error detection and cor-
rection, which explains their preferred role in engineering.

The class of finite commutative chain rings of the form Fpm + uFpm , where
u2 = 0, has been widely used as alphabets for constacyclic codes. For example, the
structure of F2 + uF2 is interesting, it is lying between F4 and Z4 in the sense that
it is additively analogous to F4, and multiplicatively analogous to Z4. It has been
studied by a lot of researchers (see, for example, [1, 2, 5, 13, 17, 18]).

The classification of codes has an important role in studying their structures,
but in general, it is very difficult to do so. Over the last few years, in a series of
papers [3, 5–8], Dinh et al. have done this job of classifying classes of constacyclic
codes of certain lengths over certain finite fields or finite chain rings. In 2009 [5],
all constacyclic codes of length 2s over the Galois extension rings of F2 + uF2 are
classified and their detailed structures are also established. Then in 2010 [6], we
classified and gave the detailed structures of all constacyclic codes of length ps over
Fpm +uFpm ; and in 2012 [7] and 2013 [8], we provided that for all constacyclic codes
of length 2ps and 4ps over the finite field Fpm . In 2015 and 2016, the structures of
negacyclic codes, and then more generally, all constacyclic codes, of length 2ps over
Fpm + uFpm , were established in [12] and [3], respectively.

Recently, in 2017, Dinh et al. [9] continued this line of research to investigate
constacyclic codes of length 4ps over Fpm + uFpm in the case where p is an odd
prime such that pm ≡ 1 (mod 4). The key result was that, when the unit λ is
not a square in Fpm + uFpm , any nonzero polynomial of degree <4 over Fpm is
invertible in the ambient ring (Fpm+uFpm )[x]

〈x4ps−λ〉 of constacyclic codes of length 4ps (cf.
[9, Propositions 4.1 and 5.1]). This fact was then be used to obtain the algebraic
structure of all constacyclic codes of length 4ps over Fpm + uFpm and their duals.
However, [9, Sec. 6] explained that this fact is no longer true for the case pm ≡ 3
(mod 4).

Notice that there are two types of units of the ring Fpm + uFpm , namely,
α + uβ and γ, where α, β, γ ∈ F

∗
pm . Motivated by that, in this paper, we study
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(α + uβ)-constacyclic codes of length 4ps over Fpm + uFpm for the remaining case
of pm ≡ 3 (mod 4), which is the hypothesis we use throughout the paper. The
remaining case of γ-constacyclic codes over Fpm + uFpm for γ ∈ F

∗
pm is considered

in our recent paper [11].
This paper is organized as follows. Section 2 gives preliminary concepts, includ-

ing a discussion of the easier case that the unit λ is a square in the ring Fpm +uFpm .
In this case, each λ-constacyclic code of length 4ps over Fpm + uFpm is represented
as a direct sum of an −α-constacyclic and an α-constacyclic codes of length 2ps

over Fpm + uFpm , where the structures of such constacyclic codes were given in
[3]. The rest of the paper considers the main case that the unit (α + uβ) is not
a square in Fpm + uFpm . In Sec. 3, we show that x4 − α0 factors into a product
of two pairwise coprime irreducible quadratic factors. It then will be shown that
the ambient ring (Fpm+uFpm)[x]

〈x4ps−(α+uβ)〉 is a principal ideal ring, which gives the structure
of all (α + uβ)-constacyclic codes. Using this structure, Sec. 4 establishes all duals
codes, and identifies the unique self-dual (α + uβ)-constacyclic code, as well as all
self-orthogonal and dual-containing codes.

2. Preliminaries

An ideal I of a ring R is called principal if it is generated by one element. A ring R

is a principal ideal ring if its ideals are principal. R is called a local ring if R/rad R

is a division ring, or equivalently, if R has a unique maximal right (left) ideal.
Furthermore, a ring R is called a chain ring if the set of all right (left) ideals of R is
linearly ordered under set-theoretic inclusion. The following equivalent conditions
are known for the class of finite commutative rings (cf. [10, Proposition 2.1]).

Proposition 2.1. Let R be a finite commutative ring, then the following conditions
are equivalent :

(i) R is a local ring and the maximal ideal M of R is principal, i.e. M = 〈γ〉 for
some γ ∈ R,

(ii) R is a local principal ideal ring,
(iii) R is a chain ring whose ideals are 〈γi〉, 0 ≤ i ≤ N(γ), where N(γ) is the

nilpotency of γ.

Let R be a finite ring, a code C of length n over R is a nonempty subset of Rn,
and the ring R is refered to as the alphabet of the code. If this subset is, in addition,
a R-submodule of Rn, then C is called linear. For a unit λ of R, the λ-constacyclic
(λ-twisted) shift τλ on Rn is the shift

τλ(x0, x1, . . . , xn−1) = (λxn−1, x0, x1, . . . , xn−2),

and a code C is said to be λ-constacyclic if τλ(C) = C, i.e. if C is closed under the
λ-constacyclic shift τλ. In case λ = 1, those λ-constacyclic codes are called cyclic
codes, and when λ = −1, such λ-constacyclic codes are called negacyclic codes.
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Each codeword c = (c0, c1, . . . , cn−1) is customarily identified with its polyno-
mial representation c(x) = c0 + c1x + · · · + cn−1x

n−1, and the code C is in turn
identified with the set of all polynomial representations of its codewords. Then in
the ring R[x]

〈xn−λ〉 , xc(x) corresponds to a λ-constacyclic shift of c(x). From that, the
following fact is well known (cf. [14, 15]) and straightforward.

Proposition 2.2. A linear code C of length n is λ-constacyclic over R if and only
if C is an ideal of the quotient ring R[x]

〈xn−λ〉 . (Hence, this quotient ring is referred to
as the ambient ring of the code C.)

Given n-tuples x = (x0, x1, . . . , xn−1), y = (y0, y1, . . . , yn−1) ∈ Rn, their inner
product or dot product is defined as usual

x · y = x0y0 + x1y1 + · · · + xn−1yn−1,

evaluated in R. Two n-tuples x, y are called orthogonal if x · y = 0. For a linear
code C over R, its dual code C⊥ is the set of n-tuples over R that are orthogonal
to all codewords of C, i.e.

C⊥ = {x |x · y = 0, ∀ y ∈ C}.
A code C is called self-orthogonal if C ⊆ C⊥, and it is called self-dual if C = C⊥.
The following result is well known (cf. [4, 14–16]).

Proposition 2.3. Let p be a prime and R be a finite chain ring of size pα. The
number of codewords in any linear code C of length n over R is pk, for some integer
k ∈ {0, 1, . . . , αn}. Moreover, the dual code C⊥ has pl codewords, where k + l = αn,

i.e. |C| · |C⊥| = |R|n.

In general, we have the following implication of the dual of a λ-constacyclic
code.

Proposition 2.4. The dual of a λ-constacyclic code is a λ−1-constacyclic code.

In this paper, for any odd prime p with pm ≡ 3 (mod 4), we will consider
constacyclic codes of length 4ps over the ring R = Fpm +uFpm . The ring R consists
of all pm-ary polynomials of degree 0 and 1 in indeterminate u, it is closed under
pm-ary polynomial addition and multiplication modulo u2. Thus, R = Fpm [u]

〈u2〉 =
{a + ub | a, b ∈ Fpm} is a local ring with maximal ideal uFpm , and hence, it is a
chain ring.

Hereafter, for any unit λ of R, we denote the ambient ring of λ-constacyclic
codes of length 4ps over R as

Rλ =
R[x]

〈x4ps − λ〉 .

Then, by Proposition 2.2, constacyclic codes of length 4ps over R are ideals of Rλ.

Definition 2.5. If

f(x) = a0 + a1x + · · · + arx
r
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then the reciprocal of f(x) is the polynomial

f∗(x) = ar + ar−1x + ar−2x
2 + · · · + a0x

r.

Symbolically, f∗(x) can be expressed by f∗(x) = xrf( 1
x ). If I is an ideal of Rλ,

then I∗ = {f∗(x) : f(x) ∈ I} is also an ideal of Rλ−1 .

Definition 2.6. Let I be an ideal of Rλ. We define ann(I)= {g(x) | f(x)g(x)= 0,

∀ f(x) ∈ I}. Then ann(I) is called the annihilator of I, which is also an ideal of Rλ.

From the above definition we can see that if C is a constacyclic code of length n

over R with associated ideal I (which is an ideal of Rλ), then the associated ideal
of C⊥ is ann(I)∗ (which is an ideal of Rλ−1 .) The following lemma is easy to prove
and will be used in Sec. 4.

Lemma 2.7.

(a) (f(x)g(x))∗ = f∗(x)g∗(x).
(b) If deg f ≥ deg g, then

(f(x) + g(x))∗ = f∗(x) + xdeg f−deg gg∗(x).

(c) More generally, if deg f ≥ deg gi, for 1 ≤ i ≤ k, then

(
f(x) +

k∏
i=1

gi(x)

)∗

= f∗(x) +
k∏

i=1

xdeg f−deg gig∗i (x).

(d) Let C be an ideal of Rλ, then C⊥ = ann(C)∗, which is an ideal of Rλ−1 .

An element a+ub of R (a, b ∈ Fpm) is invertible if and only if a 	= 0. Hence, the
ring R has pm(pm−1) units, and we categorize them into two types, namely, α+uβ,
and γ, where α, β, γ are nonzero elements of the field Fpm . In this paper, unless
otherwise stated, we will assume that p is a prime such that pm ≡ 3 (mod 4), and
we focus on the case the unit λ is of the form α + uβ.

When the unit λ is a square, i.e. there exists a unit α ∈ R such that λ = α2, we
have

x4ps − λ = x4ps − α2 = (x2ps

+ α)(x2ps − α).

And hence, by the Chinese reminder theorem,

Rλ
∼= R[x]

〈x2ps + α〉 ⊕
R[x]

〈x2ps − α〉 .

It follows that ideals of Rλ are of the form A⊕B, where A and B are ideals of
R[x]

〈x2ps+α〉 and R[x]
〈x2ps−α〉 , respectively, i.e. they are −α- and α-constacyclic codes of
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length 4ps over R. It means that any λ-constacyclic code of length 4ps over R, i.e.
an ideal C of R, is represented as a direct sum of C+ and C−:

C = C+ ⊕ C−,

where C+ and C− are ideals of R[x]
〈x2ps+α〉 and R[x]

〈x2ps−α〉 , respectively. Thus, the clas-
sification, detailed structure, and number of codewords of constacyclic codes C of
length 4ps over R can be obtained from that of the direct summands C+ and C−
(cf. [3]). It turns out that the dual code C⊥ of C is also a direct sum of the dual
codes of the direct summands C⊥

+ and C⊥− .

Theorem 2.8. Let the unit λ = α2 ∈ R, and C = C+ ⊕C− be a constacyclic code
of length 4ps over R, where C+, C− are ideals of R[x]

〈x2ps+α〉 ,
R[x]

〈x2ps−α〉 , respectively.
Then

C⊥ = C⊥
+ ⊕ C⊥

− .

In particular, C is a self-dual constacyclic code of length 4ps over R if and only
if C+, C− are self-dual −α-constacyclic code and self-dual α-constacyclic code of
length 2ps over R, respectively.

Proof. Clearly, C⊥
+ ⊕ C⊥− ⊆ C⊥. Now,

|C⊥
+ ⊕ C⊥

− | = |C⊥
+ | · |C⊥

− | =
|R|2ps

|C+| · |R|2ps

|C−| =
|R|4ps

|C+| · |C−| =
|R|4ps

|C| = |C⊥|.

Thus, C⊥ = C⊥
+ ⊕ C⊥

− .

3. Structure of (α + uβ)-Constacyclic Codes

In this section, we consider the case that the unit λ is of the form λ = α + uβ for
nonzero elements α, β of Fpm , and λ is not a square in R. By Proposition 2.2, the
(α + uβ)-constacyclic codes of length 4ps are ideals of the ambient ring

Rα,β =
R[x]

〈x4ps − (α + uβ)〉 .

It is worth noting that α+uβ is not a square in R if and only if α is not a square in
Fpm . Otherwise, if α = α′2 ∈ Fpm , then α+uβ = (α′+uβ′)2, where β′ = 2−1α′−1β.

Since α ∈ Fpm , αpm

= α, and so αptm

= α, for any positive integer t. By the
Division Algorithm, there exist non-negative integers αq, αr such that s = αqm+αr,
and 0 ≤ αr ≤ m − 1. Let α0 = αp(αq+1)m−s

= αpm−αr . Then αps

0 = αp(αq+1)m
= α.

Clearly, α is not a square if and only if α0 is not a square. Moreover, in Rα,β ,
(x4 − α0)ps

= x4ps − α = uβ. We summarize the above discussion in the following
proposition.

Proposition 3.1. Let α0 ∈ Fpm be such that α = αps

0 . In Rα,β , 〈(x4−α0)ps〉 = 〈u〉.
In particular, x4 − α0 is nilpotent with nilpotency index 2ps.
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Proposition 3.2. The following hold true:

(i) Any nonzero linear polynomial cx + d ∈ Fpm [x] is invertible in Rα,β.
(ii) Any linear polynomial cx + d ∈ R[x], which is not a multiple of u, is invertible

in Rα,β.

Proof. (i) Let cx + d ∈ Fpm [x], where c 	= 0. In Rα,β , we have

(x + d)ps

(x − d)ps

(x2 + d2)ps

= (x4 − d4)ps

= x4ps − d4ps

= (α − d4ps

) + uβ.

Since α is not a square in Fpm , α−d4ps

is invertible in Fpm , whence, (α−d4ps

)+uβ

is invertible in R. Thus,

(x + d)−1 = (x + d)ps−1(x − d)ps

(x2 + d2)ps

(α − d4ps

+ uβ)−1.

Therefore, for any c 	=0 in Fpm , x + c−1d is invertible, and

(cx + d)−1 = c−1(x + c−1d)−1

= c−1(x + c−1d)ps−1(x − c−1d)ps

(x2 + c−2d2)ps

× (α − c−4ps

d4ps

+ uβ)−1.

(ii) Let f(x) = (c1 + uc2)x + d1 + ud2 ∈ R[x], where c1, c2, d1, d2 ∈ Fpm , be a
linear polynomial which is not a multiple of u, i.e. c1 and d1 cannot be both 0. We
have f(x) = (c1x + d1) + u(c2x + d2). Hence,

f(x)((c1x + d1) − u(c2x + d2)) = (c1x + d1)2,

which is invertible because, by part (i), c1x + d1 is invertible. That means f(x) is
invertible.

Lemma 3.3. Let z ∈ Fpm be a non-square. Then:

(i) −z is a fourth power in Fpm .
(ii) There is an element z′ ∈ Fpm such that z = −4z′4.

Proof. (i) Since pm ≡ 3 (mod 4), −1 is an odd power of ξ. As z is a non-square,
z is also an odd power of ξ. Thus −z is an even power of ξ, say −z = ξ2k. If k is
even, then −z is a fourth power. If k is odd, then −ξk is an even power of ξ, and
hence −z = (−ξk)2 is a fourth power.

(ii) Note that pm ≡ 3 (mod 4) means p ≡ 3 (mod 4) (and m must necessarily
be odd), and hence either 2 or −2 is a square in Fpm . Thus, 4 is a fourth power in
Fpm . By part (i), we get −z/4 is a fourth power, i.e. there is an element z′ ∈ Fpm

such that −z/4 = z′4. Therefore, z = −4z′4.

Proposition 3.4. Let η ∈ Fpm be such that α0 = −4η4 (such η exists by
Lemma 3.3). Then x4 − α0 has the following factorization into product of monic
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coprime irreducible factors:

x4 − α0 = (x2 + 2ηx + 2η2)(x2 − 2ηx + 2η2).

Moreover, in Rα,β ,

〈(x2 + 2ηx + 2η2)2ps〉 = 〈(x2 + 2ηx + 2η2)2ps+k〉,
〈(x2 − 2ηx + 2η2)2ps〉 = 〈(x2 − 2ηx + 2η2)2ps+k〉,

for any non-negative integer k.

Proof. We have

x4 − α0 = x4 + 4η4

= (x4 + 4η2x2 + 4η4) − 4η2x2

= (x2 + 2η2)2 − (2ηx)2

= (x2 + 2ηx + 2η2)(x2 − 2ηx + 2η2).

Since (x2 +2ηx+2η2)− (x2 − 2ηx+2η2) = 4ηx, which is invertible, x2 +2ηx+2η2

and x2−2ηx+2η2 are coprime. As x4−α0 is nilpotent, they are both not invertible.
Thus, by Proposition 3.2, any nonzero linear factor of R[x], which is not a multiple
of u, is invertible, so both x2 + 2ηx + 2η2 and x2 − 2ηx + 2η2 are irreducible.
For the last assertion, note that, since x2 + 2ηx + 2η2 and x2 − 2ηx + 2η2 are
coprime, (x2 + 2ηx + 2η2)k and (x2 − 2ηx + 2η2)2ps

are also coprime. Hence, there
are polynomials g, h ∈ Rα,β such that (x2 +2ηx+2η2)kg+(x2−2ηx+2η2)2ps

h = 1
in Rα,β . Therefore, in Rα,β ,

(x2 + 2ηx + 2η2)2ps+kg = (1 − (x2 − 2ηx + 2η2)2ps

h)(x2 + 2ηx + 2η2)2ps

= (x2 + 2ηx + 2η2)2ps − (x4 − α0)2ps

h

= (x2 + 2ηx + 2η2)2ps

,

implying 〈(x2 + 2ηx + 2η2)2ps〉 = 〈(x2 + 2ηx + 2η2)2ps+k〉.

Theorem 3.5. The ring Rα,β is a principal ideal ring whose ideals are 〈(x2 +
2ηx + 2η2)i(x2 − 2ηx + 2η2)j〉, where 0 ≤ i, j ≤ 2ps. Equivalently, each (α + uβ)-
constacyclic code of length 4ps over R has the form

C =
〈
(x2 + 2ηx + 2η2)i(x2 − 2ηx + 2η2)j

〉
,

for 0 ≤ i, j ≤ 2ps. Moreover, C contains pm(8ps−2i−2j) codewords.

Proof. Let C be a (α + uβ)-constacyclic code of length 4ps over R, i.e. C is an
ideal of the ring Rα,β . Let Cu be the set of elements of C reduced modulo u. Then
Cu is an ideal of the ring Fpm [x]

〈x4ps−α〉 . As discussed above, x4−α0 factors into product
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of monic irreducible pairwise coprime polynomials in Fpm [x] and R[x] as

x4 − α0 = (x2 + 2ηx + 2η2)(x2 − 2ηx + 2η2),

and Cu = 〈(x2 + 2ηx + 2η2)k1(x2 − 2ηx + 2η2)k2〉, where 0 ≤ k1, k2 ≤ ps. Thus, for
any polynomial c(x) ∈ C, there exist polynomials g(x), h(x) ∈ Rα,β such that

c(x) = g(x)(x2 + 2ηx + 2η2)k1(x2 − 2ηx + 2η2)k2 + uh(x).

By Proposition 3.1, u ∈ 〈(x4 − α0)ps〉 = 〈(x2 + 2ηx + 2η2)ps

(x2 − 2ηx + 2η2)ps〉,
which implies

C ⊆ 〈(x2 + 2ηx + 2η2)k1(x2 − 2ηx + 2η2)k2
〉
.

Choose i, j to be the largest among those powers �1, �2 such that C ⊆ 〈(x2 +
2ηx + 2η2)�1(x2 − 2ηx + 2η2)�2〉. Then 0 ≤ i, j ≤ 2ps and C ⊆ 〈(x2 + 2ηx +
2η2)i(x2 − 2ηx + 2η2)j〉. By the maximalities of i, j, there exists d(x) ∈ C such
that d(x) = e(x)(x2 + 2ηx + 2η2)i(x2 − 2ηx + 2η2)j , where e(x) ∈ Rα,β such that
gcd(e, x2 + 2ηx + 2η2) = gcd(e, x2 − 2ηx + 2η2) = 1. Thus,

gcd(e, x4 − α0) = gcd(e, (x2 + 2ηx + 2η2)(x2 − 2ηx + 2η2)) = 1.

By Proposition 3.5, it follows that e(x) is invertible in Rα,β . Hence,

(x2 + 2ηx + 2η2)i(x2 − 2ηx + 2η2)j = d(x)e(x)−1 ∈ C,

and hence, C = 〈(x2 +2ηx+2η2)i(x2−2ηx+2η2)j〉. As discussed above, 0 ≤ i, j ≤
2ps. In fact, if either i or j is greater than 2ps, say, i = 2ps+k, then Proposition 3.4
gives

〈(x2 + 2ηx + 2η2)i(x2 − 2ηx + 2η2)j〉 = 〈(x2 + 2ηx + 2η2)2ps+k(x2 − 2ηx + 2η2)j〉
= 〈(x2 + 2ηx + 2η2)2ps

(x2 − 2ηx + 2η2)j〉.

We spend the rest of this section to provide some additional properties of the
ambient ring Rα,β . Any element f(x) of Rα,β can be viewed as a polynomial of
degree up to 4ps − 1 of R[x], and so f(x) = f1(x) + uf2(x), where f1(x), f2(x)
are polynomials of degrees up to 4ps − 1 of Fpm [x]. Thus, f(x) can be uniquely
expressed as

f(x) =
ps−1∑
i=0

(a0ix
3 + b0ix

2 + c0ix + d0i)(x4 − α0)i

+ u

ps−1∑
i=0

(a1ix
3 + b1ix

2 + c1ix + d1i)(x4 − α0)i
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= (a00x
3 + b00x

2 + c00x + d00)

+ (x4 − α0)
ps−1∑
i=1

(a0ix
3 + b0ix

2 + c0ix + d0i)(x4 − α0)i−1

+ u

ps−1∑
i=0

(a1ix
3 + b1ix

2 + c1ix + d1i)(x4 − α0)i,

where a0i, a1i, b0i, b1i, c0i, c1i, d0i, d1i ∈ Fpm . By Proposition 3.1, u ∈ 〈x4 −α0〉, and
so f(x) can be expressed as f(x) = (a00x

3+b00x
2+c00x+d00)+(x4−α0)g(x). Thus,

f(x) is nilpotent if and only if a00 = b00 = c00 = d00 = 0, i.e. f(x) ∈ 〈x4 − α0〉.
It means that 〈x4 − α0〉 is the set of all nilpotent elements of Rα,β , which is the
so-called nil radical of Rα,β . On the other hand, f(x) is invertible if and only if
a00x

3 +b00x
2 +c00x+d00 is invertible, which is equivalent to a00x

3 +b00x
2 +c00x+

d00 	∈ 〈x2 + 2ηx + 2η2〉 and a00x
3 + b00x

2 + c00x + d00 	∈ 〈x2 − 2ηx + 2η2〉, i.e.
a00x

3 + b00x
2 + c00x + d00 	∈ 〈x2 + 2ηx + 2η2〉 ∪ 〈x2 − 2ηx + 2η2〉. That means

〈x2 +2ηx+2η2〉∪ 〈x2 − 2ηx+2η2〉 is the set of all non-invertible elements of Rα,β .
Moreover, it is easy to see that 〈x2 + 2ηx + 2η2〉 and 〈x2 − 2ηx + 2η2〉 are maximal
ideals of Rα,β . We summarize those in the following proposition for future use.

Proposition 3.6. The following hold true for the ambient ring Rα,β :

(i) Rα,β is a principal ideal ring with maximal ideals 〈x2 + 2ηx + 2η2〉 and 〈x2 −
2ηx + 2η2〉.

(ii) The ideal 〈x4 − α0〉 is the nil radical of Rα,β.
(iii) The set 〈x2 + 2ηx + 2η2〉 ∪ 〈x2 − 2ηx + 2η2〉 is the set of all non-invertible

elements of Rα,β.

4. Duals of (α + uβ)-Constacyclic Codes

For an (α + uβ)-constacyclic code C ⊆ Rα,β of length 4ps over R, by Proposition
2.4, its dual C⊥ is an (α+uβ)−1 of length 4ps over R. Since (α+uβ)(α−uβ) = α2,
it follows that (α + uβ)−1 = (α − uβ)α−2 = α−1 − uα−2β. It means

C⊥ ⊆ Rα−1,−α−2β =
R[x]

〈x4ps − (α−1 − uα−2β)〉 .

Since αps

0 = α, (α−1
0 )ps

= α−1, and α−1
0 is not a square. As in Lemma 3.3 and

Proposition 3.4, there exists η ∈ Fpm such that α0 = −4η4, or equivalently, α−1
0 =

− η−4

4 . Hence, x4 − α−1
0 factors into product of monic coprime irreducible divisors

as follows:

x4 − α−1
0 = x4 +

η−4

4

=
(

x4 + η−2x2 +
η−4

4

)
− η−2x2
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=
(

x2 +
η−2

2

)2

− (η−1x
)2

=
(

x2 + η−1x +
η−2

2

)(
x2 − η−1x +

η−2

2

)
.

Hence, our arguments for Rα,β in Sec. 3 work the same way for Rα−1,−α−2β , and
we have the following results.

Theorem 4.1. In Rα−1,−α−2β , 〈(x4 − α−1
0 )ps〉 = 〈u〉. In particular, x4 − α−1

0 is
nilpotent with nilpotency index 2ps. The ambient ring Rα−1,−α−2β is a principal
ideal ring, whose ideals are〈(

x2 + η−1x +
η−2

2

)i(
x2 − η−1x +

η−2

2

)j
〉

,

where 0 ≤ i, j ≤ 2ps. Equivalently, the (α−1 − uα−2β)-constacyclic codes of length
4ps over R are precisely the ideals〈(

x2 + η−1x +
η−2

2

)i(
x2 − η−1x +

η−2

2

)j
〉

,

where 0 ≤ i, j ≤ 2ps. Each (α−1 − uα−2β)-constacyclic code
〈(

x2 + η−1x + η−2

2

)i(
x2 − η−1x + η−2

2

)j〉 ⊆ Rα−1,−α−2β has pm(8ps−2i−2j) codewords.

Note that

(x2 + 2ηx + 2η2)∗ = 2η2x2 + 2ηx + 1 = 2η2

(
x2 + η−1x +

η−2

2

)
,

and (
x2 − 2ηx + 2η2

)∗
= 2η2x2 − 2ηx + 1 = 2η2

(
x2 − η−1x +

η−2

2

)
.

Therefore,

〈(x2 + 2ηx + 2η2)i(x2 − 2ηx + 2η2)j〉⊥

= (ann〈(x2 + 2ηx + 2η2)i(x2 − 2ηx + 2η2)j〉)∗

= (〈(x2 + 2ηx + 2η2)2ps−i(x2 − 2ηx + 2η2)2ps−j〉)∗

= 〈((x2 + 2ηx + 2η2)∗)2ps−i((x2 − 2ηx + 2η2)∗)2ps−j〉

=

〈(
x2 + η−1x +

η−2

2

)2ps−i (
x2 − η−1x +

η−2

2

)2ps−j
〉

.

Hence, we now have a description of the duals of (α + uβ)-constacyclic codes.

Theorem 4.2. Let C be an (α +uβ)-constacyclic code of length 4ps over R. Then

C = 〈(x2 + 2ηx + 2η2)i(x2 − 2ηx + 2η2)j〉 ⊆ Rα,β ,
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for some i, j ∈ {0, 1, . . . , 2ps}, and its dual C⊥ is the (α−1 − uα−2β)-constacyclic
code

C⊥ =

〈(
x2 + η−1x +

η−2

2

)2ps−i(
x2 − η−1x +

η−2

2

)2ps−j
〉

⊆ Rα−1,−α−2β ,

which contains pm(2i+2j) codewords.

It is readily to see that the ideal 〈u〉 ⊆ Rα,β is a self-dual (α + uβ)-constacyclic
code of length 4ps over R. We now show that it is the only self-dual code.

Theorem 4.3. The ideal 〈u〉 ⊆ Rα,β is the unique self-dual (α + uβ)-constacyclic
code of length 4ps over R.

Proof. We only need to show the uniqueness. Let C be an (α + uβ)-constacyclic
code of length 4ps over R. From Theorems 3.5 and 4.2,

C =
〈
(x2 + 2ηx + 2η2)i(x2 − 2ηx + 2η2)j

〉 ⊆ Rα,β ,

for some i, j ∈ {0, 1, . . . , 2ps}, its dual C⊥ is the (α−1 − uα−2β)-constacyclic code

C⊥ =

〈(
x2 + η−1x +

η−2

2

)2ps−i(
x2 − η−1x +

η−2

2

)2ps−j
〉

⊆ Rα−1,−α−2β ,

and |C| = pm(8ps−2i−2j), |C⊥| = pm(2i+2j). Thus, in order for C to be self-dual, we
must have |C| = |C⊥|, i.e. i+ j = 2ps. At this point, we consider two cases, namely,
i = j and i 	= j.

Case 1: i = j. That means i = j = ps. Then,

C = 〈(x2 + 2ηx + 2η2)ps

(x2 − 2ηx + 2η2)ps〉 = 〈(x4 − α0)ps

t〉 = 〈u〉.

Case 2: i 	= j, say i < j. Since i + j = 2ps, it follows that 0 ≤ i < ps < j ≤ 2ps.
Because 〈u〉 = 〈(x2+2ηx+2η2)ps

(x2−2ηx+2η2)ps〉, it implies that C 	⊆ 〈u〉. Thus,
C contains a codeword with an invertible entry. Without loss of generality, we can
assume that there exists a codeword (c0, c1, . . . , c4ps−1) ∈ C such that c4ps−1 is
invertible. As C = C⊥, C is both (α+uβ)- and (α−1−uα−2β)-constacyclic, hence,

((α + uβ)c4ps−1, c0, . . . , c4ps−2) ∈ C,

((α−1 − uα−2β)c4ps−1, c0, . . . , c4ps−2) ∈ C.

Thus,
(
((α − α−1) + u(β + α−2β))c4ps−1, 0, . . . , 0

) ∈ C.
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Now, since α is not a square, α − α−1 	= 0, implying (α − α−1) + u(β + α−2β) is
invertible in R. Therefore,

(1, 0, . . . , 0) = ((α − α−1) + u(β + α−2β))−1c−1
4ps−1

(((α − α−1) + u(β + α−2β))c4ps−1, 0, . . . , 0) ∈ C.

As (1, 0, . . . , 0) and all its cyclic shift give a basis for R4ps

, it follows that C = R4ps

,
and so C⊥ = {0}, a contradiction to the assumption that C is self-dual.

Proposition 4.4. Let C be an (α + uβ)-constacyclic code of length 4ps over R.
Then C ∩ C⊥ ⊆ uF

4ps

pm .

Proof. Suppose to the contrary that C∩C⊥ 	⊆ uF
4ps

pm , that means C∩C⊥ contains
a codeword with an invertible entry. Thus, without loss of generality, we can assume
that there is a codeword c = (c0, c1, . . . , c4ps−1) ∈ C∩C⊥, where c4ps−1 is invertible
in R. Since C is (α+uβ)-constacyclic and C⊥ is (α−1−uα−2β)-constacyclic, we get

((α + uβ)c4ps−1, c0, . . . , c4ps−2) ∈ C,

((α−1 − uα−2β)c4ps−1, c0, . . . , c4ps−2) ∈ C⊥.

Thus,

(α + uβ)c4ps−1c0 + c0c1 + · · · + c4ps−2c4ps−1 = 0,

(α−1 − uα−2β)c4ps−1c0 + c0c1 + · · · + c4ps−2c4ps−1 = 0,

which implies (
(α − α−1) + u(β − α−2β)

)
c4ps−1c0 = 0.

Since α is not a square, α 	= α−1, hence, (α−α−1)+u(β−α−2β) is invertible in R.
Therefore, c0 = 0, i.e. the codeword c = (0, c1, . . . , c4ps−1). Continuing this process,
we have

((α + uβ)c4ps−2, (α + uβ)c4ps−1, 0, c1 . . . , c4ps−3) ∈ C,

((α−1 − uα−2β)c4ps−2, (α−1 − uα−2β)c4ps−1, 0, c1, . . . , c4ps−3) ∈ C⊥,

(α + uβ)c4ps−1c1 + c1c3 + · · · + c4ps−3c4ps−1 = 0,

(α−1 − uα−2β)c4ps−1c1 + c1c3 + · · · + c4ps−3c4ps−1 = 0,

implying

((α − α−1) + u(β − α−2β))c4ps−1c1 = 0,

so c1 = 0. Keep repeating this process, we have c0 = c1 = · · · = c4ps−2 = c4ps−1 = 0,
which is a contradiction. Therefore, C ∩ C⊥ ⊆ uF

4ps

pm .
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Recall that a code C is called self-orthogonal if C ⊆ C⊥, and C is dual-
containing if C⊥ ⊆ C. We conclude this section by identifying self-orthogonal and
dual-containing (α + uβ)-constacyclic codes over R.

Corollary 4.5. Let C be an (α +uβ)-constacyclic code of length 4ps over R. That
means

C = 〈(x2 + 2ηx + 2η2)i(x2 − 2ηx + 2η2)j〉 ⊆ Rα,β ,

for some i, j ∈ {0, 1, . . . , 2ps}, and its dual C⊥ is the (α−1 − uα−2β)-constacyclic
code

C⊥ =

〈(
x2 + η−1x +

η−2

2

)2ps−i(
x2 − η−1x +

η−2

2

)2ps−j
〉

⊆ Rα−1,−α−2β .

Then C is self-orthogonal if ps ≤ i, j ≤ 2ps, and C is dual-containing if 0 ≤ i,

j ≤ ps.

Proof. If ps ≤ i, j ≤ 2ps, then

C = 〈(x2 + 2ηx + 2η2)i(x2 − 2ηx + 2η2)j〉Rα,β

⊆ 〈(x2 + 2ηx + 2η2)ps

(x2 − 2ηx + 2η2)ps〉Rα,β

= 〈(x4 − α0)ps〉Rα,β

= 〈u〉Rα,β

= uF
4ps

pm

= 〈u〉Rα−1,−α−2β

= 〈(x4 − α−1
0 )ps〉Rα−1,−α−2β

=

〈(
x2 + η−1x +

η−2

2

)ps (
x2 − η−1x +

η−2

2

)ps〉
Rα−1,−α−2β

⊆
〈(

x2 + η−1x +
η−2

2

)2ps−i (
x2 − η−1x +

η−2

2

)2ps−j
〉

Rα−1,−α−2β

= C⊥.

Similarly, if 0 ≤ i, j ≤ ps, then

C = 〈(x2 + 2ηx + 2η2)i(x2 − 2ηx + 2η2)j〉Rα,β

⊇ 〈(x2 + 2ηx + 2η2)ps

(x2 − 2ηx + 2η2)ps〉Rα,β

= 〈(x4 − α0)ps〉Rα,β
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= 〈u〉Rα,β

= uF
4ps

pm

= 〈u〉R
α−1,−α−2β

=
〈
(x4 − α−1

0 )ps
〉
Rα−1,−α−2β

=

〈(
x2 + η−1x +

η−2

2

)ps (
x2 − η−1x +

η−2

2

)ps〉
Rα−1,−α−2β

⊇
〈(

x2 + η−1x +
η−2

2

)2ps−i(
x2 − η−1x +

η−2

2

)2ps−j
〉

Rα−1,−α−2β

= C⊥.
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