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The exogenous variables are the input prices, wage rate (w), and the rental
price of capital (r). The wage rate, or wage for short, is measured in $/hour
and the rental price of capital is $/machine. We assume that the firm is a
price taker in the markets for labor and capital so it can rent as much L and K
as it wants at the given w and r. The amount to produce, ¢, is also an exoge-
nous variable in this problem. We are not considering how much should be
produced, but what is the best way to produce any given amount of output.
Finally, the firm’s technology, the production function, f(L, K), is also given.

Because the firm has to produce a given amount of output, we know this is
a constrained optimization problem. Our work in the Theory of Consumer
Behavior has made us expert at solving this kind of problem. As you will
see, the analysis is similar, but there are some striking differences.

One thing that does not change is our framework. We first explore the
constraint to determine our options, then focus on the goal (to minimize
TC), and, finally, we will combine the two to find the initial optimal solution.

The Constraint

The menu of options available to the firm is given by the isoquant. It serves
as the constraint because the firm is free to choose L and K on the condi-
tion that it must produce the assigned level of output. Mathematically, the
equation for the constraint is simply the production function, ¢ = f(L, K).

S TEP Open the Excel workbook InputCostMin.xls, read the Intro sheet,
then go to the Isoquant sheet to see the isoquant displayed in Figure 11.1.

The Isoquant
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Figure 11.1: An isoquant from a Cobb-Douglas production function.
Source: InputCostMin.xls!Isoquant.
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Like the budget constraint in the Theory of Consumer Behavior gives us con-
sumption possibilities, the isoquant gives the firm its feasible input options.
All combinations below and left of the isoquant are ruled out. For example,
there is no way to produce 100 units of output, holding quality and every-
thing else constant, with the L,K combination of 100,20. The technology is
simply not advanced or powerful enough to make 100 units of output with
100 hours of work and 20 machines.

The points above and to the right of the isoquant are feasible, but they are
clearly wasteful. In other words, the firm could produce 100 units of output
with an L,K combination of 250,50, but the isoquant tells the firm it does
not need that much labor and capital to make 100 units. At 250,50, it could
travel straight down to K = 10 and still produce ¢ = 100 or straight left
(on the horizontal line at K = 50) until it hit the isoquant and use a lot less
labor. The firm could also travel in a diagonal, southwest direction until it
hit the isoquant to economize on both inputs.

Points off the isoquant to the northeast (such as 250,50) are said to be techni-
cally inefficient. The inefficient part tells us that the firm is not minimizing
its total cost at that point; technical describes the fact that the firm is not
organizing its inputs so as to maximize output. In other words, the firm is
not correctly solving the engineering optimization problem represented by
the production function. Making 100 units of output with 250 hours of labor
and 50 machines means that you are not getting the most out of your labor
and capital. Economists call this situation technically inefficient.

Since the firm cannot choose a combination below the isoquant and it is
wasteful to choose a combination above the isoquant, we know the answer
has to lie on the isoquant.

S TEP Use the scroll bar next to cell B11 to see the input mixes the firm
might choose. As you change cell B11, the cell below changes also. It has
a formula that computes the amount of K needed to produce the required
output when you choose a value for L.

The idea is quite clear: The firm will roll around the isoquant in search of
the best combination. Rolling is a good word choice and image to remem-
ber—the firm is free to choose a point high up or roll down to the bottom
right. Because we do not have the input prices, we cannot find the optimal
solution with the isoquant alone.
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S TEP Change the exogenous variables to see how the isoquant is af-
fected. Increases in A, ¢, and d pull the isoquant down. That makes sense
given that these shocks are all productivity enhancing and the firm will need
less L and K to make the given ¢ = 100.

Lowering ¢ has the same effect, but this is not a productivity shock. You are
simply telling the firm it does not have to produce as much as before so it
makes sense that it can use less labor and capital.

Notice how the constraint for this input cost minimization problem is a curve,
not a line like it was for the utility maximization problem. Mathematically,
that does not matter much, but it will impact the graph we draw to show
the initial solution.

Goal

With the constraint in hand, we are ready to model the goal. In this prob-
lem, the goal is represented by a series of isocost (equal cost) lines.

Total cost is TC' = wL + rK. If we solve this equation for K (in order to
graph it in L-K space), we get the equation of a line:

TC =wL +rK

rK =TC —wL

g ¢ _w,
r r

The K (or y axis) intercept is ? and the slope is —%.

Isocosts are a little tricky at first because you are used to seeing a linear
constraint and a set of indifference curves. Input cost minimization has a
curved constraint and a set of linear isocosts. In the equation of the line
above, T'C' can take on any value. Thus, there is an isocost for TC' = $500
and another for TC' = $500.01 and an isocost for every single dollar amount.
Every L,K point is on an isocost and the L,K points that have the same TC
are on the same isocost.

S TEP Proceed to the Isocost sheet to see how the isocost lines are used
to find the optimal solution.
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Each point on a particular isocost line has the exact same total cost. So, the
point on Figure 11.2 (and on your screen) has a cost of $500 (since 2 x 190
+ 3 x 40 = 500).
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Figure 11.2: Three representative isocost lines.
Source: InputCostMin.xls!Isocost.

S TEP Click the to see how the firm’s cost minimization goal

is represented on this graph.

The firm can move to a new point by choosing a different combination of L
and K. If the new point has the same T'C of $500 as the initial point, then
it will be on the same $500 isocost.

S TEP Increase L by 30 and decrease K by 20 so you will be at another
point on the same isocost line of $500.

Now you know that all points on the TC = $500 isocost line share the same
total cost of $500. It is also obvious that the slope of each isocost line is —%
since w = 2 and r = 3.

Because the firm can choose the input mix, it can choose any combination
of L and K, provided that the chosen combination can produce the given
amount of output. The firm wants to hire as few inputs as it can (to save
on costs), but it has to meet the production target. How can it solve this
problem?
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The Initial Optimal Solution

We have the constraint (the isoquant) and the goal (get to the lowest isocost
possible), so now we combine the two to find the optimal solution.

S TEP Proceed to the OptimalChoice sheet.

The starting position shows an L,K combination that costs $482.81. You
can confirm this number both in cell B7 and on the chart (the middle label
for the middle line).

The idea is to be on the lowest isocost line (i.e., the one with the smallest
intercept) that is just touching the isoquant because that means the firm will
be minimizing the total cost of producing the given level of output.

Clearly, the starting position is not optimal. You can see that the isocost
is intersecting the isoquant. This information is also revealed by the slope
and TRS information below the chart. The TRS, which is the slope of the
isoquant at a point, is greater (in absolute value) than the slope of the isocost
line at that point.

At the opening position, the firm is said to suffer from allocative inefficiency
because it is on the isoquant, but it fails to choose the cost minimizing input
mix. Because it is on the isoquant, we know it is not technically inefficient—it
is using the opening combination of L and K to get the maximum output.
The problem is that it is using the wrong combination of inputs in the sense
that there is a cheaper way to produce the given output.

We know there are two ways to solve optimization problems: analytically
and numerically. Because we have Excel and the problem implemented on
the sheet, we begin with the numerical approach.

S TEP Run Solver. The optimal solution is depicted by the canonical
graph displayed in Figure 11.3.

Solver’s answer, which is correct, has the firm choose an L,K combination
whose isocost just touches the isoquant. There is no cheaper combination
that can produce 100 units with the existing technology (given by the pro-
duction function). If the firm went to an isocost that was one cent lower, it
could not rent enough L and K to make 100 units of output.
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Goal
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Figure 11.3: The initial optimal solution.
Source: InputCostMin.xls!OptimalChoice, after running Solver.

We can confirm Solver’s result by applying the Lagrangean method to solve
this constrained optimization problem.

We start by writing down the problem, using the parameter values from the
OptimalChoice sheet.

min7TC =2L + 3K
LK

)

s.t. 100 = LY K2
The first step is to rewrite the constraint so that it is equal to zero.
100 — IO 02 —
The second step is to form the Lagrangean by adding lambda, A, times the

rewritten constraint to the original objective function. We use an extra-large
L for the Lagrangean function that is not at all related to the L for labor.

min [ = 2L + 3K + \(100 — L™ K%2)
LKA\

The third step to finding the optimal solution is to take the derivative of the
Lagrangean with respect to each endogenous variable and set each derivative
to zero (giving us the first-order conditions).
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oL _ 2-0.75,L " K" =0
dL
ol

— 0.2 L(] -hK 0.8 =0
9K
% =100 — L().75 KU.E -0
oA

The fourth, and last, step is to solve this system of equations for L*, K*, and
A*. The system of three equations contains the answer, that is, the values
of L and K that minimize T'C. Our task is to use the equations to find these
values that satisfy the three equations.

There are many ways to solve the system, but we will use the same approach
that we used in the Theory of Consumer Behavior. We will reduce the sys-
tem from 3 to 2 to 1 equation and unknown.

We move the terms with lambda in the first two equations to the right-hand
side and then divide the first equation by the second. The Cobb-Douglas
production function is easy to work with because the exponents of L and K
sum to -1 and 1, respectively, when you apply the i—z = 297 rule.

2 0750 L70B K02
3T 0K F
2 075179 K02
37 02007TK08
2 375K

3T L

L =5625K

As you can see above, this strategy cancels the lambdas and gives an expres-
sion for L = f(K), which, in conjunction with the third first-order condition,
reduces the system to two equations with two unknowns.

L =5.625K
100 — L0 K2

We substitute the expression for L into the constraint (the third first-order
condition) and solve for K*.
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100 — [5.625K]"7 K2 = 0
100 = 3.6525 K075 K02
27.37847% = (K"
27.378415 = ( K().t}s)ﬁg

K* = 32.588

Then, substituting K* back into the expression for L = f(K), we get L*.

L =5.625K
L = 5.625[32.588]
L* =183.31

Substituting L* and K* into the original objective function, we can compute
the minimum cost of producing 100 units.

TC = 2L + 3K
TC = 2[183.1] + 3[32.588]
TC* = $464.38

The analytical solution agrees with Solver’s answer.

The work we did in dividing the first equation by the second yields an
equimarginal condition that is similar to the MRS = f)—; rule from constrained
utility maximization. At the optimal solution, we have

2 37K

3 L

The left-hand side is the input price ratio and the right-hand side is the TRS.
Thus, at the optimal solution we know that input price ratio must equal the
TRS. This is a mathematical statement of the tangency we see in Figure 11.3.

If this equimarginal condition is not met, but the firm is on the isoquant (i.e.,
it is technically efficient), then we have allocative inefficiency. If [T RS| > %,
then the isocost is cutting the isoquant and the firm can lower total costs by
rolling down the isoquant. The reverse, of course, applies if [TTRS| < %.

S TEP If you have not done so already, double-click inside the box around
cell J25 and use the scroll bar to show how the isocost and isoquant graph
matches up with the TRS = % equimarginal condition.



362

Comparing Consumer and Firm
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Figure 11.3 bears a striking resemblance to the canonical graph used in the
Theory of Consumer Behavior and the analytical work also contains strong
similarities, but there are some critical differences between the consumer and
firm optimization problems. Figure 11.4 presents a side-by-side comparison
to highlight the contrasts between them.

Isoquant Side of the
Characteristic Theory of Consumer Behavior Theory of the Firm
Goal maximize utility (U7 = fix1, x2)) minimize total cost (TC = wl, + rK)
Canonical
Graph of x2 K
Initial
Solution
* q
x1 L
The line is the constraint. The curve is the constraint.
The curves are the goal. The lines are the goal.
One line and several One curve and several
(representative) curves. (representative) lines.
Function Utility is a fiction that represents The production function gives g as
Properties preferences. The actual value of a measurable, cardinal quantity.
the utility function has no meaning.
Maximum The numerical value of maximum | The numerical value of minimum
Value utility (U'*) is not important. total cost (TC*), measured in
Function dollars, 1s the highest priority.
Key Demand Curve Cost Function
Comparative | x” = f(p,). ceteris paribus TC™ = f(q). ceteris paribus
Statics
Exercise
Interpreting | No real economic meaning because | L™ is marginal cost, the additional
ax utility is merely ordinal. cost of producing more output.

Figure 11.4: Comparing consumer and firm optimization problems.

It makes sense to use the knowledge and skills learned from the Theory of
Consumer Behavior, but do not fall into a false sense of security. The input
cost minimization problem has its own characteristics and terminology.
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Cost Minimization is One of Three Problems

The Theory of the Firm is actually a set of three interrelated optimization
problems. The initial solution to the firm’s cost minimization problem fo-
cuses attention on the cheapest combination of inputs to produce a given
level of output.

We can apply the same techniques we used to solve the consumer’s utility
maximization problem. The canonical graph is similar to the standard graph
from the Theory of Consumer Behavior, but as Figure 11.4 shows, there are
substantial differences between utility maximization and cost minimization.

One important similarity is the continued use of the comparison of a price
ratio to the slope of a curve to determine whether the optimal solution has
been found. In the case of the constrained cost minimization problem, the
firm will choose that combination of inputs where TRS = . If this condition
is not met, the direction of the inequality (;, or j) tells us which way the firm
should move to find the minimum total cost.

Now that we understand the firm’s cost minimization problem and have found
the initial solution, we are prepared to take the next step—comparative stat-
ics analysis. The economic approach is unrelenting and monotonous. We ap-
ply the same framework to every problem. Through practice and repetition,
you will learn to think like an economist.

Exercises

1. The Q&A sheet asks you to change r to 30 and use Solver to find
the initial solution. Find the initial solution to this same problem via
analytical methods and compare the two results. Are they the same?
Show your work.

2. The fixed proportions production function, ¢ = min{aL, BK} is anal-
ogous to the perfect complements utility functional form. Suppose
a=p8=1 w=10, r = 50, and ¢ = 100. Find L*, K*, and TC*.
Show your work. Use Word’s Drawing Tools to draw a graph of the
optimal solution.
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3. Given the quasilinear production function, ¢ = vL + K, and input
prices r = 2, and w = 5, find the cheapest way to produce 1000 units
of output. Use analytical methods and show your work.

4. Set up the problem in question 3 in Excel and use Solver to find the
optimal solution. Take a screen shot of the solution on your spread-
sheet and paste it into a Word document.

5. Can isoquants intersect? Explain why or why not.

References

The epigraph is from page 1044 of Joseph Schumpeter’s |History of Economic
Analysis (published in 1954, shortly after his death). This classic traces the
intellectual history of economics from Aristotle to the 20th century. Schum-
peter reviews the theories and visions of giants like Adam Smith and Karl
Marx, but also an incredible number of philosophers and economists that will
not be familiar to you.

Ragnar Frisch, credited by Schumpeter with inventing the term isoquant,
had a knack for inventing words, e.g., macroeconomics and econometrics.
Luckily, “substitumal cost flexibility” did not catch on. A Norwegian, Frisch
was part of an exceptionally strong quantitative and empirical tradition in
Scandinavian economics that remains alive to this day.
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Several hundred years ago, an unknown
inventor combined charcoal, sulfur and
saltpeter and lit it afire. When the dust
settled the world was changed forever.

The Story of the Gun

11.2 The Enfield Arsenal

This chapter departs from the usual presentation style employed in this book.
There is no Excel workbook associated with this application. Instead, you
will be given the opportunity to answer questions and the answers are pro-
vided at the end of the chapter. Each question is highlighted by the usual
Step marker. Try to work out each question on your own before looking at
the answers.

There are four goals:
1. To understand cost minimization with isoquants and isocosts.

2. To provide an example of how theory can be applied to real-world
problems.

3. To illustrate how economics can help us understand what we observe.

4. To see that economics has wide and varied application.

The inspiration and source of this application of cost minimization is from
Edward Ames and Nathan Rosenberg, “The Enfield Arsenal in Theory and
History,” The Economic Journal (Vol. 78, No. 312, December, 1968), pp.
827-842, www.jstor.org/stable/2229180.

Ames and Rosenberg were economic historians and that immediately leads to
a puzzler: how are economic historians different from regular historians? The
answer has to do with the economic approach. Once trained as an economist,
the methods and way of thinking can be applied to events and outcomes from
the past. This is what Ames and Rosenberg did with the Enfield Arsenal.
But before we get to that, we need to understand what rifling is all about.
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Rifling
Rifles are a relatively recent innovation in firearms. Figure 11.5 shows an

early version of the famous Enfield rifle with labels for the three main parts:
the lock, stock, and barrel.

lock

barrel

An early production Windsor Enfield lock dated 1855.

Figure 11.5: The Enfield rifle that was stored in the Enfield Arsenal.
Source:
collegehillarsenal.com /index.php?route=information /blogger&blogger id=9

It is the barrel that distinguishes rifles from smooth-bore muskets. The bar-
rel of a rifle has a striated pattern that spins the bullet, increasing velocity
and accuracy compared with a ball from a musket.

S TEP Watch this short video on rifling from The Story of the Gun:
vimeo.com/25200729.

But the Enfield rifle was important not because it rifled, but because of how
it was made.

The American System of Manufacturing

Ames and Rosenberg (p. 827) explain what the Enfield Arsenal was in the
introduction to their paper:

This paper analyses a particular historical event, the establish-
ment of the Enfield Arsenal, in the context of the literature cited.
The British Government committed itself to the construction of
the Enfield Arsenal in 1854 because it wished to be able to make


https://collegehillarsenal.com/index.php?route=information/blogger&blogger_id=9
http://vimeo.com/25200729
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large numbers of rifles for an impending war with Russia (now
known as the Crimean War). The event is important because it
marked the beginning of the movement of mass-production tech-
niques from the United States to Europe. Technical changes in
gunmaking in the nineteenth century were a major source of new
machine techniques; and industrialisation in the nineteenth cen-
tury is overwhelmingly the history of the spread of machine mak-
ing and machine using.

So an arsenal is an armory, a warehouse of guns and ammunition. Enfield is
a place in England and the Enfield Arsenal is literally a building constructed
by the British government in 1854 that would be used to store rifles made
with mass-production techniques.

The Enfield Arsenal was special because it was the first time the British
would use mass-production techniques to make weapons. Up to this point,
the British had made guns the old-fashioned way—by hand in the small shops
of thousands of skilled artisans in the area around Birmingham. The stock
was carefully carved by an experienced craftsman who fitted the stock with
the lock and barrel. It was like a tailor making a bespoke suit—each rifle
was one of a kind. A work of art.

Ames and Rosenberg (p. 832, footnotes omitted) point out that making the
stock by hand was especially slow and expensive to do:

The gunstock was one of the most serious bottlenecks in firearms
production. In England, at the time of the Parliamentary hear-
ings, out of about 7,300 workmen in the Birmingham gun trade,
the number of men employed in making gunstocks totalled per-
haps as many as 2,000. Its highly irregular shape for long seemed
to defy mechanical assistance, and the hand-shaping of the stock
was a very tedious operation. Furthermore, the fitting and re-
cessing of the stock so that it would properly accommodate the
lock and barrel were extremely time-consuming processes, the
proper performance of which required considerable experience.
With Birmingham methods, it required 75 men to produce 100
stocks per day. Using the early (1818) version of the Blanchard
lathe, 17 men could produce 100 stocks per day.

This quotation requires some explanation. First, the reason for the Parlia-
mentary hearings was that British politicians were angry with the Birming-
ham gunsmiths for not adopting fast, efficient mass-production techniques.
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There was an investigation and testimony was given. How could upstart
Americans have better technology than the British, a nation that dominated
the entire globe? It was a national embarrassment!

Second, the quotation mentions the Blanchard lathe. This is a machine that
cuts and shapes wood (and other materials like metal), but it is easier to
understand if you see it.

S TEP Watch this video, vimeo.com /25200825, to understand how a lathe
works and how the production of precision parts makes Diderot’s dream come
true.

The video explained that the new country of the United States of America
needed weapons so the Springfield Armory was built in 1794 in Springfield,
Massachusetts. At first, stocks were made by hand, just like in Birmingham.
They were then individually fitted to each rifle.

But in 1818, the Blanchard lathe burst on the scene. The narrator, echoing
the British Parliamentary hearings, says, “Prior to the Blanchard Lathe, it
took one to two days to make a rifle stock by hand. Now, a twelve-year-old
boy could turn out a dozen stocks in a single day.”

The Blanchard lathe enabled a reorganization of the production process. In
factories in the northeast, the United States began to use mass-production
techniques to make rifles and pistols (and then bicycles, sewing machines,
typewriters, and so on). This is the American system of manufacturing. A
key element is that a machine can make a precision part so many almost
identical parts can be made and then the product is assembled.

The video points out that the history of gun-making is closely tied to the
rise of mass-production techniques and precision manufacturing. In the
video, William Ruger cites an idea from French philosopher Denis Diderot
(1713-1784). Ruger says Diderot’s theory at that time was that “It would be
possible to make all of the individual parts alike and then at the last minute
assemble them, rather than fitting them together as you went, which was the
customary thing up to that time.”

Adam Smith (1723 - 1790) was a contemporary of Diderot. For Smith, the di-
viston of labor explained the explosion in productivity that he saw all around
him as the Industrial Revolution began.


http://vimeo.com/25200825
https://www.google.com/search?q=industrial+revolution

11.2. THE ENFIELD ARSENAL 369

Breaking production into a series of steps and then assembling the parts
enables many more units of output to be produced. This is called the divi-
sion of labor. Smith emphasized several reasons for the greater productivity
enabled by the specialization of labor:

1. Practice makes perfect: focusing on a single task makes you very good
at it.

2. Saves time: no need to set things up when you move to a new task.

3. Innovation: adjustments are made by workers who are expert in a
particular task.

Machines such as the Blanchard lathe feed into the division of labor by en-
abling much finer specialization. For rifles, production with a lathe meant
that they were no longer one of a kind. They were all alike and could be
easily connected to the lock and barrel to make a rifle.

By applying Diderot’s theory of assembling perfectly fitted parts and Smith’s
division of labor, the Springfield Armory was able to enjoy a huge increase
in productivity compared with Birmingham methods.

So now you know exactly what a lathe is and how mass production played
a key role in the exponential increases in productivity during the Industrial
Revolution, but there is one more important advantage to mass production.
Let’s see if you can figure it out.

S TEP What are the tremendous advantages of interchangeable parts in
a rifle (or anything else for that matter) for the end user?

The answer is at the end of this section, but take a few minutes to think
about the question. What advantage would soldiers using rifles that were all
alike have over enemies using individually made rifles?

Two Big Questions

The key date in this story is 1854. Until this time, the British used Birming-
ham methods, which means an experienced craftsman made each entire gun
by hand. They shaped the stock, then attached it to the lock and the barrel.
Each part was slightly different and could not be easily replaced if damaged.



370 CHAPTER 11. INPUT COST MINIMIZATION

Beginning in 1854, rifles produced for the Enfield Arsenal, however, were
made with interchangeable parts (including stocks made on lathes) that could
be put together in an assembly line. Once in use, broken parts could be re-
moved and new ones snapped on.

Ames and Rosenberg (pp. 839-840, footnotes omitted) sum up the situation:

As of 1785, neither the British nor the Americans could make
guns with interchangeable parts. As of 1815, Americans could
make guns with interchangeable metal parts, but could not make
interchangeable gunstocks. As of 1820, they could make inter-
changeable gunstocks. At any date, presumably, they could use
not only current methods but earlier methods which these had
displaced.

The United States had been mass-producing guns with interchangeable parts
since 1815. The British waited until 1854 to use the superior, mass-production
techniques. This gives rise to two big questions:

1. Why did the British wait so long to use mass-production techniques to
make rifles with interchangeable parts?

2. Why did the British switch to mass-production techniques in 18547

1. Why Did the British Wait so Long?

A possible answer to the puzzle of why British gunsmiths did not adopt the
new technology is that the British did not know about the Blanchard lathe
so that is why they did not use it?

S TEP Is lack of knowledge about American technology a good answer?
Why or why not?

Another possible answer is poor management. Maybe British rifle manu-
facturers were lazy, stupid, and careless? The right answer—adopt mass-
production techniques—was staring them in the face and they ignored it.

S TEP Is managerial failure a good answer? Why or why not?

Economic historians give a third answer to why the British did not adopt
the Blanchard lathe. They use the economic way of thinking. They look for
differences in the environment that would lead to different optimal solutions.
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In other words, Ames and Rosenberg stop searching for why the British made
a mistake and accept the fact that their refusal to adopt mass-production
techniques was actually smart and correct. They look for reasons that justify
the British decision to reject the Blanchard lathe.

This is crazy, right? It is obvious that mass production is better. Well, it
turns out that there are two critical differences between the United States
and Britain in the first half of the 19" century that play an important role
in deciding how to make rifles.

First, the two countries had quite different labor forces. The British had
a cohort of skilled rifle craftsmen and the United States did not. As the
Parliamentary hearings noted, there were several thousand skilled craftsmen
in Birmingham making stocks and rifles. The United States was a young
country with mostly unskilled, male workers. Few skilled craftsmen would
emigrate to the United States since they had good, high paying jobs at home.

These supply and demand differences meant that, in the United States, wages
for skilled craftsmen were much higher than in Britain, and wages for un-
skilled labor were lower.

Second, wood was plentiful and cheap in the United States, but it was much
more expensive in Britain. Ames and Rosenberg offer the following footnote
(p. 831) to help explain why wood plays a critical role:

Report of the Small Arms Committee, op. cit., Q. 7273-81 and
Q. 7520-7521; G. L. Molesworth, “On the Conversion of Wood
by Machinery,” Proceedings of the Institution of Civil Engineers,
Vol. XVII, pp. 22, 45-6. In the discussion which followed Mr.
Moleworth’s paper Mr. Worssam, a prominent English dealer
in woodworking machinery, made some interesting comparative
observations which were summarised as follows: “He had seen
American machines in operation, and he found that, although
they might be adapted for the description of work required in
that country, they were not so suitable for English work, in which
latter high finish and economy of material were of greatest impor-
tance. In America the saws were much thicker than those used in
the English saw-mills, so that they consumed more power, wasted
more material, and did not cut so clean, or so true, though there
was less care required in working them” (ibid., pp. 45-6).
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A key point in this long quotation is that American saws (and, of course,
lathes) “wasted more material.” A British skilled craftsman making stocks
from lumber would be careful to “economize” on the material. In America,
a 12-year old boy working with a lathe (a dangerous job) would not care at
all about wasting wood.

The different endowments of wood in the two countries meant that the Blan-
chard lathe was much more expensive to operate in Britain than in America.

Now that we know how the United States and Britain differed with respect
to (1) wages for skilled and unskilled labor and (2) operating costs for the
Blanchard lathe, we are ready to make the case for the economic explanation
for why the British waited so long to adopt mass-production techniques.

As is typical in economics, the exposition will rely on graphs. But instead of
just reading the explanation, you will try to do it yourself first. The idea is
to apply the input cost minimization problem to this scenario. You can, of
course, simply jump to the end of the section to see the answers, but you will
learn much more if you try to do it yourself first. Follow the instructions and
hints offered below and see how close you get. Make sure you understand
where you made a mistake or in what ways you were confused.

S TEP Draw graphs that show how the different resource endowments
and input prices affected the optimal input mix. Use the detailed instruc-
tions that follow as a guide. How do the graphs explain why the British
waited so long to adopt mass-production techniques?

We will use two sets of two graphs. The first set of two graphs will be for the
labor force difference between the United States and Britain. The second set
shows the effect of the different endowments of wood.

Begin by drawing a graph representing the British situation in 1820 with
respect to using skilled and unskilled labor to make, for example, an order
of 1,000 rifles. It should have skilled labor on the y axis and unskilled labor
on the z axis. Draw in an isoquant (representing the combinations of skilled
and unskilled labor that would make the requested 1,000 rifles).

Draw another graph, next to the first one, that is exactly the same. Your
second graph represents the United States’ options for making 1,000 rifles in
1820. The fact that both isoquants are the same means that the two coun-
tries had access to the same technology and are making the same product.
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Next, you need to draw the isocost lines. This is where the difference in labor
force comes into play. We know the British have skilled labor and the United
States does not—immigrants to the United States were not typically experi-
enced, educated workers, but young, unskilled males. That means the price
of skilled labor is much higher in the United States. How is that reflected in
the isocosts for your two graphs?

The second set of graphs uses L and K as the inputs. As before, draw a
pair of graphs side by side, one for the British and the other for the United
States, with machinery on the y axis and labor on the z axis. Include the
isoquants. Once again, the isoquants are the same, meaning that the British
were aware of and could have used American methods.

The key to the economic explanation for why the British did not do what
the Americans were doing lies in the isocosts. Remember that early versions
of the Blanchard lathe used a lot of wood and this increases the price of
machinery. If 7 is much higher in Britain than in the United States, how
does this affect the isocosts?

Take a moment to look at your two sets of graphs. How can they be used to
explain why the British rejected mass production before 18547

Proceed to the end of this section to check your graphs and answers.

2. Why Did the British Switch in 18547

The second big question revolves around the British decision to switch in
1854 and mass produce the Enfield rifle. Why did they do this? Why did
they abandon their decades-old system of production centered in Birming-
ham, with a network of many small artisans and smiths that made firearms
to individual order or in small batches?

Our first possible answer matches up with the lack of knowledge answer
to the first big question. Maybe, in 1854, the British heard that mass-
production techniques utilizing the Blanchard lathe were available and im-
mediately moved to adopt the new production methods?

S TEP Is sudden awareness of new American technology a good answer?
Why or why not?
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The second possible answer, like before, relies on management. Maybe they
wised up? What if British firearms manufacturers recovered from their slum-
ber and moved quickly to modernize their industry?

S TEP Is managerial improvement a good answer for the switch? Why
or why not?

You probably got the first two right, but the third one is harder. It might
be easy in general terms, but getting the details can be complicated.

The third answer is based on economic reasoning. This means that when
we see changes in behavior, we look for changes in the environment. We do
not search for events or causes that changed a mistake into the right answer.
Instead, we accept that the answer to not use mass production was correct
for, say, 1830, but the new optimal solution, in 1854, was to switch to the
American system.

This is a key aspect of the economic approach, and it can be challenging to
grasp. Our instinct when we see something change is to think of correction
or improvement. Economists do not think this way. We see optimization
everywhere so if something changes, it was optimal before and it has moved
to a new optimal solution because of an exogenous shock.

The search is on for shocks that switch the correct answer from “reject” to
“accept” interchangeable parts.

There are two ways in which Britain before 1854 differed from Britain after
1854 and these two ways impacted wages and the operating cost of machin-
ery. These changes act as shocks on the input cost minimization problem
and produce a new optimal solution. We first have to figure out the shocks,
then we can see how they affect the optimal solution.

S TEP Answer these two questions:

1. What happened to the British labor force?
2. What happened to the Blanchard lathe?

You may not be an expert on British labor in the 19*" century or know any-
thing about the Blanchard lathe, but you can think about what might have
happened. Try to come up with a hypothesis. Think of recent changes in the
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labor force that you have heard about, especially those driven by technology
(e.g., driverless cars and trucks). Think about how machines, computers,
and technology in general have changed over time.

After checking your answer at the end of this section, so now you know what
happened, you are ready to draw graphs that illustrate the economic histo-
rian’s explanation for the British switch in production technique.

S TEP Draw graphs that show how the changes mentioned affected the
optimal input mix. How do the graphs explain why the British switched to
mass-production techniques in 18547

Draw two pairs of graphs just like before (unskilled and skilled labor on one
and machinery and labor on the other), but this time we are comparing envi-
ronments before and after 1854 in Britain (the United States has nothing to
do with this). First, compare the optimal mix of unskilled and skilled labor
for Britain in 1820 versus 1854. Remember that the skilled craftsmen died
and were not replaced so the skilled wage rate rose. How does this make the
1854 graph different from the 1820 graph?

In the second set of two graphs, with machinery and labor on the axes, we
know that machinery got better and better (wasting less and less wood) over
time so r fell. What will this shock do to the isocost lines?

Check out the suggested answers at the end when you are finished. Take the
time to debug any mistakes. Make sure you understand how the isocost lines
shift and how the comparison of two graphs yields answers to the questions.

Evaluating this Application

At the beginning, we had four goals:
1. To understand cost minimization with isoquants and isocosts.

2. To provide an example of how theory can be applied to real-world
problems.

3. To illustrate how economics can help us understand what we observe.

4. To see that economics has wide and varied application.
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You decide to what extent the goals were met. At the very least, you learned
a little about American manufacturing in the 19'" century and rifles (includ-
ing where the phrase “lock, stock, and barrel” comes from).

The application should help you understand the conventional isoquant—isocost
graph and the firm’s input cost minimization problem. Remember that the
higher the price of the input on the x axis or lower the price of the input on
the y axis, the steeper the isocosts.

But the real deep learning and big picture idea concerns how economists view
the world. This is called economic reasoning or the economic approach. We
did “an economic analysis of the Enfield Arsenal.”

The idea is that economics is not a discipline organized around content (the
stock market or money, for example), but a way of thinking. Economists often
interpret observed behaviors as optimal solutions to optimization problems
and they see change as driven by a shock that takes us from one optimal
solution to another.

Thinking like an economist is difficult and sometimes counter-intuitive, but
it can provide an interesting perspective on the world. Certainly, Ames and
Rosenberg gave us a novel view of the issues surrounding the Enfield Arsenal.

Exercises

1. Explain why the endowment of wood affects the price of machinery
used in producing rifles in the 19th century.

2. What could have caused the British to switch to mass-production tech-
niques before 18547 Give a concrete example.

3. If the British had used the Blanchard lathe in 1820, then that would
have been allocatively inefficient. Draw a graph that shows this and
explain what it means.

4. Ames and Rosenberg (p. 836) include additional differences between
America and Britain, such as the fact that the British consumer liked
fancier gunstocks:

American machine processes could not produce guns of the
kind favoured by English civilians. The Blanchard lathe pro-
duced stocks of a standard size, whereas English buyers did
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not want standard gunstocks. The English methods were
suited to catering to the idiosyncratic needs of individual
users.

How would this information change the comparison of the isoquant—isocost
graph in the two countries?

References

The epigraph is on the description of The Story of the Gun’s DVD set, avail-
able online and in many libraries. This entertaining video mixes the history
of firearms with military history and technological change.

Ames and Rosenberg’s article is an excellent example of economic history.
The Cliometric Society is online at www.eh.net/Clio. In Greek mythology,
Clio is the muse of history. Cliometricians use economic theory and econo-
metrics to analyze economic history.

Denis Diderot’s encyclopedialis available online. The Catholic Church banned
it because it was too skeptical about Biblical miracles.

Adam Smith’s discussion of the division of labor and his famous pin factory
example is in the first book of The Wealth of Nations, at www.econlib.org/.
Although it seems obvious today, specialization as a way to increase produc-
tivity was not so clear and Smith argued it drove the mighty economic engine
he saw springing to life.
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Appendix: Suggested Answers

S TEP What are the tremendous advantages of interchangeable parts in
a rifle (or anything else for that matter) for the end user?

Fixing broken rifles! You can quickly repair a mass-produced rifle if one of
its pieces (lock, stock, or barrel) breaks. A rifle built by hand is useless once
one of its individual parts fails. You would need a skilled craftsman to fix it.

On a battlefield, you could cobble together parts from different broken units
to create operating weapons. And anyone could do this—they would not
have to be a skilled craftsman.

In general, with precision parts, if the product breaks, you can buy a replace-
ment part to repair the product. With bespoke items, you need an expert to
adjust and refit to repair it.

S TEP Is lack of knowledge about American technology a good answer?
Why or why not?

This is a ridiculous explanation. Granted there is an ocean, but given the
common language and communication, this answer makes no sense. In fact,
there is lots of evidence that the British knew all about the American meth-
ods. They simply chose not to use them.

S TEP Is managerial failure a good answer? Why or why not?

Like lack of knowledge, this is not a very satisfying answer. There is no reason
to believe these specific people were especially poor managers. Economists
are wary of this type of answer. Self-interested agents who respond to incen-
tives are unlikely to make bad decisions, especially with great sums of money
and lives at stake.

There is a subtle point to be made here that separates economists and non-
economists. The latter are much more likely to accept mistake and stu-
pidity to explain an observed decision or behavior that turned out badly.
Economists tend to stick with rational, optimizing agents and explain bad
choices as a result of lack of information or differing objectives.
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S TEP Draw graphs that show how the different resource endowments
and input prices affected the optimal input mix. Use the detailed instruc-
tions that follow as a guide. How do the graphs answer explain why the
British waited so long to adopt mass-production techniques?

The isoquant is exactly the same in each graph in Figure 11.6. US skilled
labor wages were very high because there were few experienced craftsmen
migrating to the United States, but lots of young, unskilled workers. The
slope of each isocost is the input price ratio, —% Thus, the US isocost
lines are flatter than Britain’s. This leads to a different cost-minimizing input

mix.

Skilled Labor Skilled Labor

\

Unskilled Labor Unskilled Labor

Figure 11.6: The effect of different wages for labor.

The price of machinery includes the cost of wood use just like a car’s operating
cost includes the cost of gasoline. The early versions of the Blanchard Lathe
were quite wasteful, but this did not matter in the heavily forested United
States. In Britain, however, wood was expensive. The British Isles were
mostly deforested by then. This makes the isocost lines steeper in Figure
11.7 for Britain. Once again, factor prices help determine the input mix.

Machinery Machinery

Britain

\

Labor Labor

Figure 11.7: The effect of different prices for machinery.
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So how do these graphs explain how economists view this historical episode?
Varying resource endowments mean that each country faces its own set of
input prices, which in turn lead to different cost-minimizing solutions. For
the United States, unskilled labor with the Blanchard lathe was the cheapest
way to make rifles. Not so for the British. At that time and place, with the
skilled craftsmen and lack of cheap wood, rejecting mass production was the
optimal decision.

In fact, the economic approach says something even more outlandish. Had
the British used mass production for rifles before 1854, that would have been
a mistake! Take the US tangency point and transfer it to the British graph
in Figures 11.6 and 11.7. Producing with the US input mix is allocatively
inefficient for Britain—that is, the British would not be minimizing cost.

Economists have no problem with agents making different choices. This does
not mean that one is right and the other is wrong. All it means is that they
face different prices. They are both optimizing. That is a difficult idea to
wrap your head around. Ponder it.

S TEP Is sudden awareness of new American technology a good answer?
Why or why not?

This answer makes little sense. American and British people and entrepreneurs
moved freely across the Atlantic and were well aware of production methods
in each country. The claim that a new technique was suddenly made known
to the British is absurd.

S TEP Is managerial improvement a good answer for the switch? Why
or why not?

This answer is pretty silly. To be credible, it requires an explanation for
the sudden change from stupid, lazy, and careless producers of firearms to
smart, energetic, and focused ones. There is no evidence of an explosion in
managerial aptitude or a burst in managerial education. For this argument
to be convincing, we will need a lot more evidence on British management
prowess and how it changed over time.
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S TEP Answer these two questions:

1. What happened to the British labor force?

2. What happened to the Blanchard lathe?

The British labor force underwent a profound structural adjustment. The
skilled craftsmen in the Birmingham gun trade died off and were not re-
placed. No skilled gunstock maker would suggest that his son follow him
into the trade. They could see the writing on the wall-—the machines were
taking over. As the supply of these workers dwindled, the wages of skilled
rifle artisans in Birmingham rose.

Perhaps more important is the second shock. The Blanchard lathe was con-
tinually improved over time; more modern versions of the lathe wasted a lot
less wood. Today, a lathe uses a laser sight to precisely cut the wood. No
human could possibly compete with it.

As the lathe wasted less wood, the operating cost of machinery fell. This is
a nice example of how the price of an input can represent more than simply
the out-of-pocket cost paid for the input. In this example, the price of a
lathe is not simply the price paid for the machine itself; it includes the price
of the wood used.

So, the shocks to the input cost minimization problem are that the skilled
labor wage rose relative to the unskilled and r fell relative to w.

Notice how we first figure out what happened and then we model it. That is,
we incorporate the story into one of the variables. In this case, the changing
labor force increases the wage of skilled labor and the improving Blanchard
lathe decreases 7.

S TEP Draw graphs that show how the changes mentioned affected the
optimal input mix. How do the graphs explain why the British switched to
mass-production techniques in 18547

A high price of skilled labor makes the isocost lines flat (the slope falls in
absolute value because the denominator increases). This leads to a more
unskilled-labor intensive optimal input mix. As skilled craftsmen disap-
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peared and their wages rose, there was greater incentive to use unskilled
labor. Notice how the comparison in Figure 11.8 is across time periods.

Skilled Labor Skilled Labor

Britain 1820

Britain 1854

! \

Unskilled Labor Unskilled Labor

Figure 11.8: The effect of changes in the British labor force.

The price of machinery fell and fell as machines got better and better, making
the isocost lines steeper and steeper (r is in the denominator) as shown in
Figure 11.9, and leading to the adoption of mass-production techniques in
Britain—the Enfield Arsenal was born.

Machinery Machinery

Britain in 1820

Britain in 1854

\

Labor Labor

Figure 11.9: The effect of improvement in the Blanchard lathe.

Notice how the Britain in 1854 graphs in Figures 11.8 and 11.9 are the same as
the US graphs in Figures 11.6 and 11.7. This shows that when Britain faced
the same input prices as the United States, they made the same, optimal
decisions.



There are reasons to hope that another type
of production function, more diversified than
Douglas’s, may soon be available, and from
these it would be possible to derive cost
functions typical for particular industries.

Hans Staehle

11.3 Deriving the Cost Function

We have solved the input cost minimization problem so the next task is com-
parative statics analysis. We will focus on shocking ¢ (the quantity the firm
must produce) and track minimum total cost. The relationship between T'C*
and q is called the cost function.

The novelty here is that we are not interested in how the optimal values of
the endogenous variables, L and K vary as we shock ¢. Instead, we focus on
the objective function, minimum total cost, and how it changes as ¢ changes.

Another important aspect of comparative statics analysis for the input cost
minimization problem is that, unlike utility in the Theory of Consumer Be-
havior, total cost can be cardinally measured. We can compare the total
costs of different firms and perform arithmetic on total cost. If the minimum
TC for ¢ = 10 is $40 and it rises to $45 when ¢ = 11, we can say TC in-
creased by $5. Because T'C' is cardinal, we will be able to interpret and use
the Lagrangean multiplier.

As usual, we will explore both ways to do comparative statics:

e Numerical methods using a computer: Excel’s Solver and the Compar-
ative Statics Wizard.

e Analytical methods using algebra and calculus: conventional paper and
pencil.

Numerical Methods to Derive the Cost Function

S TEP Open the Excel workbook DerivingCostFunction.xls, read the In-
tro sheet, and proceed to the OptimalChoice sheet.

383
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The organization is the same as in the InputCostMin.xls workbook. The
cost-minimizing way of producing 100 units of output is to use about 183.3
hours of labor with 32.6 machines, which costs $464.38. There is no other
combination of L and K that makes 100 units at a lower cost.

What happens if the firm needs to produce more, say, 110 units of output?
STEPChange cell B18 to 110.

The chart updates, showing a new (red) isoquant. The initial combination
is not a viable option because it cannot produce 110 units. The firm has to
re-optimize.

S TEP Run Solver to find the new optimal solution.

The cost-minimizing amounts of labor and capital increase to produce the
higher output required and the minimum total cost is now $513.39. We are
looking for the minimum total cost. We want to know the cheapest way of
producing any given output. This is called the cost function.

We can show the comparative statics analysis on the isoquant-isocost graph
or on a presentation graph where we plot TC* = f(q), ceteris paribus. If we
connected the points of tangency of isoquants and isocosts, we would get the
least cost expansion path (LCEP).

Our work thus far has revealed two points on the LCEP and cost function:
when ¢ = 100, TC = $464.38 and when ¢ = 110, TC = $513.39. Let’s use
the Comparative Statics Wizard to get more data so we can draw the LCEP
and cost functions and understand how they are related.

S TEP Return cell B18 to 100, then run the Comparative Statics Wizard,
applying 10 ¢ shocks in increments of 10.

The CS1 sheet shows what your results should look like. The CSI sheet
includes two graphs, the isoquant-isocost graph with the least cost expansion
path and the cost function, as shown in Figure 11.10.
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Figure 11.10: Deriving the cost function.
Source: DerivingCostFunction.xls!CS1

Figure 11.10 should remind of you of other graphs we have drawn, such as
Engel and demand curves. On the left, using the display of the optimal
solution to the input cost minimization problem, we show how different ¢
produce a set of tangency points that comprise the LCEP.

On the right in Figure 11.10, we show only the minimum cost of producing
each level of ¢, and hide everything else. This allows us to highlight the
relationship between T'C' and q.

The two graphs in Figure 11.10 make clear that the source of the cost func-
tion is the optimal solution of the cost minimization problem as ¢ varies.
Just like demand curves do not come out of thin air, but are derived from
utility maximization, cost functions are derived from input cost minimization.

We are interested in the shape of the cost function. It looks like a line, but
is it really linear? To find out, we can see if it has a constant slope. If the
slope is changing, we know the function is not linear.

S TEP In your CS sheet, find the slope at different points on the function
by computing the change in T'C' divided by the change in q.

Click the ‘ Unhide Column E ‘ button (near cell C9 in the CS1 sheet) if you
are stuck or to check your work. It is clear that the slope changes as output
changes. This means that the cost function is nonlinear.
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Analytical Methods to Derive the Cost Function

We can use the Lagrangean method to find TC* = f(q). We will leave ¢ as
a letter instead of a number so that the reduced-form solution will include
g. Then we can plug in any value of ¢ to find minimum cost for that ¢ and
easily draw a graph of the cost function.

The solution closely follows the work we did at the beginning of this chap-
ter, but we proceed step-by-step to practice and reinforce the Lagrangean
method.

The problem is

min7TC = 2L + 3K

LK
st q= L0.75K0.2

The first step is to rewrite the constraint so that it is equal to zero.
q— L0.75K0.2 =0

The second step is to form the Lagrangean by adding lambda, A, times the
rewritten constraint to the original objective function. We use an extra-large
L for the Lagrangean function that is not at all related to the L for labor.

min [ = 2L + 3K + \(q — L*™ K°?)
LK\

The third step to finding the optimal solution is to take the derivative of the
Lagrangean with respect to each endogenous variable and set each derivative
to zero (giving us the first-order conditions).

ZIL‘ =2-075.L7""K" =0
% —3_0.2x L().75 K—l).S =0
i =q- Ll).75 Kl).Z =0

oA

The fourth, and last, step is to solve this system of equations for L*, K*, and
A*. We move the terms with lambda in the first two equations to the right-
hand side and then divide the first equation by the second. The exponents
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cancel nicely (see section 11.1) and we get L = 5.625K. This is not a reduced-
form solution because L is not a function of exogenous variables alone. We
substitute this expression for L into the third first-order condition to get
optimal K and then optimal L as shown below.

q— [5.625K]OJS K')'Z =0

q =3.6525K" P K"

q 0.95
=K
3.6525

1

q }m_ 0.95) 75
[3.6525 = (K75

1 1

K* = 0.25574g™ = [* = 1.43854¢ 0%

Finally, we substitute the optimal solutions for L* and K* into the original
objective function.

TC=wL+7rK
TC* =2[1438547%s | + 3[0.25574q 75

1 1

TC* = 2.877q7 +0.767q7%

1

TC* = 3.644q 7

This expression is the total cost function. It gives the cheapest cost of produc-
ing any given amount of output. If ¢ = 100, TC = $464.38. Not surprisingly,
this agrees with our results using numerical methods.

Notice also that the cost function is clearly nonlinear. It is increasing at an
increasing rate because the exponent on ¢ is greater than one (ﬁ ~ 1.05).
The derivative of T'C' with respect to ¢, the slope, is not constant because
it depends on ¢. If the exponent was exactly 1, then the slope would be
constant and the T'C' would be a line. The fact that this exponent is only

slightly greater than one explains why 7'C' looks almost linear in Figure 11.10.

Interpreting Points Off the Cost Function

When we derived the demand curve from the “maximize utility subject to a
budget constraint” optimization problem, we explored what it meant to be
off the demand curve (see Figure 4.12). We learned that points to the left
or right of the inverse demand curve (with price on the y axis) mean that
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the consumer is not optimizing, i.e., the consumer is not choosing a point of
tangency between the indifference curve and budget constraint.

We can conduct the same kind of inquiry here, asking this question: What
does it mean to be off the cost function?

Unlike the inverse demand curve, where the exogenous variable is on the y
axis, the cost function is graphed according to usual mathematical conven-
tion, with the exogenous variable, output, on the z axis. Thus, points off the
curve are interpreted vertically above or below the cost function.

What does it mean if a point is above the cost curve? Figure 11.11 helps us
answer this question. On the left is the familiar isoquant/isocost graph. The
cheapest way to produce g0 units of output is with the L and K combination
at the point labeled TC*. The graph on the right of Figure 11.11 shows that
TC* is the point on the cost function at an output of ¢0.

TCz

q=q0

Figure 11.11: Understanding points off the cost function.

Point Z, a point above the cost function, reveals that the firm is producing
the level of output g0 at a total cost above the minimum total cost. This
means that the firm is choosing an input mix that is not cost minimizing.
Point Z on the graph on the left of Figure 11.11 must lie on an isocost above
the tangent isocost. We do not know exactly where point Z is on the graph on
the left (so we do not know if there is technical or allocative inefficiency), but
we do know it has to be somewhere on the isocost labeled T'Cz that has a to-
tal cost the same as the cost of producing point Z (on the graph on the right).

Point Y on the right side of Figure 11.11 is below the cost function. How
can this point be generated by the graph on the left? It cannot. There is
an isocost with a total cost equal to that at point Y, but it is below the iso-
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quant and, therefore, unattainable. In other words, point Y does not actually
exist. The firm cannot produce ¢q0 units of output at any cost less than TC*.

Another way of thinking about T'C' geometrically, is that there are points
above TC, but only empty space below it. Sure, on a printed page, chalk-
board, or computer screen, there is white space above and below T'C' and
you can write on it (just like point Y in Figure 11.11), but this is misleading.
In fact, below T'C' there is nothing, total void. If you tried to put a point
there, your hand would go through the paper!

This has implications beyond pure theory. The fact that there are no points
below the cost function means that we should never fit a line through a cloud
of points to estimate a cost function. Instead of a least squares approach to
estimating a cost function, estimation techniques in the stochastic frontier
literature are based on fitting a curve around the observed points, as in Figure
11.12.

Estimated TC

q

Figure 11.12: Estimating a cost function.

Shifts in the Cost Function

You learned in Introductory Economics that price causes a movement along
a demand curve, but other shocks (like increasing income) change demand
causing the entire curve to shift. The same thing happens with the cost
function. Changing ¢ leads to moving along the T'C function, but other ex-
ogenous variables cause shifts in the cost function.

STEPProceed to the CostF'n sheet.


https://www.google.com/search?q=stochastic+frontier+analysis

390 CHAPTER 11. INPUT COST MINIMIZATION

The sheet displays a cost function charted from the data above it. The data
in columns L and M are actually formulas for the reduced-form expressions
for L* and K*. Column N has the minimum total cost for the benchmark
problem and will not change because the cells are merely numbers (so it is
labeled “Dead (Initial)”). Column O, however, has the reduced-form expres-
sion for TC* and will update if any of the underlying parameters are changed
(hence the “Live” label).

S TEP Click on a few cells in columns L, M, N, and O to see the formulas
and values.

The general versions of the reduced forms for the Cobb-Douglas production
functions are provided and entered in cells. The expressions look daunting
(and they are tedious to derive), but the derivation is straightforward: leave
every exogenous variable as a letter and find the optimal solution for L, K, A,
and total cost.

Initially, N and O are the same because the exogenous variable values have
not been changed yet. Let’s do that now.

STEPChange cell B20, the exponent on L, to 0.8.

Your screen looks like Figure 11.13. The increase in labor productivity has
shifted down the total cost curve. This makes sense. The increase in ¢ has
made it cheaper to produce any given output.

TC*=f(q)
$6,000
$5,000 ad
/ TC
$4,000
// _e
TC* $3,000 /.{J TC
!_,.n’
$2,000 o
/’./
$1,000 /‘ *
$- " " : : :
0 200 400 600 800 1000 1200
q

Figure 11.13: Total cost shifts down when labor productivity rises.
Source: DerivingCostFunction.xls!CostFn
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You can experiment with other shocks to the cost function. Change input
prices, input exponents, or A to see how the cost function shifts. Click the
button or ctrl-z (undo) after every trial. Connect what you see on
the screen with the shock you applied. Changes in ¢ have no visible effect
because you simply move along the cost function.

Interpreting \*

We end this chapter by showing that the Lagragean multiplier, A* has a use-
ful interpretation in the input cost minimization problem. We will see that
A* gives an easier way to derive a cost function than solving the constrained
cost minimization problem with ¢ as a letter and finding TC* = f(q).

The cost function shortcut uses the fact that A* gives the instantaneous rate
of change in the optimum value of the objective function as the constraint
varies. Thus, A\* signals how relaxing the constraint would impact the goal.

For utility maximization, we could relax the constraint by increasing income.
The budget constraint in the Lagrangean is m—pyx1 —pexs = 0 S0 as m rises,
the consumer will be able to reach greater maximum utility. The Lagrangean
multiplier tells us how much more utility is gained as income increases. Un-
fortunately, utility is ordinal so A* does not have a useful interpretation in
the Theory of Consumer Behavior.

Things are different in the constrained input cost minimization problem. The
objective function in this case is minimum total cost and is measured on a
cardinal scale. We can directly observe minimum total cost and meaningfully
compare how it changes within a firm and across firms. This means we can
apply the interpretation of A* to input cost minimization.

The constraint in the Lagrangean is ¢ — f(L, K). If we vary the constraint by
having the firm produce one more unit of output, we know total cost would
rise as we moved to a higher isoquant. The value of \* tells us by how much
minimum total cost would rise.

For example, at ¢ = 100 in DerivingCostFunction.xls, \* is about $4.89. You
can confirm this by numerical methods (using Excel’s Solver and getting the
Sensitivity Report) or by analytical methods, solving for A* from the three
first-order conditions. Either way, you will get (almost exactly) the same
answer.
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But what does this tell us? The $4.89 value means that if we increase out-
put by an infinitesimally small amount, minimum total cost will go up by
$4.89-fold. Let’s use Excel to work on this.

S TEP Click the button in the CostF'n sheet and take a look at
the highlighted cell with a yellow background (P8). Click on it and read the
formula.

The value of P8 is $4.99. That is close to the value of A\* of $4.89, but not
quite exactly the same. What is going on?

S TEP Go to the CS1 sheet and take a look at the highlighted, yellow-

backgrounded cell (E15) (click the ‘ Unhide Column E | button if needed). Its
value is $4.90.

This is much closer to \*’s value of $4.89. Why? Because the change in ¢ is
much smaller in the CS7 sheet than in the CostFn sheet. As the change in ¢

approaches zero, the change in TC* divided by the change in ¢ will approach
A

STEPReturn to the CostFn sheet and change cell K8 from 200 to 110.
This replicates the CS1 sheet value for A*. Next, set K8 to 101. What do
you see?

With K8 set to 101 so that Ag = 1, AA—TqC = $4.89, the value of \*. Well,
actually, not exactly $4.89. If we displayed more decimal places in P8 and
computed the value of A* to more decimal places, the two would not agree.
But they would get closer the smaller we made Ag.

Of course, this is nothing more than a demonstration of the idea of the deriva-
tive. If you are puzzled as to how AA—TQC can be that close to A\* in the CS1
sheet (a one cent difference seems pretty small), given that the change in ¢
is 10 units (which is hardly infinitesimally small), the answer lies in the total
cost function: It simply is not very curvy. Because TC* follows almost (but
not quite) a straight line, computing the slope from ¢ = 100 to ¢ = 110 is

close to the slope of the tangent line at ¢ = 100.

The purpose of the work above was to convince you that \* = %. The

Lagrangean multiplier gives the instantaneous rate of change in minimum
total cost with respect to output.
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S TEP You can confirm the claim that \* = % by changing the param-
eters in the CostF'n sheet and keeping your eye on the rose-backgrounded

cell H31. It computes the difference between A\* in H13 and % in H30. The
difference is always zero because these two things, A* and % are equivalent.
You might ask, “So what?” In other words, what can we do with the knowl-
edge that \* = %? A lot. For one thing, we can easily derive the cost
function. After all, the rate of change in total cost as output changes is
marginal cost (MC). Thus, \* = % = MC(q). This means we can easily

get the total cost function by simply integrating A\* with respect to ¢.

Furthermore, as we will see when we solve the output profit maximization
problem, we usually want marginal revenue and marginal cost, so knowing
that \* = % can be a real shortcut. If we have \*, then we do not have to
derive TC* = f(q) and then take the derivative to get MC.

The Cost Function has Parents

This section included some complicated ideas, but we end by prioritizing
things. There is no doubt that the most important idea is that the cost
function has a source and does not appear from nowhere. This is captured
by Figure 11.10—the cost function is derived by doing comparative statics
analysis on the input cost minimization problem.

Although we are often interested in the response of an endogenous variable
to a shock, comparative statics in the input cost minimization problem is
focused on how the objective function, minimum total cost, is affected by
shocking ¢. Minimum total cost as a function of ¢ is the cost function.

By explaining what it means to be above or below the cost function in terms
of the isoquant—isocost graph, we emphasized the idea that the cost func-
tion shows the cheapest way to produce any given output. A good way to
remember this is to ponder the striking fact that there is no space below the
cost function, meaning that it is impossible to produce the given output any
cheaper than the cheapest way possible.

Changes in other parameters besides output cause the entire cost function to
shift because minimum total cost depends on all of the exogenous variables.
If ¢ changes, we move along the cost function; other shocks shift T'C.
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Finally, we explained a mathematically sophisticated idea: \* provides infor-
mation on the rate of change of the optimum value of the objective function
as the constraint is relaxed. This interpretation of the Lagrangean multiplier
holds for every constrained optimization problem.

We did not apply this interpretation in the Theory of Consumer Behavior
because utility (the objective function) cannot be cardinally measured. In
the old days, when utility was believed to be cardinally measured in utils, A\*
was the marginal utility of money. A* would tell you the rate of change in
maximum utility if you gave the consumer an infinitesimal increase in income.

Since total cost is directly observable and countable, \* can be correctly in-

terpreted as marginal cost, %. This gives a shortcut to the cost function
and MC.

Exercises

1. With the production function, ¢ = L>™K°® and exogenous variables
w = 2, r = 3, use Excel to create a graph of the cost function for the
same ¢ values as the one in the C'SI sheet. Copy and paste your graph
in a Word document.

2. How is the cost function you just derived different from the one in the
CS1 sheet? Which variable is responsible for generating this difference?

3. From the cost functions in the C'S7 sheet and question 1, what can you
deduce about cost functions derived from Cobb-Douglas production
functions?

4. If someone solves an input cost minimization problem and finds that
M* = 50, what does this mean?
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advances in statistics and data collection would enable economists to esti-
mate cost functions for particular industries. Unfortunately, it is fair to say
that Staehle’s dream of the discovery of flexible functional forms remains
unfulfilled. Empirical work on cost functions usually finds that firms face
linear (or nearly linear) total costs (yielding horizontal average and marginal
costs) over large ranges of output.






Only 11 percent of firms report
that their MC curves are rising. By
contrast, about 40 percent claim
that their MC curves are falling.

Alan Blinder, Elie Canetti, David
Lebow, and Jeremy Rudd

11.4 Cost Curves

In the next chapter, we will work on the firm’s second optimization problem:
maximize profits by choosing the amount of output to produce. Because
profits are revenues minus costs, the cost function plays an important role in
the firm’s profit maximization problem.

This section is devoted to the terminology of cost curves and an exploration
of their geometric properties. Derived from the cost function, a variety of
cost curves are used to solve and display the firm’s profit-maximization prob-
lem. This section defines and derives them.

A basic idea that is easy to forget is that there are many shapes of cost
functions. Our work on deriving the cost function used a Cobb-Douglas
production function and that gives rise to a particularly shaped cost function.
A different production function would give a different cost function. A key
idea is that ¢ = f(L, K) determines the shape of TC* = f(q).

Names and Acronyms

You know that if we track 77C*, minimum total cost, as a function of ¢, we
derive the cost function. Since we will be using other measures of costs, to
avoid confusion, we refer to the cost function as the total cost (T'C') function.
The total cost function has units of dollars ($) on the y axis. We can divide
total costs into two parts, total variable costs, TVC, and total fixed costs,
TFC.

TC(q)=TVC(q) +TFC

If the firm is in the short run, it has at least one fixed factor of production
(usually K') and the total fixed costs are the dollar value spent on the fixed
inputs (rK). Notice that the total fixed costs do not vary with output. TFC
is a constant and does not change as output changes so there is no “(¢)” in
the TFC function like there is on TVC and TC.

397
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The total variable costs are the costs of the factors that the firm is free to
adjust or vary (hence the name “variable costs”), usually L. As output rises,
firms need more inputs to produce the increased output so total variable
costs rise.

In the long run, defined as a planning horizon in which there are no fixed
factors, there are no fixed costs (7FC = 0) and, therefore, TC(q) = TV C(q).
In other words, the total cost and total variable cost functions are identical.

In addition to total costs, the firm has average, or per unit, costs associated
with each level of output. Average total cost, ATC (also known as AC), is
the total cost divided by the output level.

ATC(q) = TC;@

Average variable cost, AVC, is total variable cost divided by output.

Ave(g) = T

Average fixed cost, AFC; is total fixed cost divided by output.

arc( - T

Notice that AFC(q) is a function of ¢ even though TFC' is not because AFC
is TFC divided by ¢. Since the numerator is a constant, AFC(q) is a rect-
angular hyperbola (y = ¢/x) and is guaranteed to fall as ¢ rises. This can
be confirmed by a simple example. Say TFC = $100. For very small ¢, such
as 0.0001, AFC is extremely large. But AFC falls really fast as ¢ rises from
zero (and AFC is undefined at ¢ = 0). At ¢ = 1, AFC is $100, at ¢ = 2,
AFC is $50, and so forth. The larger the value of ¢, the closer AFC' gets to
zero (i.e., it approaches the r axis).

It is easy to show that the average total cost must equal the sum of the
average variable and average fixed costs:

TC(q) = TVC(q) + TFC

TC(g) _TVCl) , TFC

q q q
ATC(q) = AVC(q) + AFC(q)


https://www.google.com/search?q=rectangular+hyperbola
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We often omit AFC(q) from the graphical display of the firm’s cost struc-
ture (see Figure 11.14) because we know that AFC/(q) = ATC(q) — AV C(q).
Thus, average fixed cost can be easily determined by simply measuring the
vertical distance between ATC and AVC' at a given q.

The facts that AFC(q) = ATC(q) — AVC(q) and AFC goes to zero as q
rises means that AVC must approach ATC as ¢ rises. Always draw AVC
getting closer to ATC' as ¢ increases past minimum AVC. Figure 11.14 obeys
this condition.

Unlike the total curves, which share the same y axis units of dollars, the
average costs are a rate, dollars per unit of output. You cannot plot total
and average cost curves on the same graph because the y axes are different.

Another cost concept that we get from the total cost function is marginal cost
(MC). Like average costs, MC' is a rate and it comes in $/unit. Marginal cost
is often graphed together with the average curves (as shown in Figure 11.14).

Marginal means additional in economics. Marginal cost tells you the addi-
tional cost of producing more output. If the change in output is discrete,
then we are measuring marginal cost from one point to another on the cost
curve and the equation looks like this:

_ ATC(g)

MC(q) Ag

If, on the other hand, we treat the change in output as infinitesimally small,
then we use the derivative and we have:

B dTC(q)
-~

MC(q)

Because TFC does not vary with ¢, marginal cost also can be found by tak-
ing the derivative of T'VC(q) with respect to ¢.

Average cost and marginal cost are used to refer to entire functions (see
Figure 11.14), but also to specific values. For example, if ATC = $10/unit
and MC = $3/unit at ¢ = 5, this means that it costs $10 per unit to make
the five units and, thus, the firm had $50 of total costs to make five units.
The MC tells us that the 5 unit costs an additional $3 so the total cost
went from $47 for 4 units to $50 for 5 units.
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The Geometry of Cost Curves

The average and marginal curves are connected to each other and must be
drawn according to strict requirements. Whenever a marginal curve is above
an average curve, the average curve must be rising. Conversely, whenever a
marginal is below an average, the average must be falling.

For example, consider the average score on an exam. After the first 10 stu-
dents are graded, there is an average score. The 11th student is now graded.
Suppose she gets a score above average. Hers is the marginal score and we
know it is above the average so it has to pull the average up. Suppose the
next student did poorly. His marginal score is below the average and it pulls
the average down. So, we know that whenever a marginal score is below the
average, the average must be falling and whenever a marginal score is above
the average, the average must be rising. The only time the average stays the
same is when the marginal score is exactly equal to the average score.

This relationship between the average and marginal means that the marginal
cost curve must intersect the average variable and average total cost curves
at their respective minimums, as shown in Figure 11.14. From ¢ = 0 to the
intersection of MC with ATC, MC is below the ATC and the ATC falls. To
the right of the intersection of MC with ATC, MC' is above the ATC' so the
ATC is pulled up. MC and AVC curves share the same relationship.

MC > Avg > Avg rising

15
5 MC
ATC
. $104 AV(
c
=
-
$5 - )
ATC - AVC
MC < Avg = Avg falling gap closing
$0 T T T T 1
0 5 10 q 15 20 25

Figure 11.14: Marginal and average relationships.
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Figure 11.14 also shows a property that was highlighted earlier: The gap
between ATC and AVC must fall as ¢ rises.

You will understand these abstract ideas better by exploring concrete exam-
ples. Three cost functional forms will be examined:

1. Cobb-Douglas Cost Curves
2. Canonical Cost Curves
3. Quadratic Cost Curves

Instead of memorizing specific facts or points, look for the pattern and re-
peated connections. Focus on the relationship between the total and average
and marginal curves.

S TEP Open the Excel workbook CostCurves.zls and read the Intro sheet,
then go to the CobbDouglas sheet to see the first example.

1. Cobb-Douglas Cost Curves

The CobbDouglas sheet is the CostFn sheet from the DerivingCostFunc-
tion.xls workbook with the ATC and MC' curves plotted below the T'C' curve.
Column I has a formula for the T'C' curve using L* and K*, from which we
can compute ATC and MC in columns J and K. Click on an MC' cell, for
example, cell K4, to see that the cell formula is actually for A*. We are using
the shortcut that \* = MC.

With L and K both endogenous, there are no fixed factors of production.
This means we are in the long run and there are no fixed costs. Thus, T'C

= TVC and ATC = AVC.

It is immediately obvious that the marginal and average curves do not look
at all like the conventional family of cost curves as shown in Figure 11.14.
In fact, a Cobb-Douglas production function cannot give U-shaped average
and marginal cost curves as in Figure 11.14.

Remember that there are many functional forms for cost curves (total, av-
erage, and marginal) and the shape depends on the production function. In
other words, the production function is expressed in the cost structure of a
firm.
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STEPSet the exponent on capital, d, to 2 to replicate Figure 11.15.

ATC and MC
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Figure 11.15: Total cost shifts down when labor productivity rises.
Source: CostCurves.zls!CostFn, after setting d = 2.

Because average cost is falling as ¢ rises in Figure 11.15 (and your computer
screen), it means that total cost is increasing less than linearly as output
rises. The total cost graph on your screen confirms that this is the case. It
costs $33 to make 200 units, but only $43 to make 400 units. Double output
again to 800. How much does it cost? Cell 19 tells you, $55. This is puzzling.
If input prices remain constant, how can we double output and not at least
double costs?

The answer lies in the production function. You changed the exponent on
capital, d, from 0.2 to 2. Now the sum of the exponents, ¢ + d, is greater
than 1. For the Cobb-Douglas production function, this means that we are
operating under increasing returns to scale. This means that if we double
the inputs, we get more than double the output. Or, put another way, we
can double the output by using less than double the inputs.

This firm can make 400 units cheaper per unit than 200 units. It can make
800 units even cheaper per unit because it is taking advantage of the increas-
ing returns to scale.

Increasing returns are a big problem in the eyes of some economists because
they lead to a paradox: One firm should make all of the output. There are
situations in which increasing returns seem to be justified, such as the case of
natural monopolies, in which a single firm provides the output for an entire
industry because the production function exhibits increasing returns to scale.
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The classic examples are utility companies, e.g., electric, water, and natural
gas companies. Often, these firms are nationalized or heavily regulated.

We can emphasize the crucial connection between the production function
and the cost function via the isoquant map.

S TEP Scroll down to row 100 or so in the CobbDouglas sheet.

The three isoquants are based on a Cobb-Douglas production function with
parameter values from the top of the sheet, except for d, which can be ma-
nipulated from the Set d radio buttons (above the chart). The three red
points are the cost-minimizing input combinations for three different output
levels: 100, 120, and 140.

Above the graph, the value of the sum of the exponents, initially 0.95, is dis-
played. A description of the shape of the total cost function, which depends
on the value of ¢ + d, and a small picture of that shape is shown. Figure
11.16 has the initial display.
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Figure 11.16: Isoquants determine the shape of the cost function.
Source: CostCurves.xls!CobbDouglas.

The spacing between the points is critical. The distance from A to B is a
little less than that from B to C. This means that as output is increased from

120 to 140, the firm needs a bigger increase in inputs than when ¢ rose from
100 to 120.
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As output continues rising by 20 units, the next isoquant we have to reach
is getting farther and farther away, requiring progressively more inputs, and
progressively higher costs. This is why 7'C' is increasing at an increasing rate.

STEPClick on the d = 0.25 option.

The isoquants shift in because it takes fewer inputs to make the three levels
of output depicted. The distance between the isoquants has decreased and
TC' is linear. Most importantly, the distance between the points is identical.

With ¢+ d = 1, the spacing of the isoquants is constant. As ¢ increases by
20, the next isoquant is the same distance away and the firm increases its
input use and costs by a constant amount. This is why the T'C function is a
line, increasing at a constant rate.

STEPClick on the d = 0.3 option.

Once again, the chart refreshes and isoquants shift in. Now the distance
between the isoquants is decreasing. As ¢ rises, the isoquants get closer to-
gether and the total cost function is increasing at a decreasing rate.

STEPClick on the d = 0.35 option.

This produces even stronger increasing returns and a T'C' function that bends
faster than d = 0.3.

The fundamental point is that the distance between the isoquants reflects
the production function. There are three cases:

1. If the distance is increasing as constant increases in quantity are ap-
plied, the total cost function will increase at an increasing rate.

2. If the distance remains constant, the cost function will be linear.

3. If the distance get smaller as output rises, the firm has costs that rise
at a decreasing rate.

This holds for all production functions and, in the case of Cobb-Douglas, it is
easy to see what is going on because the value of ¢ + d immediately reveals
the returns to scale and spacing between the isoquants.
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But the advantage of Cobb-Douglas in easily displaying the three cases (de-
pending on the value of C' + d) means it cannot do all three cases at once.
A Cobb-Douglas production function can generate a T'C' functon that is in-
creasing at an increasing or constant or decreasing rate, but not all three.

The shape of the cost function is dependent on the production technology.
Repeatedly cycle through the radio buttons, keeping your eye on the iso-
quants, the distance between the points, and the resulting total cost func-
tion. Your task is to understand and cement the relationship between the
production and cost functions.

An accordion is a good metaphor for what is going on. When scrunched up,
the isoquants are being squeezed together, which gives increasing returns to
scale and TC increasing at a decreasing rate. When the accordion is ex-
panded and the isoquants are far apart, we have decreasing returns to scale
and T'C rising at an increasing rate.

Do not be confused. The reason why increasing (decreasing) returns to scale
leads to TC rising at a decreasing (increasing) rate (they are opposite) is that
productivity (returns to scale) and costs are opposites. Increased productiv-
ity enables slower increases in costs of production. Production increasing at
an increasing rate and costs increasing at a decreasing rate are two sides of
the same coin.

2. Canonical Cost Curves

STEPProceed to the Cubic sheet.

This sheet displays the canonical cost structure, in other words, the most
commonly used cost function. It produces the familiar U-shaped family of
average and marginal costs (which Cobb-Douglas cannot).

The canonical cost curves graph can be generated by a cost function with a
cubic polynomial functional form.
TC(q) = aq® +bg* + cq +d

The d coefficient (not to be confused with the d exponent in the Cobb-
Douglas production function) represents the fixed cost. If d > 0, then there
are fixed costs and we know the firm is in the short run.
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Once we have the cost function, the top curve on the top graph in the Cubic
sheet, we can apply the cost definitions (from the beginning of this section)
to get all of the other cost curves. The other total curves are:

TVC(q) = aq® + bg* + cq

TFC =d

S TEP Click on each of the three curves in the top graph of the Cubic
sheet to see the data that are being plotted.

Now turn your attention to the bottom graph. The curves in the bottom
graph are all derived from the top graph. Notice that the y axis label is dif-
ferent, the totals in the top have units of $, while the average and marginal
curves have a y scale of §/unit (of output).

S TEP Click on each of the three curves in the bottom graph to see the
data that are being plotted.

Custom formatting has been applied to the numbers in the average and
marginal cost cells to display “$/unit” in each cell. Tt is easy to forget that
“$” is not the units of average and marginal cost curves.

The average total and average variable costs are easy to compute: simply
divide the total by ¢. You can confirm that column E’s formula does exactly
this. There is no ATC value for ¢ = 0 because dividing by zero is undefined.

We can also divide the equation itself by ¢ to get an average. This is done
for AVC. The formula in cell F2 is “= a_*(A6°2) + b_*A6 + c_” because
dividing TVC(q) = aq® + bg® + cq by q yields = ag® + bq + c¢. Notice that
AV for ¢ = 0 does exist.

Marginal cost is more difficult to understand than average cost. Marginal
cost is defined as the additional cost of producing more output. “More” can
be an arbitrary, finite amount (such as 1 unit or 10 units) or an infinitesi-
mally small change in the number of units.

If we use an arbitrary, finite amount of increase in ¢, then we compute MC

as AA—TqC. We can also compute MC for an infinitesimally small change, using
the derivative, L€, These two computations will be exactly the same only

dgq
if MC is a line.
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The two approaches are applied in columns G and H. The derivative of T'C
with respect to ¢ is:

TCO(q) = ag® +bg* + cq +d

drc
—— =3a¢* +2bq + ¢
dgq

Notice how we apply the usual derivative rule, bringing the exponent down
and subtracting one from the exponent for each term. The d coefficient,
TFC, disappears because it does not have ¢ in it (or, if you prefer, think of
d as dg"). The expression for MC' is entered in column G.

Column H has MC for a discrete-size change. You can vary the size of the
change in ¢ by adjusting the step size in cell B3.

STEPMake the step size smaller and smaller. Try 0.1, 0.01, and 0.001.

As you make the step size smaller, the values in column H get closer to those
in column G. This, once again, demonstrates the concept of the derivative.

Another way to get the cost function is to use the neat result from La-
grangean method. We can simply use A* = M C and we have the MC' curve.
No delta-size change or derivative required. If what we really wanted was
the total cost function, then we would have to integrate the A\* function with
respect to ¢. The constant of integration is the fixed cost, which would be
zero in the long run.

The family of cost curves in the Intro and Cubic sheets (and in Figure 11.14)
are the canonical cost curves displayed in countless economics textbooks.
You might wonder, if not Cobb-Douglas, then what production function
could produce such a cost function? That is not an easy question to an-
swer. In fact, the functional form for technology that would give rise to the
canonical cost curves is quite complicated and it is not worth the effort to
painstakingly derive the usual U-shaped average and marginal cost curves
from first principles.

It is sufficient to know that a production function underlies the polynomial
TC function and its resulting U-shaped average and marginal cost curves.
We also want to keep in mind that if input prices rise, the cost curves shift
up and, if technology improves, they shift down.
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3. Quadratic Cost Curves

S TEP Proceed to the Quadratic sheet to see a final example of cost
curves.

It is immediately clear that the quadratic functional form is a special case of
the cubic cost function, with coefficients a and ¢ equal to zero.

Look at the top chart and connect the shapes of the TC, TVC, and TFC
functions to the functional form T'C(¢) = bg* + d. Given the coefficient val-
ues in the sheet, this gives TC(q) = ¢* + 1, TVC(q) = ¢*, and TFC = 1.

The bottom chart does not look familiar, but it obeys the definitions of aver-
age and marginal cost explained earlier in this section. ATC is TC(q) divided
by q: ATC(q) = q+ %. Similarly, AVC is TV C(q)/q, which is ¢ (a ray out

of the origin). MC is the derivative of T'C' with respect to ¢, which is 2q.

Although not the usual U-shaped curves, the MC curve (actually, MC' is
linear) intersects AVC and ATC at their minimums. When MC' is below
ATC, ATC is falling, but beyond the point at which MC' intersects ATC' (at
the minimum ATC), MC is above ATC and ATC is rising. As ¢ increases,
AV converges to ATC, which implies that AFC goes to zero.

The shapes of the cost curves are not the usual U-shaped average and
marginal curves, but this is another of the many possible cost structures
that could be derived from a firm’s input cost minimization problem.

The Role of Cost Curves in the Theory of the Firm

Cost curves are not particularly exciting, but they are an important geomet-
ric tool. When combined with a firm’s revenue structure, the family of cost
curves is used to find the profit-maximizing level of output and maximum
profits.

Cost curves can come in many forms and shapes, but they all share the basic
idea that they are derived by minimizing the total cost of producing output,
where output is generated by the firm’s production function. Different pro-
duction functions give rise to different cost functions.
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The shape of the cost function, rising at an increasing, constant, or decreas-
ing rate, is determined by the production function. With increasing returns
to scale, for example, a firm can more than double output when it doubles
its input use. That means, on the cost side, that doubling output will less
than double total cost. Returns to scale can be spotted by the spacing be-
tween the isoquants. With increasing returns to scale, for example, the gaps
between the isoquants get smaller as output rises.

No matter the production function, it is always true that for output levels
at which marginal cost is below an average cost, the average must be falling
and MC above AVC or ATC means AVC or ATC is rising. It is also true
that, in the short run (when there are fixed costs), AVC approaches ATC as
output rises.

Lastly, consider the message conveyed by Figure 11.17. The arrows show the
progression—average and marginal curves come from the total cost function,
which comes from the input cost minimization problem (with the production
function expressed in the isoquants).

K ‘ s ‘
Input cost min: Total cost function:
Isoquants & isocosts TC(q)
L q

S/unit ‘ l

Family of cost curves:

ATC, AVC, MC

Figure 11.17: Connecting cost graphs.

Economists use graphs to communicate. It may seem like graphs are con-
jured out of thin air, but this is false. All graphs have a genealogy and a
story to tell. When you know where graphs come from, that helps in reading
them correctly.
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Exercises

1. A Cobb-Douglas production function with increasing returns to scale
yields a total cost function that increases at a decreasing rate. Use
Word’s Drawing Tools to draw the underlying isoquant map for such a
production function.

A commonly used specification for production functions in empirical work is
the translog functional form. There are several versions. When applied to
the cost function, you get a result like this:

InTC =aptarInQ +asnw +agnr +asIn@ Inw +asInQ Inr +aglnw Inr

Notice that the function is a modification of the log version of a Cobb-Douglas
function. In addition to the individual log terms there are combinations of
the three variables, called interaction terms.

Click the | Exercise Questions | button at the bottom of the QéA sheet in
the CostCurves.zls workbook to reveal a sheet with translog cost function
parameters. Use this sheet to answer the following questions.

2. Enter a formula in cell B18 for the T'C' of producing 100 units of output,
given the alpha coefficient and input price values in cells B5:B13. Fill
your formula down and then create a chart of the total cost function
(with appropriate axes labels and a title). Copy and paste your chart
in a Word document.

Hints: TC = elnTC and the exponentiation operator in Excel is
EXP(). “=EXP(number)” in Excel returns e raised to the power of
that number.

3. Compute MC' via the change in output from 100 to 110 in cell C19.
Report your result.

4. Compute MC via the derivative at ) = 100 in cell D18. Report your
result.

Hint: 4 (e/@)) = /@ L (f(z))

dx

5. Compare your results for MC in questions 3 and 4—are your answers
the same or different? Explain.
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The epigraph is from page 218 of Alan Blinder, Elie Canetti, David Lebow,
and Jeremy Rudd, Asking About Prices: A New Approach to Understand-
ing Price Stickiness (Russell Sage Foundation, 1998). This book reports the
results of interviews with more than 200 business executives. The authors
explain that asking about a firm’s marginal cost “turned out to be quite
tricky because the term 'marginal cost’ is not in the lexicon of most business
people; the concept itself may not even be a natural one” (p. 216). The
question was, therefore, phrased in terms of “variable costs of producing ad-
ditional units.”

The results confirmed what many who have attempted to estimate cost curves
know: The canonical, U-shaped family of cost curves makes for nice theory,
but it is not common in the real world. In fact, many business leaders have no
idea what marginal cost is or how to measure it. Do not lose sight, however,
of the purpose of the Theory of the Firm. It is not designed to realistically
describe a living firm. The Theory of the Firm is a severe abstraction with a
primary goal of deriving a supply curve. The next chapter does exactly that.
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There are many occasions, therefore, when several
explorers are surprised, and somewhat pained, on
meeting each other at the Pole. Of such an occasion
the history of the “marginal revenue curve” presents
a striking example. This piece of apparatus plays a
great part in my work, and my book arose out of the
attempt to apply it to various problems, but I was
not myself one of the many explorers who arrived in
rapid succession at this particular Pole.

Joan Robinson

12.1 Initial Solution

With a total cost function, TC(q), and its associated average and marginal
cost curves, we are ready to solve the the firm’s output profit maximiza-
tion problem. The firm chooses the amount of output that maximizes profit,
defined as total revenue minus total cost. This is the second of three opti-
mization problems that make up the Theory of the Firm.

All firms face this profit maximization problem, but this chapter works with
a perfectly competitive (PC) firm in the short run (SR). There are, of course,
many other market structures and types of firms, but perfect competition is
the first step from which more sophisticated scenarios arise.

The firm’s market structure tells us the environment in which it operates.
Its market structure determines the firm’s revenue function. A PC firm is
the simplest case because it takes price as given. Thus, revenues are simply
price times quantity and the revenue function is linear.

Remember that we are not trying to describe the actual operation of a busi-
ness. In fact, a truly perfectly competitive firm does not exist in the real
world. The concept is an abstraction that enables derivation of the supply
curve. This is our goal.

Remember also that the short run is defined by the fact that at least one
input (usually K) is fixed. In the long run, the firm is free to choose how
much to use of every factor. K is fixed not because it is immovable (like a
pizza oven or a building), but because the firm has contracted to rent a cer-
tain amount. It cannot increase or decrease the amount of K in the short run.

Profit maximization and its graphs may be familiar from introductory eco-
nomics. This experience will help you, but do not be complacent. Keep your
eye on how the economic way of thinking is being applied in this case and
make connections with other optimization problems we have explored.

415
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Perfectly Competitive Market Structure

A perfectly competitive firm sells a product provided by countless other firms
selling that homogeneous (which means identical) product to perfectly in-
formed consumers. Because the product is homogeneous, there are no quality
differences or other reasons for consumers to care about who they buy from.
Because consumers are perfectly informed, they know the price of every seller.

Thus, the PC firm’s market structure is one of intense price competition.
Every firm sells the product at the exact same price because if anyone tried
to sell at even a tiny bit higher than the market price, no one would buy
from them.

The shorthand term for this environment is price taking. The PC firm must
take the price and cannot choose its price—price is exogenous to the firm.

In addition to price taking, the market structure of the PC firm is charac-
terized by an assumption about the movement of other firms into and out
of the industry: free entry and exit. Firms can enter or leave the market,
selling the same good as everyone else, at any time.

These two ideas, price taking and free entry, distinguish the PC firm from
its polar opposite, monopoly. A monopolist chooses price and has a barrier
to entry. Between these two extremes are many other market structures in
which real-world firms actually exist.

The PC firm’s market structure means that an individual PC firm does not
worry about what other firms are doing. Each firm simply chooses its own
output to maximize profit and does not watch the other firms to gain a
strategic advantage. In this sense, there is no rivalry in perfect competition.

Setting Up the Problem

As usual, we organize the optimization problem into three parts:

1. Goal: maximize profits (7, Greek letter pi), which equal total revenues
(TR) minus total costs (TC).

2. Endogenous variable: output (q).

3. Exogenous variables: price of the product (P), input prices (the wage
rate (w) and the rental rate of capital (7)), and technology (parameters
in the production function).
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Unlike the consumer’s utility maximization and the firm’s input cost mini-
mization problems, this profit maximization problem is unconstrained. The
firm does not have a restriction, like a budget constraint or isoquant, that
limits its choice of output to a particular range. It can choose any non-
negative level of output.

This greatly simplifies the optimization problem. For the analytical method,
it means we do not need the Lagrangean method. All we need to do is take
a single derivative and set it equal to zero.

Finding the Initial Solution
Suppose the cost function is:
TC(q) = ag® +bg* + cq +d

Then we can form the PC firm’s profit function and optimization problem
like this:
maxnm =TR —TC
q

max T = Pq — (aq® + bg® + cq + d)
q

As usual, we have two ways to solve this optimization problem: numerically
and analytically.

S TEP Open the Excel workbook QutputProfitMarPCSR.xls and look
over the Intro sheet.

The Intro sheet is not meant to be immediately understood. It offers high-
lights of material that will be explained and prints as one landscaped page.
It provides a compact summary of the optimal solution of the output profit
maximization problem for a perfectly competitive firm in the short run.

S TEP Proceed to the OptimalChoice sheet to find the initial solution.

The sheet is organized into the components of an optimization problem, with
goal, endogenous, and exogenous variable cells.

Initially, the firm is producing nine units of output and making $11.74 of
profit. Is this the highest profit it can possibly make?
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No. The sheet reveals the information needed to give this answer. By com-
paring marginal revenue (MR) and marginal cost (MC), we immediately
know that the firm would make a mistake (we would say it is inefficient) if
it produced just nine units.

The MC of the ninth unit is $3.52 as shown in cell B22, but what about MR?
Perhaps you remember from introductory economics that P = M R for per-
fectly competitive firms? We can see that the additional revenue produced
by the last unit, $7 (the price), is greater than the additional cost, $3.52 (cell
B22). Thus, the firm should produce more. How much exactly should the
firm produce?

S TEP Run Solver to find out.

Look carefully at B22. At the optimal solution, ¢* ~ 13.09, MC = $7
per unit. P = MC, a special case of MR = MC for a PC firm, is
the equimarginal condition in this problem, analogous to MRS = g—; and
TRS = 7. When the equimarginal condition is met, the firm is guaranteed
to be maximizing profits.

To find the optimal solution via the analytical method, we take the derivative
of the profit function with respect to g, set it equal to zero, and solve for g*.
Our cubic cost function introduces the complication that the solution has
two roots so we have to use the quadratic formula.

S TEP Click the | Show the Analytical Solution | button to see how to
solve this problem with calculus.

Cell AC17’s formula has the root that maximizes profits (the other root
minimizes profits—more on this in the next section). As usual, Solver and
calculus agree (not exactly, but they give effectively the same answer).

Representing the Optimal Solution with Graphs

Since this is an unconstrained optimization problem (unlike utility maxi-
mization and input cost minimization), the graphical display of the optimal
solution is different.

The firm’s output profit maximization problem is usually represented by a
graph that depicts the family of cost curves along with marginal and av-


https://www.google.com/search?q=quadratic+formula
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erage revenue. Figure 12.1 and the Intro sheet shows this canonical graph
for a perfectly competitive firm (signaled by the fact that firm demand is
horizontal, so marginal revenue equals demand).

MC
Price ATC
\ /AVC
D=P=MR=AR
EEE LI /
q* quantity

Figure 12.1: The canonical output profit maximization graph.
Source: QutputProfitMaxPCSR.xls!Intro.

Figure 12.1 is the usual display of the optimal solution, but it is actually part
of a much larger graphical display.

STEPProceed to the Graphs sheet to see how Figure 12.1 fits into the
bigger picture, also shown in Figure 12.2. Zoom out to see all four graphs.

s15000 - Totals: TR and TC [p=7 o> excess ofis Y Totals: Profit
§140.00 TC " _
$120.00 Price= 7 R qrofg~0= 1308
$100.00 2000 1 wtofge0= $2023
580.00 §15.00 I
$60.00 §10.00
B ;
520.00 (55.00) b 10 15 \ 20
§0.00 + + Controller ————————————
0 5 10 15 fhooceq _ )
quantity (units) < 3 quantity (units)
Marginals and Averages: Marginals: m=
MR and MC; AR, ATC, AVC $5.00 funit —
$14.00 funit pice- 7 5400 funit |
$12.00 funit 1+ ool qr0=13.09 $3.00 funit +
510.00 funit { 52.00 funit +
$8.00 funit $1.00 funit +
) 50.00 unit |
$6.00 funit +
$4.00 funit 1 (100 unit ’ " " ®
: (§2.00)/unit
$2.00 funit + | ($3.00)/unit mm
50.00 funit ; 5‘, 1:0 e 2:0 ($4.00)/unit -
quantity (units) quantity (units)

Figure 12.2: Four graphs of output profit maximization.
Source: OQutputProfitMarzPCSR.xls!Graphs.
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Each of the four graphs in Figure 12.2 and on your screen can be used to
show the firm’s optimization problem and its solution. We will walk through
each one.

1. The top left graph plots total revenue and total cost. TR is linear
because the firm’s market structure is perfect competition, hence, it is
a price taker. The cubic total function produces the shape of T'C. The
firm wants to choose ¢ to maximize the difference between revenues
and costs.

2. The top right graph shows the profit function, which is TR —T'C. The
firm wants to choose ¢ so that it is at the highest point on the profit
hill.

3. The bottom right graph displays marginal profit, which can be ex-
pressed as the derivative of the profit function with respect to ¢. The
firm can find the maximum profit by choosing ¢ so that marginal profit
is zero. This is the first-order condition from the analytical solution.

4. Finally, the bottom left graph is the usual display. The firm chooses ¢
where MR (which equals P given that the firm is a price taker) equals
MC. Profits can be calculated as the area of the rectangle (AR—AT'C')q.

To be clear, all four graphs in Figure 12.2 show the same optimal ¢ and
maximum profits, but the graph that is most often used is the bottom left.
It highlights the comparison of MR and MC and the family of cost curves
provides information about the firm’s cost structure. We can also find profits
as the area of the rectangle (with blue top and dashed line bottom).

S T'E PMove the output with the slider control (in the middle of the four
charts) to the left and right of ¢* to see how the profit rectangle changes.

Only when ¢ is such that M R = MC' do you get the maximum area of the
profit rectangle. Moving left from optimal ¢, you can make the rectangle
taller, but you must make it shorter to do this and you end up with less area.
You can make the rectangle longer by moving right from optimal ¢, but ATC
rises and the rectangle gets thinner, so once again the area falls.

The intersection of MR and MC' immediately reveals the optimal ¢. Profits
at any ¢ are also easily seen as the area of a rectangle, length times width,
with units in dollars. Because the y axis is a rate, $/unit, and the z axis is
in units of the product, multiplying the two leaves dollars. In other words,
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say the product is milk in gallons. Then price, average total, and average
variable cost are all in $/gallon. Suppose that at a price of $2/gallon, MR =
MC at an output of 7,000 gallons and ATC = $1.50/gallon at this output.
Clearly, profits are ($2/gallon - $1.50/gallon) x 7,000 gallons, which equals
$3,500.

We can compute profits from the profit rectangle at any level of output.
The height of the rectangle is always average revenue (which equals price)
minus average total cost. This vertical distance is average profit. When mul-
tiplied by the level of output, we get profits, in dollars, at that level of output.

The bottom left graph has another advantage over the other graphs. It
can be used to explain a curious and puzzling feature of a firm’s short run
profit maximization problem. The story revolves around a firm with negative
profits and what it should do in this situation.

The Shutdown Rule

The firm has an option when maximum profits are negative: it can sim-
ply shut down, close its doors, hire no workers, and produce nothing. The
Shutdown Rule says the the firm will maximize profits by producing nothing
(¢* =0) when P < AVC.

The key to whether the firm shuts down or continues production in the face
of negative profits lies in its fixed costs. If the firm can do better by shutting
down and paying its fixed costs instead of producing and choosing the level
of output where M R = MC', then it should produce nothing.

Continuing production in the face of negative profits versus shutting down
are actually the last two of four possible profit positions for the firm.

1. Excess Profits: 7* > 0 and P > ATC

2. Normal Profits: 7* =0 and P = ATC

3. Negative Profits, Continuing Production: 7* < 0 and P > AVC
4. Shutdown: 7* < 0 and P < AVC

Case 1, excess profits, occurs whenever maximum profits are positive. The
example we have been working on is this case. With P = 7, we know that
q* = 13.09 and 7* = $20.23.
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S TEP In the Graphs sheet, click on the pull down menu (over cell R5)
and select the Zero Profits option.

Your screen now looks like Figure 12.3.
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54000 (520.00) 1
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MR and MC; AR, ATC, AVC $3.00 Junit
$14.00 funit —
Price =5 373 $2.00 Junit
$12.00 funit 1 g ofg=0=11.71 $1.00 Junit
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Figure 12.3: Case 2: Normal (zero) profits.
Source: OQutputProfitMaxPCSR.xls!Graphs.

Notice that the price ($5.373) in the bottom left chart just touches the min-
imum of the average total cost curve. The profit rectangle has zero area
because it has zero height. The best the firm can do is zero profits—all other
choices of ¢ lead to lower (negative) profits.

In the top left graph, you can see that TR just touches TC. In the top right
graph, the top of the profit hill just touches the x axis. These charts confirm
what the bottom left chart tells us—with P = $5.373, ¢* yields 7* = 0.

The third and fourth profit cases are the flip side of the first two in the sense
that price is so low that profits are now negative. This means firms will
leave in the long run, but another question arises: should the firm shut down
immediately or continue production?

S TEP Click on the pull down menu (over cell R5) and select the Neg
Profits, Cont Prod option.
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With the Neg Profits, Cont Prod option selected, P = 5.10. The firm pro-
duces ¢* = 11.43 and suffers negative maximum profits of —$3.16. Notice
that price is below ATC in the bottom left graph, so that the profit rectan-
gle, (AR - ATC)q, will be a negative number. (The area is not negative, but
it is interpreted as a negative amount since revenues are below costs.) In the
top left graph, the TR line is below the T'C' curve. In the top right graph,
the profit function is below the z axis. There is a maximum, or top of the
hill, but it is negative, like a mountain under water.

Keep your eye on the top right graph, reproduced as Figure 12.4. Notice
that the top of the profit function is higher than the intercept (where ¢ =
0). It is better for the firm to continue production, even though it is earning
negative profits of —$3.16 at the optimal output level, because it would make
an even lower negative profit of —$5 (the fixed cost) if it shut down.

Totals: Profit
q*ofg=0= 1143

$0.00
(510.00)
(520.00)
(530.00)
(540.00)
(550.00)

quantity (units)

Figure 12.4: Case 3: Negative profits, continuing production.
Source: QutputProfitMaxPCSR.xls!Graphs.

The canonical graph of profit maximization can be used to determine whether
the firm should produce or shut down by comparing price to average vari-

able cost. The Shutdown Rule is easy: hire no labor and produce nothing if
P < AVC.

S TEP Look at the bottom left graph on your screen. It confirms that
the Shutdown Rule works. Profits are negative because price is below av-
erage total cost, but the firm will continue production because P > AV C.
When the relationship between P and AV is such that price is greater than
average variable cost, it means that the top of the profit function is higher
than the y intercept, as in Figure 12.4.
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STFEP click on the pull down menu (over cell R5) and select the Neg
Profits, Shutdown option. Figure 12.5 displays the top right graph.

Totals: Profit
g*ofg=0= 1073
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Figure 12.5: Case 4: Negative profits, shut down.
Source: QutputProfitMaxPCSR.xls!Graphs.

In this case, the top of the profit function is below the y intercept. In other
words, the maximum profit if the firm produces, —$9.81, is worse than the
negative profit incurred if the firm shuts down, —$5. The firm optimizes by
choosing ¢* = 0, that is, shutting down.

S TEP Look at the bottom left graph on your screen. Once again, we
have confirmation of the Shutdown Rule. With P = 4.5, P < AV (C and the
firm should shut down.

S TEP Carefully watch the canonical (bottom left) and profit function
(top right) graphs as you change the price (with the pull down menu over
cell R5).

As long as P > AV (C, the top of the profit hill is above the y intercept.
If P = AV, the two are exactly equal and the firm is indifferent between
producing and shutting down.

P < AV is the magic cutoff point. When this happens, the top of the
hill is below the y intercept (which is the negative profit suffered if the firm
produces nothing). Thus, the firm’s best choice is to produce nothing.
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Here is why the rule works. Multiply the Shutdown Rule by ¢ to get:

(P < AVC)q
Pqg < AV(Cq
TR<TVC

TR < TVC is a restatement of the Shutdown Rule—produce nothing if total
revenue cannot cover total variable costs. This makes sense. Why produce
if you can’t even pay for the variable expenses? You are better off not pro-
ducing at all.

If total revenue is less than average total cost, then profits are negative. How-
ever, the firm can be in a situation where TR < T'C, but TR > TV C'. If so,
then production makes sense because you will be able to reduce some of the
fixed costs you have to pay no matter what you do. Profits are negative, but
it is better to produce than not produce because variable costs are covered
and fixed costs are at least partially reduced.

S TEP For a summary of the four cases and what the Shutdown Rule is
doing, click the button (over cell AC5).

What’s Normal about Zero Profits?

In economics, zero profits are called normal profits. This is confusing. Zero
sounds bad, not normal. There is a logical explanation, but it requires a
clear separation of accounting versus economic profits. They differ because
economists include opportunity costs when calculating economic profits.

e Accounting profits = revenues - explicit costs
e Economic profits = revenues - explicit costs - opportunity costs

In economics, without an adjective, “profits” means economic profits. So,
when profits are zero that means economic profits are zero. Economic prof-
its have had an extra item subtracted, the opportunity costs of using firm
resources to make this particular product.

An accountant would subtract explicit (out-of-pocket) costs (wages, rent,
etc.) from revenues and if this number is positive, announce that the firm
is making money. The economist would then subtract the cost of the profits
that could be made by the next best alternative industry that the firm could
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be in. If economic profits are zero, it means the opportunity costs are exactly
equal to the accounting profit and the firm cannot do better by switching to
its next best alternative.

Although this may seem needlessly contorted at first, there is a nice interpre-
tation of economic profits: If positive, the firm will stay in the industry and
new firms will enter in the long run; if negative, the firm will exit in the long
run; and if zero, there will be neither exit nor entry in the long run. It is in
this sense of equilibrium that we say zero profits are normal. With = = 0,
there is stability and no tendency to change in the movement of firms.

The distinction between economic and accounting profits also explains why
positive profits are excess profits. It is not meant as a pejorative term, but
to indicate that the firm is earning greater profits than are needed to keep
producing that product in the long run. Excess profits also mean that others
are attracted and will enter that industry.

Economists are not concerned with how much money the firm made, but with
profits as a signal to entry and exit. Defining economic profits as accounting
profits minus opportunity costs gives us a profit measure that tells us whether
the firm will stay or leave in the long run.

Shutdown Rule and Corner Solution

The Shutdown Rule is usually covered in introductory economics. Memoriza-
tion is often all that is achieved. We can do better by properly situating the
Shutdown Rule in the landscape of mathematical and economic concepts—it
is a corner solution.

Recall that, in the Theory of Consumer Behavior, there are situations in
which the MRS does not equal the price ratio, yet the solution is optimal.
This is a corner solution.

Food stamps are an example. The fact that food stamps can only be used
to buy food creates a horizontal segment on the budget constraint so that
a consumer might not be able to make MRS = z—;. At the kink in the con-
straint, the consumer is optimizing even though the equimarginal condition
is not met.
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Corner solutions are a general phenomenon. They can be seen whenever a
restriction or border blocks further improvement in the objective function.
Consider Figure 12.6 which sketches a maximization problem to highlight the
difference between an interior and a corner solution. In panel B, the agent
cannot choose negative values of the x variable and, therefore, the function
is cut off by the y axis.

y Marginal = 0 y

Marginal > 0

0 X 0 X

Panel A: Interior solution Panel B: Corner solution

Figure 12.6: Understanding the corner solution.

In panel B, although the marginal condition is not met, we have an optimal
solution, defined as doing the best we can without violating any constraints.

Shutting down is another example of a corner solution because, once again,
the equimarginal condition is not met at ¢ = 0, yet producing nothing is the
optimal solution. Shutting down is an unusual example of a corner solution
because there is a place where the marginal condition is met (there is an
output where MR = MC), but it is not optimal. The profit function twists
in such a way (see Figure 12.5) that profit is decreasing as output rises from
zero. This means that profits would go up if we were able to produce negative
output. Since we are not allowed to choose ¢ < 0, we have a corner solution.

How can we know if we should choose ¢ at M R = M (', the interior solution,
or shut down, the corner solution? The only way is to compare the profit
positions at the two quantities. The good news is that no checking is required
for cases 1 and 2. As long as profits are non-negative, there is no way that
a profit of minus total fixed cost can be better than the interior solution of
q where MR = MC'. But, whenever, MR = M (' yields negative maximum
profits, comparing those negative profits to TFC is necessary. Or, you could
just use the Shutdown Rule and see if P | AVC, which will give the same,
correct answer.
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The complexity of the firm’s profit maximization problem in the short run,
with its shutdown possibility, should increase your sensitivity to lurking prob-
lems with analytical and numerical methods. We know neither is perfect so
there may be glitches in applying these methods to the firm’s profit maxi-
mization problem. The Q&A sheet provides an example. Be sure to look
carefully at questions 2 and 3.

Finding and Displaying the Initial Solution

The output profit maximization problem for a PC firm in the short run is a
single-variable (¢) unconstrained problem. It can be solved with numerical
and analytical methods. The equimarginal rule applied is that MR = MC
and since price taking behavior means that P = MR for a PC firm, the
equimarginal rule is often shown as P = MC.

The firm’s profit maximization problem contains a complication in the short
run. If maximum profits are negative, it is possible that the firm is better off

not producing anything. A shortcut to determine whether or not to produce
when 7* < 0 is the Shutdown Rule, P < AV C.

The initial optimal solution is displayed by a canonical graph that super-
imposes the firm’s revenue side (average and marginal revenue) over its cost
structure (average and marginal costs). Optimal output is easily found where
MR intersects MC' (as long as P > AV (') and maximum profit is displayed
as the area of the appropriate rectangle. The ability to instantly show the
optimal solution, maximum profits, and whether or not to shut down ex-
plains the popularity of this graph.

You can think of the firm as walking through a series of three steps when

solving its profit maximization problem:

1. Choose ¢ where M R = MC' in the canonical graph.
2. Compute profits at ¢* via (AR — AT'C')q (the profit rectangle).

3. If profits are negative, shut down if P < AVC.

The PC firm’s profit maximization is simpler in the long run. If 7 < 0, firms
exit the industry; 7 > 0 (also known as excess profits) lead to entry. Thus, in
long run equilibrium (a state never actually attained), P = ATC and 7 = 0
for all firms. This is why zero economic profits are called normal profits.
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Exercises

1. Use Excel’s Solver to find the optimal output and profit for a firm with
cost function T'C' = 2¢? + 10g + 50 and P = 40. Take a screen shot of
your optimal solution (including output and profits) and paste it in a
Word document.

2. Use analytical methods to solve the problem in the previous question.
3. For what price range will the firm in question 1 shut down? Explain.

4. If fixed costs are higher, will this influence the firm’s shutdown decision?
Explain.
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As all the functions ¢y (Dy) are supposed to
increase with Dy, the expression for Dy
derived from the equation p = ¢ (Dy) is
itself a function of p, increasing with p.
[Translation: The supply curve, ¢* = f(P)
is derived from P = M (' and it is upward
sloping because MC is upward sloping. |

Augustin Cournot

12.2 Deriving the Supply Curve

The most important comparative statics analysis of the firm’s output profit
maximization problem is based on tracking ¢* (quantity supplied) as price
changes, ceteris paribus. This gives us the firm’s supply curve.

An important thing to remember is that the supply curve has two parts:
1. MC when P > min AVC
2. Zero otherwise (Shutdown Rule)

As usual, we have numerical and analytical methods at our disposal for the
comparative statics analysis that generates the supply curve. Before we
begin, we show how Solver can be modified to deal with the shut down
possibility and revisit the fact that it is not a silver bullet.

Solver Issues

S TEP Open the Excel workbook DerivingSupply.xls, read the Intro sheet,
then go to the OptimalChoice sheet to see an implementation of a PC firm’s
profit maximization problem in the short run.

The sheet looks like the OptimalChoice sheet in the OutputProfitMaxPCSR.xls
workbook (from the previous section), but it has a few additional cells.

The IF statements in cells C4 and C8 of the OptimalChoice sheet are a con-
venient way to incorporate the firm’s shutdown option.

STEPClick on C8 to reveal its formula: = IF(max profit >= — d, ¢, 0).
We will use this cell as the correct optimal solution in all cases, including the
shutdown case.

431
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It is easy to see that Solver has been run because at ¢ ~ 10 in cell B8,
MR = MC since P = 4 and cell B18 reports MC = 4. This ¢, however,
is not the optimal solution because cell B4 shows that 7 = —15 (using the
common convention that “()” denote negative numbers). This firm would
be better off not producing at all and suffering a loss of TFC' = —5. The
Shutdown Rule says the same thing since P < AV C' (cell B15 is $5).

While Solver’s answer is wrong (because it found the top of the profit hill,
which is lower than the y intercept at —TF'C), we can add a step to Solver
where we check for exactly this situation. This is what cells C8 and C4 do.

The expression max_profit > —d is used to test if Solver’s answer (the in-
terior solution) has higher profits than negative total fixed costs (the corner
solution). If true, it keeps Solver’s solution; if false, the optimal solution is
zero (shut down).

Solver will find the best of the positive levels of output in cell B8 and the IF
statement in cell C8 checks to make sure that the best solution (of the ¢ >
0) is better than shutting down and producing nothing (¢ = 0).

With P = 4, the best of all of the positive levels of output, ¢ = 10, provides
a profit of minus $15. Cells C4 and C8 show that producing nothing yields
a higher profit (and smaller loss) of minus $5 and is the correct optimal so-
lution.

While this is an improvement over manually checking Solver’s answer, there
is another potential problem with Solver in this application.

S TEPTo see the problem, set P (cell B12) to 7 and run Solver.

The optimal ¢ is approximately 13.09 and the firm is enjoying excess profits.
Cells B4 = C4 and B8 = C8 because Solver’s answer gives profits greater
than minus TFC. All is well.

S TEP Now set cell B8 = 1. Run Solver from this initial value.

Solver’s result is disastrous! What happened?

S TEP Click the | Solver Explained | button to see why starting from ¢ =
1 leads Solver astray.
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The explanation on the sheet makes it clear that the initial or starting value
can play a critical role when numerical methods are utilized. This profit
maximization problem has a sufficiently complicated surface that a numer-
ical algorithm, such as Solver, cannot easily distinguish between local and
global optimal solutions. There is no simple fix. The lesson is that you have
to know the optimization problem you are dealing with and be careful inter-
preting the answers provided by a numerical algorithm.

The explanation of Solver’s failure involves the minimum point of the profit
function and this provides an opportunity to explain the two roots in the
quadratic formula. A picture, in this case, really is worth a thousand words.

S TEP Click the | Show Analytical Solution | button.

Cell Z17 has the other root from the quadratic formula (computed by adding
instead of subtracting the square root term). Both roots are places where
the profit function is flat (in the top right graph on the sheet). Notice how
the dashed lines from the max and min profit points lead to points where
marginal profit (mm) is zero. These are the two roots in the quadratic for-
mula.

The two roots can also be seen in the canonical, bottom left graph as the two
points where MR and MC intersect. Of course, we only care about the root
that maximizes profits. One way to ensure that M R = M yields a profit
max is to make sure that MC < MR to the left of the intersection. In other
words, MC' cuts MR from below.

Numerical Methods to Derive the Supply Curve

S TEP Set cell B8 back to 10 and P = 4 so Solver will converge to the
local max at ¢ = —15.

S TEP Run the Comparative Statics Wizard from P = 4 with 0.05 sized
shocks 100 times. Track the C4 and C8 cells as endogenous variables. You
can safely ignore the warning—you are using the CSWiz to keep track of
these cells, but will not include them as changing cells in the Solver dialog
box.
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Your results will look like those in the CS7 sheet. Notice that at low prices,
the firm is producing nothing. This is the part of the supply curve where the
firm shuts down to maximize profits.

The supply curve and inverse supply curves can be graphed with the CSWiz
data, as shown in Figure 12.7 and the CSI sheet. Of course, the tail runs
along the quantity axis all the way to zero. Just as with the demand curve,
q = f(P) is the supply curve and flipping the axes, P = f~1(q), gives the
inverse supply curve.

S=MC,0if P <AVC Supply q*=f(P) Inverse Supply P=f(q”)
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Figure 12.7: Deriving supply and inverse supply curves.
Source: DerivingSupply.zls!CS1.

Figure 12.7 applies our usual graphical exposition. The leftmost chart is the
underlying graph from which the other charts are produced. We shock P and
track ¢*. This gives the supply curve.

Unlike the demand curve, however, notice that the supply curve follows MC
as long as P is not below AVC. The discontinuity is at the minimum AVC.
Row 32 of the C'S1 sheet shows the break occurs for this cost function be-
tween $4.90 and $4.95. Prices below this minimum AVC' value result in no
quantity supplied since the firm shuts down.

Analytical methods can be used to find the discontinuity. First, we obtain
an expression for AVC.

TC = 0.04¢> — 0.9¢> + 10g + 5
TVC = 0.04¢° — 0.9¢*> + 10q

TVC

AVC = = 0.04¢> — 0.9¢ + 10
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Then we take the derivative of AVC with respect to ¢ and set it equal to
zero to find its minimum point.

min AVC = 0.04¢> — 0.9¢ + 10
q
dAVC

— 0.08¢—0.9=0
dq
0.9
*— Y 1195
T =008

By plugging this minimum value of output into the AVC function, we know
the price at which the discontinuity kicks in.

AV C[q = 11.25] = 0.04[11.25])* — 0.9[11.25] + 10 = 4.9375

In the CS1 sheet, the discontinuity occurs when price rises from $4.90 to
$4.95. Our analytical work tells us that the discontinuity is exactly at
$4.9375. Any price below this yields optimal q of zero.

Notice how we used the derivative to find the value of ¢ at which the rate
of change for the AVC' curve was zero. This is the bottom of the U-shaped
AVC curve and prices below this AVC' result in shutting down. The lesson
is that derivative is a tool that has a variety of uses.

The CS1 sheet also computes the price elasticity of supply in column E.

S TEP Scroll down to see a comparison of slope and elasticities via the
A and derivative approaches.

In this case, the two approaches are not exactly the same because ¢* is non-
linear in P. The sheet has all of the details in case you want to refresh your
understanding of this concept.

Analytical Methods to Derive the Supply Curve

For the analytical approach, we use a different cost function to give us more
practice.

TC(q) = ¢* +20
With this quadratic cost function, we can set up and solve the PC firm’s profit
maximization problem. Because it is a perfectly competitive firm, we know
price is given and, thus, TR = Pq. Therefore, the optimization problem is:

max T = Pq — (¢* + 20)
q
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We proceed by taking the derivative with respect to ¢ and setting it to zero,
then solving this first-order condition for optimal g¢.

dm
— =P -2 =
dq ¢=0

1
* _ - p
=5

This is the supply function. It gives the quantity supplied by a firm at every
given price. For example, with P = 20, ¢* = 10.

The inverse supply curve is found by expressing the equation as P = f(q).
P =2g*

The supply function tells us that ¢* increases by one-half fold for every in-

crease in P. The size of the change in P does not matter since 57% is constant.

The price elasticity of supply is +1.

dg _1
dP 2
dgg _1P
PP 2Llp

We can compute the price elasticity of supply from one point to another. We
know that at P = 20, ¢* = 10. If P = 30, ¢* = 15. A 50% rise in price led
to a 50% increase in quantity supplied so the price elasticity of supply is +1.
The result is the same as the derivative approach because ¢* is linear in P.

A PC firm with a quadratic cost function will not shut down with any price
greater than zero. By constructing its family of cost curves and graph of the
optimal solution, we can see why. We begin with the cost curves. We know
TVC = 2q and TFC = 20. Then we can find the average and marginal
curves.

TC ¢ +20 20
= = — _I_

ATC(q) q+—
q q q
VO 2
AVC(q):—:q—:q
q q
dTC  d(¢*+ 20
MC(q) = _ A2y,

dq dq
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S TEP Proceed to the Graphs sheet to see the four graph display of the

optimal solution for this problem.

If P = 20, then ¢* = 10 and 7* = $80. It is also obvious that there is no
positive price at which this firm will shut down because AVC' is simply a ray
with slope +1 out of the origin. Thus, price can never fall below AVC.

Notice also how there is only one point where M R = MC, unlike the two
intersections we saw with the cubic cost function. The quadratic cost function
cannot produce the S-shape T'C' needed for the profit function to have a
minimum profit at the bottom of a U-shape. The profit function in the top
right graph has a single top of the hill (where mm = 0).

Points Off the Supply Curve

As we did with the demand curve (see Figure 4.12), we can explore the mean-
ing of being off the supply curve. The interpretation is quite similar.

S TEP Return to the €SI sheet and manipulate the point off the supply
and inverse supply curves with the scroll bar in column E.

Figure 12.8 shows what is on your screen, but in Excel you can move the red
dot. As you do, the chosen ¢ and profit for that quantity is displayed.

Supply g*=f(p) Inverse Supply p=f(q*)
20 10
8 ($2.34) /
15 /
z B -
e 2.0 65
<] 6.5 @ ($2.34)
a 2
0 . - . 0 . . :
0 2 4 6 8 10 0 5 10 15 20
Price Quantity

Figure 12.8: Points off the supply curve.
Source: DerivingSupply.zls!CS1.

Profits are maximized when you are on the supply curve. It is clear that the
supply curve, like the demand curve, has a hidden third dimension—profit
for supply and utility for demand. The right most panel shows the mountain
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and how you approach the top at the optimal solution. The ridgeline con-
necting the mountain tops is the supply curve. Like the demand curve, points
off the supply curve are associated with lower values of the objective function.

Notice how the point off the curve moves in a vertical fashion in the supply
curve graph and horizontally on the inverse supply curve graph. This hap-
pens because price is constant (at P = 6.25). With the price on the z axis,
points can be above or below the supply curve. Points off the inverse supply
curve are to the right or left because P is on the y axis.

Finally, on the inverse supply curve, the inefficiency of being off the curve is
obvious because output levels off the inverse supply curve means the firm is
not choosing a point where M R(= P) = MC.

The Supply Curve has Parents

Like demand and cost curves, supply is derived from an optimization prob-
lem. Knowing where key relationships come from separates introductory
from more advanced economics and is an important aspect of mastering the
economic way of thinking.

The supply curve is a comparative statics analysis of the effects on optimal
quantity as price changes, ceteris paribus.

Unlike the demand curve, the supply curve has a discontinuity because the
firm will shut down if price falls below AVC. The supply curve depends crit-
ically on the firm’s cost function. The inverse supply curve is simply MC
above AV(C and zero otherwise. The firm will choose that level of output
where M R(= P) = MC as long as P > AVC.

Like the demand curve, points off the supply curve are interpreted as ineffi-
cient solutions to the optimization problem. Although possible, no optimiz-
ing agent would choose a point off the supply (or demand) curve.

Exercises

1. What happens to the short run supply curve if wages rise? Explain.
Use Word’s Drawing Tools to create a graph depicting your answer.

2. What happens to the inverse short run supply curve if wages rise?
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Explain. Use Word’s Drawing Tools to create a graph depicting your
answer.

3. What happens to the short run supply curve if the rental rate of capital
increases? Explain.

4. What happens to the short run supply curve if the price (P) increases?
Explain.

5. Suppose a firm is off its short run supply curve, but at a point where
MR = MC. Use Word’s Drawing Tools to a draw the profit func-
tion for this situation and label a point Z that meets the supposed
conditions.

References

The epigraph comes from page 92 of the 1897 English translation of Au-
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in 1838 and the book languished in obscurity until the rise of mathematics
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Why was the spread of crops from
the Fertile Crescent so rapid? The
answer depends partly on that
east-west axis of Eurasia.

Jared Diamond

12.3 Diffusion and Technical Change

The Theory of the Firm is a highly abstracted model of a real-world firm,
yet there are fundamental ideas that can be applied to observed firm behav-
ior. This section does exactly that, applying the Shutdown Rule to explain
differing rates of diffusion of new technology.

The Shutdown Rule, P < AV (| says that firms will not produce when price is
below average variable cost because profits are maximized (and losses min-
imized) by shutting down instead of producing at the best of the positive
output choices (at MR = MC).

Diffusion of new technology is the process by which new methods of produc-
tion are adopted by firms. The speed of diffusion is critical—the faster firms
upgrade and modernize, the richer the society. We will see that some indus-
tries have fast and others slow diffusion with the Shutdown Rule playing a
key role.

Setting the Table

Consider two thoughts that are both wrong:

1. Always upgrade to have the best equipment or to use “best practice”
techniques.

2. Never throw working machinery away or abandon a process that can
produce output.

The first statement is wrong because firms would always be replacing almost
new machinery, tools, and plant to have the very latest equipment. The sec-
ond statement is the polar opposite of the first: Now you keep using ancient
machinery that was long ago superseded by better technology just because
it is still functioning.

441
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There has to be a middle ground between these two extremes and a logical
way to determine when to replace equipment.

Consider these two words that are accepted as synonymous in common usage,
but are different in the language of the specialized literature of diffusion:

1. Outmoded: machinery that is not the best at the time, but is still used.
2. Obsolete: machinery that is scrapped (thrown away) yet still functions.

Your phone is outmoded if it is not the latest, greatest available version.
When you replace your phone with a new one, the old one becomes obsolete.
At any point in time, a few people have the newest, fanciest model; the rest
have versions of outmoded models still in use; and there are many obsolete
models that are no longer being used. As time goes by, the newest model
becomes outmoded and, eventually, obsolete.

The distinction between outmoded and obsolete sharpens our focus on this
question: When does machinery go from being outmoded to obsolete?

Another important idea is labor productivity: the ability of labor to make
output. This is measured in two ways, output per hour or labor required to
produce one unit of output.

The output per hour version is simply the average product of labor, . The
bigger this ratio, the more productive is labor. You can take the recipro-
cal and ask, “How much labor is needed to make one unit of output?” This
measure, called the unit labor requirement, gets smaller as labor productivity
improves.

There are two ways of increasing labor productivity:
1. Better labor: increasing education.
2. Better machinery: technical (or technological) change.

Most people only think of the first way. More educated and skilled labor
obviously will be more effective in translating labor input into output. But
holding labor quality constant, if workers have better technology, such as
computers or power tools, then labor productivity rises.

So, if you want to increase ditch digging productivity, you can improve the
worker (think ditch digging classes) or you can improve the technology. A
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worker with a shovel digs a ditch a lot faster than one without. But the

explosion in productivity and output really occurs when you give the worker
a backhoe.

But here’s the curious thing, after backhoes are invented and brought on-
line, if you look at the entire industry of ditch digging, you will see many
different methods being used. Not everyone will instantly adopt the backhoe.

The question we are interested in boils down to explaining the rate of diffu-
siton: how rapidly do the latest, best machinery and methods spread?

The mere existence of a new machine (e.g., a backhoe) is not enough to spur
economy-wide increases in labor productivity. If the machine is not adopted
rapidly, it will have little effect on the economy. We want fast diffusion so new
methods spread quickly. This will boost productivity and economic growth.

The rate of diffusion is like adding a drop of red dye in a bucket of water.
How rapidly will the water turn red? What factors affect the rate of diffu-
sion? If we stir, the rate of diffusion rockets—how can we “stir” the economy
to speed up diffusion?

It turns out that the rate of diffusion of technical change in an economy
varies across industries and depends on specific characteristics. We are not
searching for an unknown constant, but for the factors that explain wide
variation in rates of diffusion—sometimes backhoes are rapidly adopted and
other times not.

The rate of diffusion depends on whether machinery is determined to be out-
moded versus obsolete. If machines are scrapped and replaced with the latest
technology fairly quickly, then the rate of diffusion of technical change will
be fast. If old technology is kept online and in production for a long time,
then the rate of diffusion of technical change will be slow.

Before we see how the Shutdown Rule plays a critical role in deciding whether
machinery is outmoded or obsolete, we review data used by W. E. G. Salter
(1960) to support the claim that the rate of diffusion varies across industries.
We also introduce a new graph that captures the idea of a distribution of
methods or vintages of machinery.
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On the Variation of Methods Used Across Industries

Salter presents data on a variety of goods. He focuses on the methods of
production used at any point in time. It is quite obvious that there is al-
ways a mix of technologies being used. As new plants come online and new
machinery is installed, older plants with older machinery remain in operation.

For example, Salter’s Table 5, reproduced as Figure 12.9, shows a mix of
technologies used in pig-iron production. Notice that the labor productivity
of the best-practice plants (the latest technology) rises from 1911 to 1926.
The industry average, however, lags behind because the latest technology is
not immediately adopted by every manufacturer. The machine charged and
cast method (the right most column) is the best technology, but even by 1926,
30.6% of the firms are not using it. These firms remain in operation with older
technology. This slow diffusion hampers industry-wide labor productivity.

Table 5. Methods in use in the U.S. blast-furnace industry, selected years, 1911-26

Gross tons of Percentage of plants using the following methods

pig-iron produced Hand-charged Machine

per man-hour and Mixed charged

Best-practice Industry sand-cast types and cast

Year plants average % % %

1911 0.313 0.14 50.0 227 27.3
1917 0.326 0.15 41.9 34.9 23.2
1919 0.328 0.14 42.0 28.0 30.0
1921 0.428 0.178 22.2 44.3 335
1923 0.462 0.213 20.7 39.7 396
1925 0.512 0.285 7.2 25.5 67.3
1926 0.573 0.296 6.1 245 69.4

Figure 12.9: Slow diffusion in pig-iron production.
Source: DiffusionTechChange.zls!Data.

Figure 12.10 (Salter’s Table 6) focuses on the production of five-cent cigars.
Salter keeps constant the quality and type of cigar, the five-cent variety, to
focus on an apples-to-apples comparison of production methods. Because
the measure of productivity is the labor required to make 1,000 five-cent
cigars, the lower the hours required, the greater the labor productivity. The
two-operator machine is the best practice, but three other methods are also
used. Once again, the point is that a mix of methods are used and all of
them combined determines industry-wide productivity.
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Table 6. Approximate labour requirements per thousand five-cent cigars
for different manufacturing methods, Unites States, 1936

Manufacturing methods Man-hours per
inuse in 1936 thousand cigars
Hand made 33.38
Machine bunched, hand rolled 27.38
Four-operator machine 15.96
Two-operator machine 11.94

Figure 12.10: Various methods of producing five-cent cigars.
Source: DiffusionTechChange.zls!Data.

Figure 12.11 offers a final example of Salter’s point that an economy’s labor
productivity depends on the technology actually being utilized to make out-
put. The Range of all plants column shows substantial variation in output
from the best-practice firms to the least productive methods still being used.
Notice that lower numbers are higher productivity because, as the title says,
we are measuring “labour content per unit of output.”

Table 8. Variation in labour content per unit of output in selected industries

Man-hours per unit of output

Range of Ratio of range
middle to mean
Industry, time No. of Range of 50% of All Middle

and place plants Unit of Output Mean all plants plants plants 50%
Bricks, UK, 1947 17 1000 bricks 1.36 2.12-0.64 1.75-0.93 1.16 0.561
Houses, UK, 1948 160 Standard house 3080 4300-2150 3520-2630 0.66 0.29
Men's shoes, UK, 1949 12 Dozen pairs 9.70 12.34-7.30 11.02-8.53 0.53 0.26
Cement, US, 1935 60 100 barrels 46.7 86.0-25.3 57.9-39.3 1.30 0.40
Beet sugar, US, 1835 59 Ton of beet sliced 1.46 2.81-0.88 1.98-1.20 1.32 0.53
Sole leather, US, 1949 8 1000 Ib. 48 - 61-39 - 0.47

Figure 12.11: Variation in labor productivity across six industries.
Source: DiffusionTechChange.zls!Data.

For bricks, with 17 plants in operation, the middle 50% range is from a best
0.93 hours to make 1,000 bricks to 1.75 hours. That is a huge difference and
it is just the middle 50%. Take a moment to look at the ranges of the other
products in Figure 12.11.

The Ratio of range to mean columns measure the rate of diffusion. If some-
how every plant adopted the best-practice method, this ratio would be zero.
Thus, houses and men’s shoes are industries with much faster diffusion than
the others.
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Pig-iron, five-cent cigars, and products in Figure 12.11 are examples of a
widespread phenomenon that was of great interest to Salter. The rate of dif-
fusion of new technology is neither constant nor instantaneously fast. Salter
wanted to know what diffusion depends on in the hope of manipulating it.
After all, if there is a policy or lever we can pull to speed up diffusion, we
would improve productivity and increase output.

A Graph is Born

Salter used an uncommon graph, an ordered histogram, to show how an in-
dustry incorporated various technologies in production.

Figure 12.12 (Salter’s original Fig. 5) uses rectangles to indicate each method
or vintage of machinery. We call this a Salter graph.

Ln—!

Ly—1

Unit labour requirement (L)

Oy On-1 Op— On—
Output (O)

Figure 12.12: Salter graph of the mix of technologies.

The greater the base of each rectangle in Figure 12.12, the greater the share
of the industry’s output for that particular technology. So, in the middle
of the graph, the wider rectangle has a bigger share of the output than the
narrower one right next to it. The sum of lengths of the bases have to add
up to 100% of the industry output.

The height of each rectangle tells you how much labor is needed to make
one unit with that technology. The lower the height (because the y axis
shows the labor required to make one unit of output), the greater the labor
productivity for that technology.
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The Salter graph has to have a stair-step structure because the rectangles
are ordered according to when they came online. The oldest technology is
to the right and the newest is to the left. The left-most rectangle is the
best-practice technology at that time and all of the other rectangles are at
different stages of outmodedness.

The Salter graph in Figure 12.12 is actually a single frame of a motion pic-
ture. As time goes by, and new techniques are invented and brought online,
some of the right most rectangles will “fall over” and be replaced by a new
shorter rectangle coming in from the left. Figure 12.13 shows a possibility
for the next frame in the movie.

T
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Figure 12.13: Salter graph as time goes by.

The base of the rectangle of the newest technology in Figure 12.13 equals the
sum of the widths of the three rectangles representing obsolete technologies,
which fall off the graph because they are no longer used.

The wider the base of the newest technology, the better in terms of fast
diffusion of technological change and rapid increases in industry-wide pro-
ductivity. If a new technology swept through an industry like wildfire, the
Salter graph would show it as having a very long base, indicating it was pro-
ducing a large share of industry output.

Another, less favorable possibility is that the newest technology has a small
width. This would mean that few firms have adopted the best-practice
method and industry-wide productivity will not improve by much. The in-
dustry will remain dominated by outmoded methods.
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Consider the two Salter graphs in Figure 12.14 (Salter’s original Fig. 12).
They are enhanced by a strip in the middle, the height of which represents
the industry average productivity.

Industry
average N

Industry ™
average

T

Unit labour requirements
Unit labour requirements

Output Output
Figure 12.14: A comparison of two industries.

We would much prefer the industry on the left in Figure 12.14 because it has
a lower industry average unit labor requirement, which means it has higher
productivity. This is a result of much more rapid diffusion of newer, higher
productivity technology.

The industry average shaded bar is a weighted average of all of the technolo-
gies in existence at any point in time. This statistic is the correct way to
add up the rectangles with differing widths into a single measure of industry
productivity. To understand how to do this, we turn to a concrete example
in Excel.

STEPOpen the Excel workbook DiffusionTechChange.zls, read the Intro
sheet, then go to the IndustryAverage sheet to see how a weighted average
is computed and how the Salter graph works.

Cells C9 and C10 show how two technologies contribute to the industry out-
put. Initially, Methods A and B produce 50% of the total output. Because A
(the superior, best-practice technology) requires only 1 hour of labor to make
a unit of output, whereas B (an outmoded technology) requires 2 hours, the
industry average productivity is 1.5 hours per unit of output.

S TEP Click on the scroll bar a few times to increase A’s share of total
output to 90%. Notice how the Salter graph changes as you manipulate the
scroll bar.
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The Salter graph now shows A’s share as a much wider rectangle (indicating
much faster diffusion) and the red, industry (weighted) average rectangle is
much shorter. Although the simple average does not change, the weighted
average falls because more of the output is being generated by the more
productive A technology. The weighted average computation (implemented
in the formula for cell M10) is:

Output 4 Outputp

clghteaverage = - otal Output mitLdieqa + Total Output

UnitLReqp

S TEP Click on the scroll bar to decrease A’s share of total output to 10%.

This time, the industry (weighted) average is 1.9 because only 10% of the
output is produced with the best-practice technology. This would be an ex-
ample of slow diffusion.

The contributions of each technology to industry output, weighted by the
share of total output, is a good way to show how the rate of diffusion affects
industry-wide productivity.

Having seen data that there is substantial variation in the rate of diffusion
and that a Salter graph displays this variation, we are ready to explain why
we see industries with mixes of technologies. We answer two questions:

1. Why is a machine that works sometimes kept (so it is outmoded) and
other times scrapped (so it is obsolete)?

2. What determines the rate of diffusion of technical change?

1. Outmoded versus Obsolete?

We assume that new technologies are being constantly generated in all indus-
tries, but some are adopted more quickly. Why is that? Why are some fac-
tories and technologies quickly replaced while others remain online? Salter’s
work pointed to an easily overlooked element: the cost structure of the firms
in an industry.

S TEP Proceed to the Output sheet. The opening situation is depicted
in Figure 12.15.
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Figure 12.15: Explaining why machinery is outmoded versus obsolete.
Source: DiffusionTechChange.xls!OQutput.

The graph shows two firms, one that is labor intensive and the other capital
intensive. The capital intensive firm has a larger gap between ATC and AVC
because it has higher fixed (capital) costs. The much lower AVC' curve will
prove to be critical.

Both firms in Figure 12.15 are earning small, but positive economic profits.
As time goes by, however, new technologies are introduced and incorporated
in newly built factories with shiny, modern equipment. The products from
firms with the newest factories with their best-practice methods (the left-
most rectangle in a Salter graph) can be made more cheaply so competitive
pressure drives the price down.

S TEP Click on the scroll bar to lower the price.

Since you know the Shutdown Rule, it is easy to see that the L-intensive firm
will shut down first. As soon as you make P < AV (| the factory is obso-
lete and taken offline. The factory on the left will survive as an outmoded
technology that is still in operation for much longer. You will have to keep
driving the price down for much longer to see it shut its doors.

All firms use the same Shutdown Rule, but differing cost structures is what
makes some factories stay in production while others close down.

So, to directly answer the question, Why is a machine that works sometimes
kept (so it is outmoded) and other times scrapped (so it is obsolete)? Because
the Shutdown Rule, P < AV C, determines the difference between outmoded
and obsolete technology. Old plants that are kept online, using outmoded
machines, operate in an environment in which profits may be negative, but
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P > AV C'. These plants will remain in operation as long as revenues cover
variable costs. Once P < AV, we know the machines will be scrapped and
become obsolete as the factory is closed down.

2. What Does the Rate of Diffusion Depend On?

Figure 12.15 shows that the firm’s cost structure is one of the factors which
determine the rate of diffusion of technical change. Industries with capital
intensive production and low variable costs will have slow rates of diffusion
because plants and technologies will remain online until P < AV C.

Steel is a good example of such an industry. Old factories remain in produc-
tion alongside modern mini-mills. The Salter graph looks like the right panel
in Figure 12.14 and the cost structure is given by the left panel in Figure
12.15.

On the other hand, industries who produce in a way that labor is dominant
and fixed costs are low will see rapid rates of diffusion of new methods. Legal
services are a good example. Cost curves look like the right panel in Figure
12.15 so when new computers and information systems (such as LexisNexis)
are developed, they are rapidly adopted and old ways are discarded. Thus,
the Salter graph looks like the left panel in Figure 12.14.

Another factor affecting the rate of diffusion is the speed at which price falls.
Competition among firms can be intense or muted. If, for example, the gov-
ernment protects an industry from foreign competition with trade barriers,
preventing price from falling, the rate of diffusion of new technology and
growth of labor productivity are retarded. This has certainly played a role
in the rate of diffusion in the steel industry.

So, what determines the rate of diffusion of technical change? There are
three factors:

1. New ideas and inventions from research and development (R&D): This
is the creativity of the society. Curiosity and willingness to experiment
produce a stream of better methods. The faster the flow, the better.

2. The cost structure of the firm: Capital intensive industry with high
fixed and low variable costs retards diffusion of new technology. The
new ideas are there, but the old ways stay online.


https://www.google.com/search?q=lexisnexis
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3. The speed at which price falls: If it is slow, we get slow diffusion. We
want to encourage competition so price puts pressure on outmoded
methods and drives them to be obsolete.

The first factor is the obvious one that everyone thinks of when explaining
why technology affects labor productivity and economic growth. Innovation
is the implementation of invention—mnew ideas are the raw material which
expand the production function.

But Salter identified another crucial factor: Even if new technology exists,
it will be mixed with existing technology and the rate at which it is adopted
will depend on the Shutdown Rule. Highly capital intensive industries with
low AVC will feel the drag of old technology for a long time because the gap
between ATC and AVC will be great. Old methods will stay outmoded as
long as P > AV C.

The Shutdown Rule compares average variable cost to price. Both mat-
ter. Low AVC will keep old methods around, but so will slow decline in
P. Although economists usually defend free trade policies on the basis of
comparative advantage, this analysis points to another reason for allowing
foreign competition in domestic markets. As price is pushed down, firms are
forced to modernize, taking old methods offline and investing in the newest
technology. Steel tariffs are an example.

You might be confused about the claim that competition makes price fall
as time goes by. It seems like inflation, prices rising, is the usual state of
affairs. The explanation lies in the difference between real and nominal price.

In nominal terms, also known as current prices, the price of a light bulb is
definitely higher today than 10 years ago and much higher than 100 years ago.

But in this application, the correct price to consider is the real price, in
terms of actual input use. In real terms, the price of lighting is incredibly
lower today. Figure 12.16, created by Nobel Prize winner William Nordhaus,
tells an amazing story. In terms of the number of hours of work needed to
buy 1,000 lumen hours, the price of light went from incredibly expensive for
thousands of years to a free fall since the 1800s. In terms of input use, as
technology improves, costs and, therefore, price of the output fall over time.


https://www.google.com/search?q=nordhaus+nobel
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Figure 12.16: Labor price of light: 1750 b.c. to present.
Source: Bresnahan and Gordon (eds.), 1997, p. 54.

Nordhaus argues that “price indexes can capture the small, run-of-the-mill
changes in economic activity, but revolutionary jumps in technology are sim-
ply ignored by the indexes” (Bresnahan and Gordon, eds., 1997, p. 55).
Thus, the real price of lighting, in terms of the labor used, keeps falling and
falling as time goes by.

It Is Diffusion, not Discovery, that Really Matters

Wilfred Edward Graham Salter was an Australian economist born in 1929.
His promising career was tragically cut short when he died in 1963 after
battling heart disease. His dissertation, finished in 1960, was published by
Cambridge University Press as Productivity and Technical Change and was
met with wide acclaim.

Salter was amazed by the ability of markets to incorporate new technology
to increase output per person. He realized that scientific knowledge, tech-
nology “on the shelf,” is not the only or even the most important driver of
rapid growth. The new technology has to be implemented, actually used in
production, and the faster it is adopted, the faster the economy grows.
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Salter’s primary contribution was in showing that the rate of diffusion varies
tremendously and depends on the cost structures of firms. Industries with
high fixed and low variable costs have large ATC — AV C' gaps that imply
long time spans for outmoded technology.

We want nimble, adaptive firms and startups that challenge established ti-
tans. Replacing old with new machinery is necessary for rising productivity.
Economies with ossified, rigid institutions are stagnant. There was a silver
lining after Germany and Japan’s factories were destroyed during World War
IT. The latest, greatest technology could be used to make all of an industry’s
output and productivity increased rapidly.

Exercises

1. Sometimes a best practice investment is quickly leapfrogged by newer
technology. Google “fiber optic overinvestment” to see an example.
Briefly describe what happened and cite at least one web source.

2. Automobile emissions requirements are stricter in Japan than in the
United States (where many areas have no vehicle inspection at all).
In both countries, newer cars pass inspection (if required) easily, but
older cars are more likely to fail inspection and be removed from the
operating car fleet. Draw hypothetical Salter graphs, with emissions
on the y axis, for the car fleets of Japan and the United States that
reflect the stricter emissions standards in Japan.

3. What happens to a late model year Toyota or Honda that has failed
an emissions inspection in Japan and, therefore, cannot be used there?
Google “Japan used engines” to find out. What effect does this have
on the United States Salter graph that you drew above?

4. The National Highway and Traffic Safety Administration maintains a
data base of car characteristics by model year. For miles per gallon
(MPG) performance, they show the following:

39.2 37.3 37.2 36.3 36.1 34.8 32.7 33.1 32.1 31.2 30.6 30.3 30.5 29.9

Figure 12.17: MPG by year for US domestic passenger cars.
Source: one.nhtsa.gov/cafe_pic/CAFE_PIC_fleet_LIVE.html.
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These data cannot be used to show a Salter graph (with MPG on the
y axis) of the US car fleet. Why not? What additional information is
needed?
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13.1 Initial Solution

Recall that the firm’s backbone is the production function. Inputs, or factors
of production, typically labor (L) and capital (K) are used to make output,
or product (gq).

In previous chapters, we explored the firm’s input cost minimization and
output profit maximization problems. This chapter returns to the input side
and works on the firm’s third optimization problem: input profit maximiza-
tion.

We continue working with a perfectly competitive (PC) firm, but we extend
the assumption of perfect competition to input markets. Thus, not only is
the firm one of many sellers of a perfectly homogeneous product with free
entry and exit, it is also one of many buyers of labor and capital. Our firm
is an output and input price taker.

This means that our PC firm only chooses the amount of input to hire, not
how much to pay for it. If it has market power, then the firm not only de-
termines how much to hire, but also gets to choose the input price. In this
case, we say the firm has monopsony power.

While you have surely heard of monopoly, monopsony may be new to you.
They are similar in that one is selling (monopoly) and the other buying
(monopsony) and that means price (output or input) is no longer exogenous.
A classic example is the only hospital in a small town hiring nurses. Another
example is a big box retailer. Walmart is such a big buyer that they have
monopsony power. They can negotiate with suppliers and extract cheaper
prices from them. Notice that a firm can have both monopoly and monop-
sony power.

In a Labor Economics course, you study how firms can take advantage of the
ability to set input prices to make greater profits. We assume this possibility

459
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away and stay with a PC firm that takes the wage rate (w) and rental rate
of capital (r) as given. Our PC firm is such a small buyer that it can hire as
much L and K as it wants at the going w and r.

Setting Up the Problem

There are three parts to every optimization problem. Here is the framework
for a PC firm.

1. Goal: Maximize profits (7), which equal total revenues minus total
costs. To distinguish the input from the output side, we use the terms
total revenue product (TRP) and total factor cost (TFacC'). The idea
is that labor and capital are used to make product that is sold so price
times the number of units produced is the TRP.

2. Endogenous variables: labor and capital, in the long run; only L in the
short run.

3. Ezxogenous variables: price (of the product, P), input prices (the wage
rate and the rental rate of capital), and technology (parameters in the
production function).

As usual, we will work with a Cobb-Douglas production function, with oz > 0,
£>0,and a+ [ < 1.
g=AK*L?

Revenues are the output price multiplied by the output produced, TR =
Pq. We substitute the production function for ¢ in TR to get total revenue
product:

TRP = PAK®LF

The units of TRP are dollars (just like total revenue). The “revenue prod-
uct” language indicates that we are considering the amount of revenue ($)
produced by the inputs.

The costs are simply the amounts spent on labor and capital, wL + rK.
These are called total factor costs.

The firm chooses L and K to max profits.

max 7 = PAK®“LP — (wL + rK)
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Finding the Initial Solution

First the problem is solved using numerical methods, and then the analytical
approach is used.

S TEP Open the Excel workbook InputProfitMax.zls and read the Intro
sheet,then go to the Two Var sheet to see the problem implemented in Excel.

The sheet is named Two Var because both inputs are choice variables, which
means this is a long run profit maximization problem. As usual, the sheet is
organized into the color-coded components of an optimization problem, with
goal, endogenous, and exogenous cells.

S TEP Read the description of the firm, a bakery, and scroll down to the
endogenous variables.

On opening, the sheet has 500 hours of labor hired and 100 units of capital
rented, yielding a profit of $936. Is this the best this firm can do? Cells B48
and B49 show the marginal revenue product of labor and marginal factor
cost. By hiring one more hour of labor, revenues would rise by more than
costs, so profits would increase. Clearly, therefore, this bakery is not opti-
mizing.

S TEP Run Solver to find the initial solution. Your screen should look
like Figure 13.1.

Exogenous variables

Price (P) $ 2.00 $/loaf of bread
Wage (w) $ 20.00 $/hr

Rental (r) $ 50.00 $/machine
alpha 0.20

beta 0.75

technology (A) 30

Prod Fn (q) 19,086 loaves of bread

Endogenous Variables

Labor (L) 1,431 hours
Capital (K) 153 machines
Goal

Profit (m) $ 1,908.55 dollars
Revenue $ 38,171 dollars
Cost $ 36,262 dollars

Figure 13.1: The initial optimal solution.
Source: InputProfitMax.xls!Two Var.
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The firm hires roughly 1,431 hours of labor and rents 153 machines (but click
on cells B34 and B35 to see more decimal places). This yields a maximum
possible profit of just over $1,900.

Notice that the marginal revenue product and marginal factor cost cells are
now exactly equal at $20/hour. This is no coincidence. The equimarginal
condition for input profit maximization is that M RP = MF(C'. Since the
firm is an input price taker, M FC = w (just like P = M R for a PC firm) so
it is also true that M RP = w at the optimal solution.

Finally, notice the breakdown of the firms revenues in rows 44 to 46. Labor’s
share (wL), capital’s share (rK), and profits (whatever is left) add up to
100%. K and L’s shares, 75% and 20% equal o and §3. Is that a coincidence?
No, that’s a property of the Cobb-Douglas functional form. The exponent
tells you the share of revenues that factor will receive.

We can also solve this problem via the analytical approach. We know the
objective function and can substitute in each of the parameter values.

max 7 = PAK®LP — (wL + rK)
max 7 = 2 30 x K%2L%™ — (2L + 3K)
Next, we take derivatives with respect to L and K, set them equal to zero,
and use algebra to solve the two equation system of first-order conditions.

g;z =0.75.2.30 K" 795 _20=0
% —02.2.30 K OS[075 _50 =0

We can move the 20 and 50 to the right hand side and this immediately
reveals the equimarginal conditions: M RP;, = w and M RPx =r.

We solve the first equation for L and substitute it into the second equation
to solve for optimal K. We use the rule that (z%)® = 2% to solve for L.

45 K(.l.2 L—U.25 =20
2.25]{0.2 — Ll).ES
[2.25 K02 — L(Lzs]'ﬂ‘
L =225*K"8
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Substitute the expression for L into the second first-order condition.

0.2-2-30 K5 [2.25*K*$]"" = 50

12K—l).32.253 Kl.).() =50
K% = 0.365798
K* = 152.6842

Compute optimal L from the expression for L.
L* = 2.25* K% = 2.25152.6842)%% = 1431.414
Compute maximum profits.
7 = 2+30%[152.6842]"?%[1431.414]* 7 —2x[1431.414] —3%[152.6842] = $1908.55

This analytical solution is extremely close to Excel’s solution. Practically
speaking, as we would expect, the two solutions are the same.

The Short Run

A slightly different version of the firm’s input profit maximization problem
involves the short run when capital is not variable. By putting a bar over K,
we highlight that capital is fixed.

max 7 = PAK“LP —wL — rK)

We do the analytical solution first this time and in general form. There is
only one derivative (since there is only one choice variable) and one first-order
condition.

9; ]
ﬁ = BPAR P~ —w =0
BPARYLF~! = w

B—1 __ w

~ BPAK«

1
w T
[ = _
{ﬁPA K« }
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S TEP To see the numerical version of this problem, proceed to the
OneVar sheet.

Notice that there is only one endogenous variable, L. Capital has been moved
to the exogenous list because we are in the short run.

Notice also that there are two graphs. Each one can be used to represent the
initial solution.

Below the graphs, you can see that the marginal revenue product of labor
does not equal the wage. As you know, this means you need to run Solver
because the firm is not optimizing.

S TEP Run Solver to find the initial solution. Your screen should look
like Figure 13.2.

Exogenous variables 50000
Price (P) $ 2.00 $iloaf of bread 45000
Wage (w) $ 20.00 $ihr = 40000
Rental (r) $ 50.00 $imachine & 35000 =T1EP
alpha 0.20 g X —
beta 0.75 2 50000 =
technology (A) 30 E 15000 //
Capital (K) 153 machines < 10000
Prod Fn (Y) 19,085 _loaves of bread 5009
i 1000 2000 3000 4000
Endogenous Variables | L (hours)
Labor (L) 1,431 _hours | 0
b3 \\
Goal _ 2 '\____________MFC
Profit () $ 1,909 dollars 315 MRP
Revenue $ 38,171 dollars N
Cost $ 36,262 dollars 5
Calculating Distribution of Revenues 0 0 000 2000 2000 4000
Percentage of

Dollar Payments ~ Total L (hours)
Labor Share 3 28,628 75%
Capital Share $ 7,634 20% Wage MRP,_
Profit Share $ 1,909 5% 20 20

Figure 13.2: The initial optimal solution in the short run.
Source: InputProfitMax.xls!One Var.

The bottom graph shows that the optimal labor use can be found where the
marginal revenue product of labor (the curve) equals the wage (at $20/hr).
This is the canonical graph for the input side profit maximization problem.
Like MR = MC on the output side, the intersection of the two marginal
relationships instantly reveals the optimal solution.
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The top graph is a different way of viewing the exact same problem. It is
using the production function as a constraint (the TRP curve) and three
representative isoprofit lines are displayed. Each isoprofit line shows the
combination of L and ¢ that gives the same profit. The firm is trying to get
on the highest isoprofit (to the northwest) while meeting the constraint. It
can roll on the TRP curve (like it rolled on the isoquant) until it hits an
isoprofit line that is tangent to the TRP.

The constrained optimization problem can be written like this:

maxm = Pq— wL —rK
Ly

s.t. g = AK°LP

The Lagrangean method could be applied to solve this problem. Naturally,
the exact same solution is obtained if we use the Lagrangean or the more
common approach of directly substituting the constraint (the production
function) into the revenue function.

Suppose we wanted to check if the analytical and numerical results are the
same. We need to evaluate the expression for optimal L at the parameter
values in the OneVar sheet.

The expression is complicated enough that entering it in a cell as you would
write it is a bad idea. The parentheses are likely to cause confusion. It is
better to create houses for each part then fill them in. Here’s how.

S TEP Watch this short video on how to enter a complicated formula in
Excel: vimeo.com/415967747.

Entering parentheses as pairs, is a good habit to develop when working in a
spreadsheet. It is easy to make an order of operations mistake or get mis-
matching parentheses if you try to enter the formula like you would on a
piece of paper.

ST'E PEnter the formula in cell M28 (just like in the video) to practice
building houses in formulas in Excel.

In so doing, you confirm that the analytical and numerical methods yield
substantially the same answer.


https://vimeo.com/415967747
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Another Short Run Production Function

A Cobb-Douglas production function has many advantages, including that
the sum of exponents reveals whether returns to scale are increasing, con-
stant, or decreasing if they are greater, equal, or less than one. However,
once the exponents are set, the function can only exhibit those returns to
scale.

Likewise, in the short run, with K fixed, our Cobb-Douglas functional form
showed the Law of Diminishing Returns because § = 0.75. A more flexible
functional form would enable production to have increasing and diminishing
returns as more labor is added.

Like the cubic polynomial we used for the total cost function, a cubic func-
tional form can give us an S-shaped TRP curve.

TRP = aL®+ bL* + cL
S TEP Proceed to the Graphs sheet to see this functional form imple-

mented in a set of four graphs that can be used to represent the firm’s input
profit maximization problem (Figure 13.3).

Eucess Profirs -
Totals: TRP and TFacC Totals: Profit

$40,00000 5300000

$35.000.00 TFact $3,000.00
$30,000.00 $4.000.00
525,00000 TRP 52.000.00
32000000 0.00 ' .
50 100
$15,00000 ($2.000.00)
$10.00000 (34.000.00)
55,000.00 ($6.000.00)

$0.00 ' ) ($8,000.00) P
o 50 100 ($10.000.00)
labar {hours) labor (hours)

Marginals and Averages: Marginals: mn
MRP, MFC, ARP, AFC

51,200.00 furit
51,000.00 /unit 400,00 funit

$80000 funit
(3100.00)urit

$600.00 /unit AFC 50 00
20000 funit + MFC=w
520000 funit ARP (5600 00yunit

$0.00 funit " |
15 Vumi 50 \ 100 ($1,100.00)unit

200 00/ umnit
mn

{$a0a00)/unit MRP

(51.600.00)unit

{5600:00)/umit {abar (hours) labor (hours)

Figure 13.3: Four graphs for input profit maximization.
Source: InputProfitMax.xls!Graphs.



13.1. INITIAL SOLUTION 467

It is striking that these graphs mirror the four graphs we used to describe the
firm’s output side profit maximization problem. The two top graphs show
total revenue and total cost on the top left, along with total profits on the
top right. The bottom graphs display a series of marginal and average curves
on the bottom left and marginal profit on the bottom right.

If you look carefully, you will notice that things are switched around a bit.
Instead of total cost being a curve (as it is on the output side), it is a straight
line because total factor cost on the input side in the short run is wL + rkK.
On the other hand, total revenue product (so named to distinguish it from
total revenue on the output side) is a curve (instead of a straight line).

Unlike the canonical output side profit maximization graph with U-shaped
MC, ATC, and AVC curves and a horizontal P = MR line, the bottom
left graph has a horizontal MFC' line and the MRP and ARP functions are

curves and they are upside down.

But there are also key similarities. The equimarginal rule is in play: M FC =
MRP reveals the labor use that maximizes profits. Also, a rectangle of
(ARP — AFC)L gives an area that is equal to profits. The length of the
profit rectangle ranges from zero to the chosen amount of labor hired. The
height is the difference between average revenue product, ARP, and average
factor cost, AFC. The area of this rectangle is profit because ARP — AFC
is profit per hour so multiplying by L, measured in hours, yields profits.
Another way to think about this is that multiplying L by ARP yields total
revenues (since L x TRP/L = TRP) and multiplying L by AFC gives total
costs (since L x TFacC/L = TFacC). Subtracting the total cost rectangle
from the total revenue rectangle leaves the profit rectangle.

Another similarity between output and input profit maximization is that the
firm has the same four profit positions.

S TEP In the Graphs sheet, click on the pull down menu (near cell P4)
and cycle through all of the profit positions.

As with the output side, the shock is output price. As it falls, so do maxi-
mum profits.

The Neg Profits, Cont Prod and Neg Profits, Shutdown options show that the
firm will shut down when the w > ARP. This is analogous to the P < AVC
Shutdown Rule. Keep your eye on the total profits in the top right graph
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to see that the story is the same—the firm is deciding whether the negative
profit at best of the positive levels of L is better than hiring no L at all.

The connection between input and output is simple. The firm shuts down
when w > ARP which we can multiply by L to give wL > TRP. But wL
and TRP are TVC and TR on the output side. Divide both by ¢ and we get
AV C > P, which is the same as P < AV (', the usual output side Shutdown
Rule. In addition, the wL > T RP version of the Shutdown Rule supports
the claim that revenues must cover variable costs for a firm to produce.

Input Profit Maximization Highlights

At this point, you might be suffering from repetitive stress syndrome—we
seem to be going over and over the same ideas. That is an important level to
attain in mastering the economic way of thinking. The body of knowledge in
economics is grounded in a core methodology of optimization and compara-
tive statics. The framework is used over and over and over again.

Like every optimization problem, the input side profit maximization prob-
lem can be organized into a goal, endogenous, and exogenous variables. This
problem has a canonical graph (with MFC and MRP as the key elements)
and an equimarginal rule M FFC' = M RP.

Because the firm is an input price taker, M F'C' = w. This means that every
additional hour of labor adds w to total cost. If the firm was a monopsony,
this would not be true and the optimization problem would be more compli-
cated.

Finally, because the input profit maximization problem is the flip side of
the output side profit maximization problem, it should not be surprising
that we can represent the initial solution with a set of four graphs. The
parallelism carries through all the way to the Shutdown Rule, where w >
ARP is equivalent to P < AV C. We will stress the connections between
input and output side again in the next chapter.

Exercises

1. Use the TwoVar sheet to compute the long run beta elasticity of L*
from beta = 0.75 to beta = 0.74. Show your work.
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2. In the Q& A sheet, question 4 asks you to find short run beta elasticity
of L* from beta = 0.75 to beta 0.74. The InputProfitMazA.doc file in
the Answers folder shows that the answer is about 28. Explain why the
short run elasticity (which is admittedly quite large) is much smaller
than the long run elasticity that you computed in the previous question.

3. Use Excel to set up and solve (with Solver, of course) the constrained
version of the input profit maximization problem in the OneVar sheet.
Take a screenshot of your solution (including the constraint cell) and
paste it in your Word document.

4. In the Graphs sheet, select the Neg Profits, Shutdown case. Does the
top, right graph support the w > ARP Shutdown Rule? Explain.
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To be sure, we are living in a dessert age.
We want things to be sweet; too many of us
work to live and live to be happy. Nothing
wrong with that; it just does not promote
high productivity. You want high
productivity? Then you should live to work
and get happiness as a by-product.

David Landes

13.2 Deriving Demand for Labor

A profit-maximizing firm with Cobb-Douglas technology and given prices in
all markets (P, w, and r) in the short run can be modeled as solving the
following optimization problem:

maxm = PAK“LP —wL — rK)

The previous section found the initial solution for this problem. This section
is devoted to comparative statics analysis. How will this firm respond to a
change in one of its exogenous variables, ceteris paribus?

Although there are several exogenous variables from which to choose, the
responsiveness of optimal L to a change in the wage is of utmost importance.
This comparative statics analysis will give us the short run demand for labor.

After deriving the demand for labor in the short run, we will examine the long
run demand for labor. A comparison of short and long run wage elasticities
of labor reveals that labor demand is more responsive in the long run. We
then explore how changes in P affect L*.

Demand for Labor in the Short Run

We begin with numerical methods for a comparative statics analysis of a
change in the wage (also called the wage rate is measured in $/hr).

S TEP Open the Excel workbook DerivingDemandL.xls and read the In-
tro sheet, then go to the OneVar sheet.

The layout is the same as the InputProfitMax.xzls workbook in the previ-
ous section. It is clear from the graphs and the equivalence of wage and
MRP below the graphs that the firm is at its optimal solution. The yellow-
backgrounded cell, the wage rate, is the shock variable on which we will focus.

471
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S TEP Change the wage in the OneVar sheet to $19/hr from the initial
value of $20/hr.

It is difficult to see anything in the top graph, however, the isoprofit line is
no longer tangent to the TRP. The bottom graph clearly shows that the red
diamond (at L = 1431 hours) has a marginal revenue product greater than
the marginal factor cost (equal to the wage). Cells H40 and 140 show that
the wage is less than MRP.

S TEP Since the firm is no longer optimizing, run Solver to find the new
optimal solution.

You will find that, to maximize profits, the firm will hire 1757 hours when the
wage falls to $19/hr, ceteris paribus. At this level of labor use, the marginal
revenue product once again equals the marginal factor cost.

Although we have only two data points, it should be clear that the firm will
hire that amount of labor where the marginal revenue product equals the
wage, in the short run. This means that the marginal revenue product curve
is the firm’s (inverse) demand for labor curve. Quote the firm a wage and it
will look to its MRP curve to decide how much labor to hire.

We have two points on the demand for labor curve; at w = $20/hr, L* =
1431 hours and at w = $19/hr, L* = 1757 hours. Can we pick more points
off of the demand for labor curve?

S TEP Set the initial wage back to $20/hr and use the Comparative Stat-
ics Wizard to apply five $1/hr decreases in the wage. Create charts of the
demand for labor and the inverse demand for labor.

Your results should look like those in the C'SI sheet. The CSWiz output
makes common sense. As the wage drops, the firm hires more labor. Look
also at the objective function—as wage falls, maximum profits are rising.
The key idea here is that firm hiring decisions are driven by profit maximiza-
tion. The reason why L increases as w falls is that this response is profit
maximizing.

Like demand curves in the Theory of Consumer Behavior, the price—the
wage in this case—can be placed on the z or y axis. The two displays use
the same information and convey the same message.
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We can also derive the short run demand for labor via analytical methods.
This problem was presented in the previous section. For your convenience,
it is repeated below.

We need to leave w as a variable, but for maximum generality we solve for
L* as a function of all parameters.

maxm = PAK®LP —wL —rK)

We take the derivative with respect to L, set it equal to zero, and solve for
L*.

97 _
ﬁ — BPARYLP! — =0
BPARYLF~' = w

B—1 __ w

BPARK=

1
w BT
L= =
L%PA K« }

This expression is the demand curve for labor. If we substitute in values for
all exogenous variables except w, we can plot L* as a function of w, ceteris
paribus.

Do the numerical methods based on the CSWiz add-in agree with the ana-
lytical derivation of the demand for labor?

S TEP In the CS1 sheet, click on cell C16. This is Solver’s answer for L*
when the wage is $20/hr.

Do not be misled by all of the decimal places. That is false precision.

S T'E P crick on cell E26. 1t displays L* when the wage is $20/hr based
on the reduced-form solution.

Do not be misled by the number displayed in cell E26. This is Excel’s display
for the formula entered into that cell. Excel’s memory has a different number.
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S TEP Widen column E to see more decimal places.

We proceed slowly because things can get confusing here. Consider this
hierarchy of truth:

1. Solver is giving a number close to the exact right answer in cell C16.

2. Excel is representing the exact right answer as a decimal in cell E26.

3. The exact right answer is ﬁﬁﬁ evaluated at w = $20/hr, along

with the other parameter values.

S TEP To see that E26 is not the exact answer, make column E very wide,
then select cell E26 and click Excel’s Increase Decimal button repeatedly.

You will see that, eventually, Excel will start reporting zeroes. Excel has fi-
nite memory and, therefore, it cannot compute an infinite number of decimal
places for the exact answer. The decimal representation of the exact answer
stored in Excel’s memory is not the exact answer.

To be clear, Excel can display the exact answer if it is an integer or fraction
that can be represented with finite memory. For example, Z, evaluated at
xr = 14 is 2 so, no problem for Excel. If 2 is the answer, Excel has it ex-
actly right. Evaluating at x = 1 means there is no decimal representation
with a finite number of digits. Excel cannot display the exact answer in
this case. Enter = 1/7 in a cell, widen the column, and click the Increase
Decimal button repeatedly to see that Excel eventually starts showing zeroes.

Thus, neither E26 nor C16 is the exact answer. They are both so close to the
answer, however, that we can say they “substantially agree” and are correct.

We can also use the analytical approach to reinforce the idea that the short-
run (inverse) demand for labor is the marginal revenue product of labor.

The first-order condition gives the equimarginal rule.

dm _

—— = BPAK°L’™ =

ar =" v
The term on the left is the MRP. Evaluating the BPAK® portion at their
initial values gives 123.0187 (as shown in cell K26 of the CSI sheet). Thus,

MRP = 123.0187L°! and at 8 = 0.75, MRP = 123.0187L"%%.
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The CS1 sheet has an inverse demand for labor chart. Is the relationship in
this chart the same as the MRP function that we just found? Let’s find out.
By finding the function that fits the data in the inverse demand for labor
chart, we can compare this relationship to the MRP function.

S TEP Right-click on the series in the inverse demand for labor chart
and select the Add Trendline option. Select the Power fit, scroll down and
check the Display equation on chart option. Click OK. Move the equation
(if needed) and increase the font size to see it better. Scroll right to see what
your chart should look like.

The answer is clear: The fitted curve that reveals the function for the inverse
demand curve for labor is the marginal revenue product of labor curve. The
fitted curve’s coefficient and exponent are almost exactly that of the MRP.

Next, we turn our attention to the wage elasticity of labor demand. We can
compute the elasticity at a point or from one point to another. We do the
former below and leave the latter as an exercise question.

Elasticity at a point begins by finding the derivative of the reduced-form
expression. We substitute in the known value for FPAK® = 123.0187 in the
denominator and § = 0.75 in the exponent.

L* = (

w 1 w 1 w

ST = (e = ()
BPAK 123.0187 123.0187

To take the derivative with respect to w, we isolate w.

) = e = (e
123.01877  123.0187-%  ‘123.0187—4

L* =

Now we can apply our usual derivative rule, moving the exponent to the front
and subtracting one from it.

dL* 1

A (——— b
dw (30T

This expression is merely the slope or instantaneous rate of change of optimal
labor hired as a function of the wage. To find the elasticity, we must multiply
the derivative by the ratio w/L.

dL* w 1 w
—_— = —4 N — _5_
dw L (o ™ T
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But we have an expression for L, so we substitute it in.

dlfw _ ( 1 Y™ w
dw L 123.0187—4

T -
(o )w™

The 123.0187 % terms cancel. And w° times w in the numerator is w=* so

that cancels with w~—* in the denominator. We are left with this.

dL* w
Ty
dw L

As has happened before (remember the price and income and cross price elas-
ticity of demand?), the Cobb-Douglas functional form produces a constant
wage elasticity of short run labor demand.

This elasticity value says that labor demand is extremely responsive to changes
in the wage. We would not expect to find such a large wage elasticity of short-
run labor demand in the real world. For a Cobb-Douglas production function,
the elasticity is driven by the value of beta. If we had left 5 in the expression
for optimal L instead of using 0.75 (see the first two exercise questions), we
would get this expression for the wage elasticity of labor demand:

dl*w 1
dv L  B—-1

If we compute the elasticity from one point to another, say from a wage of
$20/hr to $19/hour (see exercise question 3), we will get a different answer
than —4. That makes sense since we know that L* is non linear in w. As the
change in the wage approaches zero, the elasticity computed from one point
to another approaches —4.

13.2.1 Demand for Labor in the Long Run

If we relax the assumption that capital is fixed, we change the firm’s planning
horizon from short to long run. The TwoVar sheet implements the firm’s
long run input profit maximization problem. There are two endogenous vari-
ables, labor and capital, and no fixed factors of production.

S TEP To derive the firm’s long run demand for labor, use the Compar-
ative Statics Wizard from the TwoVar sheet. As you did in the short run
analysis, apply $1 decreases in the wage.
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Your results should show labor use rising as wage falls, just as in the short
run. But what about the elasticity—is it the same in the short and long run?

S TEP Use your CSWiz results to compute the wage elasticity of labor
demand from a wage of $20/hr to $19/hr. Is it close to —4, the point elas-
ticity at w=%20/hr?

The CSCompared sheet is similar, but not the same as your results. It shocks
wage by $1/hr increments in the short and long run.

The difference in the elasticity is dramatic—labor demand is incredibly re-
sponsive in the long compared to the short run. The elasticity almost triples,
from —3.5 to almost —11. You should find the same result with your CSWiz
data for a wage decrease—the long run elasticity is much higher (in absolute
value) than in the short run. What is going on?

Figure 13.4 provides an answer to this question. The movement from point
A to B is the short run response for a $1/hr wage increase. As the short run
results in the CSCompared sheet show, when the wage rises from $20/hr to
$21/hr, L* falls from roughly 1,431 hours to 1,178 hours.

S/hr

$21/hr 4 new w = new MFC
$20/hr {— w = MFC
A MRP (K = 153)
! ' ! MRP (K =73)
6561178 1431 Labor

Figure 13.4: Why L* is more responsive to Aw in the long than short run.

In the short run, capital stays fixed and the firm moves along its marginal
revenue product curve (which as we already know is the firm’s short run
demand for labor) as the wage changes. The K = 153 in the parentheses
signals that this is the value of K for this MRP schedule.
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In the long run, however, the adjustment is different. The data in the
CSCompared sheet show clearly that the firm will change both labor and
capital as the wage rises. Notice that capital falls from 153 machines to 73
machines as the wage rises from $20/hr to $21/hr.

This change in capital shifts labor’s marginal revenue product curve. As
shown in Figure 13.4, the firm’s long run response to the change in the wage
is from A to C, not simply A to B. It decreases labor use as it moves along
the initial MRP and then again when MRP shifts as K falls. This is the
reason why the wage elasticity of labor demand is more responsive in the
long run.

Figure 13.5 shows the firm’s long run demand for labor and that it is no
longer the MRP curve. Because capital falls as wage rises, leading to a

further decrease in labor hired, the firm is much more responsive to changes
in the wage.

S/hr

$21/hr \ new w = new MFC

$20/hr Demand for w = MFC
Labor
| | MRP (K = 153)
| | MRP (K = 73)
656 1431 Labor

Figure 13.5: The long run demand for labor.

It is clear that the inverse labor demand curve shown in Figure 13.4 is flatter
in the long run than the MRP curve (which is the short run inverse demand
for labor). A wage decrease would stimulate more labor hired in the long
than short run because K would rise in the long run.

The Shutdown Rule and the Demand Curve for Labor

Recall that, on the output side, the supply curve is the MC' curve when
P > AVCIft P < AVC where MR = MC, then the firm ignores this
marginal signal (which is the top of a local profit hill) and shuts down (¢ = 0).
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The supply curve has a tail where the quantity supplied is zero when the price
falls below average variable cost.

There is a similar tail, with L = 0, on the demand curve for labor. The
previous section showed that if w > ARP, the firm will shut down, hiring no
labor and producing no output.

S TEP Proceed to the Graphs sheet to quickly review this concept. Use
the pull down menu to change the firm’s output price and place the firm in
any of the four profit positions. Select Neg Profits, Shutdown to see that the
firm will shut down when P is so low that it shifts ARP down so much that
w > ARP. This is analogous to the P < AV C Shutdown Rule.

The Shutdown Rule means that we have to change our definition of the
demand curve for labor to get it exactly right. In the short run, the inverse
demand curve is the MRP curve, as long as w > ARP; otherwise it is zero,
as shown in Figure 13.6.

wage
($/hour mmmm = [nverse Demand for Labor
w7 MFC
MRP \ARP
Labor
(hours)

Figure 13.6: The short run inverse demand for labor.

The Shutdown Rule is usually presented from the output side as P < AV C.
This version of the rule is perfectly compatible with the input side version
of the shutdown rule, w > ARPL. Either wage increases or output price
decreases can trigger a shutdown.

In Figure 13.6, it is easy to see what is happening when wage increases—the
horizontal MFC' line shifts up and it rises above ARP, the firm shuts down.
What is happening on the output side? Remember that as wage rises, cost
curves on the output side shift up. At the precise point at which a higher
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wage triggers the decision to not hire any labor, the AVC curve will have
shifted above P and the firm will decide to not produce any output.

The same story is at work when P falls. On the output side, it easy to
see that when the horizontal P = MR line falls below AVC, the firm shuts
down. What is happening on the input side? As P falls, the MRP and ARP
curves in Figure 13.6 shift down. At the precise moment when P falls below
AVC(C and the firm decides to produce no output, the ARP shift below the
horizontal wage line in Figure 13.6 and the firm will decide to hire no labor.

Demand for Labor Depends on P

Another comparative statics analysis for input profit maximization revolves
around the effect that P has on L*. This shows how the demand for labor is
a derived demand from the desirability of the product. In other words, the
stronger the demand for the product, the greater the demand for labor.

Suppose demand for bread rises in our Excel workbook. This increases P,
ceteris paribus. What happens to L? We explain the short run response here
and leave the long run for exercise questions 4 and 5.

STEPReturn to the OneVar sheet. Return the wage to $20/hr. Run
Solver.

Instead of simply changing P and running Solver again, we want to see what
effect P has on the graphs that show the initial solution.

STEPChange P to $2.10 and look carefully at the charts.

It is difficult to see that the TRP curve has changed so that it is no longer
tangent to the isoprofit line, but the bottom chart clearly shows that the
initial solution is no longer optimal. What happened?

From our analytical work, we know that M RP = BPAK®L’! so it is clear
that an increase in P will shift the MRP curve up. That is what you are
seeing in the bottom graph on the OneVar sheet. Return P to $2/unit to
see that MFC stays constant (w remains unchanged), but MRP is moving,.

STEPWith P=$2.10, run Solver. What happens to L*?
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Not surprisingly, the firm wants to hire more labor. The reason is that the
MRP curve shifts and a new solution is found where the new M RP = w. La-
bor cost and productivity are unchanged, but the demand for labor is affected
by consumer’s desire for the product (expressed through the P). We say that
that demand for labor is a derived demand—the firm’s need for labor (and
other inputs) comes from the fact that it has customers who want its product.

Figure 13.7 shows what happens as you increase the product price. If the
demand for a firm’s output is high, the price will be high, and this will induce
an increased demand (shift) for labor.

$/hr
$20/hr . w =MFC
Lo MRP (P = 2.10)
Lo MRP (P = 2.00)
Labor

Figure 13.7: Demand for L is a derived demand.

It is easy to see that labor is a derived demand by considering professional
sports. Pro athletes in major sports make a lot of money because they are
in high demand. Sports teams know that the price of the good they produce
(including broadcast and streaming revenue) is high. The output side is most
definitely reflected in the input side via the product price.

Marginal Productivity Theory of Distribution

The input side profit maximization problem can be used to examine the dis-
tribution of firm revenues. The basic idea is that shares are a function of
an input’s productivity: The more productive the input, the greater its share.

S TEP From the TwoVar sheet, run a comparative statics experiment
that changes the exponent on labor from 0.75 to 0.755 (5 shocks of 0.001).
In the endogenous variables input box, be sure to track not only L and K,
but also the shares received in cells C44:C46.
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Check your results with the CS3 sheet. The CS2 sheet has the outcome of
a change in alpha, the exponent on capital. It explains how “large” shocks
of, say, 0.1 will cause catastrophic failure as o 4+ 8 approaches +1. This is
why the change in beta so small—to stay away from the singularity.

By increasing the exponent on labor in the Cobb-Douglas production func-
tion, labor’s productivity rises. In other words, labor can make more output,
ceteris paribus, as the exponent on labor increases. The firm maximizes
profit by using more labor and labor’s share of firm revenues rises.

The CSWiz data show that we can immediately determine the percentage
share of revenues gained by each input by the input’s exponent in the produc-
tion function. Although a different production function may not have this
simple short-cut to determine the percentage share of revenues accruing to
each input, it remains true that an input’s share will depend on its marginal
productivity.

Whereas algebraic convenience and simplicity are often invoked as a rationale
for utilizing the Cobb-Douglas functional form, in the case of factor shares, a
strong empirical regularity supports the use AK*L?. About 2/3 of national
income has gone to labor and 1/3 to capital. “In fact, the long-term stabil-
ity of factor shares has become enshrined as one of the “stylized facts” of
growth” (Gollin, 2002, pp. 458-459). More recent measurements of factor
shares shows that capital is gaining a greater share and this is an active,
exciting area of research.

Labor Demand Highlights

The most important comparative statics exercise on the input side is to derive
the demand for inputs. This chapter focused on labor demand and showed
that the short run demand for labor is the marginal revenue product of labor
curve.

In the long run, however, the demand for labor is not the MRP curve be-
cause K* changes as w changes. For this same reason, labor demand is more
responsive to changes in the wage in the long run.

Whether in the long or short run, the demand curve for labor is subject to
the same Shutdown Rule qualification as the supply curve for output. If the
wage is higher than the ARP at the point at which M RP = M F(C, the firm
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will hire no labor. This coincides perfectly with the firm’s decision to shut
down on the output side, producing no output.

In addition to changes in the wage, this chapter explored the effects of a
change in product price. As P increases, L* rises. In terms of the canonical
graph, an increase in P shifts the MRP and leads to a new optimal solution.
This leads economists to think of and say that labor demand is a derived
demand because the price of the product influences how much labor the firm
wants.

This section ended by pointing out that an input’s productivity determines
its share of firm revenues. As productivity rises, so does the percentage share
accruing to that input. Productivity is a key variable in determining input
use and distribution of revenues.

Exercises

1. Derive the wage elasticity of short run labor demand for the general

case where L* = ( 71. Show your work, using Word’s Equation

Editor.

paK=)

2. Does your result from the previous question agree with the —4 value
obtained in the text?

3. Compute the wage elasticity of short run labor demand (using the pa-
rameter values in the OneVar sheet) from w=%20/hr to $19/hr. Show
your work.

4. Use the Comparative Statics Wizard to analyze the effect of an increase
in the product price in the long run. Compute the P elasticity of L*
from P = 2.00 to P2.10. Copy and paste your results in a Word
document.

5. Is L* more responsive to changes in P in the short run or long run?
Explain why.
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[That long run responses are more elastic
than short run responses| is commonly
believed to be empirically true, simply as a
matter of assertion. It is interesting and
noteworthy that this type of behavior is in
fact mathematically implied by a
maximization hypothesis.

Eugene Silberberg

Chapter 14

Consistency

We have considered three separate optimization problems in our study of
the perfectly competitive (PC) firm. Figures 14.1, 14.2, and 14.3 provide a
snapshot of the initial solution and the key comparative statics analysis from
each of the three optimization problems.

This chapter ties things together with the fundamental point that these three
problems are tightly integrated and are actually different views of the same
firm and same optimal solution. Change an exogenous variable and all three
optimization problems are affected. The new optimal solutions and compar-
ative statics results are consistent—i.e., they tell you the same thing and are
never contradictory.

Figure 14.1 shows the input side cost minimization problem. Quantity is
exogenous in this problem and the firm looks for the input mix that minimizes
the total cost of producing the given gq.

Input Cost Min: Choose Inputs to min Cost of a given g
Key Comp Statics: Firm Cost Function

K S TC

TC*

TC*
qa=qo

L q0 q
Figure 14.1: Initial cost minimization and cost function.
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The right panel in Figure 14.1 shows the cost function that comes from track-
ing minimum total cost as ¢ varies, ceteris paribus.

Figure 14.2 shows output side profit maximization. The PC firm (since
P = MR is a horizontal line) gets average and marginal cost curves from the
cost function and finds the quantity that maximizes profit.

Output Profit Max: Choose Output to max Profit
Key Comp Statics: Firm Supply Curve

q* quantity Price

Price

Figure 14.2: Initial profit maximization and the supply curve.

The right panel in Figure 14.2 shows where supply curves come from: shock
P, ceteris paribus, and track optimal gq.

Figure 14.3 returns to the input side, but this time the firm solves a profit
maximization problem, choosing how much labor to hire.

Input Profit Max: Choose Input to max Profit
Key Comp Statics: Firm Demand for an Input

wage L*

($/hour)

w — | MFC —_—
| \
IMRP ARP

]
]
]
L* Labor wage
(hours)

Figure 14.3: Initial profit maximization and the demand for labor.

The right panel in 14.3 shows how changing w, ceteris paribus, produces the
demand curve for labor.
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These three optimization problems share a common methodology. In each
case, we set up and solve the problem, then do comparative statics analysis.
There are other shocks that can be explored, but the one shown here is the
most important.

But there is one last crucial concept that is the focus of this chapter: these
three problems do not exist in isolation, instead, they are woven together to
comprise the Theory of the Firm. The relationships among the three exhibit
a consistency that can be demonstrated with Excel.

Perfect Competition in the Long Run

S TEP Open the Excel workbook Consistency.zls and read the Intro

sheet; then proceed to the TheoryoftheFirmLongRun sheet. Use the
button to fit the graphs on your screen so that all of them can be seen si-
multaneously.

The first and most important point is that all three optimization problems,
in unison, comprise the Theory of the Firm. Perhaps because they see it in
introductory economics, many students think of the output profit maximiza-
tion graph as the firm. The display in Consistency.zls gives a strong visual
presentation and constant reminder that the firm has three facets.

Gray-backgrounded cells are dead (click on one to see that it has a number,
not a formula). They serve as benchmarks for comparisons when we do com-
parative statics.

The output and input profit maximization graphs do not have the usual
U-shaped curves because the production function is Cobb-Douglas. This
functional form cannot generate conventional U-shaped MC and AC curves
(or upside down U-shaped MRP and ARP). There is no separate AVC' curve
because we are in the long run, so AC' = AVC.

S TEP Compare the initial solutions for each of the three problems.

There are several ways in which they agree.

1. L* and K* are the same in the Input Profit Max (left) and Input Cost
Min (middle) graphs.
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2. If you use these amounts of L and K, you will produce 636 units of
output, as shown in the Output Profit Max (right) graph.

3. m* is the same in the Input and Output Profit Max graphs. There is
no profit in the Input Cost Min graph because there is no output price
(P) and, therefore, no revenue in that optimization problem.

4. Total cost from each side is exactly the same. You can find T'C from
the Input Profit Max by creating a cell that computes wL*+rK*. This
will equal $36,262. From the Output Profit Max side, calculate TC by
subtracting revenue, Pq, from profit. Again, you get $36,262.

We can also see consistency in the ways in which the three optimization
problems respond to shocks. As you would expect, the comparative statics
results are identical.

STEPWage increase of 1%. Change cell B2 to 20.2. Use the

button if needed to see more clearly how the graphs have changed.

Figure 14.4 shows the results.

|ExogenuusVariables
w202 | r 50 | c 075 | d 02 | P 60 |

Zoom In Reset q 548
‘m % —PLK® —wL — 1K min IC = wL +7K max 7= Pg~TC(g)

T
Endogenous Variables i g=rK
L 1221 1431 -14.7% L= 1221 1431 -14.7% q* 548 636 -13.9%
K* 132 153 -13.9% K* 132 153 -13.9%
ot $1644 § 1909 -13.9% TC* $31235 & 36262 -139%| n+ $ 1644 § 1909 -139%
T —— | i : —
\ . e —
Y e
N 7 7=
N A7
B BN
RN

Figure 14.4: Wage shock in the long run.
Source: Consistency.xls! Theoryofthe FirmLongRun

On the Input Profit Max graph, we see that optimal labor use has fallen by
14.7% as wage rose by 1% (so the wage elasticity of labor from wage = $20/hr
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to $20.20/hr is —14.7). Labor demand collapsed because the horizontal wage
line shifted up and because the MRP schedule shifted left. The latter effect
is due to the fact that optimal K fell.

On the Input Cost Min graph, we see that the firm is minimizing the cost of
producing a lower level of output. In other words, we are on a new isoquant.
Notice that the changes in L* and K* are consistent with the decreases re-
ported from the Input Profit Max results.

The wage increase in the Output Profit Max graph is felt via the shifting up
of the cost curves. The firm decreases ¢* because MC shifted up and there-
fore the intersection of MR and MC' occurs to the left of the initial solution.

Figure 14.4 and your screen shows how the Theory of the Firm reacts in a
consistent manner to a wage shock. Is this true of other shocks? Yes. Here
is another example.

S TEP Click the button, and then implement a labor productiv-

ity increase to 0.751 by changing cell F2.

Figure 14.5 shows the dramatic results of this shock. Input use and output
produced have increased by about 18% in response to this tiny change in c.

Exogenous Variables
w20 | r 50 | c 0751 | d 02 | P 60 |

Zoom In Reset q 753
| Hl]ll;l TC = wl + K e 7= Pg-TC(g)

|rrn§ T =PL°K* —wL —rK

T
Endogenous Variables q Q=LK
L* 1697 1431 18.5% L* 1697 1431 18.5% q* 753 636 18.4%
K* 181 153 18.4% K* 181 153 18.4%
ot $2214 § 1909 16.0% TC* $42972 & 36262 185%| =+ § 2214 § 1909 16.0%
- \ .
\ . =
\ . =
LAY N
NN L2

Figure 14.5: Labor productivity shock in the long run.
Source: Consistency.xls! TheoryoftheFirmLongRun
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As with the wage shock, comparison of the effects of the change in ¢ on the
three optimization problems shows consistency. The two input side problems
show that input use is the same and the inputs used will make the desired
output on the output side. Profits on the input and output sides are the
same. The productivity increase has shifted MRP up and cost curves down.

Other shocks are explored in Q&A and exercise questions. In every case,
changing an exogenous variable, ceteris paribus, produces effects felt through-
out the three optimization problems and the results are always consistent.

Perfect Competition in the Short Run

S TEP Go to the TheoryoftheFirmShortRun sheet to explore the compar-
ative statics properties of the three optimization problems in the short run.

This sheet has several differences compared to the previous overall view of
the firm in the long run.

e There is an additional exogenous variable, K, because we are in the
short run. Its value is set to the long run optimal solution for the
initial values of the other parameters.

e There is a missing graph in the input profit max problem. With K
fixed, we no longer need to depict its optimal solution.

e There is a straight, horizontal line in the isoquant side graph. With K
fixed, the firm will not be able to roll around the isoquant to find the
cost-minimizing input mix. It must use the given amount of K.

e There is an extra cost curve in the output profit max graph. Having K
fixed means there is a fixed cost so we now have separate average total
and average variable costs.

S TEP Compare the initial solutions for each of the three problems. As
expected, they agree in input use, output produced, and profits generated.

As before, we can change the light-green-backgrounded exogenous variable
cells in row 2 and follow the results in the graphs.

STEPApply a wage increase of 1%. Change cell B2 to 20.2. Use the
button if needed to see more clearly how the graphs have changed.



Figure 14.6 shows the results of this shock.

Exogenous Variables
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Figure 14.6: Wage shock in the short run.
Source: Consistency.xls! TheoryoftheFirmShortRun
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The usual consistency properties are readily apparent. We observe the same
change in L*, ¢*, and 7* across the board. Notice that the input profit max

problem does not show a shift in MRP because K is fixed.

If we compare the short (Figure 14.4) to the long run (Figure 14.6), we see
that the responsiveness of the changes in endogenous variables is greater in
the long run. Labor and output fall by more in the long run. Profits, how-

ever, fall by less in the long run.

S TEP Click the button, then implement a labor productivity in-

crease to 0.751 by changing cell F2.

Figure 14.7 displays the results.

Exogenous Variables
w20 ] r_50 ] c 0751 | d 02 | P 60 | K_ 153 |

\
Zoom In Reset q 658
min 7C =wL + rK e 7=Pg—TC(g)

_ ropd
Endogenous Variables St @=L
L* 1482 1431 3.5% L* 1482 1431 3.5% q* 658 636 3.4%\

|rnaLx 7=PI'K®—wL —7K

ot $2,191 ' $ 1909 148% TC* $37,268 | § 36,262 28%| o+ $ 2191 $ 1,909 14.8%

£ %0 10 0 ) E3 o we @ 0 W w0 w0 @n o

Figure 14.7: Labor productivity shock in the short run.
Source: Consistency.xls! TheoryoftheFirmShortRun
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Figure 14.7 shows consistency in the results and, once again, the long run
changes are more responsive than in the short run. L and K fall by more
and the increase in profits is higher in the long run.

Long versus Short Run

When we compared the short and long run results for shocks in w and ¢,
the long run exhibited greater responsiveness in labor and output. Is there
a general principle at work?

Yes. The general law is that long run responses are always at least as or more
elastic than in the short run. This is known as the Le Chatelier Principle.

Le Chatelier’s idea, which he originally applied to the concept of equilibrium
in chemical reactions, was introduced to economics by Nobel laureate Paul
Samuelson in 1947.

The Le Chatelier principle explains how a system that is in equi-
librium will react to a perturbation. It predicts that the system
will respond in a manner that will counteract the perturbation.
Samuelson, following the methods of the hard sciences, has trans-
ported this principle of chemist Henri-Louis Le Chatelier to eco-
nomics, to study the response of agents to price changes given
some additional constraints. In his extension of this principle,
Samuelson uses the metaphor of squeezing a balloon to further
explain the concept. If you squeeze a balloon, its volume will de-
crease more if you keep its temperature constant than it will if you
let the squeezing warm it up. This principle is now considered
as a standard tool for comparative static analysis in economic
theory. (Szenberg, et al., 2005, p. 51, footnote omitted)

In the context of the short and long run responses to shocks by a firm, the
Le Chatelier Principle says that long run effects are greater because there
are fewer constraints.

When the wage rises, a firm in the short run is stuck with its given quantity
of K. In the long run, however, it will be able to adjust both L and K and it
is this additional freedom of movement that guarantees at least as great or
a greater response in input use and output produced.
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For increasing ¢, the Le Chatelier Principle is reflected in the fact that labor
demand is much more responsive in the long run than the short run. In the
long run, the firm is able to take greater advantage of the labor productiv-
ity shock by renting more machines and hiring even more labor. This is, of
course, reflected in the greater profits obtained in the long run in response
to the increased c.

A Holistic View of the Firm

Figures 14.1, 14.2, and 14.3 are fundamental graphs for the Theory of the
Firm. They represent the three optimization problems that, in unison, com-
prise the theory. The firm is not merely its output side representation, but in-

cludes all three optimization problem, as shown in the Consistency.zls work-
book.

The input cost min (isoquants and isocosts that can be used to derive the
cost function), output profit max (horizontal P with the family of cost curves
that yield a supply curve), and input profit max graphs (horizontal w with
MRP generating a demand curve for an input) are all intertwined. Not only
do they all yield consistent answers for the initial solution, they all provide
consistent comparative statics responses.

If we compare short and long run effects of shocks, we see that the firm re-
sponds more energetically in the long run. The wage elasticity of labor is
greater (in absolute value) in the long run and, via consistency, so is the wage
elasticity of output. Similarly, the ¢ elasticities of labor and output are also
greater in the long run.

Both of these results are examples of the Le Chatelier Principle: With fewer
constraints, responsiveness increases. Since the short run prevents K from
varying, the firm is less able to adjust to a shock. It can only vary L and,
thus, its adjustment is more restricted and inelastic.

Exercises

1. What happens in the long run when price increases by 1%? Implement
the shock and take a picture of the results, then paste it in a Word
document. Comment on the changes in optimal labor, capital, output,
and profits.
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2. Compute the long run output price elasticity of labor demand. Show
your work.

3. Apply the same 1% price increase in the short run. Take a picture of
the results, then paste it in your Word document. Comment on the
changes in optimal labor, capital, output, and profits.

4. Compute the short run output price elasticity of labor demand. Show
your work.

5. Compare the price elasticities of labor demand in the long (question 2)
and short run (question 4). Is the Le Chatelier Principle at work here?
Explain why or why not.

6. With output price 1% higher, increase the wage by 1% in the long and
short run. Do these two shocks cancel each other out in either case?
Explain.
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Chapter 15

Monopoly

Like the perfectly competitive firm, a monopolist has three interrelated op-
timization problems. Attention is focused on the output profit max problem
because that is where the essential difference lies between a perfectly com-
petitive (PC) firm and a monopoly. We know that via consistency, monopoly
power manifests itself on the input side also. A monopoly will produce less
than a PC firm and, in turn, hire less labor and capital.

Unlike a PC firm, a monopoly chooses output and the price at which to sell
the product. This makes the monopoly problem harder to solve. Fortunately,
your experience with optimization, comparative statics, and graphical dis-
plays give you the background needed to understand and master monopoly.

Definition and Issues

A monopoly is defined as a firm that is the sole seller of a product with no
close substitutes. The definition is inherently vague because there is no clear
demarcation for what constitutes a close substitute.

Consider this example: In the old days, a local cable provider might have an
exclusive agreement to provide cable TV in a community. One could argue
that the cable provider was a monopoly because it was the sole seller of cable
TV. But what are the substitutes for cable TV?

Years ago, cable TV was the only way to access subscription channels such
as ESPN and HBO. Commercial broadcasts (with national broadcasters such
as ABC, NBC, and CBS and local channels) were a poor substitute for cable
TV. In this environment, cable TV would be a good example of a monopoly.

495
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Today, however, cable TV has strong competition from satellite services and
streaming services from the web. Even if a firm had an exclusive franchise
to deliver cable TV in a community, there are many ways to get essentially
the same package of channels. Today, cable TV is not a monopoly.

Of course, cable TV is not a good example of perfect competition either. The
cable company does not accept price as a given variable. It is in the middle,
somewhere between perfect competition and monopoly. Markets served by
a few firms are called oligopolies. Add more firms and you eventually get
monopolistic competition. The study of how firms behave under a variety of
market structures is part of the subdiscipline of economics called Industrial
Organization. Figure 15.1 sums things up.

#Firms: 1 2 Few Several to Some Countless
Monopoly Duopoly Oligopoly Monopolistic Competition Perfect Competition
| |
I 1 >

Figure 15.1: A continuum of market structures.

Barrier to Entry

To remain a monopoly, the firm must have a barrier to entry to prevent
other firms from selling its product. In the cable TV example, the barrier to
entry was provided by the exclusive agreement with the community. Such
governmental restriction is a common form of a barrier to entry.

Another way to erect a barrier to entry is control over a needed input. AL-
COA (the Aluminum Corporation of America) had a monopoly in aluminum
in the early 20" century because it owned virtually all bauxite reserves.

If a product requires entry on a large scale, like automobile manufacturing,
this is considered a barrier to entry. To compete against established car com-
panies, a firm must not only produce cars, but also many spare parts and
figure out how to sell the product.

Like the concept of a close substitute, a barrier to entry is not a simple yes
or no issue. Barriers can be weak or strong and they can change over time.
Cable TV’s barrier was eroded not by changes in legal rules, but by techno-
logical change—the advent of satellite TV and the web.
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Monopoly’s Revenue Function

We know that the firm’s market structure impacts its revenue function. The
simplest case is a perfectly (or purely) competitive firm. It takes price as
given and, therefore, revenues are simply price times quantity. For a perfect
competitor, even though market demand is downward sloping, the firm’s own
individual demand curve is perfectly elastic at the given, market price.

Because the PC firm can sell as much as it wants at the given price, selling
one more unit of output makes total revenue (TR) increase by the price of
the product. Marginal revenue (MR) is defined as the change in TR when
one more unit is sold. Thus, for a PC firm, MR = P.

This is not true for a monopoly. A critical implication of monopoly power is
that MR diverges from the demand curve. But this is too abstract. We can
use Excel to make these concepts clearer.

S TEP Open the Excel workbook Monopoly.xls and read the Intro sheet,
then go to the Revenue sheet to see how monopoly power affects the firm’s
revenue function.

The sheet opens with a perfectly competitive revenue structure. Total rev-
enue is a linear function of output and, therefore, P = M R with a horizontal
line in the bottom graph. A graph with a linear TR and corresponding hor-
izontal MR means it is a PC firm.

Unlike a PC firm, a monopoly faces the market’s downward sloping demand
curve. We can model a linear inverse demand curve simply as P = py — p1q.
Because the slope parameter, p;, in cell T2 is initially zero, TR is linear and
MR is horizontal.

S TEP To show how monopoly power affects the firm’s revenue function,
click on the Price Slope scroll bar.

Notice that as you increase the slope parameter, MR diverges more from D.

The smaller (in absolute value) the price elasticity of demand, the greater
the divergence of MR from D and the stronger the monopoly power.

We will see that the monopolist uses the divergence of MR from D to extract
higher profits than would be possible if there were other sellers of the product.
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When drawing MR and D in the case of a linear inverse demand curve, keep
in mind these two basic rules:

1. MR and D have the same intercept.
2. MR bisects the y axis and D.

We can derive these properties easily. With our inverse D curve, P = pg—p1q,

we can do the following:
TR = Pq

TR = (po - p1Q)q

TR = poq — p1q°
dT'R
MR = da = Po — 2p1q
q
Clearly, both D and MR share the same intercept, py. Because the slope of
MR is —2p;, it is twice the slope of D, which is simply —p;.

Thus, when you draw a linear inverse demand curve and then prepare to
draw the corresponding MR curve, remember the two rules: (1) the inter-
cept is the same and (2) MR has twice the slope so at every y axis value,
MR is halfway between the y axis and the D curve.

Figure 15.2, with an inverse demand curve slope of —1, shows the monopoly’s
revenue function. Unlike the PC firm, TR is a curve and MR diverges from
D. MR bisects the y axis and D. The dashed line at $20/unit, for example,
shows the distance from the y axis to MR is 10, the same as MR to D.

Price_int 40f
$450.00

$400.00
$350.00
$300.00
$250.00
$200.00
$150.00
$100.00

$50.00

5000
0 5 10 15 2 25 30 35

auanily (i) [ Pre et *‘
& >
& >

Price_Slope 1

$50.00 /unit

$40.00 /unit

quantity (units)

Figure 15.2: TR, D, and MR functions for a monopolist.
Source: Monopoly.xls!Revenues
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Notice that where MR = 0 at ¢ = 20, TR is at its maximum. At this quan-
tity, the price elasticity of demand is exactly —1.

Figure 15.2 shows that MR can be negative. This can happen because there
are two opposing forces at work. Increasing quantity increases TR, since
TR = Pq. However, the only way to sell that extra product is to lower the
price (by traveling down the demand curve) so TR falls. When the increase
to TR by selling additional output outweighs the effect of the drop in the
price, MR is positive. Eventually, however, with a linear demand curve, the
monopolist will reach a point at which the increase in revenue for selling one
more unit is negative. In the range of output (¢ > 20 in Figure 15.2) where
MR < 0, the effect of the decreased price outweighs the positive effect of
selling more output.

When MR > 0, the price elasticity of demand is greater than 1 (in abso-
lute value). When MR is negative, demand is inelastic. The monopolist will
never produce on the negative part of MR, which is the same as the inelastic
portion of the demand curve.

There is a neat formula that expresses the relationship between MR and P.
With an inverse demand curve, P(Q), we know that TR = P(Q)Q. From
the TR function we can take the derivative with respect to output to find
the MR function. We use the [Product Rule:

dTR dP
MR=—"—"—_py
=" ="+t
If we factor out P from this expression, then MR can be rewritten as:
dP dP Q 1
MR=P+—Q=P(14+—==)=P(1+ -
R=P+ 550 =P+ 455 = P+ )
The Greek letter epsilon (€) is the price elasticity of demand (%g). The

expression shows that MR = P under perfect competition because an in-
dividual firm faces a perfectly elastic demand curve. This means epsilon is
infinite and its reciprocal is zero.

It also shows that the more inelastic the demand curve (the closer € is to 0),
the greater the separation between MR and the demand curve (P). If e = 0,
then MR is undefined. With ¢ = 0, inverse demand is a vertical line. The
monopoly would charge an infinite price.


https://www.google.com/search?q=calculus+product+rule
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Setting Up the Problem

There are three parts to every optimization problem. Here is the framework
for a monopolist’s output side profit maximization problem.

1. Goal: maximize profits (), which equal total revenues (7R) minus
total costs (TC).

2. Endogenous variables: output (¢) and price (P)

3. Exogenous variables: input prices (the wage rate and the rental rate of
capital), demand function coefficients, and technology (parameters in
the production function).

A monopoly differs from a PC firm only on the revenue side—price is now
endogenous. The cost structure is the same. The monopoly has an input
cost min problem and it is used to derive a cost function. Increases in input
prices shift cost curves up and improvements in technology shift cost curves
down. The monopolist has a long and short run, just like a PC firm, and in
the short run there is a gap between ATC and AVC that represents fixed
costs.

Finding the Initial Solution

We will show the conventional approach to solving the monopoly problem
first, then turn to an alternative formulation based on constrained optimiza-
tion.

The conventional approach is to find optimal ¢ where M R = MC, then get
optimal P from the demand curve, and then compute optimal 7 as a rect-
angle. This is the standard approach and there is a canonical graph that
goes along with this approach. Its primary virtue is that it can be easily
compared to the perfectly competitive case.

The conventional approach can be demonstrated with a concrete problem.
Suppose the cost function is TC' = aq® + bg* + cq + d. Suppose the market
(inverse) demand curve is P = py — p1q. Thus, TR = Pq = (po — p1)g.

With this information, we can form the firm’s profit function and optimiza-
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tion problem, like this:
maxnm =TR —TC
q

mgxw = (po — p1)q — (aq® + bg® + cq + d)

We first solve this problem with numerical methods, then analytically.

S TEP Proceed to the OptimalChoice sheet and look it over.

The profit function has been entered into cell B4. Quantity and price are
displayed as endogenous variables, but ¢ is bolded to indicate that it is the
primary endogenous variable. In other words, Solver will search for the profit-
maximizing output and, having found it, will compute the highest price that
can be obtained from the demand curve.

The firm is making $245 in profits by producing 10 units of output and
charging $34.50 per unit, but this is not the profit-maximizing solution. We
know this because the marginal revenue of the 10'" unit is $29/unit, whereas
the marginal cost of that last unit is only $4/unit. Clearly, the firm should
produce more because it is making more in additional revenues from the last
unit produced than the additional cost of producing that unit.

S TEP Run Solver to find the optimal solution.

At the optimal solution, the equimarginal condition, MR = MC, is met.
With positive profits, this is a clear signal that we have found the answer.

Before you click the | Analytical Solution | button, try doing the problem

on your own. This is a single variable unconstrained maximization because
P = pg—p1q has been substituted into the profit function. Take the derivative
with respect to ¢, set it equal to zero, and solve for optimal ¢. Substituting
in the parameter values to make it a concrete problem makes it easier to do
the math:

max 7 = (40 — 0.55)q — (0.04¢*> — 0.9¢* + 10q + 50)
q

You can check your work by clicking the | Analytical Solution | button. You
can also confirm that the two approaches, Solver and calculus, agree.

S TEP Proceed to the OutputSide sheet to see a familiar set of four
graphs.
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As usual, the totals are on the top and the average and marginal curves on
the bottom. The cost curves are the quite similar to the PC firm’s output
profit maximization graphs, but the revenue curves are quite different.

$800.00 Totals: TR and TC 550000 Totals: Profit
$700.00 ™ 5700.00
$600.00 © 560000
$500.00 $500.00
$400.00 5400.00
$300.00 5300.00
$200.00 $200.00
$100.00 5100.00 -
$0.00 $0.00
0 5 10 15 20 25 30 35 10 20 30 40
quaniity (units) $10000) quantity (units)
[~ Fixed Cost ———)
$70.00 /unic Marginals and Averag le B0 o Marginals: mr
) MR and MC, AR, ATC, AVC
$60.00 /unit me
$40.00 funie Price sape 530.00/unit
>
$30.00 funie $10.00/unit
s2000 /it dear .
(510.00)unit 5 10 15 2\ 25 30 35
$10.00 /unit r
$0.00 Junit 4 (830.00)/unit
5 10 15 20 25 30 35
(510.00)/ unit (850 00)unit
i mx
520.00}/urit quantity (units) (570.00yunit quantity (units)

Figure 15.3: Monopoly output profit maximization graphs.
Source: Monopoly.zls!OutputSide

The bottom left-hand corner graph in Figure 15.3 is the canonical graph for
a monopolist. It can be used to quickly find ¢*, P*, and 7*. Here’s how to
read and use the conventional monopoly graph:

1. Finding ¢*: Choose ¢ where MR = MC. This gives the biggest the
difference between TR and T'C and puts you on top of the profit hill
(in the top right graph).

2. At ¢*, travel straight up until you hit the demand curve to get P*.
This is the highest price that the monopolist can get for the chosen
level of output.

3. Create the usual profit rectangle as (AR-ATC)q*. It has length ¢*
and height AR — ATC (where AR = P). The area of this rectangle
equals the distance of the line segment between TR and T'C| which is
the height of the profit hill.

Play with the slider controls to improve your understanding of the graphs
and relationships.
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S TEP Click the Fixed Cost slider to manipulate total fixed costs (d in

the cubic cost function).

Changes in fixed costs do not affect the monopolist’s optimal quantity and
price solution. This is just like the perfectly competitive case.

S TEP Click the button; explore changes in the price intercept

to see how the firm responds. At a low enough price intercept, profits be-
come negative and, just like a PC firm, if P < AV C, the firm will shut down.

You can also control the firm’s monopoly power by manipulating the inverse
demand curve’s slope.

S TEP Set the Price Slope slider to zero. What happens?

You stripped the monopoly of its price power and it is a PC firm.

No Supply Curve for Monopoly

Monopolists do not have a supply curve. This seems like a strange statement
since monopolies produce output and so “supply” whatever good or service
of which they are the sole seller. But the key lies in the definition of a supply
curve: given price, the supply curve gives the quantity that will be produced.

Because a PC firm is a price taker, it is possible to shock P and see how the
optimal output changes. We can derive ¢* = f(P, ceteris paribus) and this
is called a supply curve.

Unlike a perfectly competitive firm, for which price is exogenous, a monopoly
chooses the price. Thus, we cannot ask, “Given this price, what is the op-
timal quantity supplied?” With price as an endogenous variable, it cannot
serve as a shock variable in a comparative statics analysis.

We can (and you just did) shock a monopolist’s demand curve parameters
such as the intercept and slope, but this is not an exogenous change in the
price of the product. The experiment of changing the price cannot be applied
to a monopolist and, therefore, the monopolist has no supply curve.
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Measuring Monopoly Power

Another common misconception is that monopoly is either zero or one. In
fact, it is a continuum and you can have more or less monopoly power. There
are several ways to measure it.

S TEP Proceed to the Lerner sheet.

This sheet demonstrates the point that the more inelastic the demand faced
by a monopolist, the greater the monopoly power. In other words, from a
profit-maximizing point of view, it is better to have a monopoly over a prod-
uct that everyone desperately needs (i.e., very inelastic) than to be the sole
seller of a product that has a highly elastic market demand curve.

Abba Lerner formalized this idea in a mathematical expression that bears
his name, the Lerner Index. “If P = price and MC = marginal cost, then
the index of the degree of monopoly power is %.” (Lerner, 1934, p. 169).
This measure of monopoly power uses the gap between P and MC' as a per-
centage of P.

The Lerner Index takes advantage of the fact that a monopolist will choose
that quantity where M R = MC, then charge the highest price possible for
that quantity. The higher the price that can be charged, the more inelastic
is demand and the greater the monopoly power.

The Lerner sheet compares two monopolies with the exact same cost struc-
ture (assumed for simplicity to have a constant MC' = AC). They both
produce the same profit-maximizing quantity, but Firm 2 faces a more in-
elastic demand curve than Firm 1 and, therefore, it has a bigger gap between
price and marginal cost.

S TEP Click on cells B16 and 116 to see the simple formulas for the Lerner
Index.

The idea is that the bigger the divergence between price and marginal cost,
the greater the monopoly power. Firm 2 has more monopoly power than
Firm 1 and more monopoly profits. The Lerner Index for each firm reflects
this.

Notice that a perfectly competitive firm that sets M C = P will have a Lerner
Index of zero. As the index approaches one, monopoly power rises.


https://www.google.com/search?q=abba+lerner
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S TEP Change Firm 2’s demand parameters to 130 for the intercept and
20 for the slope. The y axis is locked down so the entire D and MR functions
are not displayed.

The optimal quantity is still 3, but P and profits are higher, as is the Lerner
Index.

S TEP Make the demand curve more inelastic at () = 3 by setting the
demand parameters to 190 and 30.

Optimal P has increased again, along with profits. The Lerner Index reflects
the greater monopoly power.

S TEP One last time, change the demand parameters to 6010 and 1000.
The graph is hard to read because only MR is shown; D is literally off the
chart.

Firm 2 continues to produce the same output as Firm 1, but has a much,
much higher optimal price and maximum profits. Its Lerner Index is close
to one. It cannot rise above one, but the closer it gets, the greater the diver-
gence of P and MC so the greater the monopoly power.

The Lerner sheet also shows that the Lerner Index can be expressed as the
reciprocal of the price elasticity of demand at the profit-maximizing price.
The few algebra steps needed to connect the Lerner Index to the price elas-
ticity start in row 25.

S TEP Set Firm 2’s demand parameters back to 70 and 10, and then click
the | Show Elasticity | button.

The price elasticity of demand for the two firms is displayed. If you click in
the cells, you can see the formula. Notice that the reciprocal of the inverse
demand curve’s slope is used to compute the price elasticity of demand cor-
rectly.

Firm 2’s price elasticity of demand at the profit-maximizing price is lower
than Firm 1’s. The lower the price elasticity and the higher the Lerner Index,
the greater the firm’s monopoly power.



206 CHAPTER 15. MONOPOLY

S TEP Proceed to the Herfindahl sheet for a quick look at another way

to measure monopoly power.

Instead of measuring the markup of price over marginal cost, we can see how
big the firms are in an industry. Strictly speaking, a monopoly is one firm
so it would have a 100% market share, but in practice, firms have monopoly
power even though they are not technically monopolies. Any firm that faces
a downward sloping demand curve and has the ability to set its price is said
to have monopoly power.

If a market has many firms, each with the same share of total sales, we have
a competitive market structure. If, on the other hand, only a few firms exist,
the market is monopolized. The question is how to measure the degree of
monopolization?

We can sort the firms in an industry from highest to lowest share and then
add the shares of the four biggest firms. This gives the four firm concentra-
tion ratio in cell D5. It turns out this is not a very good way to distinguish
between concentrated and unconcentrated industries.

The problem is that the four firm concentration ratio tells you nothing about
the sizes of the top four firms or the rest of the market. The four firm con-
centration ratio is 70%, which seems pretty highly concentrated. The biggest
firm’s share, 30%, is almost one-third of the entire industry.

STEPCliCk on the ‘ Distribution A | button.

The four firm concentration ratio is the same as before (70%), but this in-
dustry is clearly much more concentrated. Firm A is even bigger and the
others are tiny.

S TEP Click on the | Distribution B | button.

The four firm concentration ratio is the same as before (70%), but this in-
dustry is clearly less concentrated. The four top firms are equal so no one
firm really dominates.

The primary virtue of the four firm concentration ratio is that it is easy to
compute and understand. However, because we have three scenarios with
wildly different shares for the top four firms yielding the same four firm con-
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centration ratio, we can conclude that this ratio is a poor way to determine
whether firms in a market are in a competitive or monopolistic environment.
The four firm concentration ratio might be easy to compute and understand,
but it is incapable of picking up differences in the distribution of shares.

A better way to judge concentration is via the Herfindahl Indez. Unlike the
Lerner Index, there is confusion about who invented it. Hirschman concludes,
“The net result is that my index is named either after Gini who did not in-
vent it at all or after Herfindahl who reinvented it. Well, it’s a cruel world”
(Hirschman, 1964, p. 761). It is sometimes called the Herfindahl-Hirschman
Index (HHI).

Fortunately, its computation is simpler than its paternity. The idea is to
square each share and sum, like this:

H = znjsf
=1

The index ranges from 1/n to 1 (when using decimal values of shares). The
higher the index, the greater the concentration. By squaring the shares, it
gives more weight to bigger firms: for example, 0.1 = 0.01, while 0.3% = 0.09.

The Herfindahl sheet shows the computation. Notice how each value in col-
umn B is squared in column G. The sum of the squares is in cell G15 and it
is the value of the Herfindahl Index.

S TEP Click on the three buttons one after the other to cycle through
them. Notice how the Herfindahl Index changes (but the four firm concen-
tration ratio does not).

For Distribution A, the H value is 0.325. This is quite high. The 0.1375
value with Distribution B means there is more competition in this scenario
than the other two.

The Herfindahl Index is not perfect because no single number can completely
describe an entire distribution. It is, however, better than the four firm con-
centration ratio and often used to measure the degree of market competition.

The United States Department of Justice is charged with regulating the con-
duct and organization of businesses. The mission of the Antitrust Division is
to promote economic competition. They use the Herfindahl Index as part of
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their Horizontal Merger Guidelines (www.justice.gov/atr/horizontal-merger-
guidelines-08192010). Markets with a Herfindahl Index less than 0.15 are
“unconcentrated,” values between 0.15 and 0.25 are “moderately concen-
trated,” and anything over 0.25 is “highly concentrated.”

The Department of Justice deems any proposed merger that increases the
Herfindahl Index by more than 0.01 (100 points in the scale they use) in
concentrated markets as warranting scrutiny. They can go to court to block
mergers to prevent too much concentration. They can also break up com-
panies that have too much monopoly power. This is known as |antitrust law
and is part of the Industrial Organization field of economics.

An Unconventional Approach

The monopolist’s profit maximization problem can also be solved by choos-
ing P and ¢ simultaneously subject to the constraint of the demand curve.
While this is not the usual way of framing the monopoly’s optimization prob-
lem, it enables practice with the Lagrangean method of solving constrained
optimization problems and reading isoprofit curves.

The analytical solution is based on rewriting the constraint so it is equal to
zero (P — (po — p1q) = 0), forming the Lagrangean, setting derivatives equal
to zero, and solving the system of equations for the optimal solution.

max L= Pg — (aq® + bg” + cq + d) + (P — (po — p1q))
p.a

dL .

— =P —3ag> —2bq — c + Ap
dq

dL

— =P —(po— p1q)
d

Set each derivative equal to zero and solve the three first-order conditions for
qg*, P*, and \*. From the first equation, A = —¢, substitute into the second
equation:

P —3aq® —2bq — c+ [—qlp1 = 0

From the third first-order condition, P = py — p1q, so

(po — p1g) — 3ag® — 2bg — c — qp1 = 0


https://www.justice.gov/atr/horizontal-merger-guidelines-08192010
https://www.justice.gov/atr/horizontal-merger-guidelines-08192010
https://www.google.com/search?q=antitrust+law
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Rearrange the terms to prepare for using the quadratic formula.

—3aq* = 2(b+ p)g+(po—¢) =0

—b+ Vb —4dac
2a
2(b+ p1) £ Vb + p1)> —H=3a)(po — ¢)
2(—3a)

S TEP Proceed to the ConOpt sheet to see formulas based on the La-

grangean solution starting in cell F24.
Naturally, we get the same, correct answer as the unconstrained version.

The ConOpt sheet shows that monopoly as a constrained optimization prob-
lem can be depicted with a graph. The pink curves are isoprofit curves and
the black line is inverse demand. The MR curve is not drawn because it is
not used. The firm is trying to get to highest isoprofit without violating the
demand curve constraint. Clearly, the opening values are not optimal.

S TEP Run Solver and get a Sensitivity Report to confirm the value of
lambda star is minus optimal quantity. Notice how the Solver dialog box is
set up so Solver chooses cells B8 and B9 subject to the constraint.

After running Solver, the graph, reproduced in Figure 15.4, shows the usual
tangency result.

Monopoly as a Constrained
Optimization Problem
140

120

100 \

80 \
O-BD LN \
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q

Figure 15.4: The constrained optimization version of the monopoly problem.
Source: Monopoly.zls!ConOpt
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The point of tangency provides the optimal ¢ and P solution, while the value
of the isoprofit curve at that point is the level of profits.

Do not be confused. The constrained version is rarely used. The conven-
tional approach is the canonical output profit maximization graph (bottom
left in Figure 15,2). This graph shows the optimal ¢ where M R = MC' and
easily displays P* from the demand curve and 7* as a rectangle.

Figure 15.4 gives the same optimal solution, but presents the problem in a
different way. Understanding that the demand curve serves as a constraint on
monopoly is helpful. Monopoly power is not infinite. A monopolist cannot
choose a ridiculously high price and a high quantity. As price rises, quantity
sold must fall.

Monopoly Basics

A monopoly differs from a perfectly competitive firm in that a monopolist
can choose the quantity and price, whereas a perfect competitor is a price
taker. In addition, a monopolist has a barrier to entry that enables it to
maintain positive economic profits even in the long run.

The two are the same, however, in the cost structure (like a perfect competi-
tor, the monopolist derives its cost function from the input cost minimization
problem) and the fact that it seeks to maximize profits (where MR = MC
as long as P > AV ().

We depict the monopolist’s optimal solution with a graph that superimposes
D and MR over the family of cost curves (MC, ATC, and AVC). Like a PC
firm, a monopolist can suffer negative profits in the short run and it will shut
down when P < AV C.

Monopoly’s canonical graph (the bottom left chart in Figure 15.2) belongs
in the pantheon of fundamental graphs in economics. Like the indifference
curves with a budget constraint or supply and demand, a linear inverse de-
mand with its associated marginal revenue showing optimal ¢ (at the inter-
section of MR and MC, of course) and optimal P is a truly classic graph.

One way to measure monopoly power is by the Lerner Index. The greater
the gap between price and marginal cost, the greater the monopoly power.
The greater the price elasticity of demand, the lower the Lerner Index and
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the weaker the monopoly power.

The Herfindahl Index is another way to measure the strength of monopo-
lization in a market. It measures industry concentration. Unlike the four
firm concentration ratio, it uses market shares of every firm to create a single
number that reflects the concentration of an industry. Mergers that boost
the Herfindahl Index by more than 0.01 (100 points) in concentrated markets
are carefully scrutinized by the Department of Justice because it is presumed
that the market will not be competitive.

We concluded this chapter with an unconventional analysis. The monopoly’s
profit maximization problem can be cast as a constrained optimization prob-
lem. In addition to providing practice with the Lagrangean method, this way
of looking at monopoly makes quite clear that the monopolist must obey the
demand curve.

Exercises

1. De Beers is an internationally famous company that had a monopoly
over diamonds. Google “synthetic diamonds” to learn more. Include
web citations with supporting evidence in your answers to these two
questions.

(a) What was their barrier to entry when they had a monopoly?
(b) What happened to their monopoly?

2. Use Word’s Drawing Tools to depict a monopoly shutting down in the
short run. Explain the graph.

3. In the ConOpt sheet, set the demand intercept (cell B13) to 9 and
the fixed cost (B18) to 180. Run Solver. Why is Solver generating a
miserable result? What is the correct answer?

4. Use Word’s Drawing Tools to depict the effect of monopoly from the
input side profit maximization perspective. Explain the graph.

Hint: With perfect competition, L* is found where w = M RP (where
MRP is based on the given, constant price, Pz M P). With monopoly,
however, P and MR diverge.

5. Is the effect of monopoly on the input side consistent with the effect of
monopoly on the output side? Explain.


https://www.google.com/search?q=%22synthetic+diamonds%22
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On the Herfindahl Index, see Albert O. Hirschman, “The Paternity of an
Index,” The American Economic Review, Vol. 54, No. 5 (September, 1964),
p. 761, www.jstor.org/stable/1818582.
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Von Neumann hovered for a moment by two rather sloppily dressed
graduate students who hunched over a peculiar-looking piece of
cardboard. It was a rhombus covered with hexagons. It looked like a
bathroom floor. The two young men were taking turns putting down
black and white go stones and had very nearly covered the entire board.

Later that evening, at a faculty dinner, he buttonholed Tucker and
asked, with studied casualness, “Oh, by the way, what was it they were
playing?” “Nash,” answered Tucker, allowing the corners of mouth to
turn upwards ever so slightly, “Nash.”

Sylvia Nasar

Chapter 16

Game Theory

In perfect competition, firms are price takers with no power to affect the
market price. Each firm optimizes by choosing ¢ to equalize MC and P.

In monopoly, the sole seller of a product with no close substitutes optimizes
by choosing ¢ to equalize MC and MR and then charges the highest price
that clears the market (given by the demand curve).

In both market structures, the profits of the individual firm are not affected
by what anyone else does. In perfect competition, there are so many other
firms that Firm 7 does not care about what Firm j is doing. In monopoly,
there is no other firm to worry about.

What about market structures between the extremes of perfect competition
and monopoly? Oligopoly is a market dominated by a few firms. Their deci-
sions are interdependent. In other words, what each individual firm chooses
does affect the sales and profits of the other firm. To optimize, each firm
must anticipate what their rivals will do and then choose its best options.
This is clearly a more realistic model than that of perfect competition and
monopoly, which rely on idealized, abstract descriptions of firms that have
no real-world counterparts.

How do oligopolies behave? We know that, like other firms, they optimize
given the economic environment, but because of interdependence, it is much
more difficult to analyze.

This chapter opens the door to the analysis of strategic behavior. It presents

a few basic ideas from the fields of Game Theory and Industrial Organization.

013
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Interdependence and Nash Equilibrium

It seems obvious when we say that firms are interdependent, but exactly
what does this mean? Consider two power companies that generate and sell
electricity. This is a good example of a homogeneous product. We assume
consumers do not care at all which of the two firms provides electricity to
their homes.

To keep it simple, suppose that each power company can choose either a high
level of output or a low level of output. Market price is a function of the out-
put decisions of the two firms. Each power company’s profits are functions
of their own decision to produce and the market price.

Figure 16.1 displays a payoff matriz, which shows the possible choices and
outcomes. You read the entries in the payoff matrix like coordinate pairs on
a graph, the first part is for Firm 1 and the second for Firm 2. The $300,
$300 pair in the top left of the four entries says that Firm 1 chose high output
and Firm 2 chose high output. Each firm ends up with low profits.

Firm 2

High Output Low Output

Firm 1 High Output $300 profits, $300 profits ~ $1000 profits, $200 profits
Low Output  $200 profits, $1000 profits $800 profits, ~ $800 profits

Figure 16.1: The payoff matrix.

If Firm 2 had chosen low output (top right), Firm 1 profits would be much
higher, $1,000, because it made a lot of output and price rose when Firm 2
decided to cut back.

This particular game is a one-shot, simultaneous-move game known as the
Prisoner’s Dilemma. You have probably seen it before. Two criminals are
arrested and questioned separately. If both stay silent, they get 1 year in
jail. If both confess, they get 3 years. But if one confesses and the other does
not, the one who talks gets no jail time and the silent one gets 10 years.

You can match those outcomes to the payoff matrix in Figure 16.1. The
outcome that is best for both firms together is $1600 total, with $800 for
each company. But, like the criminals version of the game, that is going
to be an unlikely outcome. Suppose that both agree beforehand that they


https://www.google.com/search?q=prisoner%27s+dilemma
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are going to collude and both choose low output. Unless they can write a
binding agreement that is enforceable (so a cheater can be punished), there
is an incentive for each firm to change its decision and choose high output
if it thinks that the other firm will stick with low output. As a result, both
firms end up with low profits (and both criminals confess).

If you think the other firm is going to cheat, your best move is to also cheat.
If you think the other firm is going to honor the agreement, your best move,
in the sense of profit maximization, is to cheat and produce a high output
(assuming this is a one-time game and you never have to see your opponent
again). It looks like cheating, producing high output (or confessing), is the
best move no matter what the other firm does. We say that this game has a
dominant strategy—produce high output (confess).

This result illustrates the reason why cartels—groups of firms that get to-
gether to charge the monopoly price and split the monopoly profits—are
unstable. It is difficult for oligopolistic firms to get together and act like a
monopoly because there is an incentive for individual firms to cheat on the
agreement and produce more to take advantage of high prices.

Because of the interdependence of firms’ decision making, competition among
firms in an oligopoly may resemble military operations involving tactics,
strategies, moves, and countermoves. Economists model these sophisticated
decision making processes using game theory, a branch of mathematics and
economics that was developed by John von Neumann (pronounced noy-man)
and Oskar Morgenstern in the 1930s. One of the most important contribu-
tors to game theory is John Nash, a mathematician who shared the Nobel
Prize in Economics.

A game-theoretic analysis of oligopoly is based on the assumption that each
firm assumes that its rivals are optimizing agents. That is, managers act as
though their opponents or rivals will always adopt the most profitable coun-
termove to any move they make. The manager’s job is to find the optimal
response.

Nash’s most important and enduring contribution is the concept named after
him, the Nash equilibrium. Once we are in a world where firms are interde-
pendent and one firm’s profits depends on what other firms do, we are out
of the world of exogenously given price that we used for perfect competi-
tion and out of the isolated world of the monopolist. John Nash invented
an equilibrium concept that describes a state of rest in this new world of
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interdependence.

A Nash equilibrium exists when each player, observing what her rivals have
chosen, would not choose to alter the move she herself chose. In other words,
this is a no regrets equilibrium: After observing the outcome, the player does
not wish she would have done something else instead.

We will explore in detail a concrete example of a duopoly (a market with
two firms) with a single Nash equilibrium. Remember, however, that this
is simply one example. Some games have one Nash equilibrium, some have
many, and some have none. There are many, many games and scenarios in
game theory and we will look at just one simple example.

The Cournot Model

Augustin Cournot (pronounced coor-no) was a remarkably creative 19'-
century French economist (see the References in section 12.2). Cournot orig-
inally set up a model of duopolists who produce the same good and optimize
by choosing their own output levels based on assumptions about what the
rival will do.

Here is the set up:

e Two firms.

e Each produces the exact same product.

e Constant unit cost.

e Firms choose output levels at the same time.

e Both know the market demand for the product.
The profit of each firm depends on how much it produces and how much its
rival produces. If the rival produces a lot, the the market price falls. The in-

terdependence is that one firm’s decision about how much to produce affects
the price and, thus, the rival’s profit.

What strategy should each firm use to choose its output level? The answer
depends on its beliefs regarding its rival’s behavior.
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S TEP Open the Excel workbook GameTheory.xzls and read the Intro

sheet, then go to the Parameters sheet.

Market demand is given by the linear inverse demand curve and, for simplic-
ity, we assume a linear total cost function. This means that MC = AC'is a
horizontal line.

S TEP Proceed to the PerfectCompetition sheet.

With many small PC firms, the industry as a whole will produce where de-
mand intersects supply (which is the sum of the individual firm’s MC's). The
graph shows that a perfectly competitive market will produce 15,000 kwh at
a price of 5¢/kwh.

What happens if a single firm takes over the entire market?

S TEP Proceed to the Monopoly sheet. Use the Choose @) slider control
to determine the profit-maximizing quantity. Keep your eye on cell B18 as
you adjust output. The optimal output is found where MR = MC.

The monopolist will produce 7500 kwh and charge a price of 12.5¢/kwh. This
solution nets a maximum profit of 56,250 cents.

Not surprisingly, compared to the perfectly competitive results, monopoly
results in lower output and higher prices.

Cournot was the first to ask the question, “What happens if the industry is
shared by two firms?”

To understand the answer, the concept of residual demand is crucial because
it enables us to solve the firm’s optimization problem. Residual demand is
the demand curve facing the firm after the sales from the other firm are sub-
tracted. From there, the reaction function for each firm is derived from a
comparative statics analysis. The two reaction functions are then combined
to yield the Nash equilibrium, which is the answer to Cournot’s question.
That is confusing. We turn to Excel to see each step and how it all works.
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Residual Demand

To figure out the quantity and price combination with two competing firms,
we need to understand how the firms will behave.

S TEP Proceed to the ResidualDemand sheet.

This sheet shows how Firm 1 decides what to do, given Firm 2’s output de-
cision. Think of the chart as belonging to Firm 1. It will use this chart to
decide what to do, given different scenarios.

Conjectured ()2, in cell B14, is the key variable. A conjecture is an educated
guess. It is based on incomplete information. Firm 1 does not know and
cannot control what Firm 2 is going to do. Firm 1 must act, however, so it
treats Firm 2’s output decision as a conjecture and proceeds based on that
projected value.

Congectured ()2 is an exogenous variable for Firm 1. It does not know what
Firm 2 will do and cannot control it. The conjectured output of Firm 2 may
be different from Firm 2’s actual output. Firm 1 can, however, examine how
it would react to different possible values of Firm 2 output.

The ResidualDemand sheet opens with Conjectured ()2 = 0. In this scenario,
Firm 2 produces nothing and Firm 1 behaves as a monopolist, producing
7,500 kwh and charging a price of 12.5¢/kwh.

S TEP Click five times on the scroll bar in cell C14. With each click,
Congectured ()2 rises by 1,000 units and the red lines in the graph shift left.

The red lines are the critical factor for Firm 1. They represent residual de-
mand and residual marginal revenue. The idea behind residual demand is
that Firm 2’s output will be sold first, leaving Firm 1 with the rest of the
market.

The residual in the name refers to the fact that Firm 2 will supply a given
amount of the market and then Firm 1 is free to decide what to do with the
demand that is left over.

With each click, Firm 2 was producing more and so the demand left over for
Firm 1 was falling. This is why the residual demand shifts left when Firm 2
produces more.


https://www.google.com/search?q=conjecture+definition
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As the Parameters sheet shows, the inverse demand curve for the entire mar-
ket is given by the function P = 20 — 0.001Q. If Conjectured Q2 = 5,000,
then the residual inverse demand curve is P = 20 —0.001¢) —0.001(5000). In
other words, we subtract the amount supplied by Firm 2. Thus, the residual
inverse demand curve is P = 15 — 0.001Q).

Figure 16.2 shows how the residual demand is shifted left by 5,000 kwh when
Congectured @2 is 5,000. The key idea is that Firm 2’s output is subtracted

from the demand curve and what is left over, the residual, is the demand
faced by Firm 1.

Parameters . . :
Conjectured Q2 s000] < 5 Market for Electricity with Two Firms
a 20000 25
b 1000
c3 0 20
c 2 0
c1 5 15
c 0 0 K \
&
c 10
8 - -\k\
Objective Function 3] 5 d Me
profits 18750|cents T \E\\Nmand
0 T y >
5000 w'h\ 15000 20000 25000
Choice Variables 5
Q 7500|kwh Quantity (kwh)
P 7.5|cents per kwh

Choose Q
< >

Figure 16.2: Residual demand.
Source: GameTheory.xls!ResidualDemand

Once we have residual demand for Firm 1, we can find the profit-maximizing
solution. Firm 1 derives residual MR from its residual demand curve and
uses this to maximize profits by setting residual MR = MC. In Figure
16.2, Firm 1 is not maximizing profits by producing 7,500 units and charging
7.5¢:/kwh. Notice that the price is read from the residual demand curve, not
the full market demand curve.

STE P Use the scroll bar (below the chart) to find Firm 1s optimal solu-
tion when Conjectured ()2 is 5,000.

You should have found that optimal @ is 5,000 kwh, optimal P = 10¢/kwh
and maximum 7 are 25,000 cents.
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The Reaction Function

Now that we know how the duopolist uses residual demand to choose the
quantity (and price) that maximizes profits, we can proceed to the next step
in answering Cournot’s question: “What happens if the industry is shared
by two firms?”

We track each duopolist’s optimal output as a function of Conjectured Q2.
This gives the reaction (or best response) function. The reaction function is
a comparative statics analysis based on shocking Conjectured Q2.

S TEP Fill in the table in the Residual Demand sheet. You are picking
points off of Firm 1’s reaction function.

You already have two of the rows. In addition to the optimal solution at
Congectured Q2 = 5,000 which we just found, when Conjectured Q2 = 0,
optimal output is 7,500 and optimal price is 12.5¢/kwh. Fill in the rest of
the table.

S TEP Check your work by clicking the | Check Table | button.

The filled in table is giving us Firm 1’s reaction function. It is similar to the
output of the CSWiz—the leftmost column is the exogenous variable and the
other columns are endogenous responses.

Deriving Firm 1’s reaction function is an important step in figuring out how
two firms will interact. The reaction function gives us Firm 1’s optimal
response to Firm 2’s output decision. We do not know, however, what Firm
2 will actually do. It has a reaction function just like Firm 1. The two firms
must interact to determine what will happen in the market.

Finding the Nash Equilibrium

Residual demand enabled us to understand the reaction function. We are
now ready for the third and final step so we can answer Cournot’s question
concerning the results of a duopoly. Remember, perfect competition gives
15,000 kwh of output and monopoly gives only 7,500 (and at a higher price).
Presumably, duopoly is between them, but where?

S TEP Proceed to the Duopoly sheet.
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The display is new, but easy to understand. Instead of working with just
Firm 1, both are shown. They have the same costs.

The sheet has buttons that make it a snap to see what each firm will do.
The analytical solution is used so you do not have to run Solver every time
Congectured Q2 changes.

ST E Pnotice that Congectured Q2 (in cell B13) is zero. To find the op-
timal solution, click the | Choose ¢;* | button.

Not surprisingly (given our earlier work with the residual demand graph)
since Conjectured ()2 is zero, Firm 1 chooses to produce 7500 kwh.

But look at cell G13—Firm 1 has optimized, but now we need to ask what
Firm 2 would do if Firm 1 made 7,500 kwh? Firm 2 wants to maximize
profits just like Firm 1.

S TEP Click the | Choose ¢y* | button.
q2

Firm 2’s solution makes sense. If Firm 1 makes 7,500 kwh, then Firm 2
maximizes profits by taking the residual demand and producing 3,750 kwh.
Their combined output means P = 8.75.

This is not, however, an equilibrium solution because Firm 1 is not going to
produce 7,500 kwh. Why not?

STEPLook at cell B13. Click on cell B13.

B13’s formula, =G20, makes clear how Firm 1’s decision is connected to its
rival. If Firm 2 says it wants to produce 3,750, then Firm 1 regrets and will
change its previous choice. We need to find the optimal output for Firm 1
given Firm 2’s new level of output.

Click the | Choose ¢;* | button.
STEP ql

Firm 1 chooses to make 5,625 kwh (based on Firm 2’s output of 3,750 kwh),
but now we return to Firm 2. Will it produce 3,750 kwh? No. When Firm
1 changed its output, cell G13 updated. Like B13, G13 connects Firm 2’s
optimal decision to Firm 1’s output choice.
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It is Firm 2’s turn to regret its previous decision. Firm 2 can make higher
profits by changing its output when Firm 1 makes 5,625 kwh. How much
will Firm 2 want to produce? Let’s find out.

S TEP Click the | Choose ¢o* | button.
q2

Firm 2 is set, but what about Firm 17 Does it regret making 5,6257 Yes, it
does because it can make higher profits by changing its decision.

We will not be in equilibrium until both firms are happy with their output
choice and do not wish to change it. Since Firm 2 changed its output, Firm
1 will want to change its output.

S TEP click the Choose ¢;* | button.

You might be thinking that this will never end. That is incorrect. It will
end. You can actually see it end.

S TEP Repeatedly move back and forth, clicking the | Choose ¢o* | and
Choose ¢;* | buttons, one after the other. What happens?

After repeatedly clicking, you are looking at convergence. Clearly, the two
optimal output levels closed in on 5,000—this is the Nash equilibrium so-
lution to this problem and the answer to Cournot’s question. The duopoly
will produce a combined total of 10,000 kwh with a price of 10¢/kwh. This
makes sense since it is in between the perfectly competitive (15,000 kwh) and
monopoly outcomes (7,500 kwh).

Manually optimizing for each firm in turn, back and forth, until the equi-
librium solutions comes into focus is a great way to understand the concept
of a Nash equilibrium. It is a position of rest where neither firm regrets its
previous decision. In fact, a Nash equilibrium is often referred to as a “no
regrets” point. There is, however, a faster way to find the position of rest.

S TEP click the | Nash Equilibrium | button.

This button does all of the hard work for you. It alternately solves one firm’s
problem given the other firm’s output many times. It continues to maximize
firm profits until there is less than a 0.001 difference between a firm’s optimal
output and its optimal output based on the conjectured output of its rival.
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STEPTO see this, click on cells B20 and G20. They are close to 5,000,
but not exactly 5,000.

The | Nash Equilibrium | button also displays the individual firm’s reaction

functions (scroll down if needed). In this case, the two reaction functions are
identical.

Finally, the | Nash Equilibrium | button shows the two reaction functions on
the same chart and the intersection instantly reveals the Nash equilibrium.
Figure 16.3 shows the Nash equilibrium chart with additional elements to
help explain it.

Both Reaction Functions

16000
14000
12000 -
10000

/ Nash

/ equilibrium

,Efcrﬁrljjjd

& 8000
6000 FEirm ?
4000 ——Fir 1
2000

0 r .
0 5000 10000 15000 20000

q1

Figure 16.3: Nash equilibrium.
Source: GameTheory.xls!Duopoly

Point 1 in Figure 16.3 represents the first time Firm 1 maximized profits,
with Conjectured Q2 of zero. Point 2 shows Firm 2’s optimization based on
Firm 1 making 7,500 kwh. You can see, by following the arrows, how this
would lead to the intersection as the Nash equilibrium.

You might wonder why the reaction functions are not the same in Figure
16.3 since they are identical when graphed by themselves (as shown below
the buttons in the Duopoly sheet). The answer lies in the axes—to plot them
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both on the same graph, we use the reaction function for Firm 2 and the in-
verse reaction function for Firm 1. Scroll down to see the inverse reaction
function starting in row 63.

Remember: A Nash equilibrium exists when each player, observing what her
rivals have chosen, would not choose to alter the move she herself chose.
Nash equilibrium is a no regrets point for all players.

Figure 16.3 shows that the Nash equilibrium is at the intersection of the two
reaction functions. Only there will both firms decline the offer to change
their optimal decisions. This is a position of rest.

Evaluating Duopoly’s Nash Equilibrium

We know the answer to Cournot’s question. Duopoly, at its Nash equilib-
rium, leaves us in between perfect competition and monopoly. But we can
say more about the duopoly outcome. We focus on profits.

S TEP In cell D16 in the Duopoly sheet, enter a formula that adds the
profits of the two firms at the Nash equilibrium. What are industry profits?

You might recall monopoly had maximum profits of 56,250 cents. That is
better than the 50,000 cents you just computed with your formula in cell
D16 of = B16 + G16.

Can duopolists increase their profits to 56,250 like a monopolist? Yes, they
can, but they will not be able to honor their commitments.

STEPset quantities for both firms (in cells B20 and G20) to 3,750. What
happens to profits?

Amazingly, they go up. If the two rivals can agree to simply split the
monopoly output of 7,500 kwh, each will make 28,125 cents and match the
monopoly outcome.

But this will not last. Why not? Why don’t the two firms get together and
produce 3,750 units each and make greater joint profits than the Nash equi-
librium solution? A single click reveals the answer.

S TEP click the Choose ¢;* | button or the | Choose ¢»* | button.
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If the rival makes 3,750 kwh, the firm maximizes profits at 5,625 kwh. In
other words, they have an incentive to cheat—just like in the Prisoner’s
Dilemma game.

As soon as one takes advantage, the other fires back and they spin back to
the Nash equilibrium.

You might suggest writing a contract, but that is illegal and unenforceable
in the United States. There are other options and strategies, but they would
take us too far from Intermediate Microeconomics. One strong attraction
that is easy to see is merger. If the two firms combine into a single entity, they
will be a monopoly and enjoy monopoly profits. Presumably, the Department
of Justice would object.

Interdependence

Game theory is an exciting, growing area of economics. Its primary appeal
lies in the realistic modeling of agents as strategic decision makers playing
against each other, moving and countering. This is obviously what a real-
world firm does.

The Cournot model is a simple game matching two firms against each other.
It illustrates nicely the notion of interdependence and how one firm moves,
and then the other responds, and so on. Whereas some games do not have a
Nash equilibrium, the Cournot duopolists do settle down to a position of rest.

The Summary sheet has the outcomes from perfect competition, duopoly,
and monopoly. It is clear that monopoly maximizes firm profits, but perfect
competition offers the consumer the lowest price and most output. We will
return to this comparison in the third and final part of this book.

We have just scratched the surface of game theory. There are many, many
more games. The workbook RockPaperScissors.zls lets you play this child’s
game in Excel. Section 17.7 on Cartels and Deadweight Loss has another
application of game theory.

For an entertaining version of the Prisoner’s Dilemma in a game show, see
this Golden Balls episode finale: tiny.cc/splitsteal. And for a really clever
twist, watch this one: tiny.cc/ibrahim. Nick’s strategy has been outlawed
from the show. The Cornell game theory blog has an entry explaining it:
tiny.cc/splitstealanalysis.


http://tiny.cc/splitsteal
http://tiny.cc/ibrahim
http://tiny.cc/splitstealanalysis
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Exercises

These exercises are based on ¢; = 5. If you did the Q&A questions and
changed this parameter, change it back to its original value.

1. If Conjectured ()2 is 15,000, why does Firm 1 decide to produce noth-
ing? Use the ResidualDemand sheet to support your explanation.

2. Suppose Firm 1 produces 4,500 kwh and Firm 2 produces 6,000 kwh.
Does Firm 1 have any regrets? Does Firm 2 have any regrets? Enter

these two values in the Duopoly sheet and click the | Choose q | buttons.
Which firm changed its mind? Why?

3. Click the | Reset All| button in the Duopoly sheet. Explore the effect
of changing Firm 1’s cost function so that ¢y (cell B10) is 0.001 (with

B11 = 5). How does this affect the Nash equilibrium?
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The Market System
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The Butterfly Effect
acquired a technical name:
sensitive dependence on
initial con-ditions.

James Gleick

Overview

The first part of this book was the Theory of Consumer Behavior. It mod-
eled a consumer’s utility maximization problem and emphasized deriving a
Demand Curve as the key result.

The Theory of the Firm comprised the second part. Firm decisions about
inputs and outputs were modeled as optimization problems. The key result
was deriving a Supply Curve from the perfectly competitive firm’s output
profit maximization problem.

This third part will put together consumers’ demand and firms’ supply in
an equilibrium model. This will show how individual markets solve society’s
resource allocation problem. In addition, we will introduce an equilibrium
model that incorporates all markets simultaneously.

Before we begin, we review these three key ideas:
1. Optimization versus equilibrium.
2. Partial and general equilibrium.

3. Society’s resource allocation problem.

1. Optimization Versus Equilibrium

The stress thus far has been on optimization. Consumers maximize utility,
firms minimize costs and maximize profits. We have used numerical and an-
alytical methods, including the Lagrangean, to solve these problems.

The market system, however, is an equilibrium model. There are similari-
ties between optimization problems and equilibrium models. They both rely
heavily on comparative statics and we will continue to use numerical and
analytical methods, but there are critical differences.
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In an optimization problem, an agent explicitly chooses, setting the values of
endogenous variables. For example, a consumer picks from available options
to maximize utility and a firm manipulates variables to maximize profit. An
optimal solution means the best choice is made (from the decision maker’s
point of view).

Unlike optimization problems, equilibrium models do not have an agent di-
rectly controlling or setting values of a variable. Instead, forces within the
model drive variables to positions of rest. No agent actually picks the solu-
tion in an equilibrium model. Instead, the equilibrium solution means that
there is no tendency to change in the endogenous variables (those determined
within the model).

The notation we will use is common in economics, but often goes unremarked
and unnoticed. A star, or asterisk, means optimal. We have found z{* = 25
and L* = 1431. The star means this value is the best value the agent can
choose.

In equilibrium models, the solution is denoted by a subscript “e.” We might
find that Q). = 100. This means that the system settles down and is at rest
at this value.

Unlike optimization problems, an equilibrium solution says nothing about
the desirability of the solution. In other words, we cannot conclude that
an equilibrium solution is a good one simply because it is the equilibrium
solution. We could be at rest at a bad place.

Finally, unlike optimization problems, economists are often interested in the
equilibration process, that is, the path followed to the final resting place. If
it exists, the type of convergence, direct or oscillatory, can be studied. The
equilibration process is beyond the scope of this book, but it helps show
the difference between optimization and equilibrium. There is no process in
optimization—the agent chooses the best solution and if there is a shock,
the agent instantly re-optimizes. Not so with equilibrium. A shock will put
forces into play that move the system.

Confusing equilibrium with optimal is common, but bad practice. They are
different in the fundamental fact that optimization has an agent choosing
and equilibration does not. Never automatically assume that an equilibrium
solution is optimal.
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2. Partial and General Equilibrium

While all equilibrium models rely on the concept of rest or stability as a key
marker of the equilibrium solution, the market system was analyzed in two
fundamentally different ways:

1. Partial equilibrium: Focus on a single good or service, in isolation.
2. General equilibrium: Consider all of the goods or services together.

Partial equilibrium was made famous by Alfred Marshall. He not only pop-
ularized putting price on the y axis, he made the graphical display of supply
and demand curves for individual goods and services popular, especially in
the English-speaking world. It is easy to see the equilibrium solution at the
intersection of the supply and demand curves and, we will see, the graph can
be used to evaluate the equilibrium outcome.

In the rest of Europe, a different tradition arose. Spearheaded by increas-
ingly sophisticated mathematical economists, such as Leon Walras and Vil-
fredo Pareto, a more holistic approach to the market system was developed.
Instead of looking at a single product or industry, all goods and services are
simultaneously analyzed.

You are already familiar with partial equilibrium because supply and de-
mand graphs are a staple of high school and introductory economics courses.
General equilibrium theory, however, will be new and challenging.

Make no mistake, they are not equal. General equilibrium is superior to par-
tial equilibrium analysis, but it is also more complicated and difficult. In our
study of the market system, we will first analyze individual markets using
conventional supply and demand graphs, then we turn to general equilibrium
analysis.

In both partial and general equilibrium analyses, we first determine the equi-
librium solution and then judge it by comparing it to an optimal solution.
We avoid the fundamental error of conflating equilibrium with optimal. We
may find that an equilibrium solution is, in fact, optimal, but we will also
see situations where this is not so and the market fails.
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3. Society’s Resource Allocation Problem

The partial and general equilibrium models explain how markets function in
solving a particularly fundamental optimization problem. It is so important
that is it often referred to as The Economic Problem.

Figure II1.1 depicts the problem. Given scarce resources of labor and capital
(representing all inputs), society must decide what to produce, how much of
each product to make, and how to distribute the output.

Production: Which goods and services to produce with limited resources?
How much of each kind?
Distribution: How much does each person get of the goods and services produced?
Broccoli

Shoes

Cars

Tanks All of

society’s
L and K

Medical Care

Figure I11.1: Society’s resource allocation problem.

This problem can be solved by tradition, authority, or the market system.
Most people do not realize that the last way is a brand new approach. Of
the roughly 200,000 years that humans have been on this planet, traditional
and authoritarian arrangements are by far the usual ways to solve society’s
resource allocation problem. The market system emerged only in the last
couple of hundred years.

This may seem incorrect given that money and prices have been around for
a long, long time. A moment’s reflection should convince you that trading is
not a sufficient condition to determine whether a market system is being used
to solve society’s resource allocation problem. After all, societies in Biblical
times had bazaars where people bought and sold goods and the former Soviet
Union had stores where people paid rubles for groceries, but neither of these
societies had market economies.

Cuba has had not one, but two currencies for decades (tourists must use the
Cuban convertible peso or CUC, while Cubans use pesos), but no one would
say it has a market economy. No, the presence of money is not a litmus test
for a market system.
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Societies based on the market system do not use supply and demand to
allocate resources for every good and service. It is obvious that military
equipment, such as tanks, in Figure III.1, are not produced according to
perfectly competitive conditions via supply and demand. There is only one
buyer, the government, and a few sellers (manufacturers of military vehicles).
Likewise, no modern society uses the market system for medical care.

One could argue that all goods and services are regulated or controlled to
some degree and, while there is some truth to this, it is also mostly true that
many individual farmers decide what to grow based on market prices and
this is a hallmark of the market system.

Unlike other ways of allocating resources, the market system allows each
agent to decide how to use their labor and other privately owned resources.
In a market system, individual resource owners respond to incentives. Unlike
traditional and authoritarian systems, which rely on custom and command
to get work done and products made, markets use the lure of gain to attract
effort and capital.

The market system takes advantage of individual self-interest, using prices
as incentives and signals. Whether self-interest is innate or learned is a deep
philosophical question, but there is no doubt that players in a market system
are driven to succeed and they calculate (and maximize, as they see it) before
deciding what to do.

Although the market system, or simply markets, is the usual terminology
today, other names have been used, such as capitalism, private property, free
enterprise, price system, and laissez faire. Adam Smith’s |[An Inquiry into
the Nature and Causes of the Wealth of Nations (1776) is the first attempt
at a comprehensive explanation of how a decentralized system that allows
individual resource owners to decide where and how to use society’s inputs
can give a reasonable solution to society’s economic problem. Notice the
date—1776—before then, no one had to explain the market system because
it did not exist.

This is not a history book, but you should be aware that the market system
first emerged in western Europe around the 1700s, give or take a hundred
years. It is difficult to pinpoint exactly where and when because there is
no single event or marker. From close up, focusing on the 15" to the 20"
centuries, it was a long, gradual transformation of society that took a few
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hundred years. From far away, on a scale of centuries stretching back thou-
sands of years, it was a sudden, explosive societal change.

One way to convey the stunning explosion in economic output before and
after the emergence and spread of the market system is by examining the
historical performance of different countries. We know the world was poor
for millennia and then things changed fast, but economic historians have
painstakingly compiled estimates of output per person to help us under-
stand the evolution. Angus Maddison, for example, devoted his career to
measuring long run economic growth around the world. The data are here:
www.ggdc.net /maddison/Maddison.htm. There are output and population
measures for countries all the way back to 1 AD. Figure I11.2 plots real GDP
per capita for 12 western European countries.

Economic Growth in 12 Western European Countries

25,000

20,000

15,000

10,000

Per Capita GDP (1990 GK )

5,000

0 500 1000 1500 2000

Figure I11.2: Western Europe’s historical economic performance.

The hockey stick depicted in Figure II1.2 tells a remarkable story. Before the
market system, although individual people (kings or other elites) could be
rich, almost everyone knew only grinding poverty. Then, suddenly, something
happened in western Europe that changed everything. Economies literally
took off and the modern world was born. For an excellent, brief review of
the rise of the market system, see the second chapter, “The Economic Revo-
lution,” in Robert Heilbroner’s classic best-seller, The Worldly Philosophers!.

The intellectual history of research on capitalism and markets is also quite
fascinating. A great deal of work revolves around the idea of patterns emerg-
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ing without direct, top-down control. Smith invoked the image of an “invis-
ible hand” and Nobel Prize winning economist Friedrich Hayek coined the
oxymoron “spontaneous order.” In mathematics today, nonlinear dynamics
and chaos theory focus on “self-organizing behavior.” This idea, a pattern
out of nothing, is critical to understanding the market system and the role
of supply and demand.

Many have noticed that birds fly in a V, ants can form long chains and
never seem to get stuck in traffic, and many animals (bees, locusts, and fish)
swarm—they seem to act as if they had a collective mind. How do they do
it? They do not rely on a single command center or leader to tell each one
what to do. There are no orders given. There is no central direction. Instead,
each individual follows simple rules that, taken together, produce a pattern
or coherent order.

In computer science, the Game of Life is an artificial world that produces
patterns from trivially simple rules. There are many examples on the web,
such as this recent one, in honor of John Conway who recently passed away:
b3s23life.blogspot.com/2020/01 /a-gentleman-and-scholar.html. Search “game
of life excel” for spreadsheet versions. LifeWiki has history, explanations, and
many examples: www.conwaylife.com /wiki.

The point is that complicated movements of gliders and other objects that
would seem to require central control can be generated in a decentralized
way. Thus, the Game of Life is just another application—Ilike supply and
demand—of the general principle that patterns can be formed not only by
top-down direction (like a marching band), but by decentralized systems with
no controller at all.

The difficult idea to grasp is that supply and demand analysis is more than
two intersecting lines. We are actually studying a pattern-generating sys-
tem. Supply and demand is the model used by economists to explain how
multitudes of interacting agents in markets can solve society’s incredibly
complicated resource allocation problem.

For the purposes of understanding how the market system works, an individ-
ual market will be defined by the commodity bought and sold. Thus, there
is a market for broccoli and a market for engineers and a market for tutors.
Every good and service allocated by the market system has a supply and
demand.
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By having a market for each product, we can use each individual market’s
equilibrium output as the market system’s answer to the resource allocation
problem. There is no central planner or controller who decides how much gas
to produce. Buyers and sellers interact and establish an equilibrium price
and quantity that determines how much of society’s scarce resources are de-
voted to gas. If you think the price of gas is too high or we are allocating too
much of society’s scarce resources to producing gas, there is no one to call.
The price and output are determined by the decentralized market system
based on the operation of supply and demand.

The idea that a pattern emerges from the interaction of agents is fundamental
to the market system. Watch the The Invisible Hand and the Market Sys-
tem, freely available at vimeo.com /econexcel /invisiblehand, to get a deeper
understanding of these issues.

Organization

The organization of material in this part is straightforward, perhaps decep-
tively so. Figure II1.3 shows the overall view of the book and the two chapters
in this part.

0.Introduction

1.ConsumerBehavior

2.TheoryoftheFirm

v 3.MarketSystem

1.PartialEquilibrium
2.GeneralEquilibrium

Answers

SolverCompStaticsWizard

Figure II1.3: Content map with focus on the market system.

The partial equilibrium chapter has sections devoted to both theory and ap-
plications (including government interventions) of supply and demand anal-
ysis. General equilibrium presents only exchange to give you a glimpse of
how the model works.

It seems odd to say, but we will ignore a critical, fascinating part of the
market system. Even a casual observer would notice that the market system
exhibits high rates of innovation and technological change (which is what
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produced the striking Figure I11.2), but we will limit our analysis to explor-
ing how the market system functions in a static environment in which the
only issue is resource allocation (given constant technology).

In the conclusion, after you have mastered partial and general equilibrium
analysis, we will return to the question of the dynamic analysis of the market
system.
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Credit for the ubiquitous demand and supply
diagrams in principles texts is usually given to
Fleeming Jenkin [1870]. ...For the first time, a real
visual sense of the market is located. Pride of place
goes to the equilibrium price.

Judy Klein

17.1 Supply and Demand

We begin our analysis of the market system by making an obvious, but nec-
essary point: A market demand (or supply) curve is the sum of individual
demand (or supply) curves.

S TEP Open the Excel workbook SupplyDemand.xls, read the Intro sheet,
then go to the SummingD sheet.

The sheet has three consumers, with three different utility functions and dif-
ferent incomes. We assume the consumers face the same prices for goods 1
and 2. We set p, = 10, but leave p; as a variable to derive the individual
demand curve for each consumer.

S TEP Confirm, by clicking on a few cells in the range B18:D22, that
the formulas in these cells represent the individual demand curves for each
consumer. Notice that the graphs below the data represent the individual
demand (x1* = f(p1)) and inverse demand (p; = f(z1%)) curves.

Given individual demands, market demand can be found by simply summing
the optimal quantity demanded at each price.

S TEP Confirm, by examining the formula in cell E18, that market de-
mand has been computed by adding the individual demands at p; = 1. The
same, of course, holds true for the other points on the market demand curve.

Because we often display demand schedules as inverse demand curves, with
price on the y axis, the red arrow (see your screen and Figure 17.1) shows
that market demand is the result of a horizontal summation. At p; = 5, we
read off each of the individual quantities demanded and add them together
to obtain the market quantity demanded of 24.3 units.

543
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Figure 17.1: Horizontal summation to get market demand.
Source: SupplyDemand.zls!SummingD.

Supply works just like demand. We add individual supply curves (horizon-
tally if we are working with inverse supply curves) to get the market supply
curve. Because individual supply curves are P above AVC, we know that the
market supply curve is simply the sum of the marginal costs above minimum
AVC of all the firms producing the particular good or service sold in this
market.

So the way it works is that each of the individual buyers and sellers opti-
mizes to decide how much to buy or sell at any given price. The Theory of
Consumer Behavior and the Theory of the Firm are the sources of individual
demand and supply.

Once we have the many individual demand and supply curves, we add them
up. So market demand and supply are composed of the sum of many individ-
ual pieces. Some consumers want a lot of the product at a given price, while
others want less (or maybe none at all), but they all get added together to
form market demand. The same is true for supply.

Initial Solution

The next step is obvious: market supply and demand are combined to gen-
erate an equilibrium solution that determines the quantity produced and
consumed. This equilibrium solution is the market’s answer to society’s re-
source allocation problem.

The simple story is that price adjusts, responding to surpluses and shortages,
until it settles down at its equilibrium level, where quantity demanded equals
quantity supplied. This is the intersection of the two curves.

It is confusing, but true that in the supply and demand model, price and
quantity are endogenous variables. How can price be endogenous—don’t
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consumers and PC firms take the price as given? Yes, they do and for indi-
vidual buyers and sellers, price is exogenous, but, for the system as a whole,
price is endogenous.

At the individual agent level, price is given and cannot be controlled by the
agent so it is exogenous. But we are now at a different level. We are allowing
forces of supply and demand to move the price until it settles down. Thus, at
the level of the market, we say price is endogenous because it is determined
by forces within the system.

It is worth repeating that equilibrium means no tendency to change. When
applied to the model of supply and demand, equilibrium means that price
(and therefore quantity demanded and supplied) has no tendency to change.
A price that does have a tendency to change (because there is a surplus or
shortage) is a disequilibrium price.

We can put these ideas in the same framework that we used to solve opti-
mization problems. There are two ways to find the equilibrium solution and
they yield the same answer:

1. Analytical methods using algebra: conventional paper and pencil.

2. Numerical methods using a computer: for example, Excel’s Solver.

S TEP Proceed to the EquilibriumSolution sheet to see how the supply
and demand model has been implemented in Excel.

The information has been organized into three main areas: endogenous vari-
ables, exogenous variables, and an equilibrium condition. Excel’s Solver will
be used to find the values of the endogenous variables that meet the equilib-
rium condition.

As usual, green represents exogenous variables, the coefficients on the de-
mand and supply curves.

Although price and quantity are both endogenous variables, price is bolded
to indicate that the model will be solved by finding the equilibrium price
and then the equilibrium quantity (demanded and supplied) is determined.
This is similar to the approach we took with monopoly where we maximized
profits by choosing ¢, then found P from the demand curve.
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Finally, the equilibrium condition is represented by the difference between
quantity demanded and supplied.

On opening, the price is too high. At P = 125, quantity demanded (Qg) is
112.5 and @y is about 173. Thus, have a surplus (Qq < @5) and, therefore,
price is pushed down (as firms seek to unload unsold inventory).

S TEP Use the scroll bar next to the price cell to set the price below
the intersection of supply and demand. The dashed line (representing the
current price) responds to changes in the price cell (B12).

Notice how the quantity demanded and supplied cells also change as you ma-
nipulate the price, which makes the equilibrium condition cell (B17) change.

With P below the intersection, the market experiences a shortage (Qq4 > Q)
and price is pushed up. The force in the market model is the pressure gen-
erated by surpluses (excess supply) or shortages (excess demand).

Obviously, the equilibrium price is found where supply and demand inter-
sect. At this price, there is no tendency to change. The forces of supply and
demand are balanced. We can find this price by adjusting the price manually
and keeping our eye on the chart or by using Excel’s Solver.

STEPOpen Solver.

The Solver dialog box appears, as shown in Figure 17.2. Notice that the
objective is not to Max or Min, but to set an equilibrium condition equal
to zero. Notice also that P, price, is being used to drive the market to
equilibrium and there are no constraints.

Solver Parameters X

Set Objective: $817| +

To: O Max O Min @ Value Of: 0

By Changing Variable Cells:
P

k]

Figure 17.2: Solver dialog box.
Source: SupplyDemand.zls!EquilibriumSolution.
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ST'E P click Solve to find the equilibrium solution.

The chart makes it easy to see that Solver is correct. At P = 100, Qg =
Qs = 125. Without a surplus or shortage, there is no tendency for the price
to change and we have found the equilibrium resting point.

The equilibrium quantity, 125 units, is the market’s answer to society’s re-
source allocation problem. It says that we should send enough resources
from the scarce, finite amount of inputs available to produce 125 units of
this product.

We envision a supply and demand diagram for every product and the equi-
librium quantity, in each market, is the market’s answer to how much we
should have of each commodity.

The analytical approach is easier than the math we applied for optimization
problems because there is no derivative or Lagrangean. All we need to do is
find the intersection of supply and demand.

Given either market supply and demand curves @) = f(P) or inverse supply
and demand functions, P = f(Q)), we find the equilibrium solution by setting
supply and demand equal to each other.

The inverse functions in the Excel workbook are:

P =350 —2Qq

P =35+ 0.52Q,

Setting the inverse functions equal to each other, we replace the (); and @)
with ). because we are finding the value that lies on both of the curves:

350 — 2Q). = 35+ 0.52Q).

385 = 2.52Q,
315
L= =12
Q=95 b

Substituting this solution into either inverse function yields P, = 100.
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We can also easily flip the inverse functions, solving for () in terms of P, to
obtain the demand and supply functions:

1
P:350—2Qd—>2Qd:350—P%Qd:175—§P

1 35
p_ 2=

354 0.52Q — 0.520Q) 35— Q 052 052

If we set demand equal to supply, using P, to denote the common value we
seek, we find the equilibrium price:

1 1
175—1ip 1 p 35
2 052 ¢ 0.52

35 1.26
175 + —— = =P,
Pt 052 052

175 + 52
= ]_._260.52 =100

0.52

Plugging this equilibrium price into either function gives @), = 125.

This work shows something obvious, but worth making clear: we can use
P = f(Q) functions to find Q., then P, or we can use () = f(P) functions
to find P,, then Q.. We get the same result either way since we are merely
flipping the axes.

If you think using supply and demand functions (@ = f(P)) to get P. and
then @), is more faithful to what is going on in the market, you are a Mar-
shallian for that is exactly how he saw markets functioning. And that is why
P is on the y axis—so the reader sees it fluctuate up and down until it settles
down to its equilibrium value.

We finish our work on the initial solution by pointing out that it is not
surprising that numerical methods, using Solver, agree with the analytical
approach. Given supply and demand for this product, we know that the
market equilibrium solution would call for producing 125 units. The market
system would, therefore, allocate the labor and capital needed to make this
amount.



17.1. SUPPLY AND DEMAND 549

Elasticity

We can compute the price elasticity of demand and supply at the equilibrium

price (the point elasticity) by applying our usual formula, Z—gg. This time,

we must use the demand and supply curves, Q = f(P).

S TEP Click the | Show Point Elasticity | button to see the calculation.

Although it has text wrapped around it, the number displayed for the price
elasticity of demand is based on this part of the formula: (—1/dly * (P/Qd).
With Q4 = 3—(1) — %P, it is easy to see that 37?, = —dil and then we multiply by
g. Likewise, the price elasticity of supply is the slope of the supply function

times the g ratio.
At the equilibrium price and quantity, demand is much more price inelastic
than supply. This does not matter right now, but it will in future work.

S TEP With P = 100, click on the price scroll bar and watch the price
elasticities. Keep clicking until you set P = 125.

As you increase price, the elasticities change. Even though the slopes are
constant, the supply and demand elasticities change because the g ratio is
changing. Multiplying the slope by a price-quantity coordinate produces a
percentage change measure of responsiveness.

The price elasticity of demand at P = 125 is —0.56 means that a 1% increase
in the price leads only to a 0.56% decrease in the quantity demanded. This
means demand is not very responsive since the percentage change in quantity
is less than the percentage change in the price. Notice, however, the demand
is more responsive at P = 125 than it was at P, = 100.

We will see in future applications of the supply and demand model that the
price elasticities play crucial roles. For now, remember that slope and elas-
ticity are not the same and that the price elasticity tells us how responsive
quantity demanded or supplied is to a change in the price.

Economists can be sloppy and say things like “demand is elastic” or “inelastic
supply.” This, of course, is nonsense. All downward-sloping, linear, inverse
demand curves that cut both axes have elasticities that range from negative
infinity at y-intercept to zero at the z-intercept. Statements like “demand is
elastic” typically refer to a specific, usually equilibrium, price.



950 CHAPTER 17. PARTIAL EQUILIBRIUM

Long Run Equilibrium

Another concept at play in the model of supply and demand is that of long
run equilibrium.

In the long run (when there are no fixed factors of production), a competitive
market has another adjustment to make. In addition to responding to pres-
sure from surpluses and shortages, the market will respond to the presence
of non-zero profits.

The story is simple. Excess profits (economic profits greater than zero) will
lead to the entry of more firms. This will shift the inverse supply curve right,
lowering the price until all excess profits are competed away.

If the long run price is too low, firms suffering negative profits will exit,
shifting the inverse supply curve left and raising prices. Thus, a long run
competitive equilibrium has to look like Figure 17.3.

: Market . Representative Firm
P (S/unit) P (S/unit)
S=>MC \ /yATC‘
Pef-----=S-momm - P-MR
D _/

Q (millions of units) q (units)
Figure 17.3: Long run equilibrium.

The left panel in Figure 17.3 shows supply and demand in the market as a
whole, while the right panel depicts a single firm that is just one of the many
firms in this perfectly competitive industry. The two graphs have the same y
axis, but the scale of the z axis is different. A single firm can only produce
a few units (¢), but “millions” (an arbitrary number chosen just as an ex-
ample) are bought and sold in the market (uppercase ¢ for emphasis). The
idea is that there are many firms, each producing small amounts of the same
output. In the aggregate, they make “millions” of units, but one individual
firm produces only a tiny amount of the total.
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Notice how the market demand curve is downward sloping, but the firm’s
demand curve is horizontal. This is the classic price taking environment in
which a PC firm operates. Notice also that the market supply curve is the
sum of the individual firm MC' curves because individual firm supply is MC
where P > AV C. We could chop off the bottom of the market supply curve
(below P.), but that would be confusing.

The long run adjustment process endogenizes the number of firms. This
means that forces within the model determine how many firms there will be.
This is not true in the short run, where the number of firms is assumed fixed
(although they can shutdown if P < AVC') and the only adjustment is that
market surpluses and shortages are eliminated by price movements.

Notice that the long run equilibrium price meets two equilibrium conditions:

1. Quantity demanded equals quantity supplied so there is no surplus or
shortage in the market.

2. Economic profits are zero so there is no incentive for entry or desire to
exit.

Long run equilibrium is even more fanciful and unrealistic than our abstract
models of the consumer and firm. There has never been and never will be
a market in long run equilibrium. Its primary purpose is as an indicator of
where a market is heading.

The long run equilibrium model tells us that even though we are at an equi-
librium with no surplus or shortage (such as with P, = 100 in the Excel
workbook), further adjustments will be made depending on the profit posi-
tion of the firms. If profits are positive, entry will increase supply and lower
price; while negative profits will lead to exit, decreased supply and higher
prices.

In the Excel workbook, we do not know if the market is in long run equilib-
rium when P, = 100 because we do not have a representative firm with its
cost curves so we can determine its profits.

A key takeaway is that, like price, the number of firms is endogenous in the
long run because there are forces in the model that determine its value. No
one sets the number of firms. The interaction of buyers and sellers is gener-
ating the number of firms as an equilibrium outcome.
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Comparative Statics

Comparative statics analysis with the supply and demand equilibrium model
is familiar. Most introductory economics courses emphasize shifts in supply
and demand. Here is a quick review, with special emphasis on equilibrium
as an answer to society’s resource allocation problem.

A change in any variable that affects supply or demand, other than price,
causes a shift in the inverse supply or demand curve. A change in price
causes a movement along stationary supply and demand curves. An increase
in demand or supply means a rightward shift in inverse demand or supply.

For demand, the shift factors are income, prices of other goods related in
consumption (i.e., complements and substitutes), tastes, consumers’ expec-
tations about future prices, and the number of buyers. The usual shift factors
for supply include input prices, technology, firms’ expectations, and the num-
ber of sellers.

As usual, comparative statics analysis consists of finding the initial solution,
applying the shock, determining the new solution, and comparing the initial
to the new solution. In the case of supply and demand, we want to make
statements about the changes in equilibrium price and quantity. P, and @,
are the endogenous variables in the equilibrium model and we track how they
respond to shocks.

For example, new technology lowered costs, What would that do to equi-
librium price and quantity? We can use the EquilibriumModel sheet to see
what happens.

S TEP Make sure P = 100 so the market is in equilibrium, then click on
the s0 slider to lower the inverse supply curve intercept to 15.

The graph updates as you change the s0 and a new, red inverse supply curve
appears. The original, black line remains as a benchmark, but there is only
one demand and supply at any point in time.

At P = 100, there is a surplus. We need to find the new equilibrium solution.

S TEP Run Solver to find the new P, and (..

Figure 17.4 shows the result. The equilibrium price falls (from $100/unit
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to roughly $84/unit) and the equilibrium quantity rises from (from 125 to
about 133 units).

0 50 100 150 200
Quantity

Figure 17.4: Comparative statics with the supply and demand model.
Source: SupplyDemand.zls! EquilibriumSolution.

The decentralized market system has generated a new answer to society’s re-
source allocation problem. Ceteris paribus, if a product enjoys a productivity
increase from a new technology, making it cheaper to produce the product,
the system will produce more of it.

This response makes common sense, but it is absolutely critical to under-
stand that the increase in output is not decreed from on high. It is bubbling
up from below—output rises because supply shifts and market forces lower
prices and raise output.

We do not examine the equilibration process from the initial to the new so-
lution when doing comparative statics analysis. We might directly converge
to the new equilibrium, with price falling gradually until () = Q)s. Or, price
might collapse, falling below the equilibrium price, then rising above it, and
so on. This would be oscillatory convergence.

With comparative statics, however, the focus is entirely on comparing the
new to the initial solution. We may, in fact, be interested in the path to
the new equilibrium, but that would take us into comparative dynamics—a
topic for advanced microeconomics.
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Applying Supply and Demand

To escape the usual trap of thinking of supply and demand in purely graph-
ical terms, we apply the model to a real world example. We avoid graphs
completely and focus on the mechanics and logic of supply and demand.

The market system uses supply and demand for outputs and inputs. This
example focuses on labor, but there are many applications of supply and
demand for capital—perhaps the stock market is the most prominent.

Consider that most fans of American football would not know the second
highest paid position in the NFL. Everyone knows quarterbacks are the high-
est paid, but what position is second? Are star running backs, wide receivers,
or maybe linebackers then next highest paid? No, the answer is left tack-
les—www.spotrac.com/nfl /positional /.

In The Blind Side: Evolution of a Game (2006), Michael Lewis explains that
free agency, allowing players to sell their services to the highest bidder, rad-
ically altered the pay structure of the NFL. How did this happen? Supply
and demand.

First, Lewis (p. 33) explains, there is little supply for the left tackle position.

The ideal left tackle was big, but a lot of people were big. What
set him apart were his more subtle specifications. He was wide
in the ass and massive in the thighs: the girth of his lower body
lessened the likelihood that Lawrence Taylor, or his successors,
would run right over him. He had long arms: pass rushers tried
to get in tight to the blocker’s body, then spin off it, and long
arms helped to keep them at bay. He had giant hands, so that
when he grabbed ahold of you, it meant something.

But size alone couldn’t cope with the threat to the quarterback’s
blind side, because that threat was also fast. The ideal left tackle
also had great feet. Incredibly nimble and quick feet. Quick
enough feet, ideally, that the idea of racing him in a five-yard
dash made the team’s running backs uneasy. He had the body
control of a ballerina and the agility of a basketball player. The
combination was just incredibly rare. And so, ultimately, very
expensive.


https://www.spotrac.com/nfl/positional/
https://www.google.com/search?q=lewis+blind+side
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In addition to low supply, there is high demand. The left tackle is charged
with protecting the quarterback’s blind side, the direction from which defen-
sive ends and blitzing linebackers come shooting in, causing sacks, fumbles,
and worst of all, injuries. Because the quarterback is the team’s most prized
asset, the left tackle position is a highly sought-after bodyguard.

But even more surprising than the fact that blind side tackles are the second
highest paid players in the NFL is that this was not always the case. Lewis
reports that for many years, linemen were low paid, as shown in Figure 17.5.

Linemen $£398.,000
Wide receiver $504,000
Defensive end $551,000
Running back $620,000
Quarterback $1,250,000

Figure 17.5: NFL salaries in 1990, before free agency.
Source: Lewis, p. 227.

So, why do blind side tackles make so much money today? NFL players did
not enjoy free agency until the 1993 season. Up to that time, players were
drafted or signed by teams and could move only by being traded.

Then the players’ union and team owners signed a contract that enabled free
agency for players so they could move wherever they wanted. In return, the
players agreed to a salary cap that was a percentage of league-wide team
revenue. Free agency meant that a player could sell himself to the highest
bidder—in other words, the market would operate to establish player salaries.

At first, everyone was shocked. Teams spent outlandish sums on unknown
linemen. Players that most fans never heard of made millions. Then a start-
ing left tackle for the Bills, Will Wolford, announced his deal: $7.65 million
over three years to play for the Colts. No one had ever paid so much money
for a mere lineman. Not only that, his contract stipulated that Wolford was
guaranteed to be the highest paid player on offense for as long as he was on
the team.

The NFL threatened to invalidate this outrageous contract. In the end, the
deal was allowed, but the commissioner decreed that such terms in a contract
could never be used again.
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Lewis, pp. 227-228 (emphasis added), explains what had happened:

The curious thing about this market revaluation is that noth-
ing had changed in the game to make the left tackle position
more valuable. Lawrence Taylor had been around since 1981.
Bill Walsh’s passing game had long since swept across the league.
Passing attempts per game reached a new peak and remained
there. There had been no meaningful change in strategy, or rules,
or the threat posed by the defense to quarterbacks’ health in ten
years. There was no new data to enable NFL front offices to value
left tackles—or any offensive linemen—more precisely. The only
thing that happened is that the market was allowed to function.
And the market assigned a radically higher value to the left tackle
than had the old pre-market football culture.

Economics students around the world study supply and demand, but they
think it is a graph. It is so much more than an X. It is a model that explains
how pressures from buyers and sellers are balanced.

This example shows that markets value commodities by reflecting the under-
lying demand and supply conditions. Blind side tackles are worth a lot of
money in the NFL. Before markets were used, they were grossly underpaid.
There were no statistics for linemen like yards rushing or field goal percent-
age so they could not differentiate themselves. The market system, however,
expressing the desires of general managers and reflecting the true importance
of the blind side tackle, correctly values the position.

Markets are neither moral nor caring. They are a way to consolidate informa-
tion from disparate sources. Prices are high when everyone wants something
or there is very little of it available. For blind side tackles, with both forces
at work, the market system was a bonanza.

Supply and Demand and Resource Allocation

This introduction to the market system via partial equilibrium showed how
an individual market settles down to its equilibrium solution. Much of this
material is familiar because most introductory economics courses emphasize
supply and demand analysis.
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There are two fundamental concepts, however, that are critical in gaining a
deep understanding of supply and demand.

1. Supply and demand curves do not materialize out of thin air. They
are the result of comparative statics analyses on consumer and firm
optimization problems. In other words, supply and demand must
be interpreted as the reduced-form solutions from utility- and profit-
maximizing agents. Figure 17.6 drives this point home by adding rep-
resentative consumer and firm graphs to supply and demand.

Representative Consumer i Market for Good X Representative Firm j
P ($/unit) P (S/unit)
v S=YMC; \ ) 9ATC
N P=MR
Us j /
Une—-Px/Py E D=2D;
X Qe (millions of units) q (units)

Figure 17.6: An overall view of supply and demand.

The notation in Figure 17.6 is awkward because we are combining consumer
and firm theories which have their own individual histories. Thus, X in the
left panel is the number of units of the same good that is produced by the firm
in the right panel with label “q (units).” Likewise, P in the middle and right
panels equals P, in the left panel. Notational awkwardness notwithstanding,
it is true that consumers generate demand for every good and service and the
sum of individual demands is market demand. The same holds for supply
and firms. Figure 17.6 is a great way to put it all together.

2 Supply and demand is a resource allocation mechanism. It is the equi-
librium quantity that is of greatest importance in the supply and de-
mand model because this is the market’s answer to society’s resource
allocation problem. The price is the variable that drives a market to
equilibrium, but it is ), that represents how much of society’s scarce
resources are to be allocated to the production of each commodity,
according to the market system.

A picture of this is in the Intro sheet. Now that you have finished this
section, take another look at it and walk through it carefully.
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Introductory economics students are taught supply and demand, but they
do not understand that the market demand and supply curves are reduced
forms from individual optimization problems. Deriving demand and supply
is a bright line separating introductory from intermediate courses.

In addition, introductory courses stress price and equilibration (surpluses and
shortages) as students learn the basics of supply and demand. Unfortunately,
this means students miss the fundamental point: the equilibrium quantity is
the decentralized, market system’s answer to how much of society’s scarce
resources should be devoted to this particular commodity. There are graphs
like Figure 17.6 for every good or service allocated by the market.

While the graphics in the Intro sheet emphasize the importance of Q)., Fig-
ure 17.7 offers another way to explain what supply and demand is really all
about. Filling in the mountain of society’s finite resources with a checker-
board pattern conveys that the factors of production are individually owned
and controlled. Each square represents the resources controlled by each per-
son. Every person owns a tiny piece of the mountain and decides what do
with that labor and capital.

Broccoli

Shoes

Cars
Tanks
Medical Care

Figure 17.7: Individual ownership of resources.

Every product allocated by the market system has a supply and demand that
attracts individual resources owners. Out of this cacophony of interactions,
an equilibrium is found and resources flow to the production of an amazing
variety of goods and services. This is the truly fascinating aspect of supply
and demand. Each agent is self-interested and thinking only of their own
gain, but the outcome of the market system establishes a pattern that an-
swers the question of how to use scarce resources.
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Of course, the checkerboard pattern in Figure 17.7 makes it seem like ev-
eryone controls equal shares, yet there is no question that some people own
more resources than others. Inequality in the distribution of resources can be
a serious obstacle facing the market system. It will not work well if resources
are grossly unequally distributed.

This leads to another common misconception regarding equilibrium and de-
sirability. Can we conclude, by virtue of the fact that the market is in
equilibrium, that the market system has correctly solved society’s optimiza-
tion problem? Absolutely not. Equilibrium does not automatically equal
optimal. The next section tackles this issue.

Exercises

S TEP Click the button in the EquilibriumSolution sheet to set

the coefficients to their initial values.

1. Use the scroll bar in cell C7 of the EquilibriumSolution sheet to set the
intercept of the inverse demand curve to 375. Use Excel’s Solver to
find the equilibrium solution. Take a picture of the answer and paste
it in your Word document.

2. Solve the equilibrium model with dy = 375 via analytical methods.
Show your work, using Word’s Equation Editor as needed.

3. Because the intercept increased compared with the initial values of
the parameters, we know there has been an increase in demand. How
has the market responded to this shock? Is the market’s response
reasonable?

References

The epigraph is from page 111 of Judy Klein, “The Method of Diagrams
and the Black Arts of Inductive Economics,” published in Ingrid Hahne
Rima, Measurement, Quantification and FEconomic Analysis: Numeracy in
Economics| (1995). As mentioned in section 4.3’s References, credit for draw-
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The basic questions about resource use that must be answered by society
can be traced to Paul Samuelson’s Introductory Economics textbook (first
published in 1948) and Frank Knight’s The Economic Organization| (1933).
“Samuelson boiled Knight’s five functions down to three: i) What commodi-
ties shall be produced and in what quantities?, ii) How shall they be pro-
duced?, and iii) For whom are they to be produced? 'These three questions,’
Samuelson adds, paraphrasing Knight, ’are fundamental and common to all
economies.” See Ross B. Emmett, “Frank H. Knight and The Economic
Organization,” Michigan State University Working Paper No. 0405-01, p.
16, papers.ssrn.com /sol3 /papers.cfm?abstract_id=922531.

Michael Lewis’ book, The Blind Side: The Evolution of a Game was a huge
hit in 2006. It was made into a movie in 2009, winning a Best Picture
nomination and the Academy Award for Best Actress for Sandra Bullock.


https://www.google.com/search?q=samuelson+Introductory+Economics
https://www.google.com/search?q=knight+Economic+Organization
https://papers.ssrn.com/sol3/papers.cfm?abstract_id=922531
https://www.google.com/search?q=lewis+blind+side

It follows that consumer’s surplus is not a
concept which can be attributed to Marshall
as something rather peculiarly his own. All
that belongs exclusively to him is the name.

R. W. Houghton

17.2 Consumers’ and Producers’ Surplus

Society’s resource allocation problem is an especially important optimization
problem. It is an easy problem to envision. Pile up of all of society’s factors of
production and then ask, “How should we use these resources? What should
we make? How much of each product should be produced? How should we
distribute the output?” These are questions about resource allocation.

An important idea is that of a constraint. Needs and wants by consumers
far outstrip available resources. More of one means less of other goods and
services.

The previous section showed how supply and demand establishes an equi-
librium price and output. The latter is the market system’s answer to the
resource allocation questions.

Although we are not studying alternative resource allocation methods, it is
worth pointing out that if supply and demand is not used, that does not
make difficult choices go away. Scarcity means there is not enough to go
around. We may decide we do not want to use markets to allocate scarce
organs, but we will still need a mechanism to decide whose lives are saved.

This section changes the focus from how supply and demand works to an
evaluation of the market system’s solution. The approach is clear: We first
consider what an optimal allocation would look like, and then check to see
whether the market’s allocation conforms to the optimal solution.

Finding the Optimal Quantity in a Single Market

To find the optimal solution, we conduct a fanciful analysis. Like the imag-
inary budget line we used to find income and substitution effects, we work
out a thought experiment that actually can never be carried out.

261
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Suppose you had special powers and could allocate resources any way you
wanted? Your official title might be Omniscient, Omnipotent Social Planner,
or OOSP, for short. You are omniscient, or all knowing, so you know every
consumer’s desires and every firm’s costs of production. Because you are
omnipotent, or all powerful, you can decide how much to produce of each
good and service and how it is produced and distributed.

Because this is partial equilibrium analysis, we focus on just one good or
service. The question for you, OOSP, is, “How much should be produced of
this particular commodity?”

One way for you to answer this question is to measure the total gain obtained
by the consumers and producers of the good. When we compute the gain,
we subtract the cost of acquiring the product for consumers and, for firms,
the costs of production. The plan is to compute the total net gain for dif-
ferent quantities and pick that quantity at which the total gain is maximized.

The notion of net gain, something above the cost that is captured by con-
sumers and firms, is the fundamental idea behind consumers’ and producers’
surplus. Consumers’ surplus is the gain from consumption after accounting
for the costs of purchasing the product. Producer’s surplus is the difference
between total revenues and total variable costs. In the long run, it is profit.

We begin with producers’ surplus because it is uncontroversial. We will see
that consumers’ surplus is problematic.

Producers’ Surplus

At any given price, if sellers get that price for all of the units sold, they get
a surplus from the sale of each unit except the last one. The sum of these
surpluses is the producer’s surplus. The sum of all of the producer’s surpluses
in the market is the producers’ surplus, PS.

The location of the apostrophe matters. Producer’s surplus is the surplus
obtained by one firm. If the focus is on all of the firms, we use producers’
surplus.

S TEP Open the Excel workbook CSPS.zls, read the Intro sheet, then go
to the PS sheet.
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The sheet displays an inverse supply curve given by P = 35 + 0.52Q);. The
area of the green triangle is PS. To see why, consider the situation when
output is 75 units and the price is $74 /unit.

The very last unit sold added $74 to total cost (given that we know that the
supply curve is the marginal cost curve). Thus, the 75 unit sold yielded no
surplus. In general, the marginal unit yields no surplus.

But what about the other units? All of the other units are inframarginal
units. In other words, these are units below the marginal (last) unit and,
in general, the inframarginal units generate surplus. The firm is receiving a
price in excess of marginal cost for these units, from 1 to 74, and, therefore,
it is reaping a surplus each of those units. We can add them up to get pro-
ducer’s surplus.

Consider the 50" unit. The marginal cost of the 50" unit is given by
35 4+ 0.52 % 50 = $61. The firm would have been willing to sell the 50
unit for $61, but it was paid $74 for that 50" unit. So, it made $13 on the
50" unit.

S TEP Look at cell Q68. It reports the surplus generated by the 50"
unit, $13, as we computed above. Look at cell 28. It reports the surplus
generated by the 50" unit, $33.80.

Cell R19 adds the surpluses from all of the inframarginal units. Notice how
PS steadily falls from the first to the last unit. The key to PS is that all
quantities are sold at the same price, but marginal cost starts low and rises.
The firm makes a surplus above MC' on all output except the last one.

Cell R19 differs from cells B19 and B21 because cell R19 is based on an in-
teger interpretation of output. If output is continuous, then we can compute
the PS as the area of the triangle created by the horizontal price and the
supply curve.

Notice that cell B19 offers another way to understand PS. If supply is marginal
cost, then the area under the marginal cost curve is total variable cost. Be-
cause marginal cost is linear, the computation is easy. If MC was a curve,
we would have to integrate. Total revenue is simply price times quantity.
Cell B19 computes TR — TV C', the excess over variable cost, which is the
producers’ surplus.
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STEPH Qs = 95, what is PS? Use the scroll bar in cell C12 to set quan-
tity equal to 95.

At 95 units of units of output, MC is $84.40. At that price, the 95" unit
has no surplus. But all of the other, inframarginal units generate surplus,
adding up to $2,346.50.

S TEP Explore other quantities and confirm that as output rises, so does
producers’ surplus.

Consumers’ Surplus

The idea is the same. At any given price, if a buyer pays that price for all of
the units bought, she gets a surplus from the purchase of each unit except
the last one. The sum of these surpluses is the consumer’s surplus. The sum
of all of the consumer’s surpluses is the consumers’ surplus, CS.

S TEP Proceed to the CS sheet.

Given the inverse demand curve, P = 350 — 0.2Q)4, we can easily compute
CS for a given quantity as the area of the pink triangle.

At Q4 = 95, the price so consumers will buy 95 units is $160/unit. The last
unit purchased provides no surplus, but the inframarginal units generate CS.
The area under the demand curve, but above the price, is a measure of the
net satisfaction enjoyed by consumers.

Consumers’ surplus comes from the fact that consumers would have paid
more for each inframarginal unit than the price they actually paid so they
get a surplus for each marginal unit.

S TEP Use the quantity scroll bar to confirm that as output rises, so does
consumers’ surplus.

As mentioned earlier, there is a problem with consumers’ surplus. We will
finish how OOSP could use CS and PS before explaining the problem.
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Maximizing CS and PS

Producers’ surplus is the amount by which the total revenue exceeds vari-
able costs and measures gain for the firm. Consumers’ surplus also measures
gain because it is the amount by which the total satisfaction provided by the
commodity exceeds the total costs of purchasing the commodity.

Both parties, consumers and producers, gain from trade. This is why a trade
is made—both buyer and seller are better off. When you buy something, you
part with some money in exchange for the good or service. If the purchase
is voluntary, you must value what you are getting more than what you paid
for it or else you would not have bought it. Similarly, the seller values the
money you pay more than the good or service or else she would refuse to
sell at that price. The gains from voluntary trade are captured in the terms
consumers’ and producers’ surplus.

Casting the problem in terms of surplus received by buyers and sellers leads
naturally to this question: What is the level of output that maximizes the
total surplus? After all, it is clear that as quantity changes the CS and PS
also change.

Thus, OOSP is faced with the following optimization problem:

max CS(q) +PS(q)

The idea is to maximize the gains from trade for all buyers and sellers. This
problem can be solved analytically and numerically. We focus on the latter.

S TEP Proceed to the CSandPS sheet.

This sheet combines the surpluses enjoyed by producers and consumers into
a single chart, shown in Figure 17.8.

Understanding this chart is fundamental. We proceed slowly. The vertical
dashed line represents the quantity, which OOSP controls and will choose so
that CS + PS is maximized.

There are two prices on the chart, one for the firm and the other for the
consumer. The idea is that OOSP uses the quantity to determine the prices
needed for firms to be willing to produce the output level and for consumers
to want to buy that amount of output.
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|Optimal Resource Allocation: Maximizing CS + PS 400
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TR $ 8,018.00 Area of the (pink) triangle below the inverse demand curve
TVC $ 5,671.50 $ 9,025.00
TR-TVC $ 2,346.50 Sum of PS and CS
Area of the (green) triangle above the inverse supply curve $ 11,371.50
$ 2,346.50

Figure 17.8: CS and PS at )=95.
Source: CSPS.zls!CSandPS.

This is not an equilibrium model of supply and demand. OOSP cares only
about choosing the optimal output. Price for consumers and firms is used
only to compute surplus.

In Figure 17.8 (and on your computer screen), producers receive a price of
$84.40 for each of the 95 units, yet consumers pay $160.00 per unit. Re-
member that OOSP, our benevolent dictator, has magical powers so she can
charge one price to consumers and give a different price to producers. By
adding the values in cells E18 and B21, we get the value in cell J20. It is
highlighted in yellow and maximizing it is the goal.

STE P click on the slider control (over cell C12), to increase output in

increments of five units.
As output increases, C'S and PS both rise.

S TEP Continue clicking on the slider control so that output rises above
125 units.

Now the sum of C'S and PS is falling. That is confusing because the two
triangles are getting bigger. But once the price to consumers falls below the
price to the firms, we have to pay the difference. This is explained below in
more detail. For now, let’s work finding optimal ().

S TEP Launch Solver and use it to find Q*.
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With an empty Solver dialog box, you have to provide the objective (J20)
and changing cell (B12). We find that C'S + PSS is maximized at Q* = 125
units.

In other words, OOSP should order the manufacture of 125 units of this
product, allocating the inputs needed from society’s scarce resource endow-
ment. This level of output maximizes the sum of CS and PS.

We have seen this number before. In the previous section, we found that
the equilibrium solution was (). = 125 units. This means that the market’s
solution is the optimal solution. This is a remarkable result.

No one intended this. No one chose this. No one directed this. Supply and
demand established an equilibrium output which answered the question of
how much to produce and we now see that it is the same solution we would
have chosen if our goal was to maximize consumers’ and producer’s surplus.
This is truly amazing.

Deadweight Loss

If OOSP chooses an output level below 125 and charges a price to consumers
based on the inverse demand curve and pays producers a price based on the
inverse supply curve, it will generate a smaller value of C'S + PS.

How much smaller? The amount of surplus not captured is given by the
trapezoid between the consumers’ and producers’ surpluses. This area is
called deadweight loss, DWL. 1t is a fundamental concept in economics and
merits careful attention.

STEPEnter 95 in cell B12, then click the button.

Not only do data appear below the button, but the chart has been modified
to include a red trapezoid. The area of the trapezoid is displayed in cell D30.

STEPCliCk on cell D26.

The formula is simply the solution of the intersection of the supply and
demand curves. We know this quantity is the solution to the problem of
maximizing CS and PS.
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ST'E P Click on cell D28,

This seemingly complicated formula is not really that hard. It displays the
maximum possible total surplus. Two things are being added, C'S and PS.
The first part of the formula is PS: 0.5%(((s0- + s1_ *D26) — s0_)*D26). It
is half the height of the PS triangle times the length (or quantity produced).
The second part of the formula uses the same area of the triangle formula to
compute the CS: 0.5%((d0- - (d0- — d1-*D26))*D26).

ST'EP Click on cell D30.

The formula, = D28 — J20, makes crystal clear that deadweight loss is max-
imum total surplus minus the sum of CS and PS at any value of output.
In other words, deadweight loss is a measure of the inefficiency of producing
the wrong level of output in a particular market. Deadweight loss vaporizes
surplus so that it disappears into thin air. Deadweight loss is pure waste.

STE P click on the slider control (over cell C12) to increase output in

increments of five units.

As you increase output, note that the deadweight loss falls as the output ap-
proaches the optimal quantity. There is no deadweight loss when the output
is at 125 because this is the optimal level of output.

Another way to expressing the efficiency in the allocation of resources of the
equilibrium solution is to say it has no deadweight loss. That is, no ineffi-
ciency in allocating resources.

As @ approaches Q* we reach the maximum possible C'S + PS and DWL
goes to zero. As @ keeps rising, past Q > Q*, we get less total C'S + PS
and deadweight loss rises. We get deadweight loss on either side of Q*. The
explanation for deadweight loss when ) > Q* is more complicated. Let’s
look at some concrete numbers.

S TEP Set output above the optimal level, for example, () = 150.

Your screen should look like Figure 17.9. It is true that C'S and PS triangles
are large, but with a higher price to firms than consumers, society has to pay
for the difference. Once we account for this, the total gain is less than that
at (Q = 125 and we suffer deadweight loss, as shown by the red triangle.
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Optimal Resource Allocation: Maximizing CS + PS 200
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TVC $11,100.00 $22,500.00
TR-TVC $ 5,850.00 Sum of PS and CS
Area of the (green) triangle above the inverse supply curve $ 18,900.00

$ 5,850.00

Figure 17.9: DWL at =150.
Source: CSPS.zls!CSandPS.

Figure 17.9 shows that it is possible to have sellers receive $113 per unit
sold yet have buyers pay only $50 per unit sold, but someone is going to
have to make up that $63 per unit difference. The total value of the subsidy,
$63/unit times 150 units is $9,340. This amount (rectangle ABCD in Figure
17.9) must be subtracted from the sum of C'S and PS.

When we add everything up, we get a total surplus of $18,900 at ) = 150,
which is lower than the maximum total surplus. Cell J20 uses an IF state-
ment to get the calculation right. The deadweight loss from producing 150

units is $787.50 (cell D30).

The deadweight loss at () = 150 is given by the area of the red triangle in
Figure 17.9. The geometry is easy. We must subtract a rectangle with height
63 and length 150 from the sum of the pink CS and green PS triangles. This
leaves the red triangle as the DWL caused by producing too much output.

There is one optimal output and at that value, deadweight loss is zero. Out-
puts above and below Q* produce inefficiency in the allocation of resources
because we fail to maximize C'S + P.S. This is called deadweight loss.

Price Controls

Price controls are legally mandated limits on prices. A price ceiling sets the
highest price at which the good can be legally sold. A price floor does the
opposite: The good cannot be sold any lower than the given amount.
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To be effective, a price ceiling has to be set below and a price floor has to be
set above the equilibrium price.

Most introductory economics students are taught that price ceilings gen-
erate shortages and price floors lead to surpluses. For most students, the
take-home message is that market forces cannot push the price above the
ceiling or below the floor so the market cannot clear and this is why price
controls are undesirable.

It turns out that this is not exactly right. Although it is true that ceilings lead
to persistent excess demand and floors prevent the market from eliminating
excess supply, the real reason behind the unpopularity (among economists)
of price controls is the fact that they cause a misallocation of resources.

S TEP Proceed to the PriceCeiling sheet.

Suppose there is a price ceiling on this good at $84.40. At this price, there is
a shortage of the good because quantity demanded at $84.40 is 132.8 units
(cell B13) while quantity supplied is only 95 (cell B12).

The price cannot be bid up because $84.40 is the highest price at which the
good can be legally sold. Thus, with this price ceiling, the output level is
95. We know this is an inefficient result because we know Q* = 125. This is
the real reason why this price ceiling is a poor policy, not because it causes
a shortage. The price ceiling fails to maximize total surplus.

To be clear, with this price ceiling, too few resources are allocated to the pro-
duction of this good or service. There will be only 95 units of it produced,
not the optimal 125 units. The fact that there is a shortage is true, but it is
the misallocation of resources that is the problem.

While the misallocation of resources is easy to see since the quantity is wrong,
deadweight loss is more complicated. It depends on the story about the price
control and how agents react.

Suppose, for example, that market players are all honest so there is no illegal
selling of the good above the maximum price. In other words, producers do
not violate the law. Suppose further that the good is allocated via lottery
so there are no lines of buyers or resources spent waiting. This means that
consumers’ surplus is now a trapezoid instead of a triangle.
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STEP cick the button.

As shown in Figure 17.10 (and on your screen), a rectangle has been removed
from deadweight loss so it is now just the red triangle.

Price Controls, no black market 400
350 ;
|
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do 350 < > s0 35 < >| 250 \ H
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TVC $ 5,671.50 $16,207.00
TR-TVC $ 2,346.50 Sum of PS and CS
Area of the (green) triangle above the inverse supply curve $ 18,553.50
$ 2,346.50

Figure 17.10: DWL with no illegal market.
Source: CSPS.xls!PriceCeiling.

In addition to the usual CS triangle in Figure 17.10, consumers enjoy the
area of the rectangle computed by multiplying a price of $160 (which is the
price consumers are willing to pay for 95 units of the good) minus $84.40
(the price consumers actually pay) times 95 units.

The good news behind this price ceiling with no cheating story is that the
deadweight loss is much smaller than in the CSandPS sheet with @) = 95
because the lucky consumers who can purchase the good do not have to pay
$160/unit. The bad news is that there is still a deadweight loss of $1,134.
This is a measure of the inefficiency of the price ceiling with no illegal market.

Suppose instead that there are unlawful sales of the product at the illegal
market price, $160/unit (this is the most buyers are willing to pay for 95
units). Suppose, in addition, that somehow there are no wasted resources
associated with this illegal market. No police investigations, court cases, or
any other resources are spent on stopping criminal sales. Then the producers
get the rectangle. With this idealized illegal market, the rectangle is trans-
ferred from consumers to producers, but the deadweight loss stays the same.
The Q&A sheet asks you to demonstrate this.
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If, as is almost surely true, illegal selling results in more resources being
spent, then the deadweight loss is larger than the red triangle. Illegal activ-
ity often leads to violence (think of illegal drugs, which are a market with a
price ceiling of zero) and we would subtract that from C'S+ PC and thereby
increase DWL.

Consider two other stories about the price ceiling. A limited set of buyers
are given coupons to buy the product. To buy the good (at the legal price),
you must have a coupon. If a rationing coupon scheme is used, the sellers of
the coupons get the rectangle. The deadweight loss remains the same.

Suppose, finally, that a price ceiling is set and the good is allocated on a
first-come-first-serve basis. In other words, buyers have to wait in line. With
this story, the time, effort, and other resources buyers waste standing in line
(or paying others to stand in line for them) must be subtracted from the
total surplus. The deadweight loss rises. If the entire rectangle is lost, then
the deadweight loss is the same as that in the CSandPS sheet when 95 units
of output are produced.

Price controls are a popular way to modify market results. Unfortunately,
from a resource allocation standpoint, price controls suffer from the fact that
they fail to maximize total surplus. It is this property and not that they
produce shortages that earn price ceilings criticism. We want the allocation
mechanism to give optimal Q.

It is confusing that correctly measuring deadweight loss depends on the story,
but do not be distracted by the many ways buyers and sellers can respond to
price controls. The take-home message is that any deviation from Q* means
that the allocation scheme has failed. Deadweight loss, which gives a measure
of the inefficiency in monetary units, depends on the specific implementation
of the price control, but the fact that it is not zero is evidence that it has
failed.

Caveat Emptor

“Let the buyer beware” is the meaning of the Latin phrase, |caveat emptor.
This idea from contract law is a warning to the buyer that they are respon-
sible for what they are buying. The consumer needs to be careful so they
aren’t tricked or end up with a poor quality, unsuitable product.


https://www.google.com/search?q=caveat+emptor
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Caveat emptor applies to deadweight loss. On the one hand, deadweight
loss is a common way that economists measure inefficiency. It is based on
the idea that the maximum total surplus is not attained from a particu-
lar output level. But users need to know what they are getting themselves
into—deadweight loss has two glaring weaknesses.

The first has to do with our calculation of consumers’ surplus. For technical
reasons, restrictive assumptions about the utility function must be imposed.
For example, a Cobb-Douglas utility function for individual consumers will
not work because it has an income effect. A quasilinear utility function will
work (no income effect), but it is unlikely that all consumers have quasilinear
utility.

Consumers’ surplus violates the rule that we should not make interpersonal
utility comparisons. We are using the demand curve to add up dollar mea-
sures of the extra satisfaction that different people get from consuming a
product. That is unsound and breaks a basic tenet of modern utility theory.

The second weakness stems from the use of partial equilibrium analysis. We
are calculating deadweight loss based on the impact in a single market of
a deviation in output from its optimal level. The focus on one market is
too limited. If we apply too many or too few resources to the production
of one good, we will cause deviations from optimal output for other goods
and services. So, the deadweight loss computation based on one market is
a lower bound. To get it exactly right, we would have to analyze effects on
other markets and do a general equilibrium analysis.

Regarding deadweight loss, it is caveat emptor. Remember that deadweight
loss measures inefficiency and it is commonly used in applied work, but it is
not exactly right. The best way to think of deadweight loss is as an approx-
imation.

Some economists are appalled at the thought of using deadweight loss. These
most strident critics are usually more theoretically oriented. Economists who
do empirical work are more likely to argue that deadweight loss is imperfect,
but practically speaking, it is a useful way of measuring inefficiency.
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Optimal Allocation of Resources

This is an important section. It introduced producers’ and consumers’ sur-
pluses, which are key elements in the omnipotent, omniscient social planner’s
objective function.

The idea that there is an optimal level of output for each good and service
is fundamental. From this idea we get the procedure for evaluating any allo-
cation scheme or government policy: We compare an observed result to the
optimal answer.

It is obvious that quantities below the intersection of supply and demand
cannot be optimal because both CS and PS rise as () increases. The sit-
uation with quantity above the intersection of supply and demand is more
subtle. To get the calculation right, whenever quantity is above the intersec-
tion point, we must subtract from the sum of C'S and PS a rectangle that is
the difference between prices multiplied by quantity.

The most important and remarkable result from this section is that Qe = Q*.
This says that in a properly functioning market, the equilibrium quantity
(which is the market system’s answer to society’s resource allocation prob-
lem) yields the socially optimal level of output.

Price controls lead to inefficient allocation of resources. The output gener-
ated does not match the optimal output. The deadweight loss associated
with a price control depends on the story of how the particular implemen-
tation of the price control is enforced and responded to by buyers and sellers.

There is no question that deadweight loss is a linchpin of policy analysis.
Countless estimates of deadweight loss and cost—benefit studies have been
conducted. It is, however, flawed. Measuring consumers’ surplus in value of
money terms from a market demand curve in a partial equilibrium setting
leaves us on very thin ice. Applications and estimates of deadweight loss
should be seen as an approximation to the exact measure of the loss from
the misallocation of resources (if such a measure exists).

While deadweight loss is flawed, the notion of a misallocation of resources
is not. The idea that there is an optimal solution to society’s resource allo-
cation problem is perfectly valid. So is defining an allocation that deviates
from optimal as a misallocation of resources. These are bedrock ideas in
microeconomic theory.
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This should mark the end of this section, but because there is so much con-
fusion about equilibrium and optimal resource allocation, what follows is an
attempt to provide some clarity.

Take a moment, before you begin reading the next section, to think about
what supply and demand is really all about. What is the point? What are
we trying to explain? Read the next section, maybe even repeatedly, to make
sure you can answer these fundamental questions.

Equilibrium and Optimal Resource Allocation

The material below is being repeated for emphasis. The Theory of Con-
sumer Behavior and Theory of the Firm are stepping stones to the Q. = Q*
result. Let’s put things in perspective and explain why this is so fundamental.

In the 1700s, it is absolutely true that philosophers and deep thinkers of the
day were baffled by the market system. There was active debate about how
and why Europe and, especially, England was getting so rich. How could
the unplanned, individual decisions of many buyers and sellers produce a
pattern, much less a good result? It seemed obvious that a leaderless, frag-
mented system would produce chaos.

In the previous section, we saw that the equilibrium quantity, @), generated
by a properly functioning market is located at the intersection of supply and
demand. The market uses a good’s price to send signals to buyers and sellers.
Prices above equilibrium are pushed down, whereas prices below equilibrium
are pushed up. At the equilibrium solution, the price has no tendency to
change and output is also at rest. The equilibrium level of output is the
market’s answer to how much of society’s resources will be devoted to pro-
ducing this particular good.

Our work in this section on consumers’ and producers’ surplus takes a much
different perspective on the resource allocation problem. Instead of exam-
ining how the market works, we have created a thought experiment, giving
an imaginary social planner incredible powers. Given the goal of maximizing
total surplus, OOSP would choose an optimal quantity, @Q*, that should be
produced. If we produce less or more than this socially optimal amount,
society would forego surpluses that would make producers and consumers
better off. Producing the wrong ) yields deadweight loss.
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If we compare the market’s equilibrium quantity to the socially optimal quan-
tity, we are struck by an amazing result: (), = Q*. This critical equivalence
means that we do not need a dictator, benevolent or otherwise, to optimally
allocate resources. The market, using prices, can settle down to a position
of rest where all gains from trade are completely exploited and the sum of
producers’ and consumers’ surplus is maximized.

There is no guarantee, however, that (), = Q*—there are conditions under
which the invisible hand does not lead the market to optimality. We will see
examples where the equality does not hold and the market is said to fail.

As you work on this section and this part of the book, do not lose sight of
the main point: The market’s ability to generate an equilibrium quantity
that is socially optimal is nothing short of amazing and unbelievable. It is
equivalent to geese flying in a V. A pattern is generated by the interactions
of individuals with no awareness or intent to make the pattern.

Consider this hypothetical: we learn that broccoli cures cancer. Would we
need a president, prime minister, or king to tell farmers to grow more broc-
coli? Of course not. Broccoli would fly of the shelves, its price would rocket,
and farmers would automatically plant and produce more broccoli. They
would not try to figure out what would be best for society, but simply re-
spond to the market signal. That is what the supply and demand model is
really all about.

Analogies from biology are many, but this one might be so shocking and
different from anything you have seen before that it will convey why supply
and demand is so fascinating to economists.

S TEP Visit http:/ /tiny.cc/siphonophore to learn about this creature and

see it in action.

Exercises

1. From the CSandPS§ sheet, click the button, then set dy = 375
and use Solver to find the optimal quantity. Take a picture of the cells
that contain your answer and paste it in a Word doc.

2. Click the | Show DWL | button. Suppose there was a price ceiling of

$84.40. What is the story about price ceilings assumed by the chart
and DWL computations on the sheet?


https://www.wired.com/2014/08/absurd-creature-of-the-week-siphonophore/
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3. Suppose the government implemented a price support scheme (this is
a type of price floor that is used frequently for agricultural products)
where they only allowed 95 units to be produced. Cell E16 shows that
the market price would be $185. Compute the deadweight loss and
explain it.
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Harberger triangles, now common
fare, were once rare delicacies.
...While the theory of deadweight
loss measurement was
well-established by the 1950s,
economists very rarely estimated
deadweight losses prior to the
appearance of Harberger’s work.

James R. Hines, Jr.

17.3 Tax Incidence and Deadweight Loss

Many goods and services are taxed. Sales taxes (also called value added or
ad valorem taxes) are a percentage of the monetary amount spent; quantity
taxes are levied per unit bought. Quantity taxes are applied, for example,
to gasoline, alcohol, and cigarettes.

In chapter 3.4, we examined cigarette taxes. It was shown that, for a par-
ticular consumer, lump sum (fixed amount) taxes are better than quantity
taxes. In this section, we turn from an analysis of taxes on the individual to
their effect on society and the resource allocation problem.

We will use supply and demand in a partial equilibrium setting to evaluate
the effects of taxes on goods and services allocated by the market. We work
with quantity taxes because our linear supply and demand curves will shift
vertically as the tax is applied. Sales taxes are harder to analyze, but the
qualitative results we derive for quantity taxes carry over to sales taxes.

There are two basic issues:

1. Tax incidence: determining the tax split between buyer and seller.

2. Deadweight loss: evaluating the inefficiency generated by the tax.

Our work will show a counterintuitive proposition: It does not matter whether
consumers or producers pay the tax. In the end, neither the tax burden nor
the deadweight loss depends on who sends tax payments to the government.

Our approach to the second—and more important—issue relies on comparing
the output after the tax is imposed to the socially optimal output (based on
maximizing consumers’ and producers’ surplus). Deviations from optimality
are said to be inefficient solutions to society’s resource allocation problem.
We will use deadweight loss to measure the inefficiency. This is known as
welfare analysis, where welfare means the well-being of a person or group.

579
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It Does Not Matter Who Sends the Tax Payment

Suppose you are renting an apartment for $700 a month. Suppose further
that property taxes rise $100. If your landlord raises the rent to $800 a
month and you agree, it is easy to see that you are paying for the entire tax
increase. The landlord pays the property tax to the government, but you are
bearing the burden of the tax.

But what if you refuse to pay the $100 increase and move out. The landlord
cannot find anyone to rent the apartment for $800 and, eventually, agrees to
rent the apartment for $725 a month to a new tenant. The computation of
the tax burden is easy. The new tenant is bearing the burden of $25 or 25%
of the tax increase, while the landlord’s burden is $75 or 75%.

No matter what the rent ends up being, the landlord sends the tax payment
to the government, but that does not answer the question of who is really
responsible for the tax. The landlord may be able to shift some of the tax
onto the renter.

It turns out that the elasticities of demand and supply determine who bears
the burden. The more inelastic, or price insensitive, the higher the burden.

Tax incidence is the analysis of who bears the burden of a tax. In a moment,
we will be working with complicated supply and demand graphs, but the
analysis is basically the same as the story of the tenant and the landlord.

Supplier Pays

For most products, the supplier or firm is responsible for collecting the tax
when the good is purchased and for sending in the tax payments to the gov-
ernment. This is what is meant by “supplier pays.” Of course, we know that
who collects and pays the tax is different from the tax incidence because
anywhere from 0 to 100% of the tax may be shifted to the consumer.

The elasticities of supply and demand determine how the tax is split between
consumer and firm.

S TEP Open the Excel workbook Tazes.zls, read the Intro sheet, then go
to the SupplierPays sheet.
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The sheet has parameters for linear demand and supply curves. Initially,
there is no tax so the equilibrium price is $100/unit and the equilibrium
quantity is 125 units. Cell B17 shows that the government collects no revenue
and cell E17 shows that there is no deadweight loss (because the market’s
equilibrium quantity equals the socially optimal quantity).

The price elasticities at the wnitial equilibrium solution are ep = —0.4 and
€s = 1.54, for demand and supply. The sum of the absolute values is 1.94.

S TEP Click on the scroll bar next to cell B14 five times to impose a tax.

A red line appears on the chart and it shifts with each click. Five clicks will
set the tax at $50 and the spreadsheet will look like Figure 17.11.

More Elastic 400
o g ¥
£ 350
Exogenous Variables for Demand and Supply g 300
P=d0-d1Qd P=s0+s1Qs 2 \
do 350 V< > s0 85 < > |3 250
d1 2 ¢ > s1 052 ¢ >|= \
8 200
Equilibrium Solution Elasticities at the Equilibrium Price
Pe $ 139.68 P elasticity of D at P = 139.68: -0.66
Qe 105.16 P elasticity of S at P = 89.68: 1.64
Tax $  50.00"«¢ >
P Consumer $ 139.68
P Firm $ 89.68 0 50 100 150 200
GovRev  § 5,258.00 [ owL s 496.00] Quantity

Initial, No Tax Solution
Pe $ 100.00
Qe 125

Figure 17.11: Supplier pays a $50 quantity tax.
Source: Tazes.zls!SupplierPays.

The inverse supply curve has shifted up by $50/unit because in order for the
suppliers to offer a given quantity, they have to receive $50/unit more than
the original supply curve (without the tax). They will not get to keep the
extra $50 per unit—they have to send it to the government.

For example, to offer 125 units at the initial equilibrium solution, firms
needed a price of $100, but now they will need $150/unit. The value of
P is $150 for @) = 125 with the red line in Figure 17.11. Every quantity has
the same $50 increase in price on the red line.

The spreadsheet displays the information we need to compute the tax inci-
dence. We can see that the consumer is bearing the majority of the tax by
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looking at the new equilibrium price. The dashed line (and cell B15) shows
the new P, = 139.68. We can compute the fraction of the tax borne by the
consumer: % ~ 79.4%. The supplier has managed to pass along all but
about one-fifth of the tax to the consumer.

We can also use the absolute values of the pre-taz (initial) price elasticities
to get the relative burdens for consumer and firm:

0.4 1.54

The Tazx Incidence Formula to determine the share of the tax burden using
demand and supply price elasticities is:

€

€p + €5

1—

fort=D,S5

Notice that the formula drops the minus sign for the price elasticity of de-
mand and for the rest of this section, we will mean the absolute value when
we refer to the price elasticity of demand.

The elasticity values from the spreadsheet and the Tax Incidence Formula
make clear that the lower the price elasticity, the higher the tax incidence.
As ¢; — 0 (for either D or §), the burden (for D or S) goes to 100%. The
consumer is paying four-fifths of tax in Figure 17.11 because demand is much
more inelastic than supply at the initial equilibrium price.

We will discuss tax incidence in more detail below, but we turn now to the
second, more important issue, the welfare implications of per unit taxes.

With a $50 quantity tax, the SupplierPays sheet shows a deadweight loss
of $496 in cell E17. The deadweight loss can be calculated by finding the
difference of the maximum possible surplus minus the surpluses enjoyed by
the consumers, producers, and government. This is equivalent to the (red)
triangle on the chart, which is also known as a Harberger triangle.

We proceed carefully. Consumers’ surplus (CS) and producers’ surplus (PS)
after the tax is imposed have both been reduced by the trapezoidal shapes
in Figure 17.12. Clearly, CS has fallen by much more than PS. More im-
portantly, however, is the fact that the deadweight loss (DWL) is not the
sum of lost CS and PS because we have introduced a third player—the gov-
ernment. They will get most of CS and PS lost in the form of tax revenue.
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The total tax payments of $5,258 is the area of the rectangle with height
$139.68 — $89.68 = $50 and length 105.16 units of output.

300
250 \Y/l Lost Cs |

Price in dollars per unit

-
— |LostPS | N

0 50 100 150 200
Quantity

Figure 17.12: Lost CS and PS from the $50/unit tax.
Source: Tazes.xls!SupplierPays!AN.

Once we recognize that the tax has lowered CS and PS, but that part of the
surplus is captured by the government, we can see that the deadweight loss
is the Harberger (red) triangle in Figure 17.13, with area displayed in cell
E17. The surplus in the Harberger triangle vaporizes into thin air, captured
by no one.

Price in dollars per unit

0 50 100 150 200
Quantity

Figure 17.13: CS, PS, and GovRev from the $50/unit tax.
Source: Tazes.xls!SupplierPays!AN.

The height of the Harberger triangle is the price the consumer pays minus
the price received by the firm, which is called the tax wedge. This distance is
the amount of the tax. When you clicked five times to impose the tax, you
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could see the wedge expanding, creating a space between what the consumer
pays and the firm receives.

The tax wedge takes surplus from consumers and producers, but this is not a
problem. Presumably, the government is building schools, roads, and provid-
ing services. As long as someone gets the surplus, partial equilibrium surplus
analysis counts it as a successful outcome.

Figure 17.13 shows, however, that the Harberger triangle goes to no one.
This is a problem. Deadweight loss is surplus that simply vanishes. It is a
loss of surplus that is not recouped by anyone.

The width of the DWL triangle is the distance from the new equilibrium
quantity after the tax to the original equilibrium quantity. The bigger this
distance, the greater is the distortion of the tax in terms of resource alloca-
tion.

S TEP Click on cell E17 to see its formula. It simply computes the area
of the red Harberger triangle.

We summarize and repeat a few key ideas. Deadweight loss is a dollar mea-
sure of the distortion caused by the tax—the “market with a tax” scheme
is no longer producing the optimal quantity. This is a misallocation of re-
sources. Deadweight loss represents gains from trades that are not being
exploited. There is $496 in value that no one is getting. It is simply vapor-
ized and disappears into thin air.

The rectangle formed by the tax times the equilibrium quantity (after the tax
is imposed) is a transfer from consumers and producers to the government.
This does not count as deadweight loss because someone (the government)
is getting it. The key to understanding deadweight loss is that it accrues to
no one—it is unclaimed surplus and, therefore, pure waste.

Demander Pays

Suppose that instead of the firm it is the consumer who is responsible for
collecting the quantity tax when the good is purchased and for sending in
the tax payments to the government. This may seem a little strange at first,
but there are cases where this occurs.



17.3. TAX INCIDENCE AND DEADWEIGHT LOSS 285

For example, if you buy online and the seller does not charge you state and
local taxes, you should pay those taxes. At the dawn of the internet, this
gave online retailers a big advantage over brick and mortar stores that added
sales and other taxes to the total. Few people pay taxes when they are not
collected by the seller. Today, almost all online retailers include taxes.

For the purposes of comparing what happens when the buyer or seller pays
the tax, forget about administrative costs or the fact that firms are much
better tax collectors than consumers. We assume that consumers and firms
will both comply and send the correct tax payment to the government even
though that is obviously not true.

STEPGO to the DemanderPays sheet and impose a $50 tax. Pay atten-
tion to the screen as you click. You can watch the tax wedge emerge.

Figure 17.14 shows the result, with the DWL triangle displayed.

Reset More Elastic 400
Demand —
E 350
Exogenous Variables for Demand and Supply g 300
P =d0 -d1Qd P=s0+s1Qs £
do 300 < > s0 3B V¢ > |3 250
d1 2 < > s1 052 ¢ >|=
g 200
Equilibrium Solution Elasticities at the Equilibrium Price & 150
Pe $ 89.68 P elasticity of D at P = 139.68: -0.66
Qe 105.16 P elasticity of S at P = 89.68: 1.64 100 1
Tax $ 50007 < > %
P Consumer $ 139.68 0
P Firm 3 89.68 0 50 100 150 200
GovRev  § 5,258.00 DWL _ $ 496.00 Quantly
Initial, No Tax Solution
Pe $ 100.00
Qe 125

Figure 17.14: Demander pays a $50 quantity tax.
Source: Tazes.zls!DemanderPays.

This time, it is the demand curve that is shifting. Instead of the firm, it is
the buyer who must compute the tax and send in the payments. A $50/unit
tax will shift the inverse demand curve down (not up) by $50 because each
consumer is willing to buy any given quantity for $50 less than before since
she will have to pay an additional $50 to the government per unit purchased.

As before, a deadweight loss triangle appears when you impose the $50 tax.
The tax drives a wedge between the total price the consumer pays and the
amount the firm receives. This is the height of the triangle.
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The deadweight loss triangle’s width is the difference between the initial and
new (.. The equilibrium quantity is driven down by the tax and, therefore,
it no longer equals the socially optimal quantity. The tax causes an ineffi-
cient allocation of resources. The deadweight loss of $496 is a measure of the
inefficiency caused by the tax.

The tax incidence can be found by computing the share of the tax paid by
the consumer versus the firm. The sellers receive a price of $89.68 so they
bear roughly $10 of the $50 tax. The consumer pays the firm $89.68 and the
government $50 for each unit for a total price of $139.68. The buyer’s share
of the tax is about 80%.

The government’s revenue is the $50 tax on each unit sold times the new
equilibrium quantity, 105.16. This yields $5,258 and can be represented as a
rectangle in the supply and demand graph.

It is obvious that these numbers are the same as the suppliers pays scenario,
but a fun and memorable way to show that it does not matter who pays the
government is to toggle back and forth between the two sheets.

S TEP Click the SupplierPays sheet tab, then click the DemanderPays
sheet tab. Repeat this several times while keeping your eye on the screen.
What do you notice?

The chart is different, of course, and the d0 and s0 parameters are different
because the demand and supply intercepts do change based on who collects
the tax for the government. But the price paid by the consumer, the price
received by the firm, government revenue, and, most importantly, equilib-
rium quantity and deadweight loss are all exactly the same.

There is no doubt about it—tax incidence and deadweight loss do not depend
at all on who physically collects and sends tax payments to the government
(compliance being equal). If it does not matter if the buyer or seller pays
the tax, then what do tax incidence and deadweight loss depend on?

Elasticities Drive Tax Incidence and Deadweight Loss

The relative price elasticities of demand and supply determine both the tax
incidence (the distribution of the tax burden) and the deadweight loss (the
measure of inefficiency in the allocation of society’s resources).
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Nothing else matters—certainly not who collects the tax, but also nothing
else either. Price elasticities of demand and supply are all you need.

The more inelastic is demand at the initial equilibrium price, given supply,
the more the consumer will bear the burden of the tax and the lower the
deadweight loss. Likewise, the more inelastic is supply at the initial equilib-
rium price, given demand, the more the supplier bears the burden of the tax
and the lower the deadweight loss.

We return to the apartment rent example to see how supply and demand
analysis would work in an extreme case. If you agree to a $100 increase in
rent, your demand for apartments is perfectly inelastic in this price range.
The price increase from $700 to $800 has no effect on the quantity demanded.
In this case, you bear the entire burden of the tax and there is no deadweight
loss. The situation is depicted in Figure 17.15.

S/unit S + tax

Pcon
Ptirm

Qe Q

Figure 17.15: Tax effects with perfectly inelastic demand.

If you had to pay the property tax, you would be unable to shift it onto the
landlord. In Figure 17.15, D would shift down, but it is a vertical line so it
would shift on top of itself. The landlord would get $700 from you (the initial
equilibrium price) and you would pay an additional $100 to the government.

Our Tax Incidence Formula yields the same result. With perfectly inelastic
demand, ep = 0. Thus, we have:

0
R U — 100%
€p + €g 0+ €eg

This says the buyer bears the burden of the entire tax. Notice the formula
does not have an input for who is writing the check to the government—that
does not affect the outcome at all.
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The formula also tells us that eg does not matter at all in the extreme case of
perfectly inelastic demand. Any price elasticity of supply greater than zero
leaves the buyer bearing the full burden of the tax.

The situation is reversed, of course, for the tax incidence if supply is perfectly
inelastic. We would have a vertical S line that shifts up onto itself when the
supplier pays the government. This leaves equilibrium price and quantity
unchanged so the consumer pays the same amount as before and bears none
of the tax burden. Once again, deadweight loss is zero.

Once again, the Tax Incidence Formula gives the same result. With eg = 0,
the €p in the numerator and denominator cancel and we get zero. This means
the consumer bears no burden from a tax on a perfectly inelastically supplied
good.

Of course, the main result that relative price elasticities determine tax inci-
dence and deadweight loss applies in general and not just to these extreme
cases. We can demonstrate this with the Excel workbook.

S TEP To enable comparison, copy the SupplierPays sheet by right-clicking
the sheet tab and selecting Move or Copy.) Select SupplierPays so the sheet
is inserted before the SupplierPays sheet and check the Create a Copy box.

Excel inserts a new sheet in the workbook, named SupplierPays (2). We
will apply the same $50 tax with a more elastic demand curve at the initial
equilibrium price to see the effect on tax incidence and deadweight loss.

STEP click the button, then click the | More Elastic Demand|

button in your new sheet.

A new, red inverse demand curve appears that is flatter, yet it goes through
the initial equilibrium solution. The button simply sets the intercept and
slope to 225 and 1, respectively. The price elasticity of demand at the initial
equilibrium solution has risen (in absolute value) to —0.8 (as shown in cell
E11).

It is important to not confuse slope and elasticity. The new, red inverse
demand curve is more price elastic at P = 100 because it is flatter at that
point. It is incorrect to say, however, that flatter lines are more elastic as
a whole than steeper lines—both the initial and new inverse demand curves
have varying elasticity all along the line. Thus, it does not make sense to say
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that flatter lines are more elastic. Elasticity refers to a percentage change
response at a point. Only at P = 100 do we know that elasticity is higher
for the flatter, red inverse demand curve.

S TEP Click the tax scroll bar five times to impose a $50 per unit tax.

Figure 17.16 shows that the consumer bears less of the tax burden than
before (but still more than the seller) and deadweight loss has risen.

More Elastic 400
| ]
£ 350
Exogenous Variables for Demand and Supply g 300
P=do0-diQd P=s0+s1Qs £ \
do 225 < > s0 85 < > |3 250
Al Al
a1 1 < > s 052 "¢ 215 o0 \
Equilibrium Solution Elasticities at the Equilibrium Price & \\ s
Pe $  132.89 P elasticity of D at P = 132.89: -1.44
Qe 92.11 P elasticity of S at P = 82.89: 1.73
Tax §  50.00"< >
P Consumer $ 132.89 0
P Firm $ 82.89 0 50 100 150 200
Gov Rev $ 4,605.50 [ pwL $ 822.25] Quantity

Initial, No Tax Solution
Pe $ 100.00
Qe 125

Figure 17.16: Tax effects with a more elastic D.
Source: Tazes.xls!SupplierPays.

With ep = 0.8 instead of 0.4, ceteris paribus, the tax incidence on the con-
sumer has fallen because the price has risen only to $132.89 as opposed to
$139.68 on the SupplierPays sheet. So, the consumer bears $32.89 of the $50
tax or 228 ~ 65.8% of the tax. Notice that firms will now only net $82.89

50
per unit instead of $89.68 when ep = 0.4. Suppliers tax burden rises to 34.2%.

The Tax Incidence Formula corroborates this result.

€D 0.4
1— bep=04=1———" ~794
b teg P 0.4+ 1.54 %
€D 0.8
1— bep=08=1———" 658
bt eg LD 0.8+ 1.54 %

More importantly, deadweight loss has risen after the increase in the price of
elasticity of demand from 0.4 to 0.8. Toggle back and forth from the original
and new SupplierPays sheets to see that deadweight loss increases from $496
to $822.25.
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While the height of the Harberger triangle has remained the same (the
$50/unit tax), the length has increased because the new equilibrium quantity
is farther from the initial Q. = 125.

If you toggle back and forth a few times, you can see how the more elastic
demand curve is creating a DWL triangle that is longer, but with the same
$50 height. If you keep flattening the inverse demand curve (making sure
that it passes through the initial equilibrium solution), the triangle keeps
lengthening, but the height stays the same. A perfectly elastic (horizontal)
D curve would produce the greatest deadweight loss possible.

S TEP After thinking about it a bit, you can verify the claim above by

using the control just to the right of the chart. Try all five scenarios.

With Fqual Burden selected the demand and supply elasticities at P = 100
are the same so the $50 tax is split evenly. The consumer pays $125/unit
and the firm receives $75/unit.

The bigger drop in equilibrium output with more elastic demand is also re-
sponsible for the fall in government revenues. Instead of collecting $5,258 in
tax revenues, the government only gets $4,605.50. It gets $50/unit in both
scenarios, but equilibrium quantity has fallen to 92.11 units with ep = 0.8.

But neither the incidence of a tax nor the effect on government revenues is
the highest priority issue. The top concern is the misallocation of society’s
scarce resources caused by taxation. It is this that leads to a theory of opti-
mal taxation.

Optimal Taxation

Figure 17.15 shows why it makes sense to tax inelastically demanded goods.
If we could find perfectly inelastically demanded or supplied goods, we would
tax them because then we would not distort the allocation of resources.

Our goal is to raise government revenue for needed projects by causing the
smallest misallocation of resources. Thus, the optimal tax is the one that
has the least deviation of equilibrium output from optimal output, which is
equivalent to minimizing deadweight loss.
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Clearly, it is better, ceteris paribus, to tax goods with low price elasticities
of demand or supply. In the introduction to this section, gasoline, cigarettes,
and alcohol were mentioned as goods that carry quantity taxes. It is no sur-
prise that these goods are quite price inelastic at their usual sales prices.

Granted, there may be other reasons to tax these products (and we will see
one of them in the section on externalities), but to the extent that govern-
ment seeks revenue from taxing individual products, it should tax those that
will not lead to large deadweight losses.

There is no quantity tax on Milky Ways, a scrumptious chocolate candy.
Obviously, the government could never generate the same tax revenue from
Milky Ways as gasoline, but even if it could, with so many substitutes, Milky
Ways must be very price elastic. A tax on Milky Ways would lead to a
great fall in equilibrium output. Government revenue would be quite low
and deadweight loss very high.

Elasticity Rules

Public Finance (also known as Public Economics) is a subdiscipline of eco-
nomics that includes the study of government tax policy. The theory of
optimal taxation focuses on the best way to tax. The analysis in this section
says that quantity taxes should not be applied to goods that are relatively
price elastic because the deadweight loss will be high. Instead, by taxing
goods with inelastic demand or supply curves, government can raise needed
revenue with a minimum of distortion in the allocation of society’s resources.

This section also focused on the issue of tax incidence, who really bears the
burden of a tax. This is a secondary issue compared to that of the optimal
allocation of resources, but there is a surprising key result: It does not matter
who collects the tax for the government (ignoring administrative costs and
assuming equal compliance) because that party may be able to shift the tax
onto someone else. Like deadweight loss, the tax incidence depends only on
the elasticities of demand and supply. The more inelastic one of the curves
is versus the other, the more that party will bear the burden of the tax. The
Tax Incidence Formula sums this up conveniently:

€

€p + €5

1—

fort=D,S


https://www.google.com/search?q=milky+ways&tbm=isch
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Unfortunately, it is easy to confuse elasticity and slope. Do not fall into the
trap of thinking that flat demand and supply curves are elastic and steep
ones inelastic. If linear, slope is constant, but elasticity varies—for a linear,
inverse demand curve, it rises as you go up and get closer to the vertical axis.
Although you should not describe an entire curve as elastic or inelastic, you
can correctly infer that where two lines cross, the flatter one is more elastic.

The French economist Frederic Bastiat (1801 - 1850) had a clever way of
explaining what economists do. In his final essay, titled “What is Seen and
Unseen,”| Bastiat argues we need to be aware of invisible costs and effects.

Taxes are a good example. It is easy to think that property taxes are paid
by property owners, but this is simply not necessarily true. What is seen, a
tax payment, is not the whole story. It is amazing, but true, that who pays
the tax bill is irrelevant. It is also amazing that price elasticities, which are
unseen, completely determine tax incidence and deadweight loss.

Exercises

1. Do we get the same result if we have consumers or firms pay the tax
to the government with a perfectly inelastic supply curve? To support
your answer, use Word’s Drawing Tools to draw graphs. Explain the
graphs and the result.

2. Use Word’s Drawing Tools to draw a graph where supply is more in-
elastic than demand at the initial equilibrium price. Apply a quantity
tax. Comment on the tax incidence and deadweight loss.

3. In 1937, when Congress set up the Social Security system, it was de-
cided that firms and workers each pay half of the total tax so the tax
burden is equally shared. Today, workers and employers each pay 6.2%
of wages up to maximum that changes each year. Do you think that
by each party paying the same tax the burden is equally shared? Why
or why not?

4. Suppose the demand for labor is more elastic than the supply of labor
at the equilibrium wage. Use Use Word’s Drawing Tools to draw a
graph that shows the tax incidence of the Social Security tax.

Hint: You have to shift both demand and supply by the same amount,
and then find the new equilibrium point.


https://www.google.com/search?q=frederic+bastiat
https://www.google.com/search?q=%22What+is+Seen+and+What+is+Unseen%22
https://www.google.com/search?q=%22What+is+Seen+and+What+is+Unseen%22
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Marginal cost pricing as a policy is largely
without merit. How then can one explain
the widespread support that it has enjoyed
in the economics profession? I believe it is
the result of economists using an approach
which I have termed “blackboard
economics.”

Ronald Coase

17.4 Inefficiency of Monopoly

Partial equilibrium analysis is based on the idea that each good and ser-
vice with resources allocated via the market system has supply and demand
curves. Prices signal quantities demanded and supplied and are pushed to-
ward equilibrium by market forces. The equilibrium quantity is the market’s
answer to society’s resource allocation problem.

If an omniscient, omnipotent social planner, OOSP, were to maximize the
consumers’ and producers’ surplus of an individual good or service, she would
explicitly order the production of the socially optimal amount of each good
and service.

A critical result from this analysis is that a properly functioning market’s
equilibrium quantity equals the socially optimal quantity. This is what we
mean when we say that a properly functioning market correctly solves soci-
ety’s resource allocation problem. There is no deadweight loss because the
correct output is produced.

This section focuses on the following question: What happens if one of the
goods is produced by a single seller (instead of the many individual firms
that define perfect competition)?

In other words, we explore the welfare effects of monopoly. Our analysis is
based on partial equilibrium and uses the tools of consumers’ and producers’
surplus. We evaluate monopoly by figuring out what a monopolist would pro-
duce, and then compare the monopoly output to the socially optimal output.

S TEP Open the Excel workbook MonopolyDWL.zls, read the Intro sheet;
then go to the PC sheet.

The linear demand and supply curves have the same parameter values used
in previous examples. The equilibrium price is $100, which yields an equilib-

295
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rium output of 125 units. Because the socially optimal level of production is
also 125 units, the market yields an efficient allocation of resources.

Notice that at the socially optimal and competitive market solution, since
supply is the sum of firm’s marginal costs, we know that aggregate marginal
cost equals demand. This is called marginal cost pricing and is indicative of
a socially optimal solution. We will see in a moment that monopoly does not
share this property.

The Monopoly Solution

Suppose all of the firms that produce a product in a perfectly competitive
market were to merge into a giant, single firm. We assume that the cost
structure stays exactly the same. In other words, the supply curve, which
was the sum of the individual marginal cost curves, now becomes the mo-
nopolist’s marginal cost curve.

Assuming that the costs of many firms would be the same costs faced by a
single firm is a stretch. After all, the monopolist needs only one CEO and one
customer service hotline. In other words, there are likely to be economies of
scale in administration, distribution, and other areas. We assume this away
in our comparison of perfect competition and monopoly. The idea is that the
only difference is in the impact on the observed output when we have many
firms in competition versus a single firm.

The monopolist will behave differently than the many firms did because there
is no competition. Unlike the competitive result, where price is determined
by the interaction of many buyers and sellers, the monopolist will choose the
profit-maximizing price and quantity.

Chapter 15 explained monopoly profit maximization. What is different in
this section is that, after determining the output chosen by the monopolist,
we want to evaluate it using the tools of partial equilibrium analysis.

Our path is straightforward: we will solve the monopolist’s problem with
analytical and numerical methods, then we judge the monopoly outcome.

We know the monopolist will maximize profit by finding that quantity where
MR = MC'. The former is given by the demand curve, but what about MC'?
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The MC function is given by the supply curve parameters in the PC' sheet.
Once a monopoly takes over, it does not have a supply curve, but it does
have a marginal cost function, which is the same as the supply curve (because
of our assumption that there is no difference in costs between a competitive
industry and a monopoly).

Thus MC = 35+ 0.52(@) and we can derive demand from the demand curve,
as we have done before:
TR = P(Q)Q = (350 — 2Q)Q = 350Q — 2Q*
dT'R

MR =——=350—-4
dq @

As expected, we see that MR has twice the slope of the demand curve.

To find the monopolist’s optimal Q, we set M R = MC and solve for Q*:
350 — 4Q* = 35 + 0.52Q*

4.52Q* = 315
Q* ~ 69.69

To find P*, we use the demand curve to compute the highest price obtainable
for that quantity.

P =350 — 2Q = 350 — 2[69.69] ~ $210.62
S TEP Proceed to the Monopoly sheet to use numerical methods.

The graph has been augmented with the MR curve and the supply curve is
now labeled MC. The MR curve was always there, but perfectly competitive
firms cannot exploit it.

The sheet shows the monopoly price and output in cells B15 and B16 based
on the analytical solution. Before we examine the deadweight loss and sur-
plus information, we confirm that numerical methods agree.

When you run Solver, notice that the Solver dialog box is set up to choose
that quantity that sets cell B20 to zero. The initial output of 50 units is too
low. The fact that MR — MC' is $89 means that the 50th unit of output
adds $89 more in profits and, therefore, more should be produced.
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S TEP Run Solver to find the () that sets MR — MC' equal to zero.

After running Solver, you should see that cell B20 equals zero and that the
Solver solution agrees (not exactly, but practically speaking) with the ana-
lytical method. This is not a surprise.

We now arrive at the key moment. How to judge the monopoly solution?

Evaluating Monopoly

We know the monopolized market will have an optimal output of 69.69 units
and a price of $210.62/unit. The evaluation of this outcome is based on com-
puting the consumers’ surplus, CS, and producers’ surplus, PS, generated by
the monopoly, and then comparing it to the socially optimal result.

The socially optimal result, at () = 125 units, yields $19,688 of total surplus.

S TEP Cell F19 displays $15,625 of consumers’ surplus. Click on the cell
to see its formula: = 0.5%(d0_ — P)*Q. P and @ are named cells for the
perfectly competitive solution of 100 and 125, respectively.

Cell F20 has producers’ surplus at @) = 125. Cell F21 adds CS and PS. The
total surplus of $19,688 is the maximum surplus possible and it is obtained
when 125 units are produced.

Now, consider what happens under monopoly.

S TEP Cell 119 shows a dramatic drop in CS. Click on the cell to see its
formula: =0.5*%(d0_-Pm)*Qm. Pm and @m are named cells for the monopoly
price and output.

The monopolist has lowered output and raised the price, relative to the com-
petitive solution. This has greatly reduced consumer’s surplus.

Cell 120 shows producers’ surplus. It has more than doubled from what it
was when the market was competitive. Its formula is: =(Pm-118)*Qm +
0.5%(118-s0-)*Qm. The first part of the formula is a rectangle. The height
is the monopoly price minus the MR (or MC given that they are equal).
The width is the monopoly output. A large part of this rectangle—from
the monopoly price to the perfectly competitive equilibrium price—used to
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belong to the consumers. It has been taken by the monopolist and helps
explain why CS and PS have changed so dramatically.

So, CS has fallen and PS has risen, what is the overall outcome? Cell 121
adds CS and PS under monopoly. The total surplus of $15,833 is lower than
the maximum possible surplus of $19,688. The difference, $3,855 (in cell 123),
is the lost surplus due to monopoly. This is also known as the deadweight or
welfare loss.

S TEP Click the | Show DWL in Chart | button to see a visual presenta-
tion in the graph of the deadweight loss of monopoly. It is a Harberger
triangle.

Figure 17.17 is a canonical graph in microeconomics. It shows that the
monopoly output is too low (so too few resources are allocated to this mar-
ket) and the deadweight loss or Harberger triangle is used to indicate the
inefficiency generated by monopoly.

3200
2250 \\
O NN
5150 \ \
0'100 \ e MC
50 //"3(/\
; AN =

T T T
0 50 100 150 200
Quantity

Figure 17.17: The deadweight loss from monopoly.
Source: MonopolyDWL.xls!Monopoly.

Because the monopoly solution does not equal the socially optimal output,
we say there is a market failure. It is a failure in the sense that resources are
not optimally allocated from society’s point of view.

Inframarginal thinking can be applied to Figure 17.17. The basic idea is that
all of the output in the range from the monopoly solution, roughly 70 units,
up to the socially optimal output level of 125 units, exhibits unrealized gains
from trade. For example, the marginal cost of producing the 100" unit is
35-+0.52 x 100, which equals $87. The demand curve tells us that consumers
are willing to pay up to $150 for the 100*" unit. Clearly, the 100*" unit should
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be produced because the additional satisfaction (as measured by willingness
to pay) is greater than the additional costs of production.

The monopolist refuses to produce and sell the 100*" unit, however, because
of an implicit restriction. Monopoly power allows the firm to set the price,
but all units must be sold at the same price. Selling the 100" unit at a
price of $150/unit means that all units must be sold at this price. Doing this
would lower monopoly profit.

But the partial equilibrium welfare analysis critique of monopoly does not
ride on the fact that monopoly forces consumers to pay higher prices than
under a competitive market. The real problem with monopoly is that it pro-
duces too little output—it produces less than the socially optimal level. This
causes too few resources to be allocated to the production of the monopo-
lized good or service. We measure the amount of this inefficiency in resource
allocation by the deadweight loss.

Yet another way to frame the inefficiency of monopoly is to focus on the
fact that the monopolist produces where M R = MC' and this differs from
P = MC because MR diverges from the demand curve. A competitive mar-
ket yields a socially optimal output because output is produced up to the
point at which marginal cost equals the price (i.e., marginal cost pricing).

Figure 17.17 makes clear that the monopolist does not conform to marginal
cost pricing. MR = MC yields the output that maximizes profits, but
P = MC (where demand intersects supply or the aggregate marginal cost
curve) is the socially optimal output. The monopolist is not interested in
social optimality and, therefore, does not obey marginal cost pricing.

Elasticity Rules Again

In the previous section, we saw that the deadweight loss from a quantity tax
depended on the price elasticities of supply and demand. The same holds
true for monopoly.

S TEP In the Monopoly sheet, display the red DWL triangle (if needed),
and click the ’ D More Elastic ‘ button .

Demand is flatter, while going through the same competitive equilibrium
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point, ) = 125, P = 100. Thus, demand is more elastic at this point.

The button is actually a toggle. By clicking it repeatedly, you can switch back
and forth from the original, more inelastic demand (price elasticity of —0.4
at P = 100) to the more elastic demand (price elasticity of —0.8 at P = 100).

S TEP Click the D more and less elastic button a few times to convince
yourself that the deadweight loss from monopoly is in fact larger when de-
mand is more inelastic at P = 100.

While cell E17 shows that DWL is higher when demand is more inelastic at
P =100, we can make a graph that clearly shows this.

S TEP Copy the Monopoly sheet and make the elasticity on the new sheet
different than on the original sheet. Copy the chart in one sheet and paste
it on top of the chart in the other sheet.

There is no fill in the chart so it is transparent. Your chart should look like
Figure 17.18.
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Figure 17.18: Comparing deadweight loss with different price elasticities of
demand.

In Figure 17.18, the larger red triangle is the deadweight loss of $3,855 in
the initial case, with a price elasticity of demand of —0.4 at P = 100. The
smaller red triangle is DWL with more elastic demand of —0.8. The DWL is
lower, falling to $1,870, when demand is more elastic.

Deadweight loss falls when demand is more elastic because the output does
not deviate as much from the socially optimal result and the monopoly price
is much lower. Hence, the Harberger triangle is both shorter and thinner.
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Intuitively, the more inelastic is demand at given price, the greater is the
monopoly power. A monopolist who enjoys demand that responds little to
price is able to charge very high prices and the gap from marginal cost to
demand for the inframarginal units will be large. This increases the dead-
weight loss from monopoly.

This example shows why economists use deadweight loss to measure ineffi-
ciency instead of simply the deviation in output from its optimal value. The
monopolist does not change output by much when demand is more inelastic
(—0.4), but the fact that consumers are willing to pay a lot more for the
inframarginal units drives the large increase in deadweight loss.

Notice that the effect of elasticity on DWL is different than what we ob-
tained for quantity taxes. In that case, more inelastic demand led to lower
deadweight loss. The effect is reversed with monopoly, but the principle that
elasticity rules remains true.

Monopoly and Price Discrimination

Although we usually assume a monopolist must charge the same price for all
units sold, sometimes a seller can charge different prices for the same prod-
uct. This is known as price discrimination and it enables profits to be even
greater than when a single price is charged to all customers.

Charging different prices to see a movie in the afternoon versus the evening,
different prices for coach versus first-class on a plane or train, and different
net tuition to students (in the form of differing amounts of financial aid) are
all examples of price discrimination. In each case, the firm is able to increase
its profits by separating consumers into different groups and charging them
different prices for the same good or service.

Sometimes firms try to slightly change the product so it isn’t so obvious that
the exact same thing is being sold at different prices. Offering first-class
passengers pre-boarding and free drinks on a plane is an example of this. As
is the bigger portions of a dinner versus lunch version of a dish at a restau-
rant. The difference in prices for the first-class and dinner versions of these
products is not grounded in higher costs.

What is really going on here is coming entirely from the demand side. Some
consumers are willing to pay more and firms are taking advantage of this.
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People can get really upset at price discrimination. Dry cleaners can get in
hot water when they charge different prices for cleaning men’s versus women’s
clothing that is almost identical. It can be a fun game to spot examples of
price discrimination.

There are three requirements for price discrimination to work:

1. Some degree of monopoly power (facing a downward sloping demand
curve).

2. The firm must be able to segregate customers into groups (splitting the
overall demand curve into subgroup demands).

3. There must be a way to seal the markets to prevent resale from the
low-price to the high-price market, which is called arbitrage.

Assuming these requirements are met, we can construct a simple example
that illustrates the essential logic of price discrimination. To increase profits,
the idea is to separate price sensitive from insensitive consumers and then
charge insensitive ones more.

S TEP From the Monopoly sheet, click the button and change

cell E8 to 0 (zero).

This makes MC' constant at $35/unit and makes it easy to find the optimal
solution and deadweight loss.

S T'E Pwith MC constant at $35/unit, run Solver to find the monopo-

list’s optimal solution.

Your screen shows that the monopolist will produce 78.75 units of output and
charge a price of $192.50. CS under monopoly is $6,202 and PS is $12,403.

S TEP Click the ‘ Show DWL in chart ‘ button to display the Harberger
triangle. Its area of $6,202 is the DWL.

The fact that CS equals the DWL is not a coincidence. This is a property
of linear demand and constant MC.

Now, suppose that this monopolist can separate the overall market demand,
given by the inverse demand function of P = 350 — 2@, into two separate
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markets with two subdemands. For example, the two subdemands could be
given by
Market 1: P = 450 — 6(Q)

Market 2: P = 300 — 3Q)

The coefficients in the two separate markets must be consistent with the
coefficients in the overall market inverse demand curve. The intercept and
slope are not randomly drawn. If the price is zero, quantity demanded in
Market 1 is 75 (= 450/6), while Market 2’s quantity demanded would be 100
(= 300/3). The sum of the two is 175, which equals the quantity demanded
at P = 0 using the overall inverse demand curve. At P = 300, Market 1’s
quantity demanded is 25 and Market 2’s is zero, and this sum equals the
quantity demanded using the overall demand curve.

How can a monopolist take advantage of the ability to separate the overall
market into two sealed, separate subdemands?

The intuitive answer is simple: Instead of charging the same price, $192.50,
to all customers, increase the price in the market with demand less sensitive
to price and reduce it in the other market. The customers in Market 1 can
be charged a higher price than those in Market 2. This will lead to greater
profits.

We can see a concrete demonstration of this and figure out exactly what
prices we should charge in our example.

S TEP Proceed to the TwoPriceDisc sheet to see this plan in action.

Unlike the Monopoly sheet, there is no need to run Solver. The analytical
solution has been entered and all cells and charts will instantly respond to
changes in parameter values.

The top of the sheet shows how a perfectly competitive market would behave
if there were two separate markets. Marginal cost pricing would result from
competition so both markets would have the same price of $35/unit (cells
B11 and B15). Market 2 would produce slightly more (B16) than Market 1
(B12), but the sum of the two (B20) would equal the perfectly competitive
output of perfect competition for a single market. Thus, the ability to price
discriminate, separating a single market demand into two separate, sealed
subdemands, has no effect under perfect competition.
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The outcome is different for monopoly. We begin by pointing out that the
price elasticity of demand, while quite inelastic in both submarkets, is higher
in Market 2 at the perfectly competitive price of $35/unit.

The chart in the sheet is reproduced in Figure 17.19 and helps explain what
is going on. This clever display shows the conventional monopoly graph
for Market 1 on the right and uses the left side as a mirror for Market 2.
Although the z axis shows output as negative on the left side, that is just a
consequence of using Excel to draw the chart. Read the output as a positive
number.

Market 2 . Market 1
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Figure 17.19: Price discrimination.
Source: MonopolyDWL.xls! TwoPriceDisc.

Figure 17.19 shows that the price discriminating monopolist will choose out-
put where M R = M (' in each market, then charge the highest price obtain-
able for that output in each market. The price in each market is indicated
by the dashed line and it is clear that price is higher in Market 1. This
makes sense because consumers in Market 1 are less price sensitive so the
monopolist takes advantage of this to generate higher profits.

S TEP To easily compare the results of the single-price monopolist in the
Monopoly sheet to the price discriminator in the TwoPriceDisc sheet, click

the | Show Single Price Monopoly | button and notice that Market 1 is more
price inelastic at the single-market monopoly price.
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The price discriminator has the same total output, but it splits the sin-
gle price into two prices. Cell B34 in the TwoPriceDisc sheet computes a
weighted average of the two prices and it is higher than the single price of
$192.50 charged by the conventional monopolist. This enables the two-price
monopolist to make greater profits, as shown by the increase in PS from
$12,403 to $13,028.

The monopolist will always be able to increase profits if it can split a market
and keep the submarkets sealed off from each other, as long as the submarkets
have different price elasticities. If so, a monopoly will charge the relatively
more inelastic market a higher price and this is the source of the increase in
profits.

Profits will continue to rise as markets are ever more finely subdivided. Ama-
zon and other online retailers use your previous buying history, click behavior,
and other information to serve up a personal price, just for you. Search for
amazon+pricing+algorithm to learn more.

If you never heard about this before and think this is eye-opening or maybe
even unfair, think about what colleges and universities do. They require
their customers to provide detailed financial information about their ability
to pay. They will, naturally, explain this as a benign effort to help the dis-
advantaged, but you should be glad your grocery store does not do this to
you when you walk in the door.

The welfare consequences of price discrimination are not as clear. Compar-
ing cells L38 and H34 shows that DWL has increased from $6,202 to $6,514
when the monopolist separated the markets and charged different prices. Of
course, the monopolist does not care about deadweight loss; she is focused
on maximizing profits. We, however, use DWL to evaluate outcomes and
we would rather have the single market than the two submarkets exactly
because deadweight loss is higher with price discrimination.

Unfortunately, these results do not generalize so we cannot say this will al-
ways happen. Higher DWL with price discrimination is guaranteed only for
linear demand functions. In general, with nonlinear demands, we cannot
state with certainty the effects on output and welfare. In other words, it is
possible for output to rise and DWL to fall with a two-price discriminating
monopolist. The effect on output and DWL depends on the shapes of the
individual market demand curves.


https://www.google.com/search?q=amazon+pricing+algorithm
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For a concrete scenario of price discrimination improving welfare, consider
the following from Scherer, (1970, p. 259):

It is possible, for instance, that no physician would be attracted
to a small town if he were required to charge the same fee to
rich patients as to poor. Since profits can be increased by dis-
criminating, the added revenue attainable through discrimination
may be sufficient to make the difference between having a service
provided and not having it.

Returning to the idea of subdividing the market more finely, there is a spe-
cial case of price discriminating monopoly power that is a bit mystifying, but
does yield a definitive result. The perfectly price discriminating monopolist
has the ability to charge different prices for different output levels down to
each individual consumer. This remarkable power enables the monopolist to
sell every unit of output at the highest price the market will bear.

In the Monopoly sheet, the first unit goes for $348, the 100*" for $150, and the
125" is priced at $100. The perfectly price discriminating monopolist takes
every bit of consumers’ surplus, making the greatest profit possible, but does
produce the socially optimal level of output. Thus, she has no deadweight
loss!

Pondering the idea of perfect price discrimination and the fact that we would
judge it as a socially optimal outcome cements the idea of surplus and dead-
weight loss. As long as someone, anyone, even if it is a single monopolist,
gets the surplus, we count it as a successful outcome. Deadweight loss is
tragic precisely because no one gets it. Deadweight loss vaporizes surplus
and it disappears into thin air.

Monopoly Results in Market Failure

Monopoly leads to market failure because, to maximize profits, it restricts
output and, therefore, this produces a misallocation of resources. The canon-
ical monopoly graph (see Figure 17.17) has MR splitting off of D so that
MR = MC is less than the optimal output where P = MC.

While most people do not like monopoly because it charges higher prices
than a competitive market, this is not why economists dislike the monopoly
outcome. Partial equilibrium supply and demand analysis is based on max-
imizing consumers’ and producer’s surplus. The logic of deadweight loss
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rides on the idea of waste. The monopolist does not take advantage of infra-
marginal sales that would lower its profit, but increase society’s total surplus.
Any mechanism that generates deadweight loss is said to fail in the sense of
not generating an optimal solution.

Another difference in outlook is that economists do not believe monopolists
are inherently bad folks. The monopolist, like the perfectly competitive firm
and consumer, is optimizing. Monopolies are in a position to improve their
individual outcome and they take advantage. According to the economists,
put anyone of us in the same position and we do the same thing. Do not
blame the monopolist; blame the market structure for the deadweight loss.

We conclude with some advanced and heretical thinking. There is another,
radically different view of monopoly that is based on the work of Joseph
Schumpeter| (1883 - 1950). He argued monopoly was actually a good thing
because he had an evolutionary, dynamic view of capitalism. Striving for
monopoly drives capitalism and monopolies are toppled by new firms in a
process he named creative destruction. This oxymoron conveys Schumpeter’s
vision of capitalism, with entrepreneurs engaged in an epic battle of rising
firms slaying established leaders.

Schumpeter’s perspective is not that of solving society’s resource allocation
problem. He considered this static optimization problem to be uninteresting
because it did not apply to the real world and it had been solved already.
He did not believe that price competition was the real driver of capitalism’s
success. For Schumpeter, the serious open problem was how and why mar-
kets generated so much innovation and growth.

One important difference between mainstream economics and Schumpeter
revolves around the government’s role. Partial equilibrium analysis says
monopolies should be broken up because they generate a misallocation of
resources. Schumpeterians reject the need for government to intervene, ar-
guing that dynamic competition will erode monopoly positions through en-
trepreneurial innovation.

Take an Industrial Organization course, an upper-level elective taught in
most economics departments around the world, to learn more about monopoly,
price discrimination, and Schumpeter’s ideas.


https://www.google.com/search?q=Joseph+Schumpeter
https://www.google.com/search?q=Joseph+Schumpeter
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Exercises

1. To punish a monopolist, your friend suggests applying a quantity tax on
the monopoly’s commodity. Is this a good idea? Explain why or why
not, using the initial values of the parameters for supply and demand
in the Monopoly sheet for a concrete example.

2. Another friend suggests a quantity subsidy to eliminate the deadweight
loss caused by monopoly. The idea would be to shift down MC via the
subsidy until output equaled the socially optimal output. Does this
make sense?

3. Consider a monopoly that sells its output in two completely separated
and sealed markets. Marginal cost is constant at $35 per unit.

Inverse demand in the two markets is given by
P, =200 — 20,
Py, =300 — 3Q2

(a) Solve this problem via analytical methods. Report optimal quan-
tity and price in each market. Use Word’s Equation Editor as
needed.

(b) Solve this problem with the TwoPriceDisc sheet. Enter the ap-
propriate coefficients on the sheet. Take a picture of the results
and paste it in a Word doc.

(c) Which market has a higher price?

(d) How does the price elasticity of demand in each market affect the
price in each market?

(e) Which market has greater deadweight loss?

(f) How does the price elasticity of demand affect the deadweight
loss?

(g) The overall market demand is given by P = 240 —1.2Q). How does
price discrimination affect welfare loss in this case?

4. Suppose that, in the long run, average cost is decreasing throughout
and marginal cost is below average cost, as shown in Figure 17.20. This
is called a natural monopoly. The profit-maximizing level of output for
the monopolist is where MR = MC'. The socially optimal result is
where P = MC.


https://www.google.com/search?q=natural+monopoly
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S/unit

Pm

P*

Figure 17.20: Natural monopoly.

(a) What is the problem with using competitive markets to achieve
the socially optimal result in this situation?

(b) What government policy could be used to help the market reach
the social optimum?
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We apply nonparametric regression models to
estimation of demand curves of the type most often
used in applied research. From the demand curve
estimators we derive estimates of exact consumers’
surplus and deadweight loss, which are the most
widely used welfare and economic efficiency measures
in areas of economics such as public finance.

Jerry A. Hausman and Whitney K. Newey

17.5 Sugar Quota

This section applies the tools of partial equilibrium analysis and deadweight
loss to analyze import restrictions on sugar in the United States. Supply and
demand analysis is shown to be a flexible, powerful tool.

Before analyzing the US sugar quota through the lens of surplus and dead-
weight loss, we take a crash course on sugar—production, pricing, and how
import quotas on sugar are implemented.

Facts about Sugar

Everyone knows you can buy sugar in any grocery store and pour it into
your coffee or use it to bake cookies. But there are many other kinds of
white granulated sugars (like confectioners’ sugar) and also brown and liquid
sugars.

No matter the final form, “All sugar is made by first extracting sugar juice
from sugar beet or sugar cane plants” (www.sugar.org/sugar/types/)). Cane
sugar is grown in warmer areas, whereas beets come from cooler climates.
Once refined, you cannot easily tell the difference. Unless you are an expert,
sugars from beet versus cane are perfect substitutes.

Some sugars are used only by industrial food manufacturers and not avail-
able in the grocery store. Home and commercial users can choose from many
other sweeteners, such as high fructose corn syrup, and a long list of artificial
sweetener options.

In addition to eating it, sugar can be made into ethanol and used to power

a car. Most cars in Brazil are flex-fuel and growing huge quantities of cane
has enabled Brazil to greatly reduce oil imports.
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Many countries produce sugar. The United States grows both beet and cane
sugar, but domestic production does not meet total demand so the United
States imports sugar. Figure 17.21 is a subsection of a bigger table that
shows sources of US sugar.

Table 1: U.S. sugar: Supply and use, by fiscal year (Oct./Sept.), May 2020
Items 2019/20 2020/21

2018/19 (estimate) (forecast)

1,000 Short tons, raw value

Beginning stocks 2,008 1,783 1,273
Total production 8,999 8,024 9,005
Beet sugar 4,939 4,285 4,965
Cane sugar 4,080 3,740 4,040
Florida 2,005 2,100 2,105
Louisiana 1,907 1,513 1,800
Texas 147 127 135
Hawaii 0 0 0
Total imports 3,070 3,731 3,456
Tariff-rate quota imports 1,541 2,180 1,395
Other program imports 438 350 350
Non-program imports 1,092 1,200 1,710
Mexico 1,000 1,050 1,660
High-duty 91 150 50
Total supply 14,076.75 13,538 13,733
Total exports 35 35 a5

Figure 17.21: US sugar sources.
Source: www.ers.usda.gov/webdocs/outlooks/98469/sss-m-381.pdj.

The numbers in the table come in units of short tons, raw value, STRV. A
short ton is 2,000 pounds. Raw value means the dry weight of raw sugar.
You get 1 ton of refined sugar (the white crystals you buy in the store) from
1.07 tons of raw sugar.

Beets are grown in many states so they are not all listed, but half of US
beet production comes from the Red River Valley in Minnesota and North
Dakota. The table shows the US domestic sugar industry is split roughly
evenly between beet and cane, producing about 4,000 thousand STRVs (or
4,000,000 STRVs) from each crop.

Figure 17.21 makes clear that the United States imports a great deal of
sugar, 3,070 thousand STRVs in 2018/19 and approaching 4,000 in 2019/20
(although this estimate was made before the covid 19 pandemic). So, roughly,
the United States grows 2/3 of its own sugar and imports the rest.


https://www.ers.usda.gov/webdocs/outlooks/98469/sss-m-381.pdf
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Figure 17.21 shows that sugar is imported under several categories, the
most important of which is the tariff-rate quota, TRQ. This is a compli-
cated scheme for controlling the amount of sugar imported from different
countries. The details are available at www.ers.usda.gov/topics/crops/sugar-
sweeteners/policy.aspx.

A TRQ is a type of import restriction where a split tariff (or tax on imported
goods) is employed. There is an extremely low tariff (zero or a nominal
charge) applied to imports under a given amount (called the in-quota tar-
iff) and a really high tariff applied to quantities imported beyond the given
amount (so little is imported after the in-quota tariff is exhausted).

The TRQ was created in 1990 after multilateral trade agreements forced elim-
ination of traditional quotas. In Europe, the EU Sugar Protocol is similar to
the US TRQ system. The U.S. Department of Agriculture (USDA) runs the
TRQ. The overall allotment is established by multilateral trade agreements
and the USDA decides on the country allocations.

We can look at reports issued by the USDA as Excel spreadsheets to under-
stand the TRQ.

S TEP Open the Excel workbook SugarQuota.zls, read the Intro sheet,
then go to the TR() sheet and scroll around.

The data are constantly updated, so the specific numbers are not our chief
concern. What matters is that column A has a list of countries and column
O has FY 2020 TRQ Original Allocations.

As an example, consider the Dominican Republic. As of May 18, 2020, it had
used 114,516 STRVs of its 185,335 TRQ allocation. The USDA has given
every country in column A an amount that they can import. Beyond the
TRQ amount, a hefty tax is applied so imports stop.

Outside of sugar producers and commercial food manufacturers that buy
sugar, very few people in the US know or care much about this. In many
countries, like the Dominican Republic, however, the US TRQ is a big news.
When it is announced, there is intense media coverage and discussion.

If you scroll up and down, you will see that the Dominican Republic has the
highest TRQ allocation, even bigger than Brazil, which is obviously a much
larger country. What is going on here? In addition to protecting domestic US


https://www.ers.usda.gov/topics/crops/sugar-sweeteners/policy.aspx
https://www.ers.usda.gov/topics/crops/sugar-sweeteners/policy.aspx
https://www.google.com/search?q=eu+sugar+protocol
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sugar producers, the United States uses the TRQ as a major foreign policy
lever, using allocations as punishments and rewards for foreign governments.

Now that we know a little about quantities of domestically produced sugar
and imports, we turn to the price of sugar.

S TEP Proceed to the Price sheet to see US and world raw sugar prices.

Figure 17.22 shows that prices have fluctuated over time, but US prices are
always higher than world prices. The 1970s produced sharp spikes, followed
by a period of calm until another spike during the Great Recession.

US and World Raw Sugar Prices
45
40
35
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15 World
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Figure 17.22: Nominal raw sugar prices.
Source: SugarQuota.xls!Price.

Since the TRQ was implemented in 1990, US sugar prices are consistently
about 10 cents per pound higher than world prices. That might not sound
like much of a difference, but think of it this way: US sugar prices are roughly
double what others pay for sugar. If you make ice cream or candy or soft
drinks or any one of the many products that uses sugar, doubling costs for
this input is a really big deal.

S TEP Review the price adjusted for inflation chart in the Price sheet.
The real price of sugar had been falling steadily, but it seems to have leveled

off more recently. We can expect technological change (especially genetic
engineering of cane and beet plants) to lower prices in the future.
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We have ended our whirlwind tour of sugar production, the US TRQ system,
and prices. Obviously, the sugar quota is causing higher prices for US con-
sumers (including commercial buyers of sugar) and it benefits US producers.
But we can say more and evaluate the US sugar quota by applying partial
equilibrium analysis.

Supply and Demand for US Sugar

To analyze the effects of the sugar quota, we need estimates of demand and
supply curves for sugar in the United States. Because we will work with
linear functions, we need intercept and slope parameters for the demand and
supply of sugar.

The USDA reports roughly 12,000 thousand STRVs of sugar are bought and
sold in the United States for about 25 cents per pound for raw sugar. We
assume the market is in equilibrium so we interpret these values as the equi-
librium quantity and price.

There is a vast literature on sugar with countless estimates of demand, supply,
and elasticities. Since this is an exercise in showing how partial equilibrium
analysis works, we will use hypothetical demand and supply functions that
are calibrated to the observed values in the US sugar market.

Our linear demand and supply curves are
@p = 15000 — 120P

Qs = 400P

At P = 25 cents per pound, quantity demanded is 12,000 thousand STRVs
(our equilibrium P and @) and the price elasticity of demand is %Q% =
%20% = —0.25. That is quite inelastic and conforms with estimates of
sugar price elasticities of demand. Although there are substitutes, in many
recipes (especially for commercial products), precise amounts of sugar are

absolutely required. The price elasticity of supply in our simple model is +1.

The inverse demand and supply curves are

1
P =125 — —
5~ 10%p

1
pP=_—
20095
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You probably did not do this, but computing the quantity supplied from the
supply curve with P = 25 gives () = 10000. Something is wrong because the
quantity demanded does not equal the quantity supplied. For sugar, we need
to include imports.

Free Trade

We begin our partial equilibrium analysis of the US sugar quota in Fantasy-
land—we assume that there is no restriction of any kind on the importation
of sugar.

S TEP Proceed to the FreeTrade sheet to see how the market would work

under a regime of no restrictions on imports.

Figure 17.23 reproduces the graph. The demand curve is straightforward,
but the supply curve merits special attention.
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Figure 17.23: Supply and demand with hypothetical free trade.
Source: SugarQuota.xls!Free Trade.

The first part of the supply curve (from the origin to the kink at ¢ = 4000)
is domestically produced US sugar. As long as the price is below the world
price of 10 cents per pound, the best, lowest cost US producers will supply
the market.

Beyond 4,000 units (measured in thousands of STRVs for consistency with
USDA TRQ units), world suppliers take over. It is assumed that the United
States has access to as much sugar as it wants at the world raw sugar price
of 10 cents per pound. Thus, the market would not continue to use US
produced sugar beyond 4,000 units. Instead, supply would come from the
perfectly elastic world supply curve.
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US consumers (home and industrial buyers) would enjoy a 10 cent per pound
price for raw sugar and the equilibrium quantity would be 13,800 thousands
STRVs. Over 2/3 of sugar consumed would be imported.

The sum of US consumers’ and producers’ surplus would be more than $16
billion. In this properly functioning market, this is the maximum possible
total surplus.

S TEP Click on cells G33 and G34 to see the formulas used to compute
CS and PS.

Notice that many US producers would be driven out of the market because
they cannot make sugar at the low world price. Those US producers that
remain (selling the first 4,000 units) would earn $400 million in producers’
surplus under a free trade regime. As will be clear in a moment, this is an
important number to keep in mind.

Incorporating an Import Quota

The TRQ system is too complicated to exactly implement in Excel so we
model a simple quota that is easier to understand and acts similarly to the
TRQ scheme.

S TEP Proceed to the ImportQuota sheet to see what happens with an
import quota on sugar.

As before, we focus on the supply curve. It is crucial to the analysis.

The ImportQuota sheet shows that the supply curve has an upward sloping
part, then a flat part, and then it starts sloping up again. The first part
is the US domestic supply curve. The lowest cost US firms will supply the
market when the price is below the 10 cents per pound world price.

The flat part is the amount of imported sugar allowed. Cell H6 shows this
amount is 2,000 units, so the flat segment is 2,000 units long.

The last, rising part of the supply curve is, once again, the domestic US
supply curve. Once the quota is filled and no more foreign sugar is allowed
into the United States, domestic producers that could not survive in a free
market supply sugar.
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Notice how the supply curve is pink, indicating it is domestic US sugar, at
low and high levels of output. Imports snap the US supply curve, inserting
a flat portion of length equal to amount of imports.

Cells 16 and J6 report equilibrium price and quantity (where S and D in-
tersect). Compared to the FreeTrade sheet, P, has risen from 10 to 25 cents
per pound, while quantity has fallen from 13,800 to 12,000 thousand STRVs
(2,000 of which are imported). Remember, we chose parameter values for
the supply and demand curves to match real-world data from the US sugar
market.

S TEP Move the import slider control left and right to see how the import
allotment affects the supply curve.

As you increase the amount of imports, you lengthen the flat segment and
push the pink part of the S curve to the right. Decreasing the import al-
lotment does the opposite. The beginning of the supply curve, below 4,000
units remains unchanged.

It is also easy to see how tightening the import allotment increases the equi-
librium price and lowers the equilibrium quantity. Relaxing the imports
allowed does the reverse.

S TEP Enter 9800 in cell H6. This is the same as moving the import
slider control all the way to the right.

This mimics the FreeTrade sheet. The import allotment is set so high that
foreign sugar producers supply all of the US market after the first 4,000 units.
Equilibrium price falls back to its free trade level of 10 cents per pound and
quantity rises to 13,800 units.

Evaluating an Import Quota

We know import quotas raise prices and lower output, but this is just the
outcome of the mechanism. To evaluate import quotas, we use the concepts
of surplus and deadweight loss.

S TEP Return the import quota to 2000 in cell H6 and then click the
Show CS checkbox (cell CT).
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Cells are displayed in columns A and B that are the source data for the blue
consumers’ surplus triangle that has been added to the chart. Under the
sugar quota, the CS no longer extends to the world price of 10 cents per
pound and quantity is smaller than the optimal quantity. Consumers lose
$3.87 billion in surplus compared to the optimal solution.

ST'E P Click the Show US PS checkbox.

This adds the producers’ surplus gained by sugar manufacturers in the United
States. Their total PS is composed of two separate parts. On the left is a
trapezoid and on the right is a triangle. What is in the middle?

S TEP Click the Show Foreign PS checkbox.

The orange rectangle added to the chart is PS that goes to foreign producers.
Notice that this is not deadweight loss because someone gets it.

Clearly, producers’ surplus is much higher with the quota, rising from a mere
$400 million with free trade (which equals the optimal solution) to $2.5 bil-
lion for US producers and $3.1 billion for all producers.

The transfer of CS to PS under the quota system, however, is not without
waste. Consumers lost $3.87 billion of surplus and producers gained $2.7
billion. What happened to the rest?

ST'E P Click the Show DWL checkbox.

The red triangle has an area of $1.17 billion. This is the amount of CS that
was lost during the transfer of surplus from consumers to firms. Figure 17.24
shows the chart with all checkboxes checked.

A leaky bucket is an apt metaphor. While siphoning off billions of dollars
from consumers and delivering them to producers, $1.17 billion leaked and
was wasted, captured by no one. We can express the leakage as a percentage,
% ~ 30%. That is a pretty big hole in the bucket.
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Figure 17.24: Partial equilibrium analysis of a sugar quota.
Source: SugarQuota.xls!ImportQuota.

Notice the geometry in this example. The DWL triangle in Figure 17.24 is
not the usual bow tie shape (as in the price ceiling, tax, and monopoly appli-
cations). In this case, the DIWWL is a triangle under supply and demand. But
the interpretation is the same—we are measuring surplus foregone and us-
ing this as an indicator of the damage done by the misallocation of resources.

You might wonder why consumers are not up in arms. In fact, commercial
sugar buyers do lobby Congress and when prices spike, the TRQ allotments
are relaxed. The vast majority of buyers in the supermarket, however, simply
have no idea that this is happening. A five pound bag of refined sugar that
costs $2 is just another item in the shopping cart.

This is a common problem surrounding import quotas: costs are diffused
widely while the benefits are concentrated on a few key players. Thus, al-
though the costs add up to a large number, $3.7 billion in this example, no one
individual is impacted enough to object. The handful of US sugar producers,
however, have strong incentives to maintain the system to keep their prof-
its. You will see what this means when you answer the last exercise question.

The transfer of surplus, no matter how unfair it may seem, is not the real
problem in the eyes of partial equilibrium analysis. The fact that surplus is
vaporized and vanishes into thin air so no one gets it—this is the real problem.

It is easy to be confused by the shapes on the graph and concerns that
prices are higher and producers are stealing surplus from consumers. None
of that really matters. Here is the takeaway: the import quota is causing
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a misallocation of resources. The United States is using land, labor, and
capital to make sugar when it would be better off buying foreign sugar and
using these inputs to make other goods and services.

Comparative Statics

We can explore the effects of changing demand and supply coefficients on
the equilibrium price and quantity of sugar, but the natural question to ask
is, what is the effect of the import allotment? We are chasing the import
elasticity of price and the import elasticity of quantity. We want to know
how responsive price and quantity are to shocking the import allotment.

We can also explore how the surplus and deadweight loss changes. These
variables are also endogenous in this model because they are generated by
the forces of supply and demand.

We have the initial position. With H6 = 2000, P. = 25 and Q). = 12000.

STE Pset 156 to 3000,

The length of the orange rectangle expands and the rising part of the US
supply curve is pushed right. Equilibrium price falls to just over 23 cents per
pound and output rises to about 12,231 thousand STRVs. CS and foreign
PS rise. Deadweight loss falls. This is better for US consumers and foreign
sugar producers than the initial quota of 2,000 units.

United States PS, however, falls. Domestic sugar producers are not happy
with this. They prefer a lower import quota.

Elasticities give us more information than the qualitative statements (up or
down) made above. We can compute the percentage change in price, quan-
tity, surplus, and deadweight loss for the 50% increase in import (from 2,000
to 3,000 units).

23—-25
The import elasticity of price & gomm = o5& = —0.16. This tells us that
200 :

equilibrium price is quite unresponsive to the import allotment.

12231—12000
The import elasticity of quantity ~ —538%%m— approx% = —0.04 is even
2000 :
smaller. Equilibrium quantity is extremely unresponsive to the import allot-

ment.
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These elasticity estimates are for illustration. Our model relies on rudimen-
tary, linear demand and supply curves. The framework, however, is exactly
how an economist would model the sugar market and interpret the effects of
a sugar quota.

Do as I Say, not as I Do

Rich, developed countries talk a lot about free trade, especially to lesser de-
veloped countries, but it is clear that powerful special interests can and do
dominate individual markets in the rich countries of the world. The tools
of partial equilibrium analysis can be used to (approximately) evaluate the
results of protectionist policies.

In the case of the US sugar TRQ program, data provided by the USDA can
be used to estimate the size of the deadweight loss. With a total import level
of 2,000 thousand STRVs, assuming price elasticities of demand and supply
of —0.25 and +1.0, the deadweight loss is around one billion dollars. United
States consumers bear the brunt of the costs of the TRQ system, while US
and foreign producers enjoy much higher profits.

But remember caveat emptor. Partial equilibrium deadweight loss analysis is
a rough, back-of-the-envelope calculation. Although progress has been made
in estimating deadweight loss (see the references to this chapter), consumers’
surplus using demand curves makes interpersonal utility comparisons, vio-
lating one of the principles of modern utility theory.

Even more importantly, by focusing on a single market, we ignore the ramifi-
cations of the sugar quota on other goods and services. We are not counting
lost output of other goods by devoting resources to producing sugar in the
United States. We are also not counting health effects of sugar.

Now that you know about the US sugar quota, you can take a break and
watch comedian Stephen Colbert’s brief segment from 2009: tiny.cc/TRQ.
Recall from Figure 17.22 that sugar prices spiked to an all-time high back
then.


http://tiny.cc/TRQ
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Exercises

1. Use the ImportQuota sheet to figure out what happens if all imports
are banned. Explain your procedure and take screenshots as needed.
Would you support a ban of all imports? Explain.

2. The deadweight loss estimates in the text are sensitive to the demand
and supply curve parameters. Suppose that the inverse supply curve
had a slope of 1/100 instead of 1/400. Be sure to change this parameter
in both the FreeTrade and ImportQuota sheets to 1/100. What effect
would this have on the TRQ system? Explain your procedure and take
screenshots as needed.

3. Search the web for information about how much money US sugar pro-
ducers contribute to the political campaigns of members of the US
Congress. Copy and paste one sentence from a web site that you think
shows the influence US sugar producers have on the US Congress.
Please document your sentence with a URL and date visited citation.
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When the beekeeper’s bees fly into
the adjoining apple orchard and
pollinate the apple-grower’s apple
blossoms, they are conferring a
positive benefit on the
apple-grower that the beekeeper
cannot take advantage of directly
(i.e., a positive externality).

Eric S. Maskin

17.6 Externality

This section is devoted to explaining the concept of externality, why it causes
a market failure, and how the inefficiency in the allocation of resources can
be corrected.

The core idea is that externalities cause markets to fail—too much or too
little is produced. Society’s resources are inefficiently allocated. The reason
why markets fail in the presence of externalities is that decision makers (con-
sumers or firms) fail to incorporate the full costs or benefits of an action so
they make a poor decision (from society’s point of view).

There are three questions to answer:
1. What is an externality?
2. Why do externalities break the market?

3. How can we fix the market?

1. What is an Externality?

An externality is a cost or benefit not taken into account by the decision
maker. An agent takes an action that impacts others, but she does not
incorporate this “external impact” (hence the name externality) into her op-
timization problem. The decision maker considers only personal or private
cost and benefit, not the full or social cost and benefit.

Externalities can arise on the cost or benefit side of an optimization problem.
The private costs or benefits are the ones included in the agent’s calculations.
The external costs or benefits are ignored. The full or total costs or benefits
are called social costs or benefits.

627
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We can better understand externalities by looking at examples. The key is
always that the optimizing agent is not considering all of the costs and ben-
efits. Costs are imposed, but not felt by the agent or benefits are conferred
on others, but not captured by the agent. This leads to a privately optimal
solution that diverges from the socially optimal solution and produces a mis-
allocation of resources.

A classic example of an externality is industrial pollution. When the cost
of pollution is not taken into account by the firm, this is called a negative
production externality. A steel firm deciding how much steel to produce fac-
tors into its choice of output level the revenue from making steel and a whole
series of costs: labor, raw materials, and equipment. The costs that are
counted are private costs.

If the firm pollutes the air through a smokestack, but does not have to pay
for polluting the air, this is an external cost. Social costs include private
costs and external costs. It is a negative externality because costs are im-
posed on others that are not taken into account by the decision maker. It
is a production externality because the decision is made by a firm deciding
how much to produce.

A college education is another classic example of a situation where the de-
cision maker fails to consider the total picture. It is often used to explain a
positive consumption externality because there are benefits to education that
are not taken into account by the student.

The choice variable is how many years of schooling to acquire beyond high
school. The costs are huge—out-of-pocket costs of a 4-year college degree in-
clude tuition and books, but opportunity costs are even greater. The benefits
are also quite large, including access to better jobs, higher pay, and greater
quality of life. These private benefits are considered when high school stu-
dents decide whether or not to go to college so they are not part of the
externality.

But society benefits from education also. College-educated people have lower
unemployment rates, smoke less, and are more likely to vote. These social
benefits are ignored by individuals making a decision about whether or not
to acquire a college education. It is a positive externality because benefits
flow to others that are not taken into account by the decision maker. It is a
consumption externality because the decision is made by a consumer decid-
ing how much to purchase.
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Many studies attempt to estimate the gap between the social rate of return
and private rate of return to a college degree. Social rates of return to ed-
ucation are several percentage points higher than the private return. This
gap is an estimate of the external value generated by education.

Externalities are everywhere. Some are easy to spot, like the loud music
your next door neighbor plays (a negative consumption externality). To the
extent that you ignore the impact on others, your decision about which shirt
to wear contains an externality.

But externalities can be subtle also. Consider an army with soldiers that
were drafted into service. The externality is that the government does not
take into account the full cost of acquiring its soldiers. This externality dis-
appears with a volunteer army because the military has to pay enough to
entice people to join.

Externalities are all about impacts on others so it is easy to see why they are

also known as spillover effects. Remember, the private costs and benefits are
counted by the decision maker, but the external effects are not.

2. Why Do Externalities Break the Market?

Recall Figure 17.6, reproduced below as Figure 17.25 for your convenience.

Representative Consumer i Market for Good X Representative Firm j
P ($/unit) P (S/unit)
Y S=3MC, K /DATC
N A N P=MR
The | D=3, /
Uy «—PX/Py ! i
X . Qe Q (millions of units) q (units)

Figure 17.25: An overall view of supply and demand.

This figure has three canonical graphs: the Theory of Consumer Behavior
on the left, the Theory of the Firm on the right, and supply and demand in
the middle. It says that the equilibrium solution is found at the intersection
of supply and demand, which come from the firm and consumer graphs.
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We can show that the equilibrium quantity equals the quantity that would
maximize consumers’ and producers’ surplus. Price controls (such as ceil-
ings or floors), taxes, and monopoly all generate market failures, defined as
quantities that do not maximize CS and PS.

We can add externalities to this list. Negative externalities are costs not
taken into account and they produce too much output, while positive exter-
nalities do the reverse.

Look carefully at Figure 17.25. For the market system to yield a socially de-
sirable outcome, supply and demand must reflect the full costs and benefits
of the product. But this is precisely what is not happening if an externality
is present. There are positive or negative spillover effects that result in a
market equilibrium that is sub-optimal.

Suppose we have a situation where producers do not take into account the
costs of pollution created as a by-product of manufacturing. Then the MC
curve in Figure 17.25 is not incorporating the full costs of production and
the supply (which is the sum of individual MC curves) is also too low.

There is a marginal social cost, MSC, curve that does include all costs and
it does yield the socially optimal solution. Figure 17.26 shows the canonical
graph of a negative externality in production. It is easy to see that the
marginal private cost, MPC, which firms use to decide how much to produce
to maximize profits, is too low. This produces an equilibrium output that is
too high.

MSC
Supply=MPC

Price
S/unit

Pe|----——Fr-5

Demand

Q*Qe Quantity

Figure 17.26: A broken market with a negative production externality.
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Q* in Figure 17.26 shows the optimal output for society. The socially optimal
level of output is based on the full, social cost of production. (). shows the
(broken) market’s output. The market’s equilibrium output is based only on
the private cost of production so it is too high.

To sum up, a negative production externality means that firms fail to include
all costs and, therefore, M PC < MSC, and, therefore, Q. < @Q*. This is
why externalities cause market failure.

We can use Excel to create a simple spreadsheet that demonstrates the con-
cepts of externality and market failure.

S TEP Open the Ezternality.zls workbook, read the Intro sheet, then
proceed to the Externalities sheet.

Let’s take a quick tour of the screen. On the left are the total and marginal
graphs for a single firm. We ignore the average cost curves (ATC and AV(C)
because we are not interested in this firm’s profit position. All we care about
is how much it will produce. The cost function is a simple quadratic and the
market price is $40/unit so the revenue function is 40q.

On the right is the conventional supply and demand graph. Notice that the
y axes of the individual and market graphs are the same. The z axes, how-
ever, are different. There are 1,000 firms and, combined, they produce tens
of thousands of units of output.

Initially, this firm is producing 10 units of output. What would you advise
this firm to do? Why?

S TEP Use the firm’s scroll bar control to adjust its output level.

To maximize profits, this firm will choose output where MR = MC. This
output level will generate the maximum difference between the total revenue
and total cost curves in the top graph.

The problem is easily solved via analytical methods.

max 7 = 40q — (200 + ¢*)
q

d
T 40—2¢=0— ¢* =20
dgq
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Both analytically and with Excel, we can see that the firm will produce 20
units when equilibrium price in the market is $40/unit. When all 1,000 firms
do this we get a market equilibrium output of 20,000 units. This is the so-
cially optimal allocation of resources to this product.

S TEP To implement the externality, slide the Set Externality control all
the way to the right (so the red lines and curve are above the black ones in
the three graphs).

The red objects are not labeled. What do they represent?

S TEP Insert text boxes to label the red curve in the top graph, the red
line in the bottom graph, and the red line above the supply curve.

The correct labels must include the word social. The red line in the top graph
is the total social cost, TSC, and its marginal counterpart is the marginal so-
cial cost, MSC. The divergence between the red social cost and the black
private cost signals the presence of an externality. The distance between the
curves are costs not taken into account by the firm.

In the market graph, the red line is MSC, by which we mean the sum of
the indivdual marginal social costs. Like in the individual graph, divergence
between supply and MSC is a clear marker of the presence of an externality.

Note that neither the firm’s profit-maximizing output level nor the market’s
equilibrium solution changes in the presence of the externality. We have im-
posed an added cost, yet the firms and market do not respond because the
cost is ignored.

The dashed line from the intersection of MSC and demand is the socially
optimal level of output. An omniscient, omnipotent social planner, OOSP,
would incorporate the full costs of production in determining the optimal so-
lution to society’s resource allocation problem. OOSP would choose output
at the intersection of D and MSC.

We could measure the inefficiency caused by the externality by the dead-
weight loss. This would be the area of the triangle shown in Figure 17.27.
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Figure 17.27: Deadweight loss from a negative externality.
Source: Externality.xls!Externalities.

The market in the presence of a negative externality has produced too much
output. Units beyond 16,000 have greater marginal social cost than marginal
benefit (as given by the demand curve) and should not be produced. The
market produces an extra 4,000 units because it ignores the external costs of
production.

3. How Can We Fix the Market?

Externalities break the market because costs and benefits are not fully in-
corporated into the agent’s optimization problem. There are two possible
solutions: government regulation and more property rights.

There are several regulatory approaches the government can take to fix the
market failure caused by externality. They are united by the use of authority
to correct the equilibrium output level so that it equals the socially optimal
output.

Perhaps the most obvious regulatory fix is a strict limit on production, for
example, a quota on pollution. If firms are allowed to pollute only a certain
amount, they cannot produce as much as they want.

This is known as command and control, a term borrowed from the military,
where top down decision making is the norm.
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But this approach suffers from a serious drawback. It requires massive
amounts of information to set the total amount of pollution and output.

Furthermore, if everyone is forced to reduce pollution by, say 20%, this does
not take advantage of the fact that some firms can reduce pollution more
cheaply than others. In other words, the government not only has to deter-
mine the total amount of pollution and output, it has to tell each individual
firm exactly what and how to produce.

Command and control has long been used in environmental regulation. In
the case of pollution, the Environmental Protection Agency (EPA) still uses
effluent restrictions, but the EPA has moved toward other regulatory strate-
gies.

Another government focused approach to fixing a market failure brought on
by externality allows firms to decide how much to produce, but uses taxes
and subsidies to incentivize decision makers to choose the socially optimal
outcome.

This is based on the work of Arthur C. Pigou (rhymes with zoo, 1877 - 1959).
He was a student of Marshall’s and in 1908 he was appointed to Marshall’s
chair in economics at the University of Cambridge. Pigou argued that when-
ever private and social costs or benefits diverged, the government could offer
incentives to align individual optimal solutions with socially optimal levels
of output. Thus, today we call this solution a Pigovian tax or subsidy.

By imposing a Pigovian tax on polluting firms, producers are forced to con-
sider the full costs of production in a roundabout way—the tax takes the
place of the external cost.

The Pigovian tax shifts the supply curve up so that, if properly calibrated,
the amount of the tax reflects the external cost not taken into account. Figure
21.28 shows how a Pigovian tax fixes the market failure caused by externality.
Notice that the Supply + Tax curve equals the MSC. This enables the market
equilibrium solution to equal the socially optimal solution.
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Figure 17.28: Pigovian tax correcting the inefficiency from an externality.
Source: Externality.zls! Externalities.

The Excel workbook Fzternality.xls enables you to correct the externality
with a Pigovian tax.

S TEP With an externality in place, click the | Set Pigovian Tax/Subsidy

scroll bar to fix the inefficiency.

With every click, the market supply curve shifts up because you are imposing
additional tax. A Pigovian tax works like a regular tax—it shifts the supply
curve up. Obviously, you want to set the tax so that the black supply curve
is coincident with and covers the red MSC' curve.

The Pigovian tax fixes the inefficiency caused by the negative externality
when the amount of the tax takes the place of the divergence between
marginal social and private cost. You know you have the right tax when
the market’s equilibrium output equals the socially optimal level of output
at 16,000 units.

Unlike regular taxes, which are applied to generate revenue for the govern-
ment and cause the equilibrium quantity to be less than the optimal quantity,
Pigovian taxes are actually applied to correct a market failure. They do gen-
erate revenue, but the primary purpose of a Pigovian tax is to change the
market’s equilibrium output to allocate resources optimally.
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Pigou’s approach dominated economics for many years. Then, in 1960,
Ronald Coase (1910 - 2013), who spent most of his long career at the Univer-
sity of Chicago, offered an ingenious alternative: Define property rights over
all resources (such as clean air) to internalize the externality. It took some
time, but Coase’s approach caught on and would win him the 1991 Nobel
award in economics.

In essence, Coase cures the “market failure” by creating more markets. Mar-
ket failure is in quotation marks because the argument is that it is not a
market failure since we do not have complete property rights over all re-
sources. A little intellectual history will help clear this up.

Frank Knight (at the University of Chicago) disagreed with Pigou in an arti-
cle way back in 1924. Pigou used too much traffic as an example of a market
failure in his influential book, The Economics of Welfare, in 1920. On page
194, Pigou explained that individual drivers would fail to take into account
the additional congestion they caused when deciding whether to take one
road versus another. Thus, the drivers would distribute themselves ineffi-
ciently. He pointed out that the government could impose a toll, a tax to
use the road, to fix this market failure (Pigou used the phrase laissez-faire
and it would not be until the 1950s that “market failure” was coined).

In his 1924 paper, Knight replied that, far from this being a market failure,
the problem created by the externality was that there was a missing market!
He said Pigou’s logic was error free. It is true that drivers following their
own self-interest would produce too much congestion. It is true that this de-
centralized system failed and a corrective tax would fix it. But, said Knight,
while decentralized, this is not a market system because nobody owns the
roads. Not all decentralized systems are automatically market systems.

Knight maintained that you cannot blame the market system for a lack of
property rights. In Knight’s view, a properly functioning market system
would force firms to pay for all of the resources used. A negative externality
meant that firms would treat some resources as free and it is no surprise that
they would overuse those resources.

Pigou removed the traffic congestion externality example from the next edi-
tion of his book. He left, however, the overall framework of corrective
taxes and subsidies intact and it became part of the paradigm of economics.
For decades, students learned that corrective taxes and subsidies could and
should be used to fix inefficient levels of equilibrium output.
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In 1960, Coase wrote his most famous article (and perhaps the most often
cited article in the history of economics), “The Problem of Social Cost.” He
explained how more property rights would enable markets to cure externali-
ties. For a negative spillover like pollution, instead of command and control
or a government tax, Coase advocated establishing property rights to clean
air and letting the market work its magic. Firms would no longer treat the
air as free if they had to pay to use it.

There is no Excel implementation of Coase’s solution. The idea is simply
that unpriced resources be priced. This happens when unowned resources
are assigned owners. This creates a market, buyers and sellers, for the re-
source. This directly internalizes the externality.

Coase has said that the property rights solution was influenced by Knight.
They were colleagues at the University of Chicago for many years. Knight
is known as the father of Chicago School economics and an impact on the
work of many social scientists at Chicago and around the world.

A theorem bears Coase’s name and a brief explanation of its content is in
order. The Coase Theorem arises out of the idea that more finely delineated
property rights enable the market to solve the problem of externality. The
word theorem is loosely used here and Coase never claimed to have found or
in any sense proved the Coase Theorem.

Coase showed that by settling property rights disputes, courts played a key
role in enabling markets to work. Before the court ruled, trade would be im-
possible because there was disagreement over ownership. These high trans-
actions costs would prevent negotiation.

Once the court ruled, there would be a clear potential buyer and seller.
Coase argued that it was not important who won the case because the re-
source would end up with whoever valued it more. By giving one party the
property right, the court established ownership and enabled the resource to
be traded. If the winner valued the resource more, the loser would be unwill-
ing to buy it. If the winner valued it less, the loser would buy the resource.
Either way, said Coase, once the judge ruled, the resource would end up at
its most highly valued use. This idea is now known as the Coase Theorem.

So, in the case of pollution, perhaps homeowners would sue the polluting
firm. The court would rule and, either way, once the property right was es-
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tablished, the market would begin to function. Assuming the polluting firm
values the property more, it will buy the right to pollute if it loses and will
not sell the right if it wins the court case. Either way, it incorporates the cost
of pollution because it has to purchase the right if it loses or it recognizes
the opportunity cost of having the asset if it wins.

Coase criticized Pigovian taxes and subsidies as a way to fix inefficiency in
the allocation of resources by a market system. Coase saw Pigou’s approach
as hopelessly idealistic and impossible to implement in the real world. It is
easy to draw Figure 17.27 and a snap to show that the correct tax or subsidy
enables the market to hit the socially optimal output as in Figure 17.28.

Unfortunately, this blackboard economics (as Coase derisively called it) is
easy to draw and teach, but almost impossible to implement. The gov-
ernment regulator will know neither the demand nor the supply functions,
and changes over time imply constant tweaking of optimal taxes or subsidies.

Economists think of Coase and Pigou as locking horns and often cast the
issue as free market versus regulation. It is clear, however, that Coase and
Pigou share some common ground. They both seek to maximize the value
of output; they want to optimally allocate resources.

Both offer solutions that work well in theory, but can prove difficult to im-
plement. Once we recognize that neither approach is perfect, we can begin
the difficult task of deciding which approach is better in a particular situation.

The EPA and Acid Rain

Although Pigovian taxes remain a staple of economics, in recent years, market-
based strategies relying on Coase’s logic have gained popularity.

For example, cap and trade works by creating a total amount of allowable
pollution and creating a market where firms can buy and sell rights to pol-
lute. This forces firms to take into account the full costs of their production
decisions. They must buy a permit in order to pollute and this forces them
to internalize the externality.

The EPA’s sulfur dioxide (SO,) cap and trade program is aimed at decreasing
pollutants that cause acid rain, www.epa.gov/airmarkets/allowance-markets.
Instead of command and control or taxes, the EPA sets a total emissions con-
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straint, or bubble, then allows firms in the bubble to buy and sell pollution
permits. This scheme is equivalent to setting up a market for pollution.

There are many details to be worked out when setting up a market. For
example, the government can give each firm an initial allocation of permits
or they can auction off the permits.

Some environmentalists remain strongly opposed to market-based solutions
to pollution abatement. They see such programs as “licenses to pollute.” But
the market’s ability to price resources correctly and enable socially optimal
resource allocation is a powerful factor in favor of the market.

Other countries (including such different places as Europe, Costa Rica, and
China) have started emissions trading programs. The idea of creating a
market for pollution to correct the market failure caused by externality is
most definitely a real, practical solution that continues to grow in popularity.

Externalities, Market Failure, and Corrective Action

Externalities are costs or benefits not taken into account by the decision
maker. Externalities cause inefficiency because the equilibrium level of out-
put does not equal the socially optimal level of output. As usual, we can
measure the inefficiency in the allocation of resources caused by an external-
ity by computing the deadweight loss.

The inefficiency caused by externality can be corrected by command and con-
trol, but this approach requires micromanagement by government regulators.
Pigovian taxes and subsidies are a type of government regulation that allows
individual agents to decide what to do. A firm, for example, would decide
how much to pollute and produce, but they have to pay tax. The Pigovian
tax is optimized to push the market to the socially optimal output.

The Pigovian approach is definitely at play in the area of education. Truancy
laws and other absolute requirements concerning schooling are an example
of command and control. Government support of higher education through
student grant and loan programs are Pigovian subsidies. The idea is to help
students capture the full benefit of a college education and ensure that pri-
vate decision making is socially optimal.

Another repair relies on market-based solutions to the inefficiency created by
externality. Instead of taxing or subsidizing buyers or sellers, property rights
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for unowned and unpriced resources are established and then the market is
left to work its magic. Cap and trade is an example of this approach.

Coase is credited with the idea of fixing inefficient market outcomes with
property rights, but Knight definitely had an influence. Knight’s criticism of
Pigou’s toll road example is long forgotten, but it contained the seed of the
logical argument that a Pigovian market failure is no such thing because not
all decentralized systems are market systems.

Mechanism design is a new subfield in economics where we consciously de-
sign a game and then let agents play to reach a desired result. This is totally
different than the evolution of the market system. Adam Smith did not draw
up a blueprint for a market-based society. It happened organically. But now
that we know how it works, we are trying to design institutions that give
desirable results.

Exercises

1. Give an example of a positive externality in consumption.

2. Analyze the welfare effects of a positive externality in consumption.
Use Word’s Drawing Tools to support your answer with a demand and

supply graph.
3. In each case that follows, describe the regulatory strategy to correct
the market failure caused by a positive externality in consumption.
(a) Command and control
(b) Pigou

(c) Coase
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Lack of legal sanctions means that loyal
members of the cartel must exact penalties
against deviants in the market place. Unless
such disciplinary actions (mainly price cuts)
can be localized, every member of the cartel,
loyalist and defector alike, suffers. That is a
very severe (if little remarked) limitation on
the efficiency of cartels.

Oliver E. Williamson

17.7 Cartels and Deadweight Loss

We know that the equilibrium output of a competitive market equals the
output that maximizes consumers’ and producers’ surplus. We also know
that monopoly produces too little output and the resulting deadweight loss
is a measure of the inefficiency of monopoly. But competition and monopoly
mark opposite ends of a spectrum that includes a wide range of other market
structures.

A cartel is a type of market structure in which a group of firms cooperate to
control output and price. Perhaps the most famous international cartel is the
Organization of the Petroleum FExporting Countries, OPEC. Cartels are not
monopolies because there are several independent firms in the syndicate or
trust, but they hope to act like a monopolist, restricting output and raising
price, to earn monopoly profits. Cartels are inherently unstable because it is
in the interest of each member to cheat and sell more than the agreed amount.

This section explores the welfare properties of a specific type of cartel. The
application is based on the workings of the Norwegian cement cartel as ex-
plained by Roller and Steen (2006). Analyzing the cartel involves solving
a two-stage game and the cartel result is compared to monopoly and non-
cooperative, Cournot competition. This material is advanced and it is recom-
mended that the chapter on Game Theory be completed before proceeding.

A Brief History of Norwegian Cement

Cement output in Norway (and in other countries that use the metric sys-
tem) is measured in tonnes (pronounced tons). This is not simply a foreign
spelling for a ton. A ton is 2,000 pounds. A tonne, sometimes called a metric
ton, is 1,000 kilograms. Given there are roughly 2.2 kilos in a pound, a tonne
is about 2200 pounds. Thus, a tonne is bigger than a ton.

643
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Figure 17.29 shows that production rose dramatically during the second half
of the 1960s, greatly outpacing demand. This excess output was sold at a
loss in other countries. A balance between production and consumption was
restored by the early 1980s.
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Figure 17.29: Norwegian cement production and consumption, 1955-1982.
Source: Cartel DWL.xls!Data.

Production rocketed because of the sharing rule adopted by the Norwegian
cement industry. A sharing rule determines how the monopoly rent is to be
distributed among the firms in the cartel. Each firm’s share of the domestic
market was based on its fraction of total industry capacity. We will see that
this gives each firm an incentive to expand plant capacity and led to the
explosion in output shown in Figure 17.29.

In 1968, the three producers in the cement industry abandoned the cartel
market structure and merged to form a monopoly. By then, however, plant
capacity had been expanded and it took years to reduce output.

Roller and Steen explain that there are few empirical studies of cartels be-
cause they are illegal in many places (including the United States) so ob-
taining data is difficult. Such is not the case in Norway. “Given the legality
of the Norwegian cement cartel, we have a large amount of primary data
allowing us to do a complete welfare analysis.” (Rooller and Steen, 2006, p.
321.
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Monopoly Review

S TEP Open the Excel workbook CartelDWL.zls, read the Intro sheet,
then go to the Monopoly sheet.

Given the linear inverse demand curve and constant marginal cost, finding
the monopolist’s profit-maximizing solution is easy.

S TEP Use the scroll bar under the chart to find Q*. As you change the
quantity, you can see the corresponding price in the chart and in cell B11.
You can also see the producers’ surplus (also known as profits) change in cell
B19 as you set Q.

You can choose @Q* by watching cell B19, but you could also find @Q* by
choosing the intersection of MR and MC.

Excel’s Solver offers yet another alternative to finding the profit-maximizing
level of output.

S TEP Run Solver and configure the Solver dialog box to solve the mo-

nopolist’s profit maximization problem.
Finally, click on cells B18, B19, and B21 to show the consumers’ surplus ( CS),
producers’ surplus (PS), and deadweight loss (DWL) from the monopoly so-

lution in the chart.

Having found the monopoly solution, we turn to output (and price) under a
noncooperative, Cournot environment.

Cournot Review

STEPProceed to the CournotFirm sheet.

Chapter 16 on game theory presented the material reviewed here, which as-
sumes a basic understanding of the Cournot model and Nash equilibrium.

Instead of a single firm, there are three firms making a homogeneous prod-
uct. They do not collude or combine forces. Instead, they compete. Unlike
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perfect competition, however, there are so few producers that they impact
each other’s decision making. If one firm decides to produce a lot, this will
lower the price for all three firms.

How will an individual firm decide how much output to make? The core
idea is that each firm will make profit-maximizing output decisions based on
conjectures about what the other firms will do. The output level at which
each firm’s decision is consistent with the output chosen by the other firms
is the solution, called a Nash equilibrium.

The CournotFirm sheet opens with cell B10 set equal to zero. This means
that Firm 1 is exploring what its best option is if the other firms produce
nothing.

S TEP Use the scroll bar under the chart to find the profit-maximizing
output for the conjecture that the other firms produce nothing.

If the other firms decide to produce zero output, Firm 1 will produce 2.3
million units of output. But this is not an equilibrium solution because the
other firms would not choose to produce zero units of output when this firm
produced 2.3 million tonnes. How much would the other firms produce?

S TEP Click the | Set Exo Q | button to copy Firm 1’s optimal solution
(in cell B15) to the conjectured output in cell B10.

Notice how the chart shows new red D and MR curves. These are the resid-
ual demand and residual marginal revenues curves for Firm 2, given that
Firm 1 produces 2.3 million and Firm 3 produces nothing.

S TEP Use Excel’s Solver to find the profit-maximizing output for the

conjecture that the other firms produce 2.3 million units.

You should find that Firm 2 will produce 1,150,000 units when the other
two firms produce 2.3 million. We have stumbled upon the Nash equilibrium
solution! If each firm produces 1.15 million units, then none of them will
regret its output decision. In other words, each firm’s optimizing decision
(1.15 million) is consistent with the conjectured output (2.3 million).

Notice that the Nash equilibrium is not Firm 1 = 2.3 million, Firm 2 = 1.15
million, and Firm 3 = 0. Both Firms 1 and 2 would regret their decisions
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and would opt for different output choices. It should be clear, however, that
if each one makes 1.15 million, then none of the firms would regret or wish
to change its chosen output level.

The Cournot solution can be found via iteration (which was easy in this
example) or by analytical methods (see work starting in cell A28). The
reduced form for the industry’s Nash equilibrium output in this Cournot
model (linear demand and cost function and n firms) is:

n dO—MC
Qe_n—l—l d1

Price, of course, is simply read from the inverse demand curve.

S TEP Proceed to the Cournot sheet to see the welfare implications of
the Cournot solution. Click on cell B14 to see that the formula for the Nash
equilibrium has been entered.

Notice that the Cournot output level is between the perfectly competitive
(D = MC) and monopoly (MR = MC') output levels.

ST'E P click on cells B18, B19, and B21 to highlight CS, PS, and DWI
in the chart.

Once again, notice that the DWL for the Cournot solution is between the
monopoly (highest DWL) and perfect competition with many firms (no DWL)
extremes.

STEPIncrease the number of firms in cell B10 to 5, 10, and 20.

As n rises, DWL falls because as n rises, we are approaching the ideal so-
lution of competition with many firms. Thus, perfect competition is simply
an n-firm Cournot model with an infinite number of firms. You can confirm
that at n = 1, the monopoly solution is found.

Having covered the monopoly and competitive Cournot models, you are ready
to tackle yet another market structure: the cartel.

Cartel Behavior

Suppose an industry, made up of several firms, organized into a cartel. In
other words, the firms would join forces and cooperate in making decisions.
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The cartel would decide the total domestic output and price for the product.
In addition, the cartel would have to determine how much each firm would
produce. This is called the sharing rule.

Different sharing rules yield different results. Suppose that the sharing rule
applied is that each firm’s output reflects its share of total industry capacity.
There are no limits on each firm’s capacity and any output not sold domes-
tically could be exported at the world price.

Although each firm chooses capacity first and then the cartel chooses total
output (and price), we solve the two-step optimization problem recursively.
This means we start at the second stage, then work backwards to the first
stage.

Stage 2: Choosing Total Domestic Output (and Price)

STEPProceed to the CartelStage?2 sheet.

The information is laid out as in the Monopoly sheet, but there are addi-
tional variables. The world price (below marginal cost) has been added in
cell F8 and to the chart. Individual firm parameters start in row 26. The
three firms have chosen their capacities (cells B30:B32), determining total
capacity (B28) and shares of domestic output (C30:C32).

S TEP Use the scroll bar under the chart to explore different quantities
of domestic output. This is the cartel’s key choice variable. It can choose
anywhere from no output to the vertical, total capacity, line (which is deter-
mined by the firm’s capacity decisions in stage 1 and is now an exogenous
variable to the cartel).

S TEP Click on cell B19, which is the PS and also the profit generated by
a given output level, to highlight the PS in the chart. The formula and the
chart reveal that PS has two parts: = (P — s0_)*Q — (s0- — R_)*(B28 — Q).

The first part is a rectangle with height from MC to price and width from
zero to the chosen output. This would be PS under monopoly.

But the cartel has a second component to PS. This is the smaller rectangle
on the chart and it is subtracted from the bigger rectangle. This second
part is the excess output that is exported and sold at the world price. It
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is subtracted from profits because the world price is below MC. Thus, these
units are sold at a loss.

S TEP Use the scroll bar to find the cartel’s @*. Notice that you can
find the optimal output by keeping an eye on PS (in cell B19) or by setting
MR = R. You can also use Excel’s Solver to find the optimal output.

Cell B13 shows the optimal output and your cell B12 should equal this so-
lution. The cartel will produce 3,150,000 units and charge $1,725 per unit.
This is a higher output (and lower price) than the monopoly solution.

R is a key variable. It plays the role of MC in the cartel’s optimization
problem. What effect does changing R have on Q* and P*? What welfare
effect does changing R have? We can answer these questions with Excel.

S TEP Change R to 500 in cell F8. Solve the cartel’s optimization prob-

lem again.
You should see that optimal domestic quantity is lower and price is higher.

STEPWith the new optimal solution for R = 500 in B12 (Q* = 2.8
million), click the | Compare Surplus | button. It displays the initial CS, PS,

and DWL values (for R = 150) and computes the difference between the new
and initial values.

As R rises, CS falls and PS rises. Total DWL is bigger by $136 million, with
both parts of DWL (the traditional triangle that represents domestic DWL
and the export loss) rising.

STEP click the button (or reset R to 150).

We conclude our analysis of the cartel’s first stage of the optimization prob-
lem by examining the effect on the individual firms. Cells D30:G32 show
how the sharing rule is applied to determine how much each firm produces,
given the cartel’s total domestic output decision. The blue text color means
these variables are endogenous—they are determined by the cartel’s domestic
output decision.

S TEP Adjust @ via the scroll bar under the chart and keep your eye on
cells D30:G32. As () changes, so do the individual firm variables in blue.
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Because the firms have equal capacities, each sells a third of the domestic
output and exports the rest. Domestic and export sales for each firm are
displayed.

STEPEnter 3,150,000 in cell B12 (the value of Q* at the initial values
of the exogenous variables) to see the PS earned by each firm at the cartel’s
optimal output.

From the cartel’s point of view, the individual firm capacities are given.
But would profit-maximizing firms choose these particular capacities? This
question is at the heart of the first stage of the cartel’s two-stage optimization
problem.

Stage 1: Choosing Capacity

Now that we know how the cartel is going to decide how much domestic
output to produce and the sharing rule, we can tackle the question facing
each firm: How much capacity?

At any point in time, firms have a given maximum total production, or ca-
pacity, determined by factory size. To increase capacity, firms must expand
factory size and this takes time.

Notice that the marginal cost of cement production is different from the
marginal cost of capacity. The former is assumed to be low and it does not
play a role in this analysis. In fact, it is assumed that firms always produce
up to capacity.

The capacities of each firm and hence total capacity are given to the cartel
but are chosen by each firm. Each firm would pick that capacity that would
maximize its profits.

The profit function has revenue from two sources: domestically sold output
at price P (chosen by the cartel) and the excess output that is exported
and sold at the world price, R. The cost of capacity function is linear, with
constant marginal cost.

STEPProceed to the CartelStagel sheet and click on cell B11 to see
that the formula reflects the firm’s profit function.
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Cells B19:B23 have the exogenous variables. Each firm chooses capacity (g;)
to maximize profits.

The sheet opens with the firm having a capacity level of 1,200,000 units, the
same as the other two firms, so the total industry capacity is 3,600,000 units.

S TEP Click on the scroll bar (next to B27) to increase capacity.

Notice that the larger the chosen capacity, the greater the share of the do-
mestic sales (@), which is chosen by the cartel, and thus domestic revenues
(B13) rise. As capacity increases, exports also rise (because only a share of
the firm’s output is sold domestically) and this hurts because the world price
is below marginal cost. Of course, increasing output is going to increase costs
because the firm has to build a bigger plant.

Given these trade-offs, what level of capacity should this firm select?

S TEP Keep your eye on cells F27:H27 as you adjust the scroll bar to
select the profit-maximizing output.

As usual, you can equate MR to MC to find the optimal solution.
S TEP Check your work by using Excel’s Solver.

The optimal capacity, 1,342,758 units, differs from the original 1.2 million
units. This means that the optimizing firm would choose to make 1,342,758
units when the other two firms make a total of 2.4 million.

S TEP Copy the optimal capacity in cell B27 and paste it in cell K9 (or
enter 1,342,758 units in cell K9).

We are not done yet because if this firm wants to make 1,342,758 units, it
stands to reason that the other firms (with identical cost structures) will also
want to do this.

S TEP Return to the CartelStage2 sheet, select cell B30, and paste (or
type in) 1,342,758.

Notice that cells B31 and B32 change to the value of cell B30. Cell B28,
Total Capacity, is now higher and, thus, the vertical line in the chart has
shifted right.
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We do not need to run Solver again because the cartel’s optimal output and
price combination in the domestic market is unaffected by the total indus-
try capacity. The extra output is simply exported and sold at the world price.

S TEP Return to the CartelStagel sheet and notice that MR no longer
equals MC. Click on cell B20 to see that it has a formula.

Cell B20, Other Capacity, has changed because the other two firms have se-
lected different capacities.

S TEP Copy cell B20, select cell J10, and Paste Values, then run Solver.
Copy the new optimal @ (cell B27) and paste it in cell K10.

Notice that we still do not have an internally consistent solution between the
two optimization problems. The firm capacity optimal solution is different
from the total capacity used by the cartel. We must iterate.

S TEP Do these three steps:

1. Inthe CartelStage2 sheet, select cell B30, and paste the value of optimal
capacity.

2. Return to the CartelStagel sheet and copy cell B20, select cell J11,
and Paste Values.

3. Run Solver to find the new optimal solution. Copy the optimal @ (cell
B27) and paste it in cell K11.

We still do not have a situation in which the optimal capacity decision of
Firm 1 agrees with the total capacity parameter used by the cartel.

S TEP Fill in the Stage 1 and Stage 2 Consistency table. You will need to
iterate, repeating the process of solving for Firm 1’s optimal capacity, past-
ing that result in the CartelStagel sheet, then returning to the CartelStage2
sheet to see if the two solutions coincide (the three steps above).

S TEP When you have finished completing the table, click the

button.

This reveals results in columns L, M, and N that are based on your iterations.
It also shows the Nash equilibrium solution for ¢;*. As with our work in the
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Cournot model earlier, there is an analytical solution to each firm’s optimal
and consistent capacity and we entered it in cell K19.

Figure 17.30 shows what your screen should look like. The total capacity, the
vertical line in the CartelStage2 chart, is driven to an equilibrium value of
3,891,176 units. The total capacity line bounces right and left until settling
down at a value that is consistent with the optimal solution to the individual
firm’s profit maximization problem. In equilibrium, each firm will have a
capacity of 1,297,059 units. This is consistent in the sense that each firm
would choose this capacity if it knew the sharing rule adopted by the cartel.

Stage 1 and Stage 2 Consistency
Starting Total | Ending Total
lteration | Other Capacity qi* Capacity Capacity Difference

1 2,400,000 1,342,758 3,600,000 3,742,758 (142,758)
2 2,685,515 1,273,616 4,028,273 3,959,131 69,142
3 2,547,232 1,308,620 3,820,848 3,855,852 (35,004)
4 2,617,240 1,291,240 3,925,860 3,908,480 17,380
5 2,582,480 1,299,959 3,873,719 3,882,438 (8,719)
6 2,599,917 1,295,607 3,899,876 3,895,524 4,352
7 2,591,213 1,297,784 3,886,820 3,888,997 (2,178)
8 2,595,569 1,296,696 3,893,353 3,892,265 1,088
9 2,593,392 1,297,240 3,890,088 3,890,632 (544)

Nash eq g 1,297,059

Nash eq Total Q 3,891,176

Figure 17.30: Nash Equilibrium capacity.
Source: CartelDWL.xls!CartelStagel.

Given the demand curve parameters, marginal cost, and the world price, we
know the cartel’s profit-maximizing domestic output and price. Because we
know the equilibrium solution to each firm’s capacity decision, we can com-
pute the total output produced and export loss. Thus, we can compute CS,
PS, and DWL.

S TEP Copy cell K19 from the CartelStagel sheet and Paste Values in
cell B30 of the CartelStage2 sheet.

S'T'EP click on cells B18, B19, and B21 to display the CS, PS,and DWL
generated by the cartel solution.
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Cartel Model Summary

Determining the cartel’s output is not easy. One has to solve a two-stage
game. The cartel’s sharing rule means that each profit-maximizing firm is
willing to trade off export losses in order to get a share of high-priced do-
mestic output.

The vertical total capacity line in the CartelStage2 chart is actually an equi-
librium solution to the first stage of the game. There is only one value of
total capacity that is internally consistent with individual firm capacity de-
cisions.

The cartel game-theoretic model also can be solved via analytical methods.
The mathematics is not easy, but if you are interested in seeing the solution,
click the | Show Analytical | button near cell M5 of the CartelStagel sheet.

Having determined the output and price solutions to each of the three market
structures, we are ready for the welfare analysis.

Comparing Monopoly, Cournot, and Cartel Solutions

S TEP Proceed to the Compare sheet.

Given the parameter values (in the shaded cells), the table displays the out-
put, price, CS, PS, and DWL associated with perfect competition, monopoly,
cartel (with the sharing rule), and Cournot market structures.

Cells B18:B21 are connected to the market structure currently displayed on
the chart. Initially, the perfectly competitive result is displayed. DWL will
be computed against this standard.

STEPCliCk the Monopoly option.

Cell range B18:B21 is updated and the chart displays the monopoly result.
Notice that the monopolist ignores the world price and does not export ce-
ment. She maximizes profits by choosing output where MR = MC.

Compared to perfect competition (in cells B10:B14), monopoly generates
much lower CS, higher PS, and a substantial DWL.
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ST'E P click the Cartel option.

The chart displays the total capacity vertical line and the exports are high-
lighted. We can compare the cartel to the monopoly and PC results by
looking at the cells in columns B, C, and D, in rows 10 to 14.

Note that for the cartel option, cell D13 shows the value of profits for the
cartel. This is domestic PS less export loss. Cell B19, also labeled PS, shows
domestic producers’ surplus (and leaves out the export loss). This is confus-
ing, but it allows separation of the two sources of total DWL, domestic DWL,
given in B21, and export loss, shown in cell B22, and ensures that domestic
DWL plus total surplus will sum to total surplus in the perfect competition
case. Total DWL, the sum of domestic DWL and the export loss, is reported
in cell D14.

Compared to perfect competition, the cartel generates lower output and
higher prices, but it is better than monopoly. Cells G10:G14 show what
happens when you move from cartel to monopoly.

S TEP Click on cells G10 to G14 to see their formulas.

If the Norwegian cement industry merged to monopoly from a cartel, we
would see the following: Output falls, price rises, CS falls, PS rises, and
DWL rises.

The increase in DWL would enable to us to judge such a move as a failure
in terms of resource allocation in the Norwegian economy.

STEPCliCk the Cournot option.

Comparing cartel and monopoly to perfect competition is not particularly
useful, because we are not going to get a perfectly competitive cement indus-
try. There are only three firms. If we had competition, it would be Cournot
competition. The three firms would not collude, but they would behave
strategically.

If the industry went from cartel to Cournot, cells F10:F14 show what would
happen. As with cells G10:G14, these cells report the difference from the
cartel to the Cournot market structure. Notice that output rises, price falls,
CS rises, PS rises, and DWL falls.
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Of these effects, PS rising is surprising, but remember that under Cournot,
the export losses are eliminated.

This completes the theoretical welfare analysis. The results are clear: To
maximize surplus, the Norwegians should have moved from a cartel to Cournot
competition. Of the three market structures, Cournot has the lowest DWL.

There is, however, one important issue left unresolved: These results apply
only to the parameter values on the sheet. We do not know the intercept or
slope of the Norwegian demand curve for cement, nor do we know R or MC.
We need to get these parameter values, and then do the analysis based on
these real-world parameter values.

Welfare Analysis for 1968

S TEP In the Compare sheet, scroll to the right of the graph and click
the ’ Show Actual ‘ button (over cell N1).

After clicking the button, a new sheet appears, populated with key parame-
ters for 1968, the last year of the cartel.

Figure 17.31 shows the results for the various market structures for the es-
timated demand curve for 1968. The conclusion is clear—Cournot is the
best of the three feasible market structures. It produces the highest output,
lowest price, highest CS, and lowest DWL.

Exogenous Variables for Demand and Marginal Cost
P =do0 -d1Qd MC =s0 World Price
do 953.7203057 s0 288.6596342 (R)
d1 0.000252144 235.0740945
Perfect Cartel to
Competition Monopoly Cartel Cournot Cartel to Cournot Monaopoly
Q (domestic) 2,637,622 1,318,811 1,425,071 1,978,217 553,146 (106,260)
P kr 288.66 kr 621.19 kr 594.40 kr 454.92 (kr 139.47) kr 26.79
CS (millions) kr 877 kr 219 kr 256 kr 493 kr 237.332 (kr 36.758)
PS (millions) kr0 kr 439 kr 391 kr 329 (kr 61.745) kr 47.891
DWL (millions) kr0 kr 219 kr 230 kr 55 (kr 175.587) (kr 11.133)

Figure 17.31: Welfare analysis.
Source: Cartel DWL.xls! CompareActual.

Figure 17.31 also makes clear why the industry went to monopoly instead
of Cournot after the cartel collapsed (under the weight of overproduction
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and export losses). PS would rise when moving from Cartel to monopoly
(by 47,891,000 kroner), but fall (by 61,745,000 kroner) if the industry had
adopted a noncooperative Cournot arrangement. Thus, it is clear that the
cement industry chose to maximize its own PS instead of C'S + P.S. This is
not surprising.

In fact, Roller and Steen build an even stronger case by exploring the welfare
effects over several years. Scroll to column AE and read the text box if you
are interested.

S TEP Click the Monopoly option to display the monopoly solution in
the graph.

The monopolist would choose output where M R = MC and charge the high-
est price possible for that level of output. Monopoly profit in 1968 would
have been 439 million kroner. Consumer surplus would be much smaller than
under perfect competition and Norway would suffer a deadweight loss from
monopoly of 219 million kroner.

But the Norwegians did not have a monopoly before 1968, they had the ce-
ment cartel.

STEPCliCk the Cartel option.

The cartel chooses output where M R = R, allocates the domestic output to
the three firms based on capacity shares, and exports the excess output.

Notice, however, that Roller and Steen do not use the predicted capacity
based on the demand curve parameters. Instead, they use actual exports.
The story here is that capacity takes time to build. The cartel puts persistent
pressure on expansion, but the firms do not actually reach their goal of vast
capacity because the cartel collapses.

S TEP You can check the theoretical cartel solution for the estimated pa-
rameters by simply copying the range A5:F8 from the CompareActual sheet
and pasting in the same range in the Compare sheet. Click Yes if prompted
to replace the destination cells. You may need to click the Cartel option to
refresh the screen.

Figure 17.32 shows the result. Capacity is huge and export losses are stag-
gering. This is the capacity that would have been installed in the long run
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under the cartel. Roller and Steen do not use this capacity value. Instead,
they use actual exports, based on the actual capacity in 1968.

$1,000 )
Total Capdcity
594
$500 ‘
235.07 | | //EF”
|
I
I \
$0 l .
0 1,425,071 4,000,000 §,000,000
Quantity

Figure 17.32: Cartel results with capacity determined theoretically.
Source: CartelDWL.xls!Compare using estimated parameters for 1968.

S TEP Return to the CompareActual sheet. Focus on columns F and G.

We know the firms merged to monopoly and the cartel to monopoly column
(G) shows the welfare implications of this move for just 1968. As expected,
output falls and price rises, CS falls and PS rises. The net welfare effect can
be computed as the sum of the changes in CS and PS, which is an 11 million
kroner increase (in cell G15).

Alternatively, the net welfare effect can be determined by looking at the re-
duction in DWL in cell G14. Because DWL falls as we move from cartel to
monopoly, this number is negative. But notice that the absolute values are
the same.

Our standard models tell us that merger to monopoly is the worst possible
outcome—monopoly generates the greatest DWL of any market structure.
However, because of the sharing rule, welfare actually increases when the
cartel merges to monopoly because monopoly does not suffer export loss.

S TEP Compare the values in Table 3 for the cartel to monopoly in 1968
to the values in column G.
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The slight differences are due to rounding and precision differences.

Although monopoly beats the cartel, this is a poor argument for supporting
monopolization. After all, the cartel could have dissolved into a noncoopera-
tive, Cournot competition. We must examine the welfare effects of this move
and compare it to moving to monopoly to find the better option.

S TEP Compare the red circled value of the change in PS when moving
from Cartel to Cournot in Table 3 to cell F13. These numbers should be the
same, but they are not.

Roller and Steen made a mistake in computing the net welfare effect for the
move from cartel to Cournot in Table 3. They report the change in domes-
tic PS in the table, not the change in total PS, which includes the export
loss. As a result, the net welfare effect for cartel to Cournot in Table 3 is
also incorrect. By failing to include the export loss in the reported PS, they
underestimated the welfare gain from adopting a Cournot noncooperative
market structure.

This error does not change Roller and Steen’s conclusion. In fact, if anything,
their results are strengthened once the export loss is accounted for. The loss
in PS that the cement industry undergoes in moving to Cournot competition
is not as bad as Table 3 suggests because of the elimination of the export
loss. The true net change in welfare is some 45 million kroner higher than
Table 3 estimates.

Consequences of Using Actual Versus Theoretical Total Capacity

Now that we understand how net welfare effects for 1968 are computed, we
turn to the issue of how the export loss is measured.

Cell D20, the export loss in 1968, is based on actual exports—the difference
between actual capacity (total production) and domestic output.

Figure 17.32 and your Compare sheet show that at the Nash equilibrium,
long run capacity is much higher than the actual capacity (based on actual
total production). How does this impact the analysis? This is an important
question with a surprising answer.
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S TEP Compare the formulas in cells G16 and G17. Both display the

same number, but the formulas are different.

(G16 computes the net welfare gain from going to Cournot instead of monopoly
(from the cartel, of course) by taking DWL from cartel to Cournot minus
the DWL from cartel to monopoly. Cournot beats monopoly by about 165
million kroner.

G17 computes the same net welfare gain, but does so by subtracting the net
welfare effect from going to monopoly from the net welfare effect from going
to Cournot. Once again, the move to Cournot beats the move to monopoly
by roughly 165 million kroner.

STEPCopy the two cells, G16:G17, and go to the Compare sheet, past-
ing these cells in the same range.

The result is surprising—the superiority of Cournot over the cartel remains
exactly the same, even though the Compare sheet is using theoretical, long
run total capacity and the export losses are huge.

If you compare the values in columns F and G in both sheets, you will find
that for both the move to monopoly and the move to Cournot, the change in
PS and the change in net welfare are much higher if the theoretical capacity
is used. This makes sense because the export loss is much greater.

However, the relative improvement in Cournot over monopoly remains the
same because both Cournot and monopoly avoid export losses. Thus, the
size of the export loss does not matter.

Had Roller and Steen used the theoretical, long run total capacity level based
on the estimated parameters in 1968, their qualitative and quantitative con-
clusion regarding the superiority of Cournot over monopoly would remain
completely unaffected.

Lessons from the Norwegian Cement Cartel

Réller and Steen (2006) evaluate the effectiveness of the (legal) cement cartel
in Norway over the period 1955 to 1968. They solve monopoly, Cournot, and
cartel models and compare the results. They find that because of the sharing
rule adopted by the cartel, consumers actually did better (in terms of con-
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sumer surplus) than they would have if the industry had been monopolized.
Producers, on the other hand, lose in the domestic market with the cartel
compared to a monopoly. Producers suffer an additional export loss under
the cartel and this leads to a key result: The merger to monopoly that oc-
curred in 1968 actually improved net welfare relative to the cartel outcome.
This is certainly a surprise, given that we expect monopoly to be the worst
market structure. The authors point out, however, that simply breaking up
the cartel and allowing Cournot competition would have improved welfare
even more.

The fact that Roller and Steen used actual exports instead of estimated ex-
ports makes no difference to their final conclusion that Cournot competition
would have been the first-best choice. The reason it does not matter is that
both monopoly and Cournot competition result in the elimination of the ex-
port loss, so in comparing a move to either Cournot competition or monopoly,
the actual size of the export loss is irrelevant.

Réller and Steen (2006) give an excellent example of how economists use
CS, PS, and DWL in policy analysis. It also enables deeper understanding
of game theory by examining the two-stage game played by members of the
cartel.

This section is certainly not typical of an Intermediate Micro course, but it
offers advanced students a chance to see a sophisticated application of welfare
analysis.

Exercises

Suppose the inverse demand curve is P = 1000 — 0.5¢), marginal cost is con-
stant at $100 per unit, and the world price is $50. Enter these parameter
values in the Compare sheet and answer the questions below. Enter the de-
mand slope as a positive number, 0.5, and click one of the market structure
options to refresh the chart.

The math theory prep section showed two surprising results. First, con-
sumers’ and producers’ surplus under the cement cartel do not depend on
the marginal cost of capacity. Second, as the number of firms in the cartel
rises, the likelihood a merger to monopoly will be welfare enhancing rises.

To answer the questions that follow, taking pictures is helpful. You can select
cells (e.g., A1:M25) and copy as a picture, then paste.
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1. Increase MC' from 100 to 200 and determine the impact on the cartel’s
Q, P, CS, PS, DWL, and export loss. What happens to each of these
variables as MC' rises?

Be sure to click the Perfect Competition and then Cartel option button
to refresh the data below the buttons.

2. Which changes, if any, in the variables are surprising? Why?

3. At what value of MC will there be no exports? Take a picture of this
situation and paste it in your Word document.

4. Increase the number of firms from 3 to 5 (with MC at the no export
loss value). What effect does this have on the cartel’s @, P, CS, PS,
DWL, and export loss?

5. What can you conclude about the effect of the number of firms on PS
from a merger to monopoly (from the cartel)?
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The presence of people in the
market who are willing to offer
inferior goods tends to drive the
market out of existence—as in the
case of our automobile “lemons.” It
is this possibility that represents
the major costs of dishonesty—for
dishonest dealings tend to drive
honest dealings out of the market.

George A. Akerlof

17.8 Signaling Theory

We all want to live in a world in which every buyer and seller is always com-
pletely honest, dependable, and trustworthy. In such a world, no one would
lie, cheat, or steal. No one would misrepresent a product or hide a defect
to make a sale, and the buyer would always alert the cashier when receiving
too much change. Even politicians and children would always tell the truth.

Plainly, we do not live in such a world. Cigarette manufacturers swear under
oath that their products are safe and that there is no proof that tobacco
causes lung cancer. Management lies to labor about the true profitability of
the firm and the size of the wage increase that the firm can really afford. It
seems that we live in the midst of lies and deceit. Few can be trusted and
few trust us.

This then is the problem: How can we make our world—the one full of
distrust and scams—more like the world we all agree is better—the one in
which individuals are sincere and open? How can we get people to tell the
truth?

Three Ways to Handle Dishonesty

We review utopian and authoritarian solutions to fighting dishonesty, and
then focus on a third way that most people rarely consider.

If somehow it were possible to create a perfectly honest person, we could at-
tain our goal of living in an honest world. People could be counted on, with
no doubt or reservation whatsoever, to be completely clear and forthright.
This is the utopian solution.

Karl Marx believed private property, money, and the capitalist system cre-
ated an all-encompassing greed that generated fraud, deception, and a variety

of other reprehensible individual behaviors. For Marx, the solution to the

663
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problem was quite simple: Replace vicious capitalism with its superior evo-
lutionary offspring, communism, and replace the money-hungry homo eco-
nomicus with the noble new socialist man.

Although seemingly hopelessly idealistic, in certain cases, reliance on peo-
ple’s good qualities is, in fact, possible. We all have close friends and family
whom we can trust to be sincere and truthful. In our daily lives, however, we
deal with countless strangers, and we cannot rely on personal relationships
to ensure honest behavior. In a modern society that incorporates the actions
and decisions of millions of individuals, it is simply impractical to expect
trustworthiness from everyone.

To protect against dishonesty, many people think immediately of monitoring.
This second approach can be called the authoritarian solution.

If a store owner thinks customers are going to steal, valuable merchandise
can be put under a glass counter, security cameras installed, and guards can
watch the customers. If the government knows that citizens will cheat on
their taxes, a sample of tax returns will be audited carefully to check for full
compliance and severe penalties will be imposed on those caught cheating.

In general, the authoritarian approach to solving the problem of dishonesty
requires a powerful judge who can check the truthfulness of statements and
punish those who are caught violating the rules. Monitoring and punishment
can work well when it is clear what constitutes a lie, and it is easy to observe
the dishonest behavior.

Unfortunately, in many cases, it is quite difficult to determine dishonest be-
havior because there are shades of deceitfulness, ambiguities in truthfulness,
and inherent uncertainty in the world. For example, if I sell you an expensive
product, promising that it is of high quality, and then it breaks, am I a liar?
It may very well be a high-quality good that just happened to break. Of
course, I may have known that it was really shoddy merchandise and I just
tricked you. How can you know which case is true?

In addition to that rather large subset of cases in which detecting dishonesty
is nearly impossible, every application of the authoritarian approach suffers
from a much larger drawback. To be effective, the powerful judge must be
able to monitor individuals, including investigating alleged wrongdoing, de-
termining guilt, and meting out punishment accordingly. This raises a serious
concern: Who watches the watcher?
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The inescapable paradox is that the stronger the authority, the more it will
be able to control the individual, but also the more dangerous it becomes to
the individual. Secret police, neighbors spying on friends, and severe control
of individual behavior via strict rules and regulations seem the destiny of
authoritarian schemes to coerce honesty from unwilling individuals.

There is little doubt that the authoritarian approach to the problem of dis-
honesty is the most common solution contemplated and applied. Faced with
severe cheating, our first instinct is to call the referee and demand that
force be applied to ensure truthfulness. There is, however, another alterna-
tive—one that does not suffer from the dangers inherent in the authoritarian
solution.

Transforming humans to remove the driving force of self-interest or imposing
authoritarian control to repress behavior driven by greed is like swimming
against a powerful tide. The third approach is completely different. It is
based on accepting self-interest and greed as immutable forces, but using
them to get desired behavior. We can harness the power of self-interest in
favor of our desired end. Individuals are free to decide to lie or not, but lying
leaves them worse off. If honesty is the best choice from a self-interested point
of view, then honesty is what we will get. This is the key idea underlying
signaling theory.

An Economic Model of Used Cars

Suppose that there are only two kinds of used cars: high-quality A cars and
low-quality B cars (called lemons in the United States). To keep things sim-
ple, suppose that there are equal numbers of each and that the high-quality
A car is worth $10,000 while the low-quality B car is worth only $5,000.

The seller knows whether his or her car is of low or high quality, but the
buyer does not. This is called asymmetric information because one party
has knowledge and the other does not. The general problem of honesty, in
this case, is reduced to figuring out a way to get sellers to tell the truth about
the quality of the cars they are selling.

It is important to emphasize that, as illustrated in Figure 17.33, the buyer
has no easy way to tell the cars apart. The underlying distribution of cars
is on the left, and is known to the seller, but what the buyer actually sees is
on the right.
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True Qualities Observed Qualities

Figure 17.33: The problem of asymmetric information.

In a world where buyers cannot tell the difference between low- and high-
quality cars and there are equal numbers of each type, buyers would expect
to get a car worth $7,500 on average. Half of the time they would get a
$10,000 car and the other half a $5,000 car. Thus, on average, a used car
would be worth $7,500 and this is the amount buyers would be willing to pay
for a used car.

Whereas sellers of low-quality cars would be quite happy getting $7,500 for
their low-quality cars, sellers of high-quality cars would be upset. After all,
owners of A cars have a product worth $10,000.

They might try to convince buyers to pay $10,000 by making claims about
the high quality of the car. Declarations about high quality, however, are
likely to be ignored because the buyer has no way of knowing if the seller is
telling the truth. After all, the seller might actually have a low-quality car
worth $5,000 and is lying to make more money. The buyer would worry that
the seller’s self-interest would dominate any desire to be honest.

The frustrated sellers of high-quality used cars simply leave the market. This
phenomenon is an example of Gresham’s Law, “bad money drives out good.”
It was first stated in the 16th century, when monarchs would debase coinage
(by adding filler) to get more coins out of a given amount of gold. People
would exchange the less valuable coins (bad money) and hoard the pure gold
ones (good money). With more bad money in circulation, prices would rise.

Applied to the used car market, the low-quality used cars can be seen as
driving out the high-quality cars. Left alone, we would not expect to see
high-quality used cars for sale. In fact, that is not what happens—high-
quality used cars are sold. How?
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Instead of fixing the problem of dishonesty (lying about the quality of the
car) by attempting to correct the unethical behavior of the sellers of low-
quality used cars (whose dishonesty is causing the trouble here) or imposing
authoritarian control over the used car sellers, an alternative scheme has
evolved that has certain appealing properties—not the least of which is that
car sellers truthfully reveal the qualities of their cars without any central,
controlling authority.

Before explaining signaling theory, it is worth pointing out that what is hap-
pening here is actually an externality problem. The low-quality sellers fail
to take into account the full cost of their lying and, therefore, they lie too
much. No individual seller is aware, or would care, that his or her lying is
contributing to the elimination of high-quality goods.

Another point that merits attention is that no one designed the system you
are about to see. It emerged out of the interaction of buyers and sellers.
Probably, some seller of a high-quality car got the idea and, when it worked,
it was imitated, but you are about to meet another example, like supply and
demand, of a decentralized system.

Signaling Theory

Developed by Spence (1973), the idea behind signaling theory is simple: when
we cannot directly observe quality, we use a substitute that is observable (a
signal) to enable the market to function. The signal is like a stoplight, green
means go and red means stop. The signal will sort the combined low- and
high-quality cars into separate markets.

Buyers cannot directly observe the quality of the car, but there are other
observable characteristics bundled with the car and seller. Indices are at-
tributes that cannot be changed, such as the age of the seller. Signals, on
the other hand, are observable markers that can be acquired.

The signal, however, must have some special properties to be effective. The
signal must be correlated with the underlying, unobservable characteristic.
It must be something the A car owner is willing to do, but the B car owner
is not, so that it is not immediately copied by unscrupulous sellers of low-
quality cars.
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In the case of used cars, a common signal is a warranty. Suppose that high-
quality cars will have low warranty costs to the seller because they are un-
likely to break, but the sellers of low-quality cars would face high warranty
costs for their cars that will probably require many repairs.

We have gone as far we can in abstract terms and we are ready to see an
Excel implementation of the signaling model.

S TEP Open the Excel workbook Signaling Theory.zls, read the Intro sheet,
then go to the Optimizing sheet.

The cost of the warranty to the sellers of A and B cars is depicted in Figure
17.34. With no warranty at all (the car is sold “as is”), at a warranty level
of zero, a seller has no warranty costs—if something breaks after the car is
sold, it is the buyer’s problem.

$20,000

515,000

$10,000 -
$8,000 |-~ o oo Cost B

$5,000
$3000 |7 T

5 T " T "
0 20 40 60 80 100
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< >
Warranty Level Required 40 (set by scroll bar)

Figure 17.34: Seller’s cost of warranty for each type of car.
Source: Signaling Theory.xls!Optimizing.

As the amount of warranty coverage offered by the seller increases, however,
costs rise. The seller of the B car’s costs rise faster so the gap between the
two seller’s warranty costs expands.

At a warranty level of 40 (this might be repairs covered by the seller for the
first 12 months or 12,000 miles), in Figure 17.34, sellers of high-quality cars
expect to incur costs of about $3,000, whereas the sellers of low-quality cars
will pay around $8,000 for repairs.
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The warranty cost functions are determined by the slopes in cells C6 and C7.
It is easy to see that a seller’s warranty cost is simply the slope parameter
times the warranty level.

Now, suppose there was a warranty level, which is set at 40, initially. Buyers
are willing to believe anyone who claims that their cars are high quality and
pay the $10,000 price if and only if the car comes with a warranty level of
40.

So the warranty is the signal and any seller who acquires it will sell a car for
$10,000. It seems like everyone will offer the warranty, right? Not so fast.

STEPCliCk the button.

Excel adds a price function to the chart. It is simply two horizontal lines
with a break at a warranty level of 40. The hollow and solid dots mark the
discontinuity. The solid dot means the endpoint is included and the hollow
dot indicates it is not. Thus, any warranty level from zero up to the signal
level (the hollow dot) means the car sells for $5,000. As soon as the signal
level is reached, the price jumps to $10,000.

Anyone buying a car with a warranty level below 40 will be willing to pay, at
most, $5,000 because it is assumed that the car is of low quality. Even if the
car is actually a high-quality car, if it fails to come with the warranty level
for high-quality cars, no buyer will pay $10,000 for it because the claim that
the car is of high quality is unbelievable without the warranty. On the other
hand, a buyer would be willing to pay $10,000 for any car with a warranty
level of 40, even if it is actually a low-quality car.

It is now up to the sellers of used cars to make a decision of whether or not to
lie. Sellers of low-quality used cars can claim that their cars are high quality
and thereby receive the $10,000 high-quality price.

They will not misrepresent the quality of the car, however, because they
would end up worse off. Their individual self-interest will drive them to tell
the truth.

S TEP Click the ‘ Show Net Gain ‘ button to see why low-quality sellers

will not lie.
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Figure 17.35 shows what is on your computer screen. We use data from the
graph to create a table below that explains how the two sellers will behave.

$20,000

$15,000

$10.000 -
$8,000

$5,000

Warranty Level

Warranty Level Required 40 (set by scroll bar)

Decision Making
Net Gain Calculation

Warranty Offered?

No Yes Choice
A $ 5,000 $ 7,000 Yes
B $ 5,000 $ 2,000 No

Figure 17.35: Understanding why sellers will not lie.
Source: Signaling Theory.zls!Optimizing.

All sellers seek to maximize the net gain, or profit, from the sale of their
goods and services. Sellers of used cars would not look simply at the fact
that they can make $10,000 by offering a warranty level of 40. This decision-
making strategy completely ignores the cost of the warranty. Instead, sellers
must compare the net gain, price minus cost of the warranty, to arrive at an
optimal decision concerning the warranty level.

The table below the graph contains each type of seller’s net gain from selling
a car with no warranty versus selling the same car with warranty level of 40.
Read the table horizontally—for each type of seller, compare the net gain
without and with the warranty, and choose the higher number.

It is clear that sellers of high-quality used cars will offer the warranty level
and make $7,000 in profit because that beats the $5,000 net gain if no war-
ranty is chosen. The sellers of low-quality used cars will choose to forgo the
warranty and walk away with $5,000 because that is superior to the $2,000
net gain from choosing to lie and offering the warranty.
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This is a rather remarkable result. To restate the outcome, the sellers of low-
quality used cars will voluntarily and honestly admit that their used cars are
of low quality and only worth $5,000. The sellers of low-quality used cars will
not lie to the buyers. Is this because they suddenly were overcome by their
conscience? No. They are the same fallible, less than perfectly honest people
before and after the warranty scheme. Are they telling the truth because
an authority figure is watching them, ready to punish liars? No. No one is
watching them.

The sellers of low-quality used cars can lie if they so wish. They will not
lie, however, because it is not in their self-interest. They end up worse off if
they lie in this situation. The warranty scheme has managed to successfully
separate or sort the two qualities of cars into their respective groups. This
result is called a separating equilibrium.

Figure 17.36 shows that the warranty acts as a screen, separating the true
car qualities into two distinct groups, Xs and Ys, from which it easy to tell
which cars are high quality and which are not.

Figure 17.36: Warranty as a screen.

In essence, two markets for cars are created, one for low- and the other for
high-quality cars, each with their own prices. Sellers of low-quality cars,
although they are able to do so, will not lie and enter the high-quality car
market because the price of admission is too high. Lying is not profit maxi-
mizing; therefore, sellers will not lie.

Let’s repeat a key idea: no individual or organization runs this scheme. No
one sets the warranty level and no one sets the price of the cars. The whole
system bubbles up from the interaction of the two kinds of sellers and the
buyers. Adam Smith would have called it an example of the invisible hand of
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the market; Friedrich Hayek would have described it as a spontaneous order;
and modern day mathematicians would speak of self-organizing systems. It
is all the same thing—individual interaction generating a quite agreeable
systemwide result. To see how the equilibrating forces operate in this model,
we examine how the signaling scheme can break down.

Signaling Failures and Equilibrium

One way that a signal can fail is if it is set too high.
S TEP Use the scroll bar to set a high warranty level like 80 or so.

In this case, as shown in Figure 17.37 and your computer screen, not even the
sellers of high-quality cars find it in their self-interest to offer the warranty
level that brings the $10,000 price. The signal has failed to separate the two
qualities of cars.

$20,000

$16,0000 — — -~ — T ost B
$15,000 4

$10,000

$6.000
$5,000

0 20 40 &0 30 100
Warranty Level

Warranty Level Required 80 (set by scroll bar)

Decision Making
Net Gain Calculation

Warranty Offered?
No Yes Choice
A $ 5,000 § 4,000 No
B $ 5,000 % (6,000) No

Figure 17.37: Signaling failure from a warranty level set too high.
Source: SignalingTheory.zls!Optimizing.

On the other hand, if the signal is set too low, sellers of B cars will find it in
their self-interest to lie and claim their cars are actually high quality. They
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will choose the warranty level that brings the $10,000 price.
S TEP To see this, use the scroll bar to set a low warranty level, 20 or less.

Your screen should show that both sellers opt to acquire the signal. The
low-quality seller will lie and claim that the car is of high quality because
the net gain from lying (cell H27) is greater than the net gain from telling
the truth (cell G27). Once again, this signal has failed.

When the signal is too high, the holes in the screen are too small and no one
can get through. If the signal is too low, the holes are too large and every-
body passes through. In a separating equilibrium, the level of the signal is
such that the two types are sorted and grouped together so they are easily
identifiable.

The fact that signals can be observed as failing provides the key to under-
standing how the system can settle down to a result that effectively solves
the problem without central control. If the signal is too low, self-interested
sellers of high-quality cars will offer higher warranty levels in order to block
their lying brethren from diluting their market. The sellers of high-quality
cars want to distance themselves from low-quality sellers.

If the signal is too high, no one will take it and buyers will lose the means
by which to identify the two qualities of cars. The market will collapse so
pressure will push the level down.

The forces inherent in the system, self-interested behavior by the interacting
agents, will conspire to generate an equilibrium signal level that effectively
sorts the two qualities of cars. The process works just like supply and de-
mand——pressure in disequilibrium pushes the signal in one direction or an-
other until it equilibrates.

S TEP Play around with the warranty level to reveal the range for which
it effectively separates the two qualities of cars.

You already know 80 is too high and 20 is too low. Look at the chart to help
you see what must be true for the signal to succeed. When you are ready to

check your answer, click the | Range | button.
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Other Applications of Signaling Theory

We have barely scratched the surface of signaling theory. There are many
situations in which one party to a transaction has available information that
the other party lacks and this asymmetric information puts honesty in peril.

Consider the job market (which was Spence’s original example). Faced with
many job applicants, all claiming to be high-productivity A workers, the firm
might insist on a signal, a college degree, to back the claims made by job
applicants.

Suppose that low-productivity workers are also likely to be weaker students,
and that it is more costly for them to acquire the educational signal. As in
the used car case, the successful screen will separate the two worker groups
into their respective low- and high-productivity categories. The signal will
elicit honest responses from low-productivity workers because lying requires
a college degree to be believed and this is not in their best interest.

Additional applications of signaling include insurance, legal bargaining, and
firm entry models. In both health and life insurance, asymmetric information
is critical. The insurance company does not know the health status of the ap-
plicant. If the price of the insurance depends on the applicant’s health, just
saying they are healthy is not enough for the insurance company to believe it.

In a lawsuit, where the plaintiff seeks damages from the defendant, asym-
metric information means neither party knows the other’s true intentions
and beliefs. They can signal the strength of their case by demanding a high
pre-trial settlement.

Firm entry models use signaling to convey the degree of confidence and
strength of incumbent firms to potential newcomers. Incumbents can sig-
nal or make reliable claims about their low costs and ability to compete by
charging low pre-entry prices.

In these cases, an incentive mechanism has developed that accepts self-
interest among buyers and sellers as a powerful, immutable, driving force.
Instead of fighting self-interest by removing or suppressing it, the incentive
mechanism uses self-interest to reach the desired end.
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The Economics of Honesty

Dishonesty exacts a large cost on society. For lesser developed countries,
corruption is a severe obstacle to economic growth. Getting people to be
truthful is a serious, critically important goal.

The primary solutions to the problem of dishonesty have centered on utopian
and authoritarian approaches. The former seeks to perfect human behavior;
the latter to directly control it. A third, somewhat counterintuitive, alterna-
tive exists that relies on self-interest to yield an agreeable systemwide result.

This third alternative is marked by individuals following their self-interest.
When geese fly in a V-shaped pattern over thousands of miles, they do so not
under the guidance of an authoritarian drill sergeant or master goose who
tells each bird where to fly, but because they obey a simple rule that says,
“If there are no birds around, fly; if a bird is in front, fly just off its wing
because it is easier.” This minimizes the effort for each bird and produces a
pattern which no bird intended.

Likewise, modern society is composed of millions of individual agents whose
interaction establishes a systemwide pattern. Unsatisfactory results can be
changed via transmuting the motivating forces of each agent, imposing de-
cisions on each agent, or changing the incentives faced by each agent. The
last option is rarely considered, but may be the most effective and best of
the three.

Signaling theory says that by making honesty the best policy—for the selfish,
greedy individual—we will get honesty. Sellers reveal the truth because lying
leaves them worse off than telling the truth. This is the economics of honesty.

To be sure, signaling requires rules and institutional support. If the seller
of low-quality used cars knows that he can renege on warranties or other
contracts because the court system is nonexistent or corrupt, then signaling
will be useless.

There is, however, a world of difference between an authoritarian approach
that relies on a central power to coerce honesty and the system that evolves
out of the interaction of the buyers and sellers given appropriately supporting
institutions. The decentralized system avoids the question of “Who watches
the watcher?” because there is no dominant, central power. And in the end,
this may be its most significant advantage.
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Exercises

1. Suppose a firm is trying to determine whether an applicant is of low
or high ability and it believes people with long fingernails have higher
ability. Would fingernail length be an effective signal? Draw a graph
to support your answer.

2. Draw a graph that shows how education as a signal could be used to
separate low- and high-ability job applicants. Explain how education
as a signal works.

3. Draw a graph in which education as a signal fails because the signal
level is set too high. Explain why the signal fails.

4. College education as a signal clashes with human capital theory, which
says that educated workers earn more because they were made more
productive by their education. What does signaling theory say about
the value of education? In other words, according to signaling, why are
educated workers paid more?

5. Why has it been difficult to determine with data whether human cap-
ital or signaling theory is right about college education?
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“[Irma Adelman] was an early proponent of
simulation models. In addition to work with
input-output and linear-programming models, she
was one of the pioneers in developing computable
general equilibrium (CGE) models and applying
them to developing countries, especially for analysis
of income distribution.”

Distinguished Fellow Citation for Irma Adelman

18.1 The Edgeworth Box

We have become quite familiar with society’s resource allocation problem.
We have used partial equilibrium analysis to focus on a single commodity,
exploring how supply and demand determine an equilibrium quantity that is
the market’s answer to the resource allocation question.

We know all about consumers’ and producers’ surplus, market failure, and
deadweight loss. We have repeatedly drawn supply and demand graphs and
emphasized comparison of equilibrium to socially optimal output.

But the focus on a single commodity is limiting. In fact, the market system
uses supply and demand for each good or service to answer the fundamental
production and distribution questions. In other words, there are many inter-
acting markets (one for each commodity) simultaneously in operation.

If we monopolize one commodity, we cause a misallocation of resources in
the monopolized market (too little is produced). Partial equilibrium analysis
stops there. But the low output and high price in the monopolized market
reverberates throughout the economy. After all, resources that would have
gone into that market are going to go somewhere else and the high price
in the monopolized commodity will shift demand curves for substitutes and
complements of that good.

General equilibrium analysis attempts to account for supply and demand in
all markets at once. As you can imagine, it is much more difficult than par-
tial equilibrium analysis, but it is also superior because the entire resource
allocation question is under consideration.

This book focuses on general equilibrium theory, but as the epigraph to this
chapter explains, computable general equilibrium models are used to esti-
mate the general equilibrium effects of tax policies, monopoly power, and
other events. Economists have always been aware of the limitations of par-
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tial equilibrium analysis, but it was not until the development of modern
computers that these complicated models could be solved and applied.

Before beginning our study of general equilibrium theory, two observations
are in order.

1. Society can decide which goods and services are handled by the market.
Society may decide that human organs or votes may not be legally
bought and sold. Different market-based societies may choose different
lists of commodities to be allocated by the market. We call a society
market based if individual resource owners make decisions about how
to allocate the inputs they manage, even if particular commodities are
regulated or entire sectors of the economy (such as education or health)
are not privately owned.

2. A complete general equilibrium analysis of the market system is beyond
our scope. There are three parts, of which this book covers only the
first one.

(a) Pure exchange: Assume each consumer has endowments of already
produced goods and allow trade to occur.

(b) Production: Allow goods to be produced from inputs.

(c) Combine pure exchange and production in a general equilibrium
analysis.

We focus solely on pure exchange and ignore the next two stages. This means
we will not complete a true general equilibrium analysis of the market sys-
tem. Emphasizing only the problem of pure exchange enables you to see the
core concepts of general equilibrium, including the Edgeworth Box graph,
without overwhelming complexity.

Even limiting ourselves to a situation where all products are already made
requires serious investment of intellectual capital. As we will see, the Edge-
worth Box is a clever graph, but it takes some practice to read it.

Our work on pure exchange will enable us to come full circle and return to
the beginning—consumers decide what to buy and sell based on the optimal
solution to an Endowment Model. As you work on the model and recall ideas
and terminology, you will further cement truly fundamental knowledge.
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Constructing the Edgeworth Box

The canonical graph used to depict a pure exchange economy is called the
FEdgeworth Box. It is also commonly referred to as the Edgeworth-Bowley
Box. It turns out that both names are wrong. Blaug (1996, p. 523), dis-
cussing something called the Ricardo Effect, points out an interesting thing
about names:

Whether it really is in Ricardo is a nice question. The fact that
the Ricardo Effect is hard to find in Ricardo exemplifies a general
rule. According to R. K. Merton, ‘eponymy’ is the “the practice
of affixing the name of the scientist to all or part of what he has
found” but it is a striking fact that the outcome of eponymy is al-
most always to hang the right label on the wrong person. Thus,
Thomas Gresham never stated Gresham’s Law. Jean Baptiste
Say only stated Say’s Law after James Mill had stated it for him.
Robert Giffen never stated Giffen’s Paradox. Francis Edgeworth
never drew the Edgeworth Box. Ernst Engel never drew an En-
gel’s curve. Walras never stated Walras’ Law. Irving Fisher did
not invent the Ideal Index Number and actually pleaded (in vain)
that it should not be named after him. Arthur Bowley did not
enunciate Bowley’s Law. Arthur Pigou did not state the Pigou
Effect—and so on. Indeed S. M. Stigler has advanced “Stigler’s
Law of Eponymy: No scientific discovery is named after its orig-
inal discoverer,” a law which is confirmed as soon as it is stated
(see Transactions of the New York Academy of Sciences, Series
11, 39, 1980). Nevertheless, there are also counter-examples in
economics to Stigler’s Law, such as Pareto-optimality and the

Wicksell Effect.

If it was not Edgeworth, then who created the canonical graph of general
equilibrium analysis? According to Tarascio (1972), it was Vilfredo Pareto
(pronounced pa-ray-toe) who should be credited with inventing the graph
that we call the Edgeworth Box. Because no one has ever heard of the
Pareto Box, we will continue to call it the Edgeworth Box, but now you
know the truth behind the name.

The Edgeworth Box is a graph that is constructed by putting together the
consumer choice problem graphs from two consumers. It ends up looking like
a box; hence its name. While most books just draw a box, we can use Excel
to see exactly how you build an Edgeworth Box.
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S TEP Open the Excel workbook EdgeworthBozx.xls and read the Intro

sheet, then go to the A sheet to see consumer A’s optimization problem.

Take the time to look over the sheet. The goal is to maximize satisfaction,
given by a Cobb-Douglas utility function that faithfully reflects the con-
sumer’s preferences. The budget constraint’s slope is —i—; and at the initial
endowment (35,10), the MRS is less than the price ratio.

You know you do not need to run Solver because at 25,16% (the actual values
on the sheet are Solver’s false precision) the equimarginal condition is met
and the consumer is reaching the highest attainable indifference curve.

At the given prices, the sheet shows that A will maximize utility, subject to
the budget constraint, by selling 10 units of x; and buying 6% units of xs.
These are the net demands for x; and x,.

S TEP Proceed to the B sheet to see consumer B’s optimal solution.

Notice that B has a different initial endowment (5,30) than A, but the rest
of the optimization problem is the same. Given the same prices faced by
consumer A, consumer B optimizes by buying 20 units of z; and selling 13%
units of xs.

Figure 18.1 has Endowment Model graphs for the two consumers. We can
see that they make different decisions about what to buy and sell. A moves
up the constraint (selling x; and buying z5), while B does the reverse.

Consumer A Consumer B
40 160
35 \ 140
30 N\ 120 \
25 \ 100 \
15 NN - 60 A\
U =486 11
10 4 u=4iger 40 \
e
S 20 1 —— =
0 0 : =R:B i1
0 20 40 60 0 20 40 60
x1 x1

Figure 18.1: Preparing to build the Edgeworth Box.
Source: EdgeworthBox.zls!A and B.
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Figure 18.1 shows the two consumers side by side and that helps us see what
they are both doing, but it does not show how their plans for buying and
selling match up. This is the key to the Edgeworth Box. We want to be able
to instantly see if the two consumer’s optimal decisions mesh.

The crucial step in understanding the Edgeworth Box is the next one: Flip
consumer B’s graph, as shown in Figure 18.2. Sheet B in Edgeworth-Box.xls
shows how to do this.
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Figure 18.2: Flipping B’s graph.
Source: EdgeworthBoz.zls!B.

S TEP Follow the instructions in column F of sheet B to replicate Figure
18.2.

Actually flipping B’s graph will help you remember that B’s decisions about
buying and selling are always read from the perspective of the northeast (top
right) corner of the Edgeworth Box.

The last step in constructing the Edgeworth Box is to join A’s graph with
B’s flipped graph. The result of this operation is a graph that looks like a box.

S TEP Proceed to the EdgeworthBox sheet for your first look at an Edge-
worth Box. You may need to scroll down a bit to see it.

How is this chart created? By following the instructions above and taking
advantage of Excel’s ability to make transparent objects.
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S TEP Click on the graph to select it, and then drag the graph to the
right.

It comes apart! Clearly, the Edgeworth Box is simply two separate graphs
superimposed on top of each other. The top graph has no fill, so it is trans-
parent.

STEPClick the button to put the box back together. The

button simply lines up the two graphs precisely to make it easy to create the
box.

S TEP Scroll back up to see the organization of the sheet.

Let’s take a tour of the sheet. The two consumers’ optimization problems
are represented in columns A and B and columns M and N. In the middle
(columns G and H), market information is displayed. Cells H16 and H17
contain the prices of the two goods.

The price of good z9, called the numeraire, has been set equal to 1 and p;
is expressed as i—;. Instead of p; = 2 and p; = 3, we can focus on % = %
as the relative price. With many goods, a single one is chosen (think gold)
as the numeraire and everything is priced relative to that good. In the next

chapter, we will see how prices respond to supply and demand.

Properties of the Edgeworth Box

The Edgeworth Box has properties and conventions that will be helpful in
our future work. Here are a few of them.

1. The sides of the box give the total amounts of the two goods available.
Total 1 = 40 units and total x5 = 40 units so this box is a square.

2. If there is more total 7 than x5, then the box is wider than it is tall (if
the same axis scale is used for both goods). The first exercise question
asks what it means if the box is tall and skinny.

3. Since consumers face the same prices, one budget line is shared for both
consumers.
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4. The slope of the budget line is the price ratio, 2—;, and that is what mat-
ters, not the individual prices themselves. By convention, we normalize
the problem and set p, = 1, and call z5 the numeraire.

5. Net demands for x; and zy for both A and B can be read from the
box. This requires careful attention because it is easy to be tricked.
Remember to read B’s decisions about buying and selling from the top
right corner.

6. The Edgeworth Box has enough information to figure out how prices
will change and where the equilibrium solution lies. The next section
shows how.

Edgeworth Box Basics

This section introduced the canonical graph of general equilibrium theory. It
is unlikely that you have seen this graph before so we are proceeding slowly.
Figure 18.3 shows the chart the EdgeworthBox sheet.
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Figure 18.3: An Edgeworth Box in disequilibrium.
Source: EdgeworthBozx.zls!EdgeworthBoz.

The Edgeworth Box simultaneously displays the optimization problems of
two consumers. A’s view is the usual z—y axis configuration with the ori-
gin in the lower left corner of the graph. B’s graph has been flipped so
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the origin is at the top right corner. Thus, x; rises as you move to the left
on the top of the box and z» rises as you move down the right side of the box.

If you drew an Edgeworth Box on a piece of paper or are reading this on a
laptop or tablet, you could literally rotate the paper or device so that B was
the usual configuration at the bottom left and A’s axes were at the top and
right. This would not change anything substantive.

In the next section, we will use the Edgeworth Box to see how both markets
equilibrate simultaneously. This is the hallmark of general equilibrium anal-
ysis. Figure 18.3 is not in equilibrium. There are forces that will make the
red budget line swing.

The Edgeworth Box will also be used to explain the concept of Pareto opti-
mality and the idea of economic efficiency in a general equilibrium setting.
Although it does not have the widespread recognition of supply and demand,
the Edgeworth Box is a truly foundational graph in general equilibrium the-
ory. It is important to grasp how it is constructed and read to be able to
understand future concepts that rely on the Edgeworth Box.

Exercises

1. Suppose an Edgeworth Box was very tall and very skinny. What would
that tell you?

2. Use Word’s Drawing Tools to draw an Edgeworth Box that is the same
as the FdgeworthBox sheet except B’s utility function is U = minzy, x».
Draw three representative indifference curves for B.

Hint: Return to the Theory of Consumer Behavior to find out what
the indifference curves look like for this utility function.

3. Click the button in the EdgeworthBox sheet and set ¢B in cell

M21 to 0.1. Click the ’ Take a Picture | button and paste the graph in
your Word document.

4. Explain B’s buy/sell decision for each good.

5. How does B’s buy/sell decision make sense given that B has so little of
1 and so much of z5?
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Economic Inquiry, Vol. 10 (1972), pp. 193-197, onlinelibrary.wiley.com/
doi/10.1111/j.1465-7295.1972.tb01599.x.

Economic Theory in Retrospect is a classic book on the history of economic
thought (the intellectual history of the discipline) is Mark Blaug (1962 orig-
inally published, 5 edition, 1996).


https://onlinelibrary.wiley.com/doi/10.1111/j.1465-7295.1972.tb01599.x
https://onlinelibrary.wiley.com/doi/10.1111/j.1465-7295.1972.tb01599.x

Without Pareto, the Theory of General
Equilibrium, of which Walras was without
question the real founder, would never have
acquired the fame which it has now, nor
indeed would it have been possible to speak
of the Lausanne School.

Umberto Ricci

18.2 (eneral Equilibrium Market Allocation

Partial equilibrium analysis relies on supply and demand for a particular com-
modity to explain how the market establishes an equilibrium output that is
society’s answer to the resource allocation question. The figure X traced out
by supply and demand lines is perhaps the most basic and well known picture
in economics.

Compared to the easy, familiar supply and demand graph, general equilib-
rium analysis labors and struggles with a new graph, the Edgeworth Box,
that is confusing when first encountered. It is busy, with many elements,
and requires the user to change persepective to read it. As you work on
mastering the Edgeworth Box, remember this: the equilibration process in
an Edgeworth Box is based on the same logic used in supply and demand
analysis.

We will leverage knowledge of supply and demand to explain how general
equilibrium works and to learn how to read the Edgeworth Box.

Tatonnement: The Equilibration Process

Introductory economics students know that shortages cause prices to rise and
surpluses push prices downward. In a supply and demand graph, the price is
displayed as a horizontal line that falls when it is above the intersection and
rises when it is below.

In the Edgeworth Box, there are two markets simultaneously equilibrating.
The prices of the two goods are displayed by a single line, which is the bud-
get constraint faced by the two consumers. The slope of the price line, also
known as the price vector, is _%‘

Just like supply and demand, shortages and surpluses push prices up and
down. In the Edgeworth Box, this translates to the price vector swinging.
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Remember that we are considering the special case of a pure exchange econ-
omy. All products have been produced and individuals are trading from their
initial endowments. Prices are determined competitively by the interaction
of all buyers and sellers—every consumer takes prices as given.

A two-dimensional Edgeworth Box allows for only two consumers. A third
consumer would make it a cube and, beyond that, we run out of dimensions
and cannot draw the object (although it exists). Our two-consumer, toy
model version implements price-taking behavior by supposing that there is
an auctioneer who shouts out prices. Our consumers take these prices as
given and use them to make buy and sell decisions.

Although each commodity has a price, in general equilibrium analysis, only
relative prices matter. We can arbitrarily take one good and set its price to
1. This makes that good the numeraire.

Our two consumers hear the prices and make optimizing decisions based on
those prices. If the buy and sell decisions do not match, the prices are ad-
justed by the auctioneer. No trades are actually made until all markets are
in equilibrium.

As prices are called out by the auctioneer, the price vector rotates around the
initial endowment, swinging to and fro. It becomes more vertical as p—; rises
and flatter if % falls. We mean, of course, rising and falling in absolute value.

At any moment, the consumers can compute the optimal amounts of each
good to buy and sell. If the amounts each wants to buy and sell are not
mutually compatible, then the price vector swings toward the equilibrium
price vector.

The word tatonnement (pronounced ta-tone-mon) was used by the French
economist Leon Walras (1834 - 1910) (pronounced Val-rasse) to describe the
equilibration process. Google translates it as groping. Walras visualized the
market groping, feeling, working its way through an iterative process that
converged to a position of rest. In the technical literature of general equi-
librium theory, the word tatonnement (without the circumflex) is accepted
without italics.

You may have noticed that the terminology of general equilibrium analysis
has a decidedly French-language flavor to it. Walras, the father of general


https://www.google.com/search?q=leon+walras
https://translate.google.com/#view=home&op=translate&sl=fr&tl=en&text=tatonnement
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equilibrium theory (and described by Schumpeter as “the greatest economist
ever”) was French. His successor at the School of Lausanne was Vilfredo
Pareto (1848 - 1923), a native Italian with a background in math and en-
gineering, who invented the concept of Pareto optimality (and is the actual
originator of the Edgeworth Box).

In the second half of the 19th century, continental European economists were
at the leading edge of general equilibrium theory and mathematical eco-
nomics. This strong mathematical tradition continues today. French-born
Gerard Debreu and Maurice Allais have won Nobel Prizes in Economics for
their work in general equilibrium theory.

We will use Excel to implement a concrete problem with actual prices, sur-
pluses, and shortages to see how the Walrasian model works.

S TEP Open the Excel workbook FEdgeworthBoxGE.xls, read the Intro
sheet, then go to the EdgeworthBoxl sheet.

We review the display, piece by piece. It is worth going slowly and being
careful. There is a lot going on and the details matter.

Consumer A’s optimization problem is in columns A and B. No need to
run Solver—cells B11 and B12 contain A’s optimal reduced-form expression.
With a price vector with slope —%, consumer A would like to sell 10 units of
good 1 and buy 6% units of good 2.

Columns M and N display consumer B’s optimization problem. Like A, we
have entered the reduced-form formulas for B’s optimal consumption of the
two goods. At the initial prices, consumer B wants to buy 20 units of good
1 and sell 13% units of good 2.

This information is all we need to know that the p; relative price in cell H16
is not an equilibrium, or market clearing, price. After all, A wants to sell
more x; than B wants to buy and vice versa for x,.

Thus, no trades will be made at these prices and the Walrasian auctioneer
will call out new prices as the search for equilibrium goes on.

We can also use the Edgeworth Box to reach this same conclusion about the
plans not matching at the initial relative price of —0.67.


https://www.google.com/search?q=vilfredo+pareto
https://www.google.com/search?q=vilfredo+pareto
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S TEP Scroll down to see the Edgeworth Box.

Figure 18.4 reproduces a portion of what is on your screen, augmented with
arrows and dashed lines to help explain what is going on.

Exogencus Variables < > Exegenous Variables
p1 0.66666667 |price of x1
p2 1 Jprice of x2
olA 35|endowment of x1 Total x1 40 endowment of x1|5 1B
®2A 10|endowment of x2 Total x2 40 endowment of x2[30 ©2B|
mA 33.333333)income income|33.333333 ™ mB
cA 1|exponent for x1 exponent for x1|1 cB
dA 1]exponent for x2 exponent for x2|1 dB
Constraint Ullncome left over B buy x1 income left over|0 Constraint|
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Figure 18.4: An Edgeworth Box in disequilibrium.
Source: EdgeworthBoxGE.xls!EdgeworthBox1.

We begin with A, which is easier than B. In Figure 18.4, arrows along the
bottom and left sides of the box indicate what A wants to do: sell x; and
buy z,. It is natural to read the dashed lines from A’s optimal solution and
see that left on the z axis means sell, while up on the y axis means buy.

Reading B is trickier. B also has arrows, but they run the reverse of the
usual because we read B’s graph from the northeast corner. B wants to buy
1 and sell 5.

The direction of the arrow indicates buying or selling. Although one wants
to buy and the other sell, the length of the arrows in Figure 18.4 show that
the plans do not match. The length of the arrows indicate the amounts to
be bought and sold. If the lengths are not equal, we are not in equilibrium.
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We review the buy and sell decisions of B more carefully, to make sure there
is no confusion. B wants to buy 20 units of good 1. From her initial en-
dowment of 5 units, she wants to move left along the top axis, which means
acquiring more x1, until she ends up with 25 units. On the other hand, she
wants to sell 13% units of good 2, moving up the right axis —which means
she is reducing her desired amount of x,.

If you get in the habit of drawing dashed lines on an Edgeworth Box, either
on a piece of paper or by inserting dashed line shapes in Excel or Word, from
the optimal solution of A and B, you greatly increase your chances of reading
the graph correctly. Those dashed lines are a visual cue that remind you to
read A from the bottom left and B from the top right.

S TEP Scroll down below the Edgeworth Box to see two supply and de-
mand graphs.

These are the partial equilibrium markets for the two goods. Good 1 shows
a shortage, with price below the intersection of supply and demand. Good
2 has demand and supply reversed from the usual display because the price
on the y axis is p;/pa. There is a surplus of xo at p;/ps = %

Both markets adjust simultaneously. We know there is upward pressure on
p1 from the shortage and downward pressure on p, from the surplus. This
will make the price ratio rise and the price vector will become steeper.

STEPUse the scroll bar (over cells G15 and H15) to see how price
changes affect the box. Set the price ratio to 1.5.

The spreadsheet does most of the hard work for you. A’s and B’s optimal
solutions are instantly calculated. The market position cells immediately re-
flect the position of markets for each good at the new prices (where good 1
is one and a half times as expensive as good 2).

The Edgeworth Box is a live graph that reflects the new price vector. It
shows that we have overshot the equilibrium price vector because we now
have a surplus of good 1 and a shortage of good 2.

STEPPractice reading the Edgeworth Box. With g—; = 1.5, use the
graph to read the amounts that A and B want to buy and sell. Compute the
surplus and shortage of each good from the box alone.
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Verify (using the cells in the Market Position part of the sheet) that your
answers are correct. Look at the graphs below the Edgeworth Box to make
sure you understand that the Edgeworth Box conveys the same information
about the position of each market.

S TEP Play with the price vector, adjusting the scroll bar to set different
price ratios and interpreting how the consumers will respond to each price
ratio by using the Edgeworth Box.

As you rotate the price vector, you are the Walrasian auctioneer. You are
calling out prices and the two consumers are reacting to them. The more
you practice reading the Edgeworth Box, the more comfortable you will get
with it.

As you adjust the price ratio, the price vector swings to and fro. It always
rotates around the initial endowment (which would change if and only if any
of the four initial endowment parameter values change). The tatonnement
process is how the market responds to shortages and surpluses by changing
prices in such a way that the surpluses and shortages are reduced, until they
are completely eliminated.

There is, of course, no auctioneer in the real world, but price pressure from
surpluses and shortages are quite real. Our model captures these pressures
by the fiction of the auctioneer changing prices in response to disquilibrium
in the two markets.

General Equilibrium

You have seen how shortages and surpluses push the price line to and fro,
swinging around the initial endowment point.

We know that equilibrium means no tendency to change. We apply this def-
inition of equilibrium to this particular model: when g—; has no tendency to
change, we know we have settled to the equilibrium solution. The equilibrium
solution generated by the market tells us how much z; and x5 each consumer
will end up with if the market is used and how much each consumer wants
to buy and sell of each good.

S TEP Use the scroll bar to find the equilibrium price vector.
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The equilibrium solution in a General Equilibrium Pure Exchange Model is a
canonical economics graph that is reproduced as Figure 18.5. If your screen
does not look like this graph, set the price ratio to 1.

40 30 20 10 0
40 : : : 0
35 5
30 10
25 15
.38
20 20

; AN
10 \ \ ‘ 30

Figure 18.5: The canonical graph of general equilibrium.
Source: EdgeworthBorGE.xls!EdgeworthBorl with z—; =1.

As Figure 18.5 clearly shows, when the equilibrium position is reached, the
optimal solution of both consumers lies on the same point. This eliminates
all shortages and surpluses (as shown in the supply and demand graphs be-
low the Edgeworth Box) so the price ratio has no tendency to change.

The single point in the Edgeworth Box represents a mutually compatible
solution for both consumers and is the hallmark of a general equilibrium so-
lution. The single point is akin to the intersection of supply and demand in
a partial equilibrium analysis.

Our general equilibrium model shows how the market is an allocation mech-
anism. It will redistribute the initial endowments of the two consumers by
using prices until it settles down to a position where plans match and forces
in the model are in balance.

Notice, however, that the two consumers don’t get equal amounts of the two
goods. Why does A end up with more? Because A started out richer. At
the equilibrium price vector, the market values A’s endowment at $45 and
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B’s at $35. General equilibrium theory does not ask why A is richer. It takes
the initial endowment as given.

Walras’ Law

Leon Walras is the father of General Equilibrium Theory. The law that bears
his name states the following: The value of aggregate excess demand is iden-
tically zero.

Using Walras’ Law, we can deduce the following logical result: If n—1 markets
are in equilibrium, then the last market must be in equilibrium.

A concrete demonstration of Walras’ Law is the best way to understand what
it means.

STEPwim p1 = 1 (at the equilibrium solution), change ps (cell H17) to
2. Find the equilibrium p;.

The equilibrium p; is now 2. This shows that, no matter the value of py, the
equilibrium solution will be found when i—; equals one.

Thus, it looks like there are two endogenous variables here, p; and py, but
there is really only one endogenous variable, p—;. This is the idea behind Wal-
ras’ Law and why we can find equilibrium in both markets by varying only p;.

STEP click the button. Seroll right to cell V5 and click the

‘ Show Walras’ Law ‘ button to reveal calculations that demonstrate Walras’
Law in action.

Although the two markets are not in equilibrium, the sum of the value of
aggregate net demands in cell Y11 is zero. Look at the cell formulas in row
11 to see how they are computed.

S TEP Change p; (via the scroll bar) and notice that no matter the price,
the sum of the value of aggregate net demand is always zero.
A direct implication of Walras’ Law is that in a general equilibrium system
with n goods, we do not have to find n prices. If n — 1 markets are in equi-
librium, the last one automatically has to be in equilibrium.
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This is why we actually have only a single endogenous variable, the price
ratio, in the two-good case. All that matters is the relative price, not the
two individual prices. With n goods, one good would be the numeraire (his-
torically, gold has played that role) and all other goods would be valued in
terms of the numeraire.

Comparative Statics with the Edgeworth Box

Having found the initial equilibrium solution, we could pursue a variety of
comparative statics experiments, shocking an exogenous variable and track-
ing how the equilibrium solution (of various endogenous variables) responds.

STEP click the button and then set cA (cell B21) to 2. What

happened to A’s indifference curves and optimal solution?

With steeper indifference curves (since A likes good 1 more than before), A’s
new tangency point is quite close to the initial endowment. This means A
wants to sell little z1. You can scroll down to see how the partial equilibrium
graphs have changed—the chart of x; confirms we have a big shortage.

S TEP Where is the new equilibrium solution? If you decide to use Solver
to answer this question, please make the target cell H15 because that is the

cell that the scroll bar is affecting. This way you will not destroy the formula
in cell H16.

You should find a new equilibrium solution at a relative price ratio of about
1.53. Approximately 7.3 units of good 1 will be traded and 11.8 units of good
2 will be exchanged.

Two Advanced Ideas

In a mathematical sense, General Equilibrium Theory is perhaps the most
abstract and sophisticated area of economics. Two questions that have been
studied intensively involve existence and uniqueness.

The question of the existence of an equilibrium solution was posed by Walras
himself. The issue, loosely stated, is that we cannot be sure that a general
equilibrium system with thousands or millions of individual goods has a place
where the entire system is at rest. In fact, from an intuitive point of view,
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given the huge number of products, consumers, and firms in a real-world
economy, we might doubt that an equilibrium solution exists at all.

Walras and other early theorists thought that if the number of endogenous
variables (unknowns) equaled the number of equations, then a solution was
guaranteed. This is not so. Existence proofs in the 1950s utilized |fized-point
theorems| to prove rigorously the conditions under which an equilibrium so-
lution was guaranteed to exist. Brouwer and Kakutani fixed point theorems
are examples of this approach.

Closely tied to existence is the problem of the uniqueness of a general equilib-
rium solution. Even if an equilibrium solution is proved (in a rigorous math-
ematical sense) to exist, the worry is that there may be multiple equilibria
in a general equilibrium system. Research has focused on what assumptions
must be invoked to guarantee a single equilibrium solution.

Existence and uniqueness proofs are well beyond the scope of this book. They
rely on topology and advanced mathematical concepts. This is another way
of saying that our presentation of the Edgework Box and general equilibrium
in a pure exchange economy is introductory and rudimentary. General Equi-
librium Theory is a vast ocean and we are paddling near the shore.

Market Allocation in an Edgeworth Box

The canonical supply and demand graph is used in partial equilibrium analy-
sis to find the equilibrium solution. General equilibrium uses the Edgeworth
Box to do the same thing.

It appears cumbersome and tedious at first, but, in fact, it is an ingenious
graphical device. By representing two consumers simultaneously, while shar-
ing a common budget constraint (given that they face identical prices), the
box enables one to quickly see whether the two-good, pure exchange economy
is in equilibrium. It also reveals how prices must change as the system finds
its way to equilibrium via the tatonnement process.

Whether a pure exchange economy is in a general equilibrium can be de-
termined in an instant by seeing whether the optimal solutions of the two
consumers are compatible—that is, if there is a single point where the two
consumers want to be, given the existing price ratio.


https://www.google.com/search?q=fixed+point+theorems
https://www.google.com/search?q=fixed+point+theorems
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But what about the final, equilibrium allocation generated by the mar-
ket—what are its properties? This is a fundamental question that leads
to the famous Pareto optimality conditions and the First Fundamental The-
orem of Welfare Economics. It is explained in the next section.

Although we have used numerical methods (implementing the problem in
Excel) to analyze and find the general equilibrium solution, you should be
aware that there are analytical approaches also. We could write down de-
mands for goods by each consumer and impose the equilibrium condition
that Qp = Qg in each market. This would enable solution of the equilibrium
price vector with the aid of algebra (and, as soon as we left the simple world
of two or three goods, linear algebra).

Exercises

1. Use Word’s Drawing Tools to draw your own Edgeworth Box. Place
the initial endowment so that A has more x5 than z;.

2. Add a price vector to your box in the previous question that generates
a shortage of x;. Draw arrows along the bottom and top z; axes to
show the amount of z; each consumer wants to buy or sell.

3. Use Word’s Drawing Tools to draw a supply and demand graph for x;.
Include a horizontal line in the graph that shows the current price of
xIy.

4. Add the equilibrium price vector to your Edgeworth Box graph in ques-
tion 1. Explain why this price vector is the equilibrium solution.

Hint: Add indifference curves to your graph to support your explana-
tion.
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Except during short intervals of time,
people are always governed by an elite. I use
the word elite (It. aristorocrazia) in its
etymological sense, meaning the strongest,
the most energetic, and most capable—for
good as well as evil. However, due to an
important physiological law, elites do not
last. Hence, the history of man is the history
of the continuous replacement of certain
elites: as one ascends, another declines.

Vilfredo Pareto

18.3 Pareto Optimality

Evaluating the welfare effects with general equilibrium is the same as with
partial equilibrium. First we determine the equilibrium solution, then we
find the optimal solution, and last we compare the equilibrium to the opti-
mal solution.

The previous section used an Edgeworth Box with a price vector to find the
initial equilibrium solution. We know that shortages and surpluses swing the
price line to and fro until it settles down where the plans of the two con-
sumers are mutually compatible.

In this chapter, we use the Edgeworth Box to display the optimal solution.
The price vector is removed because prices play no role in determining the
optimal solution. Just as with partial equilibrium, we logically separate the
equilibrium from the optimal solution. If the two agree, then we know we
have a good result.

Optimality

S TEP Open the Excel workbook FEdgeworthBoxParetoOpt.xls, read the
Intro sheet, then go to the EdgeworthBox sheet.

The workbook is quite similar to the EdgeworthBox sheet from the previous
section, except there is no price or market position information. We are not
interested in markets right now. We are focused on determining the optimal
solution.

An omniscient, omnipotent social planner, OOSP, is charged with determin-
ing the optimal allocation, given the initial endowment.

703
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With OOSP’s special powers, we can reallocate the initial endowment as we
see fit. Each point in the box is an allocation, distributing the total amounts
of the two goods to A and B. We can arbitrarily give and take from one
person to the other, choosing any point in the box. What should we do?

At first glance, it might seem that we would want to solve an optimization
problem like this:

max Ua(x14. x24) + Up(x1B. X2B)
s.t. x14 + x5 ="Total x; and x» 4 + x5 = Total x»

In other words, we could give consumers A and B the amounts of goods 1
and 2 that maximize the sum of the individual utilities subject to the total
goods available.

This strategy suffers from a serious problem: We cannot make interpersonal
utility comparisons. This brings us full circle to work we did at the very
beginning of this book in the Theory of Consumer Behavior. Utility is ordi-
nal, not cardinal. Monotonic transformations (that keep rankings intact) of
utility are allowed. Utility has no meaning in terms of its units.

Thus, an optimization problem that aggregates individual utilities is invalid.
It makes no sense to say that the utility of A is added to the utility of B to
get a total utility. There are no common units with which to measure and
add utility. You might as well say that you added three cars and four pencils
and got seven carpencils.

There is, however, a way to judge and evaluate different allocations of goods
to A and B. This is Pareto’s great contribution to welfare economics.

Pareto developed logical rules that enable us to get around the limitations of
utility. His basic idea was that you can compare two allocations in terms of
better or worse so you can make statements about one allocation compared
with another. He invented a new vocabulary for his rules and today we use
his name when we work with these rules.

Pareto knew we cannot add utility, but we might be able to compare two
allocations and declare which one is better. We proceed by example, using
the Excel workbook and Figure 18.6.
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From the initial endowment point in Figure 18.6, suppose we consider the
point (30,15) for A and (10,25) for B.

Figure 18.6 reproduces what is on your screen. The two thicker indifference
curves going through the initial endowment are the starting point. They
represent the benchmark satisfaction to which we will compare other alloca-
tions.
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Figure 18.6: Edgeworth Box for Pareto criteria.
Source: FEdgeworthBoxParetoOpt.xls!EdgeworthBoxl.

From the initial endowment point in Figure 18.6, suppose we consider the
combination of 30,15 for A and 10,25 for B.

S TEP Click the | (30,15) | button. A red point appears at that coordinate
in the box along with a text box.

Is A better off at the new point compared with the initial endowment? How
about B?

As the text box explains, although the indifference curves for A and B are
not drawn through the red point, we know they exist because the indifference
map is dense—there is an indifference curve through every point in the box.
If we draw an indifference curve for A through that point and it lies above
the indifference curve that goes through the initial endowment, we know that
A prefers 30,15 to the initial endowment.
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In fact, indifference curves extend beyond the box in a northeast direction
for A and southwest for B. The box just shows the total amounts available
for exchange.

The same argument we made for A can be made for B. The only trick for B
is to remember that you interpret the box from the top, right corner and B’s
satisfaction increases as the indifference curves move farther away from the
northeast corner in a southwesterly direction.

Because both A and B are better off at 30,15 than the initial endowment, we
know that the 30,15 allocation is Pareto Superior to the initial endowment.
We can also flip the statement to say that the initial endowment is Pareto
Inferior to point 30,15.

Pareto Superior means that it is possible to make at least one person better
off without making anyone else worse off. We make no claims as to how
much better off. We do not use the units of utility at all. This is similar
to how we first discussed satisfaction in the Theory of Consumer Behavior.
We asked consumers to simply choose between one bundle and another. The
same logic is being used here.

Consider another point that is 30,10 for A and 10,30 for B.

STEPCliCk the | (30,10) | button.

As before, a red dot is placed on the chart and a text box appears. We want to
compare the red dot to the initial endowment. Is A better off 7 How about B?

Because the point 30,10 is better for B, but worse for A, then this allocation
is Pareto Noncomparable to the initial endowment because at least one per-
son is made worse off. As soon as at least one person is made worse off, it is
removed as a candidate for evaluation.

We certainly cannot evaluate these points by saying B’s utility goes up by
more than A’s falls because utility is only ordinal. According to Pareto, we
can never trade off a small decrease in satisfaction for one person for a large
gain in satisfaction for one or many people because you cannot add up utility.

Now that we understand Pareto Superior and Pareto Noncomparable points,
we can shade in all of the points that are Pareto Superior to the initial en-
dowment. This is called the lens for reasons that will be obvious in a moment.
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STEPCliCk the button.

Every point in the space between and including the two indifference curves
going through the initial endowment is shaded red, representing the area of
Pareto Superior points. With usually shaped indifference curves, this is a
lens-shaped object.

We return to the first point, 30,15. It is, of course, inside the lens so it is
Pareto Superior to the initial endowment, but does it have any points that
are Pareto Superior to it?

STEPCliCk the button and then the 30,15 button.

The 30,15 point, like the initial endowment, has a whole set of points that
are Pareto Superior to it. These points also form a lens, albeit smaller that
the lens formed by the Pareto Superior points to the initial endowment, that
stretch from the point 30,15 to where the two indifference curves intersect
again.

Clearly, whenever indifference curves from A and B cross at a point, such
as the initial endowment or 30,15, we can find Pareto Superior points in a
lens from that starting point. What happens when the indifference curves
are tangent?

STEP crick the (if needed) and ‘ Show B Curve | buttons.

A red dot is shown on an indifference curve for B that is tangent to A’s
highest displayed indifference curve. We will call this point of tangency be-
tween the indifference curves point PO1. This point PO1 is obviously Pareto
Superior to the initial endowment since it is inside the lens.

But there is something special about PO1. It has a property that contains
Pareto’s key idea: Does PO1 have any Pareto Superior points to it? No,
it does not. Movement in any direction from point PO1 lowers someone’s
satisfaction. There is no lens from point PO1.

Thus, we say that PO1 is a Pareto Optimal point—one that has no Pareto
Superior points to it. You cannot make someone better off without hurting
someone else. Pareto Optimal points are where we want to be!
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It is important to note that there are an infinite number of Pareto Optimal
points. Wherever the indifference curves are tangent, we are at a Pareto
Optimal point.

The set of all Pareto Optimal points is called the contract curve. A minimalist
version of a contract curve for an unknown (but well-behaved) pair of utility
functions is displayed in Figure 18.7. A few indifference curves are displayed,
but you should understand that every point on the contract curve is a point
of tangency between two indifference curves. The sides of the box are not
labeled, but you know how to read an Edgeworth Box.

Figure 18.7: The contract curve.

Pareto Optimal points are especially desirable because they ensure that there
is no way to improve the allocation without harming someone. In other
words, given the limitations of ordinal utility, we can say that we have wrung
out as much gain as possible if we are at a Pareto Optimal point. Thus, from
any given initial endowment, OOSP would want to reallocate the two goods
so that the allocation is on the contract curve.

One drawback of the Paretian framework is that there are many Pareto Op-
timal points when starting from an arbitrary, non-Pareto Optimal point.
There is no way to choose between Pareto Optimal points.

Mathematically, it should be clear that Pareto Optimal points occur only
when MRS, = MRSg. When this condition holds, the two indifference
curves are tangent. This means we have a Pareto Optimal point and we are
on the contract curve.
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Pareto Optimality with Solver

One way to find Pareto Optimal points is to solve an optimization problem.
It is not the silly, nonsensical “sum the utilities” objective function, however.

S TEP From the EdgeworthBox sheet, open Solver.

Your Solver dialog box should look like Figure 18.8. Notice the UtilityB =
Initial Utility B constraint. We are going to maximize A’s utility without
harming B. The constraint requires that B’s utility be the same as the initial
utility. Thus, B will be indifferent between the new allocation and the initial
endowment.

Solver Parameters X

Set Objective: Utility +

To: @ Max O Min O Value Of: 0

By Changing Variable Cells:
$B$11:$B$12,$M$11:$M$12

k]

Subject to the Constraints:
$H$17 = $H$19 Add
$H$16 = $H$18

UtilityB = Initial_UtilityB

Change

Delete

Reset All

Load/Save

Figure 18.8: Solver parameters dialog box.

S TEP Click to find an optimal solution to this problem.

Scroll down (if needed) to see the Edgeworth Box. We are at the top most
(from A’s point of view) Pareto Optimal point. This point is on the contract
curve.

What if we ran the same analysis, but maximized B’s utility subject to main-
taining A’s utility constant? This is yet another Pareto Optimal point.

Some students want to make claims about points in the middle of the con-
tract curve in the lens as being somehow better than the two extreme points,
but the Pareto analysis does not allow for such distinctions.
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The Contract Curve with Excel

S TEP Proceed to the ContractCurve sheet.

It is set up just like the FdgeworthBox sheet, except A’s Initial Endowment
cells (B18 and B19) have a formula, =ROUND (randomnv()*38+1,0).

This formula allows you to generate random initial endowments, then you
can use Excel’s Solver to find a point on the contract curve from that initial
endowment. You can use the “max A’s utility keeping B’s utility constant”
or “max B’s utility keeping A’s utility constant” strategies. In the former
case, you are finding the highest indifference curve of A that is tangent to B’s
indifference curve that goes through the initial endowment. You are doing
the reverse when you maximize B’s utility subject to A’s indifference curve
that goes through the initial endowment.

S TEP Click the | New Endowment | button a few times to move the initial
endowment point around the box. When you find one you like (it does not
matter), find and record a point on the contract curve. Do this several times.

You are sampling points on the contract curve and this helps you learn how
Pareto optimality works. Can you discover the shape of the contract curve?

S TEP Change A’s preferences by setting cA to 0.5. Sample points on
the contract curve (using the same method as in the previous step). What
effect does this have on the contract curve?

To see the answers to these two questions (but first try to answer them on
your own), click the ’ Show CC with cA = 0.5 ‘ button.

The First Fundamental Theorem of Welfare Economics

It is no exaggeration to say that we have reached the summit of this book.
We are about to see the crowning achievement of economic theory—a demon-
stration of the welfare effects of the market system in a general equilibrium
framework.
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With the Pareto criteria in hand, we are ready to judge the market alloca-
tion. Recall that the market uses prices to establish an equilibrium solution.
Surpluses and shortages push the price vector to and fro until it settles down
to its equilibrium solution. What can we say about the market’s solution?

We can say that it is Pareto Optimal! In fact, we can say that starting from
any initial endowment, a market allocation mechanism yields a Pareto Opti-
mal solution. This is the First Fundamental Theorem of Welfare Economics:

If preferences are well-behaved, a properly functioning
market’s equilibrium solution is Pareto Optimal.

Figure 18.9 reproduces Figure 18.5 for your convenience. It is the canoni-
cal graph of general equilibrium analysis and shows the equilibrium solution
from the Edgeworth-BoxGE.xls workbook. We know we have the equilib-
rium solution because there is a single, common tangency point. Consumer
A maximizes by choosing that combination where he reaches the highest
indifference curve subject to the constraint. Consumer B does the same.
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Figure 18.9: Evaluating the market allocation.
Source: EdgeworthBoxGE.zls!EdgeworthBox1 with % =1.

But it is immediately obvious, given our work in this section, that the market
allocation is Pareto Optimal. There are no Pareto Superior points to it.
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We can use the equimarginal principle to help explain this result. Each con-
sumer is finding a point of tangency that obeys the mathematical condition,
MRS = %' From A’s perspective, we have MRS, = Z—;. Similarly, B
chooses that combination where M RSp = %- Unbeknownst to them, they
are ending up at a point where M RS, = M RSp.

In other words, by paying attention to prices and optimizing, the equilibrium
generated by exchanging consumers is at the same time generating a Pareto
Optimal solution. There is an invisible hand aspect to this in the sense that
the consumers do not know and do not care about Pareto Optimality.

Geese fly in a V pattern over thousands of miles by drafting—wind resistance
is minimized by aligning one-self at angle to the goose ahead, instead of flying
directly behind or next to a fellow goose. The geese are completely unaware
that they are generating a V-shaped pattern. Consumers in a market are
just like geese—they are completely unaware that they are solving a much
bigger optimization problem.

Geese also synchronize their wing beats because they take advantage of up-
draft. If you watch a flock, it looks like they are coordinating their flapping.
This was discovered recently (see Portugal, et al., 2014) and provides an ex-
cellent example of how economists see the market system.

With each agent following a simple rule, the system produces a pattern. In
the case of the market, it is an incredible result that the market allocation is
Pareto Optimal.

What can’t we say about the market allocation?

We certainly can’t say that it is fair. The market will grind to a Pareto Op-
timal point from any initial endowment. The Pareto logic takes the initial
endowment as given. What if A starts out with much more than B? What if
the market does not value B’s resources? The Pareto criteria have nothing to
say about this. Economists have tried to include fairness in welfare analysis,
but there is little consensus.

If there’s a First Theorem, there must be a Second Theorem, right?

If preferences are well behaved, a properly functioning
market can reach any Pareto Optimal point
if the appropriate initial endowment is provided.
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The Second Fundamental Theorem says that you can use the market to reach
any Pareto Optimal allocation—that is, any point on the contract curve. All
you have to do is set the initial endowment appropriately, then let the market
work its magic.

The last two problems in the Q&A sheet ask you to show that the Second
Fundamental Theorem works.

That Markets Generate Pareto Optimal Solutions Is a
Truly Fundamental Idea

This section marks the end of a long trek. We began with the Theory of Con-
sumer Behavior and learned that consumers maximize satisfaction subject to
a budget constraint. An important extension of this basic model utilizes an
initial endowment instead of cash income.

In a Pure Exchange Model, we combine two optimizing consumers in an
Edgeworth Box. Their interaction results in an equilibrium solution.

Using the Pareto criteria, we can compare allocations and determine which
ones are Pareto Optimal. These are allocations that have no Pareto Superior
points. The set of all Pareto Optimal points forms the contract curve.

Students struggle with the term Pareto optimality. Its definition, that there
is no way to make someone better off without hurting someone else, can be-
come a jumble of words with little real meaning. Here is the crucial idea:
Pareto Optimality means no waste. The allocation at a Pareto optimal point
cannot be improved upon (without harming someone). Thus, Pareto opti-
mality means we have an unbeatable allocation.

The First Fundamental Theorem of Welfare Economics makes a powerful
statement because it says that a properly functioning market yields a Pareto
Optimal allocation. This is a highly desirable result.

It is also shocking because individual consumers have no idea they are par-
ticipating in solving a resource allocation problem. Each consumer is simply
maximizing utility subject to a budget constraint. Like geese that fly in a V,
each consumer is responding to a signal (in the consumer’s case, prices) and
then the interaction is producing the coordination.
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Notice that the work here has said nothing about innovation or technolog-
ical change. In fact, the analysis assumes constant technology and no new
products. The analysis is completely static and based solely on the market’s
ability to reach a Pareto Optimal solution in terms of allocating already pro-
duced goods in a pure exchange economy.

You might be wondering if all equilibria in an Edgeworth Box are Pareto
Optimal? Absolutely not. The next section shows how the market can fail.

Exercises

1. Why do the Pareto criteria fail to provide a single point that is the best
allocation?

2. What must be true about the exponents in the Cobb-Douglas utility
functions for consumers A and B to generate a linear contract curve?
Describe your procedure and explain your answer.

3. Use Word’s Drawing Tools to draw an Edgeworth Box with well-behaved
preferences and a point Z, where the M RS4 > M RSp. Explain why
point Z is not Pareto Optimal.

4. The contract curve (with ¢A = 0.5) can be transformed into a utility

possibilities frontier, as shown in Figure 18.10. Where would point Z
(from the previous question) be on this graph? Explain why.

Ug*

Un*

Figure 18.10: A utility possibilities frontier.
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1) Let E be an economy such that, for every i,

(a) X, is convex,

(b) if z} and 22 are two points of X; and if ¢

is a real number in ]0, 1[, then

x? = x! implies tz? + (1 — t)z} = }.

An equilibrium ((z}), (7)) relative to a price system p, where
no zj is a satiation consumption, is an optimum.

Gerard Debreu

18.4 (eneral Equilibrium Monopoly

Partial equilibrium analysis tells us that monopoly causes an inefficient al-
location of resources—too little output (compared with the socially optimal
level) is produced.

This section explores the welfare implications of monopoly in a general equi-
librium setting. The procedure is the same as the one used for judging
competitive markets: We determine the monopoly allocation and then test it
by comparing it to the set of Pareto Optimal points (i.e., the contract curve).

To reiterate, monopoly results in an inefficient allocation of resources. There
is no dispute about that. However, General Equilibrium Theory is the best
way to demonstrate this inefficiency.

Monopoly in an Edgeworth Box

Suppose we start with the usual Edgeworth Box. It has an initial endowment
that is the point of departure for trade between the two consumers.

Competitive markets are modeled in an Edgeworth Box by supposing that
prices are determined by the interaction of many buyers and sellers. To im-
plement price-taking behavior in a two-person Edgeworth Box, we use an
auctioneer who calls out prices. Each consumer determines optimal amounts
to buy and sell based on the given prices. The Edgeworth Box is used to
check whether the amounts that each consumer wants to buy and sell are
compatible. If not, prices adjust based on the shortages and surpluses gen-
erated by the plans of each consumer.

We model monopoly in a pure exchange Edgeworth Box by eliminating the

auctioneer. We give one of the consumers monopoly power. They can set
the price vector to have any slope.

717
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Suppose that A is a monopolist. What does this mean in the context of the
Edgeworth Box? A will quote prices to B and let B decide how much to buy
and sell. A will choose a price ratio and this determines the final allocation.

We can think of A as an auctioneer who first shouts out prices to see how B
will respond, then picks the best prices—from A’s point of view.

STEPOpen the Excel workbook FEdgeworthBoxMonopoly.xls, read the
Intro sheet, then go to the PriceOfferCurveB sheet.

Figure 18.11 (and your screen) shows B’s price offer curve, which tells A how

much z; and zo B wishes to hold given the price ratio, i—;.

< >
40 30 20 10 0
40 : : : 0
p1 = 0.6667
= 5 B's Price Offer Curve
\ p1/p2 x1B x2B
30 41665 10 0.4 40.00 16.00
‘K 0.6667 25.00 16.67
25 ~ 15 1 17.50 17.50
2 10.00 20.00
20 e 20 3 7.50 22.50
\\ \ 4 6.25 25.00
15 25 5 5.50 27.50
\ 6 5.00 30.00
7 4.64 32.50
10 \ - 30 8 438 35.00
9 4.17 37.50
5 ‘ 35
0 ! : : 40
0 10 20 30 40

Figure 18.11: B’s offer curve.
Source: EdgeworthBoxMonopoly.xls!PriceOfferCurveB.

Initially, A has set p; = 0.6667 (po is the numeraire). B maximizes utility,
given that price ratio, by choosing the combination 25,16.67. This is shown
by the black indifference curve that is tangent to the red price vector. B will
want to buy 20 units of good 1 and offer (hence the name offer curve) 13.33
units of good 2 for sale to A.

A can set any price for good 1 she wishes, but B gets to decide how much to
buy and sell at A’s chosen price. Also, we assume A will honor the deal and
buy the amount B wants to sell.
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S TEP Click the scroll bar above the graph a few times to change the
price of good 1.

With each click, the red budget constraint line rotates about the initial en-
dowment and B chooses a new optimal bundle.

The locus of points that B chooses as p; is varied, ceteris paribus, is the
price offer curve. For any given price, B finds the place at which the highest
indifference curve is tangent to the budget constraint—and this point is on
the price offer curve.

Having explained B’s price offer curve, we bring A into the picture. A knows
B’s price offer curve and has the monopoly power to set any price for z;.
Given p, = 1, A has the power to set the slope of the price vector. The key
question is: Which price will A choose?

In one sense, the answer is obvious: Choose p; that maximizes satisfaction
for A. But how can this problem be solved so we find the best price from A’s
point of view?

STEPProceed to the EdgeworthBoz sheet.

The display is the same as on the PriceOfferCurveB sheet, except that now
we have added A’s indifference curves. We also can easily see A’s utility in
cell C28.

Is the initial price of 0.6667 the best solution for A? No, because by increas-
ing p1, A gets greater satisfaction.

S TEP Confirm that this is true by clicking on the scroll bar to increase
p1 and keeping your eye on A’s utility in cell C28.

You can also control the price with the scroll bar over cells A9 and B9. Notice
how the price has been moved under the heading of Endogenous Variables.
Because A chooses the price—this is what monopoly power means—price is
endogenous to the monopolist.

In the Wealth of Nations, Adam Smith says, “The price of monopoly is
upon every occasion the highest which can be got” (Book I, Chapter VII,
www.econlib.org/library /Smith /smWN.html?chapter num=104#book-reader).


https://www.econlib.org/library/Smith/smWN.html?chapter_num=10#book-reader
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But is this true? Would the monopolist literally charge the highest price pos-
sible?

S TEP Drag the scroll box in the scroll bar all the way to the right.

The chart is hard to read, but we can see from the table next to the chart
that with p; = 9 (the highest price we can set with the scroll bar), B wants
to end up with 4.17 units of x; and 37.5 units of x,. This means p; is so high
that B does not want to buy any of it and, in fact, wants to sell 0.83 units to A!

More importantly, a quick glance at cell C28 reveals that A’s utility is under
90. This means that, taken literally, a monopolist will not charge the highest
price possible.

Just like a monopoly in a partial equilibrium setting, A is operating under
a constraint. A monopolist takes the demand curve as given. Consumer A
takes B’s offer curve as given and B’s offer curve acts as constraint for A.

With this knowledge, can you solve A’s problem? What is A’s optimal p;?

S TEP Use the scroll bar to manipulate p;. Keep an eye on A’s utility.
Can you find the value of p; that maximizes A’s utility?

You cannot beat p; = 2. This is the optimal solution. This is what A will
charge B for x;. At this price for good 1, B wants to have 10 and 20 units of
goods 1 and 2. B will buy 5 units of z; (adding this to the initial endowment
of 5 units) financed from the sale 10 units of xo. A ends up with 30 and 20
units of goods 1 and 2. A sells 5 of her initial endowment of 35 units of
for $2/unit and buys 10 units of good 2. The plans match and we are at a
stable position.

You can also find this answer with Solver.

S TEP Click the scroll bar so p; is not equal to 2 and run Solver.

Notice that the changing cell is B9, which is the cell connected to the scroll
bar. Solver does not need a constraint because the sheet is set up so that B
optimizes based on p; and then A’s x; and x, are the total units available
for each good minus B’s optimal decision. Thus, B’s offer curve has been
included in A’s optimization problem.
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In addition, you could use analytical methods, using A’s utility as the objec-
tive function and B’s offer curve as the constraint. All of these methods give
the same answer—A’s utility maximizing p; is 2.

The monopoly solution is displayed in Figure 18.12. Notice that A’s indiffer-
ence curve is tangent to B’s offer curve. This is how a monopolist maximizes
utility.

40 I

35

30

25

20

15

10

Figure 18.12: Monopoly’s optimal solution.
Source: EdgeworthBozMonopoly.zls!EdgeworthBox with p; = 2.

Judging Monopoly

What can we say about the monopoly allocation? With Pareto’s criteria we
can instantly proclaim: Monopoly is not Pareto Optimal.

Figure 18.12 shows that the monopoly allocation is at a point (from A’s view
it is coordinate 30,20) where the M RS4 # M RSp because the indifference
curves intersect. This means that there are Pareto Superior points to the
monopoly allocation. It also means that the monopoly allocation is not on
the contract curve.
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By moving northwest, into the lens created by the two indifference curves at
the monopoly solution, an omniscient, omnipotent social planner could make

both A and B better off.

Why doesn’t A do this? Because all A can do is set the price of good 1 and
with this monopoly power, she must charge the same price for all the units
sold. This leads to the allocation in Figure 18.12.

If A could perfectly price discriminate, charging different prices for different
units, we would get a different result. A could sell the first unit of x; at a
high price and decrease the price as B purchased more units. As explained in
the chapter on monopoly in a partial equilibrium setting, this is called per-
fect price discrimination. The Q&A sheet asks you to work out the welfare
implications of this type of monopoly in a general equilibrium analysis. The
welfare results for perfect price discrimination in partial and general equilib-
rium are the same.

Unlike partial equilibrium, we report no deadweight loss measure in this pure
exchange, general equilibrium analysis. We simply note that the monopoly
allocation is not Pareto Optimal and this is enough to doom monopoly be-
cause we know there are Pareto Superior allocations to the monopoly result.

We cannot say how much damage the inefficiency of monopoly causes be-
cause utility can only be measured ordinally. We cannot express, in utils
or dollars, the wasted value from monopoly, but we know it is there. Once
we say that there are Pareto Superior points, we stamp monopoly as a poor
allocation mechanism.

Monopoly is not Pareto Optimal

We found, as we did with partial equilibrium analysis, that monopoly is in-
efficient. This time, however, we used a general equilibrium analysis that
adhered to the strict limitations imposed by ordinal utility. Thus, this anal-
ysis is theoretically sound.

In a pure exchange Edgeworth Box, if one agent is granted monopoly power,
he or she will choose a price to maximize his or her utility. This does not
generate a Pareto Optimal allocation. The monopolist is not interested in
Pareto optimality—she simply wants to maximize her own utility.
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Recall, however, that this is simply a pure exchange economy. A true general
equilibrium model must include production of goods and services and then
combine production and exchange. This is beyond the scope of this book.
The monopoly result stays the same; however, it still fails to yield a Pareto
Optimal allocation.

Exercises

1. Is the monopoly solution better than the initial endowment? Explain.

Hint: Use Figure 18.12 as a reference.

2. Suppose A really liked 1, so that cA (cell B21) was 2. How would
this change A’s utility maximizing price of x;7 What is the monopoly
solution? Describe your procedure.

3. In the previous chapter, we used a supply and demand (partial equi-
librium) analysis to show that price ceilings in a competitive market
cause an inefficient allocation of resources. Use Word’s Drawing Tools
to create an Edgeworth Box with a price ceiling on z;. Explain why
price ceilings are undesirable in this general equilibrium setting.
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of mathematical sophistication before in the history of economics,
there had never been anything like this (p. 114).

Weintraub reports that he had better luck interviewing Debreu than did
George Feiwel, who prefaced many of his questions with, “For the benefit of
the uneducated.” When Feiwel asked why existence of an equilibrium solu-
tion is so important, “Debreu shot back, ‘Since I have not seen your question
discussed in the terms I would like to use, I will not give you a concise an-
swer” (Weintraub, p. 113). In addition to providing an entire transcript of
the interview, Weintraub explains how Debreu led a wave of mathematical
formalism into economics in the 1950s.

The general equilibrium ideas you have encountered in this book are a mathe-
matical step below the more formal, axiomatic exposition of General Equilib-
rium Theory developed in the 1950s and used in graduate economics courses.
Pick up Debreu’s Theory of Value or a modern, PhD-level Micro Theory text
(such as David M. Kreps, A Course in Microeconomic Theory, 1990) to see
exactly what a formal, axiomatic exposition of general equilibrium entails.


https://www.google.com/search?q=kreps+a+course+in+microeconomic+theory
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But when time and the means for achieving ends are
limited and capable of alternative application, and the
ends are capable of being distinguished in order of
importance, then behaviour necessarily assumes the form
of choice. Every act which involves time and scarce means
for the achievement of one end involves the relinquishment
of their use for the achievement of another. It has an
economic aspect . . . Here, then, is the unity of the
subject of Economic Science, the forms assumed by human
behaviour in disposing of scarce means.

Lionel Robbins

Conclusion

Throughout this book, Excel has been used to solve optimization problems
and equilibrium models. Repeated emphasis has been placed on comparative
statics and elasticity.

This conclusion has three parts:

1. Excel’s Solver: There is a review of basic Solver skills with emphasis
on the lesson that Solver is not perfect.

2. Overall view: A quick tour of the topics covered enables a clear state-
ment of the economic way of thinking.

3. An open problem: Markets in a static framework are well understood,
but the economic growth generated over time by capitalism is not.

1. Excel’s Solver

Consider a perfectly competitive (PC) firm with a total cost function given
by TC = 100q%. Dividing both sides by ¢ gives us the average cost func-
tion, ATC = 100q_%. Taking the derivative of T'C' with respect to ¢ yields
MC = 50q"z.

If this PC firm faced a market price of $5/unit, what is the profit-maximizing
level of output?

This book has solved optimization problems via numerical and analytical
methods. We will apply both methods to this problem. First, we will use
Solver.

But we will not use a prepared Excel workbook. Instead, you will create your

own implementation of this problem. There are, of course, helpful steps to
guide you.
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S TEP Open a blank Excel workbook. In cell Al, type the word quantity.
Cell B1 will hold a number that represents the quantity. In cell A2, type the
word profits. In cell B2, enter the formula for profit.

The price is $5/unit and T'C' = 100q so the formula in cell B2 is: = 5*B1 —
100*SQRT(B1).

S TEP Run Solver. The target cell is B2, the goal is obviously to maxi-
mize profits, and the changing cell is B1. There are no constraints because
the PC firm is free to produce as much output as it wants at the given price.

Excel gives a miserable result. Depending on your Solver defaults, it might
go negative and, since Excel cannot take the square root of a negative num-
ber, it gives up and announces its failure.

If so, make Al zero and run Solver again, but this time, check the Make
Unconstrained Variables Non-negative option. Your Solver may be set up so
the Make Unconstrained Variables Non-negative option was already checked
so you might not see the first miserable result.

Starting from zero (or a blank cell) in A1, with the non-negativity constraint,
Solver says the answer is zero. This is worrisome. Could the optimal quan-
tity really be zero?

Maybe the issue is that we are starting from blank cell, which is zero. This is
poor practice. Excel interprets blanks as a zero and the formula in B1 eval-
uates to zero. Treating blanks as zero is one of the most dangerous things a
spreadsheet does (Google sheets behaves the same way). You should always
avoid this.

We can change where Solver starts from to see if that helps.
ST'E P change cell B1 to 25. Cell B2 should display —375. Run Solver.

Solver appears convinced that the optimal solution is zero. We turn to ana-
lytical methods to see if we can confirm Solver’s result.

We know MC' = 50q_% and since it is a PC firm MR =P so MR = 5. We
can set M R = MC and solve for optimal q.

5=50g"2 — ¢ =10 — ¢* = 100
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This is confusing. We now have two answers: ¢ = 0 and ¢ = 100. Which one
is correct?

Maybe a graph will help. We can draw the canonical graph of the firm’s
output profit maximization problem. Figure IV.1 shows the cost curves and
we can clearly see that M R = MC yields a negative profit rectangle.

$/unit

10 |-

ATC
MC

100 q
Figure IV.1: The firm at ¢ = 100 where MR = MC.

This graph helps explain what is going on here, but we need a better visual.
This book claimed that looking directly at the profit function made clear the
Shutdown Rule so let’s try that approach.

S TEP Create a column from 0 to 500 by 10. This is the quantity. Use
the profit formula to create a column for profit based on the quantity. Create
a graph of the two columns.

If you get stuck, this 2-minute video at vimeo.com /425873093 shows how to
do it.

Figure IV.2 shows the graph made in the video. It makes clear that the
point where M R = MC' is actually a point of minimum profit. Although the
first-order condition is met (we did find a flat spot on the profit function at
g = 100), this solution fails the second-order condition for a maximum.

Thus, the correct answer is to produce an infinity of output. Profits rise as
more is produced past 100 units of output. Higher output leading to greater
profit continues forever so the optimal solution is infinity.


https://vimeo.com/425873093
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The Profit Function

600

profit ($)

MR=MC

quantity

Figure IV.2: The profit function shows that optimal ¢ is infinity.

How can we explain Solver’s answer of zero? Why doesn’t it give us the cor-
rect answer? When Solver starts from below 100 (we started from zero and
25), it goes to zero (or negative output if you do not have a non-negativity
constraint). What happens if it starts from a number greater than 1007

S TEP Enter 110 in cell A1 and run Solver.

Solver reports that “Objective cells do not converge.” Is this a miserable
result? No, actually, it is the correct answer! When Solver starts from more
than 100, it goes right on the z axis and profits rise and it keeps going and
going. As we know, this is the right answer.

It is worth remembering that Solver’s algorithm is naive. It evaluates the
function at the starting value, then moves left and right. The size of the
move depends on the numerical values in the problem. Starting from ¢ = 25,
for example, Solver moves a little bit right, sees that profits fell, then goes
in the opposite direction and lowers output. You can see Solver’s steps by
checking the Show Iteration Results option after clicking the Options button
in the Solver dialog box.

You might be thinking that since we are in the long run, ATC = AV and
it is clear that P < AVC at MR = MC', which means the firm should shut
down. That is not bad thinking, except the rule does not work at MR = MC
in this case because that is not the profit-maximizing output.

The takeaway of this final example is that you have to know what you are
doing with Solver. It is not perfect and you cannot blindly rely on its results.
This example shows that numerical methods are to be used with caution. Be
careful out there.
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2. Overall View

This book covered modern-day, orthodox microeconomic theory at the college
undergraduate level. It used Excel to present difficult material and showed
how mathematics can be used to solve problems in economics.

The economic approach or economic way of thinking provided the framework
for analyzing observed behavior. The basic idea is to set up and solve an op-
timization problem or equilibrium model. Next, a single variable is changed,
ceteris paribus, and the new solution is compared to the initial solution. This
procedure is called comparative statics. Elasticity captures the logic of com-
parative statics in a single number.

When the economic approach is applied to consumers, it is called the Theory
of Consumer Behavior. The key comparative statics analysis is deriving the
demand curve. Figure IV.3 is a canonical graph of deriving demand.

x2 pl x1

p 1
Price : 2

» consumption Pl

(]

Inverse

1 curve demand | Demand
1] l ' curve curve
X1 x1 pl' pl pl
Panel A: Underlying Graph Panel B: P = f(QQ) Panel C: Q = f(P)

Figure IV.3: Deriving the demand curve.

When the economic approach is applied to producers, it is called the Theory
of the Firm. The key comparative statics analysis is deriving the supply
curve. Figure IV .4 is a canonical graph of deriving supply.

$4.00 /unit;

$2.00 /unit

S=MC, 0if P<AVC Supply q*=f(P) Inverse Supply P=f(q*)
S=MC,0if P < AVC
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$10.00 /unit Mmc 16 S=MC,0if P<AVC s Il
14 | 7
$8.00 /unit g 12 ] ? . 6 /
g 10 s s 4
$6.00 /unit a 8 1
3
2
1
0

$0.00 /unit 0 2 4 6 8 10 0 5 10 15 20
0

5 10 15 20 Price Quantity
quantity (units)

Figure IV.4: Deriving the supply curve.
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The firm is more complicated than the consumer because firms hire inputs
to produce output. In fact, the firm is really a set of three interrelated op-
timization problems: input cost minimization, output profit maximization,
and input profit maximization.

The individual demand and supply curves derived from the consumer and
firm models can be added up to produce market demand and supply curves.
This enables a partial equilibrium analysis of how markets solve society’s

resource allocation question. Figure IV.5 shows supply and demand flanked
by its consumer and firm source graphs.

Representative Consumer i Market for Good X Representative Firm j
)
/ P=MR

Qe Q (millions of units) q (units)

P ($/unit) P (S/unit)

Y
P.
U,
U by
Us <«—-Px/Py .
X

Figure IV.5: The market’s resource allocation solution for one good.

Price ceilings, taxes, monopoly, import quotas, and externalities are all ex-
amples of situations where we have a misallocation of resources in a single
market.

Partial equilibrium enables calculation of a measure of inefficiency called
deadweight loss (also known as the Harberger triangle), but this should be
interpreted as an approximation because consumers’ surplus requires that an
adjustment be made to the ordinary demand curve (compensated demand
must be used) and the effects on other markets are ignored. Partial equilib-
rium analysis is commonly used in empirical work. Think of deadweight loss
as a rough measure of inefficiency in the allocation of resources.

General equilibrium is a more rigorous and sophisticated analysis because it
looks at all markets as a total system. Pareto’s criteria show that a properly
functioning market yields an optimal allocation and monopoly is not Pareto
optimal. Figure IV.6 is the canonical graph of a market’s general equilib-
rium and it makes clear that the market’s allocation has no Pareto Superior
points.
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Figure IV.6: The market’s allocation in an Edgeworth Box.

General equilibrium does not suffer from the same problems as partial equi-
librium, but it is much harder to implement in the real world. In the epigraph
to the section introducing the Edgeworth Box, mention was made of com-
putable general equilibrium models. This shows that there is an empirical
side to general equilibrium analysis, but it is a relatively modern develop-
ment.

It is reasonable to view mainstream microeconomics as a theory of the price
mechanism. The market system uses prices as signals to allocate resources.
Optimizing agents react to price changes and their interactions as buyers
and sellers drive the system toward equilibrium. The Theories of Consumer
Behavior and the Firm are stepping stones that explain how the market an-
swers society’s resource allocation question. Figure IV.5 puts the Theory of
Consumer Behavior, Theory of the Firm, and partial equilibrium analysis to-
gether. These three graphs and how they fit together are worth remembering.

Another organization of microeconomics splits it into two parts—individual
agents (consumers and firms) that optimize and what happens when these
optimizing agents interact in a market. The former is about optimization
and the latter is about equilibrium. The order that is spontaneously gen-
erated by interacting, optimizing agents is a remarkable result. Economists
see supply and demand not as the simple intersection of two lines, but as
a pattern that is unwittingly generated by the agents themselves—just like
geese that fly in a V.

This book was designed to provide you with practice in applying the eco-
nomic approach. We tackled unconstrained and constrained optimization
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problems, computed many different elasticities, and solved several equilib-
rium models at the partial and general levels.

The many applications of the economic approach demonstrate its remarkable
flexibility. The Theory of Consumer Behavior, at first, seems ridiculously un-
realistic—a robot consumer chooses between two goods with prices, tastes,
and income given! But that is just the basic model. By changing the goods
to consumption in the present and the future, it becomes an intertemporal
choice model. We analyzed charitable giving, portfolio theory, and the ef-
fect of safety features in automobiles with the Theory of Consumer Behavior.

In every application, the economic way of thinking was prominent. We set up
and solved an optimization problem, then changed a variable, ceteris paribus,
to see how the optimal solution changed. There are countless applications of
the economic approach, but they share the same framework and logic.

In fact, the economic approach is what defines economics today. It may
be the only discipline that defines itself by a methodology instead of by
what it studies. Most people have a content-based definition of economics:
They think that the study of interest rates, unemployment, and money is
economics. But this is wrong. The proper definition of economics is the
application of the economic approach to explain observed behavior. Crime,
marriage, and war, if analyzed with the economic approach, fall under the
heading of economics.

From now on, when you hear the phrase “an economic analysis of,” you will
know that the economic approach is about to be applied, you will know what
to expect, and you will be comfortable as the speaker talks about constraints,
optimality, comparative statics, and elasticity.

3. An Open Problem

Neither this book nor modern, mainstream economics explains the dynamic
process of capitalism. A few hundred years of the market system make it ob-
vious that creativity, innovation, and technological change are endogenously
generated by market-based societies. No one really knows why.

The question has been with economics since the very beginning. Many peo-
ple know that Adam Smith wrote a book called the Wealth of Nations, but
only a few know that the actual title is, An Inquiry into the Nature of Causes
of the Wealth of Nations. But what was Smith’s inquiry, simply put?
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He wanted to know why England was so much richer than its neighbors. In
1776, Smith could see British wealth all around him. He could see the econ-
omy taking off and he wondered why some places develop and grow, while
others cannot seem to do so? This question remains unanswered and, in the
language of mathematics, it is the biggest open problem in economics.

Explaining the dynamism of the market system is a much different ques-
tion than the static optimization and equilibrium models that explain why
markets allocate resources efficiently. In the static world, there are no new
products, cost-saving innovations, or new firms. The static world is stable
and markets are in equilibrium.

This static model clashes violently with reality. Joseph Schumpeter’s por-
trayal of what he called plausible (i.e., real-world) capitalism, captured in
the oxymoron “creative destruction,” highlights the rise and fall of firms, ex-
plosive growth, and dislocation produced by markets. For Schumpeter, the
driving force is the entrepreneur, a hero whose desire to dominate the busi-
ness world results in economic success for society. But Schumpeter’s story
(best captured in |Capitalism, Socialism and Democracy, originally published
in 1942), thrilling though it may be, is not part of mainstream economics to-
day.

It is plainly clear that markets do generate spectacular economic growth,
unparalleled by any other organizational form. Even the harshest critics of
capitalism concede this point:

The bourgeoisie, during its rule of scarce one hundred years, has
created more massive and more colossal productive forces than
have all preceding generations together. Subjection of Nature’s
forces to man, machinery, application of chemistry to industry
and agriculture, steam-navigation, railways, electric telegraphs,
clearing of whole continents for cultivation, canalisation of rivers,
whole populations con-jured out of the ground—what earlier cen-
tury had even a presentiment that such productive forces slum-
bered in the lap of social labour?

That was written by Karl Marx and Friedrich Engels in The Communist Man-
ifesto in 1848, available at www.marxists.org/archive/marx/works/download

/pdf/Manifesto.pdf.


https://www.google.com/search?q=schumpeter+Capitalism+Socialism+and+Democracy
https://www.marxists.org/archive/marx/works/download/pdf/Manifesto.pdf
https://www.marxists.org/archive/marx/works/download/pdf/Manifesto.pdf
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Marx and Engels argued capitalism will self-destruct, but not because it
failed to make goods and services. They thought it was the most productive
system ever devised. They were amazed by capitalism’s ability to generate
output.

Marx and Engels were not the first nor the last to be awed by the productive
power of the market system. Yet, even though we can easily see that pro-
ductive power, we simply do not know the answer to basic questions about
how markets generate growth. Beyond superficial generalities about the in-
stitutional environment, such as needing rule of law and established property
rights, we have no explanation for how the interaction of multitudes of agents
drives the system over time. We cannot even answer the most basic question,
posed by Adam Smith—why are some countries rich and others poor?

If we knew how and why markets caused technological change and output
per person to grow exponentially, we would know how to help those societies
mired in poverty. Nobel Prize winning economist Robert Lucas poses the
issue this way:

Is there some action a government of India could take that would
lead India’s economy to grow like Indonesia’s or Egypt’s? If so,
what, exactly? If not, what is it about ‘the nature of India’
that makes it so? The consequences for human welfare involved
in questions like these are simply staggering: Once one starts to
think about them, it is hard to think about anything else. (Lucas,
1988, p. 5)

The point is this: Markets can be analyzed from static and dynamic perspec-
tives. The former focuses on resource allocation at a single moment in time.
It freezes the movie and asks how markets work in this motionless environ-
ment. We know how markets work as a resource allocation mechanism.

The latter perspective is about the dynamic nature of markets, we want to
know how markets work over time. The movie runs—spurts of rapid growth
are followed by recessions, then more growth, but output per person trends
upward. Will this continue? We do not know. How do the institutions we
rely on (including property rights) emerge from the interaction of optimizing
agents? We do not know.

Explaining markets as a dynamic process remains the most important open
problem in economics. Perhaps you can work on it.
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