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Let p be a prime such that pm ≡ 3 (mod 4). For any unit λ of Fpm , we determine the
algebraic structures of λ-constacyclic codes of length 4ps over the finite commutative
chain ring Fpm + uFpm , u2 = 0. If the unit λ ∈ Fpm is a square, each λ-constacyclic
code of length 4ps is expressed as a direct sum of an -α-constacyclic code and an α-
constacyclic code of length 2ps. If the unit λ is not a square, then x4 − λ0 can be
decomposed into a product of two irreducible coprime quadratic polynomials which are

x2 + γx + γ2

2
and x2 − γx + γ2

2
, where λps

0 = λ and γ4 = −4λ0. By showing that the

quotient rings R˙`
x2+γx+ γ2

2

´ps ¸ and R˙`
x2−γx+ γ2

2

´ps ¸ are local, non-chain rings, we can
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compute the number of codewords in each of λ-constacyclic codes. Moreover, the duals
of such codes are also given.
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1. Introduction

Codes over finite rings are intensive studied from the 1990s because of their new role
in algebraic coding theory and their successful applications. In an important paper
[14], Hammons et al. proved that certain good nonlinear codes such as Kerdock and
Preparata codes can be constructed from linear codes over Z4 via the Gray map.
Since then, codes over finite chain rings received attention. Since 2003, special
classes of repeated-root codes over certain classes of finite chain rings have been
studied by numerous other authors (see, for example, [1, 4, 11]).

Linear and cyclic codes over the finite commutative chain ring F2 + uF2, where
u2 = 0, are studied by a lot of researchers (see, for example, [2, 3, 5]). In general,
the class of finite rings of the form Fpm + uFpm has been widely used as alphabets
of certain constacyclic codes. The classification of codes plays an important role in
studying their structures, but in general, it is very difficult. In a recent work [7], we
classified and gave the detailed structures of all constacyclic codes of length ps over
Fpm + uFpm ; and in 2012 [8], we provided that for all constacyclic codes of length
2ps over the finite field Fpm .

Recently, in [10], we established successfully the detailed structures of all con-
stacyclic codes of length 4ps over Fpm +uFpm when pm ≡ 1 (mod 4). The key result
of the technique in [10] is the observation that, for pm ≡ 1 (mod 4), when λ is not a
square in Fpm + uFpm , any nonzero polynomial of degree < 4 over Fpm is invertible
in the ambient ring (Fpm+uFpm )[x]

〈x4ps−λ〉 . We showed that this is no longer true for pm ≡ 3
(mod 4), as in this case, −1 is not a square, but there are non-invertible quadratic
polynomials in the ambient ring (Fpm+uFpm)[x]

〈x4ps+1〉 , and moreover, x4 + 1 factors into
a product of two irreducible coprime quadratic polynomials. Therefore, we cannot
use the method given in [10] to study codes of length 4ps over Fpm + uFpm when
pm ≡ 3 (mod 4).

The units of R can be expressed as two types, namely, λ ∈ Fpm − {0}, and
α+uβ, where α, β are nonzero. To continue the line of study, this paper investigates
the λ-constacyclic codes of length 4ps over R, where pm ≡ 3 (mod 4) and λ ∈
Fpm . The remaining case of (α + uβ)-constacyclic codes is considered in our recent
paper [12].

The rest of the paper is arranged as follows. After presenting preliminary con-
cepts and results in Sec. 2, Sec. 3 presents the main results of this paper. If λ is
not a square, then the algebraic structure of λ-constacyclic codes of length 4ps over
Fpm + uFpm where pm ≡ 3 (mod 4) and λ ∈ Fpm is investigated in Theorem 3.3.
We also establish the number of codewords in each of these codes (Theorem 3.11).
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The duals of each λ-constacyclic code are provided in Sec. 4, as particular cases of
our results.

2. Preliminaries

An ideal I of a ring R is called principal if it is generated by one element. A ring R

is a principal ideal ring if its ideals are principal. R is called a local ring if R/radR

is a division ring, or equivalently, if R has a unique maximal right (left) ideal.
Furthermore, a ring R is called a chain ring if the set of all right (left) ideals of R

is linearly ordered under set-theoretic inclusion.
By [11, Proposition 2.1], we have some characterizations of chain rings as follows.

Proposition 2.1 ([11, Proposition 2.1]). Let R be a finite commutative ring,
then the following conditions are equivalent :

(i) R is a local ring and the maximal ideal M of R is principal, i.e. M = 〈γ〉 for
some γ ∈ R,

(ii) R is a local principal ideal ring,
(iii) R is a chain ring whose ideals are 〈γi〉, 0 ≤ i ≤ �, where � is the nilpotency

of γ.

For a unit λ of R, the λ-constacyclic (λ-twisted) shift τλ on Rn is the shift

τλ(x0, x1, . . . , xn−1) = (λxn−1, x0, x1, . . . , xn−2),

and a code C is said to be λ-constacyclic if τλ(C) = C, i.e. if C is closed under the
λ-constacyclic shift τλ.

The codeword c = (c0, c1, . . . , cn−1) is represented its polynomial representation
c(x) = c0 + c1x + · · ·+ cn−1x

n−1, using the obvious one-to-one correspondence. So
multiplication by x in the ring Fpm [x]

〈xn−λ〉 corresponds to a λ-constacyclic shift of c(x).
From this, we have the following result appeared in [15].

Proposition 2.2. A linear code C of length n is λ-constacyclic over R if and only
if C is an ideal of R[x]

〈xn−λ〉 .

The inner product of vectors x = (x0, x1, . . . , xn−1), y = (y0, y1, . . . , yn−1) ∈ Rn

is defined by

x · y = x0y0 + x1y1 + · · · + xn−1yn−1.

Once we have specified a family of codes called the dual of a code C to be

C⊥ = {x |x · y = 0, ∀ y ∈ C}.
A code C is called self-orthogonal if C ⊆ C⊥, and it is called self-dual if C = C⊥.
An important result is cited here to use later on.

Proposition 2.3. Let p be a prime and R be a finite chain ring of size pα. The
number of codewords in any linear code C of length n over R is pk, for some integer
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k ∈ {0, 1, . . . , αn}. Moreover, the dual code C⊥ has pl codewords, where k + l = αn,

i.e. |C| · |C⊥| = |R|n.

The dual of a cyclic code is a cyclic code, and the dual of a negacyclic code is
a negacyclic code. In general, we have the following implication of the dual of a
λ-constacyclic code.

Proposition 2.4 ([7]). The dual of a λ-constacyclic code is a λ−1-constacyclic
code.

We give the definition of reciprocal polynomials.

Definition 2.5. If f(x) = a0 + a1x + · · ·+ arx
r, where ar �= 0, then the reciprocal

of f(x) is the polynomial

f�(x) = ar + ar−1x + ar−2x
2 + · · · + a0x

r .

Symbolically, f�(x) can be expressed by f�(x) = xrf( 1
x ). If I is an ideal of

R[x]
〈xn−1〉 , then I� = {f�(x) : f(x) ∈ I} is also an ideal of R[x]

〈xn−1〉 .
The following result is useful in Sec. 4.

Lemma 2.6 ([13, Lemma 2.8]).

(a) If deg f ≥ deg g, then

(f(x) + g(x))� = f�(x) + xdeg f−deg gg�(x).

(b) (f(x)g(x))� = f�(x)g�(x).

Definition 2.7. Let I be an ideal of R. We define A(I) = {g(x) | f(x)g(x) =
0, ∀ f(x) ∈ I}. Then A(I) is called the annihilator of I, which is also an ideal
of R.

Remark 2.8. From the above definition we can see that if C is a constacyclic code
of length n over R with associated ideal I, then the associated ideal of C⊥ is A(I)�.

Let ξ be a primitive element of Fpm . This means that Fpm = {0, ξ, . . . ,

ξpm−2, ξpm−1 = 1}. Denote R = Fpm + uFpm , where u2 = 0 and Rλ = R[x]
〈x4ps−λ〉 .

Then constacyclic codes of length 4ps over R are precisely the ideals of the ambient
ring Rλ. To study the structure of ideals of Rλ, we need to express the polynomial
x4ps − λ as a product of irreducible polynomials over R.

3. Structure of λ-Constacyclic Codes when pm ≡ 3 (mod 4)

If λ = α2, then we have x4ps − λ = x4ps − α2 = (x2ps

+ α)(x2ps − α). And hence,
by the Chinese reminder theorem,

Rλ
∼= R[x]

〈x2ps + α〉 ⊕
R[x]

〈x2ps − α〉 .
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It follows that ideals of Rλ are of the form A⊕B, where A and B are ideals of
R[x]

〈x2ps+α〉 and R[x]
〈x2ps−α〉 , respectively, i.e. they are −α- and α-constacyclic codes of

length 4ps over R. It means that any λ-constacyclic code of length 4ps over R, i.e.
an ideal C of R, is represented as a direct sum of C+ and C−:

C = C+ ⊕ C−,

where C+ and C− are ideals of R[x]
〈x2ps+α〉 and R[x]

〈x2ps−α〉 , respectively. Thus, the clas-
sification, detailed structure, and number of codewords of constacyclic codes C of
length 4ps over R can be obtained from that of the direct summands C+ and C−
(cf. [6]). It turns out that the dual code C⊥ of C is also a direct sum of the dual
codes of the direct summands C⊥

+ and C⊥
− .

We now consider the main case that the unit λ is not a square in Fpm . From
now on throughout this section, we always assume that p is a (odd) prime such that
pm ≡ 3 (mod 4). As mentioned in [7], there exists λ0 ∈ Fpm such that λps

0 = λ.

It is easy to check that the equation x4

4 + λ0 = 0 has two roots in Fpm exactly.
We assume that γ ∈ Fpm is a root of the equation x4

4 + λ0 = 0. This implies that
γ4 = −4λ0. We have

x4 − λ0 = x4 +
γ4

4
=
(

x2 +
γ2

2

)2

− (γx)2 =
(

x2 + γx +
γ2

2

)(
x2 − γx +

γ2

2

)
.

Therefore, x4ps − λ can be expressed as

x4ps − λ =
(

x2 + γx +
γ2

2

)ps (
x2 − γx +

γ2

2

)ps

.

To simplify notations, we put δ ∈ {−1, 1}. We start with the following two lemmas.

Lemma 3.1. The polynomial x2 + δγx + γ2

2 is irreducible over Fpm .

Proof. Suppose that x2 + δγx + γ2

2 is reducible over Fpm , then there exists an
element β ∈ Fpm such that

β2 + δγβ +
γ2

2
= 0.

We can see that β2 + δγβ + γ2

2 = (β + γ
2 )2 + γ2

4 = 0, implying that γ2

4 = 0. This is
a contradiction. Hence, x2 + δγx + γ2

2 is irreducible over Fpm .

Lemma 3.2. The polynomial x2 + δγx + γ2

2 is irreducible over R[x]〈(
x2+δγx+ γ2

2

)ps〉
for all δ ∈ {1,−1}.

Proof. Suppose that x2 + δγx + γ2

2 is reducible over R. Then there exists an
element α ∈ R such that α2 + δγα + γ2

2 = 0, where α = α1 + uα2, α1, α2 ∈ Fpm .
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We have

0 = α2 + δγα +
γ2

2

= (α1 + uα2)2 + δγ(α1 + uα2) +
γ2

2

=
(

α2
1 + δγα1 +

γ2

2

)
+ u(2α1α2 + δγα2).

From this, we can see that α2
1 + δγα1 + γ2

2 = 0 and 2α1α2 + δγα2 = 0. If 2α1α2 +
δγα2 = 0, then either α2 = 0 or α1 = −δγ

2 . If α2 = 0, then α = α1 ∈ Fpm , i.e.
x2 + δγx + γ2

2 is reducible over Fpm , which is a contradiction. If α1 = −δγ
2 , then

0 = α2
1 + δγα1 +

γ2

2

=
(−δγ

2

)2

+ δγ

(−δγ

2

)
+

γ2

2

= −δ2γ2

4
+

γ2

2

=
γ2

4
.

That means γ = 0, a contradiction. Therefore, x2 + δγx + γ2

2 is irreducible over R.

We now obtain λ-constacyclic codes of length 4ps over R and their duals.

Theorem 3.3. Let C be a λ-constacyclic code of length 4ps over R.

(i) λ-constacyclic codes of length 4ps over R can be expressed as C = C1 ⊕ C2,

where Ci are ideals of the ring R[x]〈(
x2+δγx+ γ2

2

)ps〉 .
(ii) |C| = |C1||C2|.
(iii) The dual code C⊥ of C is given by C⊥ = C⊥

1 ⊕ C⊥
2 .

(iv) C⊥
i = ann(Ci)�.

Proof. By Lemma 3.2, and the Chinese Remainder Theorem, we get the isomor-
phism

R[x]
〈x4ps − λ〉

∼=
⊕

δ∈{−1,1}

R[x]〈(
x2 + δαx + γ2

2

)ps〉 .
Hence, every λ-constacyclic code C of length 4ps over R can be expressed as C =
C1 ⊕C2, where Ci are ideals of the ring R[x]〈(

x2+δαx+ γ2
2

)ps〉 , proving (i). It is easy to

check that |C| = |C1||C2|, giving (ii). By Proposition 2.4, we can conclude that the
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dual code C⊥ of C is given by C⊥ = C⊥
1 ⊕C⊥

2 . It is well-known from [9] that if C is
a λ-constacyclic code of length n over the ring R, then C⊥ = ann(C)�, completing
the proof of (iv).

To investigate λ-constacyclic codes of length 4ps over R, and their duals, we need
to determine all ideals of the ambient rings R[x]〈(

x2+δγx+ γ2
2

)ps〉 . The following result

shows that any nonzero polynomial cx+d ∈ Fpm [x] is invertible in R[x]〈(
x2+δγx+ γ2

2

)ps〉 .
Lemma 3.4. Any nonzero polynomial cx + d ∈ Fpm [x] is invertible in

R[x]〈(
x2+δγx+ γ2

2

)ps〉 .
Proof. If c = 0, then d �= 0. This means that d is invertible in R[x]〈(

x2+δγx+ γ2
2

)ps〉 .
If c �= 0, we have

c(x + c−1d)−1

= c−1(x + c−1d)ps−1(x − c−1d + δγ)ps

(x + c−1d)−ps

(x − c−1d + δγ)−ps

= c−1(x + c−1d)ps−1(x − c−1d + δγ)ps

(x2 + δγx − (c−1d)2 + δγ(c−1d))−ps

= c−1(x + c−1d)ps−1(x − c−1d + δγ)ps

((
γ2

2

)ps

− (c−1d)2ps

+ (δγc−1d)ps

)−1

= −c−1(x + c−1d)ps−1(x − c−1d + δγ)ps

(
γ2

2
+ (c−1d)2 − (δγ)c−1d

)−ps

.

It implies that cx+d is invertible if and only if γ2

2 +(c−1d)2− (δγ)c−1d is invertible
in Fpm , i.e. (c−1d)2 − (δγ)c−1d + γ2

2 is nonzero. Since x2 + δγx + γ2

2 is irreducible
over Fpm , we can see that (c−1d)2 − (δγ)c−1d + γ2

2 is nonzero. This follows that
cx + d is invertible in R[x]〈(

x2+δγx+ γ2
2

)ps〉 .
Lemma 3.5. Let f(x) ∈ R[x]〈(

x2+δγx+ γ2
2

)ps〉 . Then f(x) can be uniquely expressed

as

f(x) =
ps−1∑
i=0

(c0ix + d0i)(x2 + δαx + η)i + u

ps−1∑
i=0

(c1ix + d1i)(x2 + δαx + η)i

= c00x + d00 + (x2 + δαx + η)
ps−1∑
i=1

(c0ix + d0i)(x2 + δαx + η)i−1

+ u

ps−1∑
i=0

(c1ix + d1i)(x2 + δαx + η)i,
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where c0i, d0i,c1i, d1i ∈ Fpm for 0 ≤ i ≤ ps − 1. Moreover, f(x) is non-invertible if
and only if c00 = d00 = 0.

Proof. The representation of f(x) follows from the fact that it can be viewed
as polynomials of degree less than ps over R. From (x2 + δγx + γ2

2 ) = 0 and
u2 = 0 in R[x]〈(

x2+δγx+ γ2
2

)ps〉 , we can see that (x2 + δγx + γ2

2 ) is a nilpotent element

of R[x]〈(
x2+δγx+ γ2

2

)ps〉 . By applying Lemma 3.4, f(x) is non-invertible if and only if

c00 = d00 = 0.

Combining Lemmas 3.4 and 3.5, we give some characterizations of the ring
R[x]〈(

x2+δγx+ γ2
2

)ps〉 in the following theorem.

Theorem 3.6. The quotient ring R[x]〈(
x2+δαx+η

)ps〉 is a local ring with maximal ideal

〈x2 + δγx + γ2

2 , u〉, but not a chain ring. In particular, x2 + δγx + γ2

2 is a nilpotent
element of R[x]〈(

x2+δγx+ γ2
2

)ps〉 , with the nilpotency index ps.

Proof. From Lemma 3.4, we can prove that the ideal 〈x2 + δγx + γ2

2 , u〉 contains

all the non-invertible elements of R[x]〈(
x2+δγx+ γ2

2

)ps〉 . Hence, R[x]〈(
x2+δγx+ γ2

2

)ps〉 is a

local ring with the maximal ideal 〈x2 + δγx + γ2

2 , u〉. It is routine to check that
u �∈ 〈x2 + δγx + γ2

2 〉. Obviously, x2 + δγx + γ2

2 �∈ 〈u〉. Therefore, 〈x2 + δγx + γ2

2 , u〉
is not a principal ideal of R[x]〈(

x2+δγx+ γ2
2

)ps〉 , showing that R[x]〈(
x2+δγx+ γ2

2

)ps〉 is not a

chain ring according to Proposition 2.1.

We can now determine all ideals of R[x]〈(
x2+δγx+ γ2

2

)ps〉 .
Theorem 3.7. All ideals in R[x]〈(

x2+δγx+ γ2
2

)ps〉 are listed as follows:

• Type 1: (Trivial ideals)

〈0〉, 〈1〉.
• Type 2: (Principal ideals with nonmonic polynomial generators)〈

u

(
x2 + δγx +

γ2

2

)i
〉

,

where 0 ≤ i ≤ ps − 1.
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• Type 3: (principal ideals with monic polynomial generators)〈(
x2 + δγx +

γ2

2

)i

+ u

(
x2 + δγx +

γ2

2

)t

h(x)

〉
,

where 1 ≤ i ≤ ps − 1, 0 ≤ t < i, and either h(x) is 0 or h(x) is a unit which can
be represented as h(x) =

∑
j(h0jx + h1j)(x2 + δγx + γ2

2 )j , with h0j , h1j ∈ Fpm ,

and h00x + h10 �= 0.
• Type 4: (Nonprincipal ideals)

〈(
x2 + δγx +

γ2

2

)i

+ u
ω−1∑
j=0

(cjx + dj)
(

x2 + δγx +
γ2

2

)j

,

u

(
x2 + δγx +

γ2

2

)ω
〉

,

where 1 ≤ i ≤ ps − 1, cj , dj ∈ Fpm , and ω < T, where T is the smallest integer
such that

u

(
x2 + δγx +

γ2

2

)T

∈
〈(

x2 + δγx +
γ2

2

)i

+ u

i−1∑
j=0

(cjx + dj)
(

x2 + δγx +
γ2

2

)j
〉

;

or equivalently,〈(
x2 + δγx +

γ2

2

)i

+ u

(
x2 + δγx +

γ2

2

)t

h(x), u
(

x2 + δγx +
γ2

2

)ω
〉

,

with h(x) as in Type 3, and deg h(x) ≤ ω − t − 1.

Proof. First of all, it is obvious to see that ideals of Type 1 are trivial ideals. Let
I be an arbitrary nontrivial ideal of R[x]〈(

x2+δγx+ γ2
2

)ps〉 . We proceed by establishing

all possible forms that this nontrivial ideal I can have.

Case 1. I ⊆ 〈u〉: Then any element of I must be of the form u
∑ps−1

i=0 (c1ix +

d1i)
(
x2 + δγx + γ2

2

)i
, where c1i, d1i ∈ Fpm . This shows that there exists an ele-

ment a ∈ I that has the smallest k such that c1kx + d1k �= 0. Therefore,

each element c(x) ∈ I has the form c(x) = u
(
x2 + δγx + γ2

2

)k∑ps−1
i=k (c1ix +

d1i)
(
x2 + δγx + γ2

2

)i−k
, showing that I ⊆ 〈u(x2 + δγx+ γ2

2 )k〉. Since a ∈ I, we can
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express a as follows:

a = u

(
x2 + δγx +

γ2

2

)k ps−1∑
i=k

(c1ix + d1i)
(

x2 + δγx +
γ2

2

)i−k

= u

(
x2 + δγx +

γ2

2

)k
[
c1kx + d1k +

ps−1∑
i=k+1

(c1ix + d1i)
(

x2 + δγx +
γ2

2

)i−k
]
.

From c1kx+d1k �= 0, it implies that c1kx+d1k+
∑ps−1

i=k+1(c1ix+d1i)(x2+δγx+ γ2

2 )i−k

is invertible. Hence, u(x2 + δγx + γ2

2 )k ∈ I. From this, we can see that I =〈
u
(
x2 + δγx + γ2

2

)k〉. Therefore, the nontrivial ideals of R[x]〈(
x2+δγx+ γ2

2

)ps〉 contained

in 〈u〉 are
〈
u
(
x2 + δγx + γ2

2

)k〉
, 0 ≤ k ≤ ps − 1, which are ideals of Type 2.

Case 2. I �⊆ 〈u〉: Let Iu denote the set of elements in I which are reduced modulo
u. By applying [8, Theorem 3.2], one can see that Iu is a nonzero ideal of the
ring Fpm [x]〈(

x2+δγx+ γ2
2

)ps〉 , which is a finite chain ring with ideals
〈(

x2 + δγx + γ2

2

)j〉,
where 0 ≤ j ≤ ps. Then there is an integer i ∈ {0, 1, . . . , ps − 1} such that Iu =〈(

x2 + δγx + γ2

2

)i〉 ⊆ Fpm [x]〈(
x2+δγx+ γ2

2

)ps〉 . Thus, there exists an element

c(x) =
ps−1∑
j=0

(c0jx + d0j)
(

x2 + δγx +
γ2

2

)j

+ u

ps−1∑
j=0

(c1jx + d1j)
(

x2 + δγx +
γ2

2

)j

∈ R[x]〈(
x2 + δγx + γ2

2

)ps〉 ,
where c0j , c1j , d0j , d1j ∈ Fpm , such that

(
x2 + δγx + γ2

2

)i + uc(x) ∈ I. Since

(
x2 + δγx +

γ2

2

)i

+ uc(x)

=
(

x2 + δγx +
γ2

2

)i

+ u

ps−1∑
j=0

(c0jx + d0j)
(

x2 + δγx +
γ2

2

)j

∈ I,

and u
(
x2 + δγx + γ2

2

)k = u
[(

x2 + δγx + γ2

2

)i + uc(x)
](

x2 + δγx + γ2

2

)k−i ∈ I with
i ≤ k ≤ ps −1, we have

(
x2 + δγx+ γ2

2

)i +u
∑i−1

j=0(c0jx+d0j)
(
x2 + δγx+ γ2

2

)j ∈ I.
We now consider two subcases.

Case 2a. I =
〈(

x2 + δγx + γ2

2

)i + u
∑i−1

j=0(cjx + dj)
(
x2 + δγx + γ2

2

)j〉, then I can
be expressed as

I =

〈(
x2 + δγx +

γ2

2

)i

+ u

(
x2 + δγx +

γ2

2

)t

h(x)

〉
,
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where h(x) is 0 or a unit. If h(x) is a unit, then h(x) can be represented as h(x) =∑
j(h0jx+h1j)(x2 +δγx+ γ2

2 )j , with h0j , h1j ∈ Fpm and h00x+h10 �= 0, this means
that I is of Type 3.

Case 2b. 〈(x2 + δγx+ γ2

2 )i +u
∑i−1

j=0(c0jx+ d0j)(x2 + δγx+ γ2

2 )j〉 � I. Then there
exists

f(x) ∈ I\
〈(

x2 + δγx +
γ2

2

)i

+ u

i−1∑
j=0

(c0jx + d0j)
(

x2 + δγx +
γ2

2

)j
〉

.

It follows that there is a polynomial g(x) ∈ R[x]

〈(x2+δγx+ γ2
2 )ps〉 such that

0 �= h(x)

= f(x) − g(x)


(x2 + δγx +

γ2

2

)i

+ u

i−1∑
j=0

(c0jx + d0j)
(

x2 + δγx +
γ2

2

)j

 ∈ I,

implying that h(x) can be expressed as

h(x) =
i−1∑
j=0

(h0jx + h′
0j)
(

x2 + δγx +
γ2

2

)j

+ u

i−1∑
j=0

(h1jx + h′
1j)
(

x2 + δγx +
γ2

2

)j

,

where h0j , h
′
0j , h1j , h

′
1j ∈ Fpm . Therefore, h(x) reduced modulo u is in Iu = 〈(x2 +

δγx+ γ2

2 )i〉, and hence, h0j , h
′
0j = 0 for all 0 ≤ j ≤ i−1, i.e. h(x) = u

∑i−1
j=0(h1jx+

h′
1j)(x

2+δγx+ γ2

2 )j . Since h(x) �= 0, there exists the smallest integer k, 0 ≤ k ≤ i−1,
such that h1kx + h′

1k �= 0. Then

h(x) = u

i−1∑
j=k

(h1jx + h′
1j)
(

x2 + δγx +
γ2

2

)j

= u

(
x2 + δγx +

γ2

2

)k

×

h1kx + h′

1k +
i−1∑

j=k+1

(h1jx + h′
1j)
(

x2 + δγx +
γ2

2

)j−k

.

As h1kx + h′
1k �= 0, h1kx + h′

1k +
∑i−1

j=k+1(h1jx + h′
1j)(x

2 + δγx + γ2

2 )j−k is an

invertible element in R[x]〈(
x2+δγx+ γ2

2

)ps〉 , hence,

u

(
x2 + δγx +

γ2

2

)k

=


h1kx + h′

1k +
i−1∑

j=k+1

(h1jx + h′
1j)
(

x2 + δγx +
γ2

2

)j−k



−1

h(x) ∈ I.
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It has been shown that for any f(x) ∈ I\〈(x2+δγx+ γ2

2 )i+u
∑i−1

j=0(c0jx+d0j)(x2 +

δγx+ γ2

2 )j〉, there is an integer k with 0 ≤ k ≤ i−1 such that u(x2+δγx+ γ2

2 )k ∈ I.
Put

ω = min


k

∣∣∣∣∣ f(x) ∈ I\
〈(

x2 + δγx +
γ2

2

)i

+ u

i−1∑
j=0

(c0jx + d0j)
(

x2 + δγx +
γ2

2

)j
〉
.

Then we have 〈(x2 + δαx + η)i + u
∑i−1

j=0(c0jx + d0j)(x2 + δγx+ γ2

2 )j , u(x2 + δγx +
γ2

2 )ω〉 ⊆ I. By the above construction, for any f(x) ∈ I, there exists a polynomial
g(x) ∈ I satisfying

f(x) − g(x)


(x2 + δγx +

γ2

2

)i

+ u
i−1∑
j=0

(c0jx + d0j)
(

x2 + δγx +
γ2

2

)j



∈
〈

u

(
x2 + δγx +

γ2

2

)ω
〉

.

It follows that

f(x) ∈
〈(

x2 + δγx +
γ2

2

)i

+ u

i−1∑
j=0

(c0jx + d0j)
(

x2 + δγx +
γ2

2

)j

,

u

(
x2 + δγx +

γ2

2

)ω
〉

.

Hence,

I =

〈(
x2 + δγx +

γ2

2

)i

+ u

i−1∑
j=0

(c0jx + d0j)
(

x2 + δγx +
γ2

2

)j

,

u

(
x2 + δγx +

γ2

2

)ω
〉

=

〈(
x2 + δγx +

γ2

2

)i

+ u

ω−1∑
j=0

(c0jx + d0j)
(

x2 + δγx +
γ2

2

)j

,

u

(
x2 + δγx +

γ2

2

)ω
〉

.
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Let T be the smallest integer such that u(x2 + δγx + γ2

2 )T ∈ 〈(x2 + δγx + γ2

2 )i +
u
∑i−1

j=0(cjx + dj)(x2 + δγx + γ2

2 )j〉. If ω ≥ T , then

I =

〈(
x2 + δγx +

γ2

2

)i

+ u

ω−1∑
j=0

(cjx + dj)
(

x2 + δγx +
γ2

2

)j

,

u

(
x2 + δγx +

γ2

2

)ω
〉

=

〈(
x2 + δγx +

γ2

2

)i

+ u

i−1∑
j=0

(cjx + dj)
(

x2 + δγx +
γ2

2

)j
〉

.

This is a contradiction with the assumption of this case. Thus, we can conclude
that ω < T , showing that I is of Type 4.

In Theorem 3.7, the number T plays an important role in Type 4. The following
result determines the number T.

Proposition 3.8. Let T be the smallest integer such that

u

(
x2 + δγx +

γ2

2

)T

∈
〈(

x2 + δγx +
γ2

2

)i

+ u

(
x2 + δγx +

γ2

2

)t

h(x)

〉
.

Then T can be determined as follows :

T =

{
i, if h(x) = 0,

min{i, ps − i + t}, if h(x) �= 0.

Proof. We first observe that T ≤ i with the reason that u(x2+δγx+ γ2

2 )i = u[(x2+
δγx+ γ2

2 )i + u(x2 + δγx+ γ2

2 )th(x)] ∈ C. If h(x) = 0, then C = 〈(x2 + δγx + γ2

2 )i〉,
showing that T = i. Now we consider the case h(x) �= 0, where h(x) is a unit. Since
u(x2 + δγx + γ2

2 )T ∈ 〈(x2 + δγx + γ2

2 )i + u(x2 + δγx + γ2

2 )th(x)〉, we can find a
polynomial f(x) ∈ R[x]

〈(x2+δγx+ γ2
2 )ps 〉 satisfying u(x2 +δγx+ γ2

2 )T = f(x)[(x2 +δγx+

γ2

2 )i + u(x2 + δγx + γ2

2 )th(x)]. Hence, f(x) can be written as

f(x) =
ps−1∑
j=0

(a0jx + b0j)
(

x2 + δγx +
γ2

2

)j

+ u

ps−1∑
j=0

(a1jx + b1j)

×
(

x2 + δγx +
γ2

2

)j

,
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where a0j , a1j , b0j , b1j ∈ Fpm . Then u(x2 + δγx + γ2

2 )T can be expressed as follows:

u

(
x2 + δγx +

γ2

2

)T

=


ps−1∑

j=0

(a0jx + b0j)
(

x2 + δγx +
γ2

2

)j

+ u

ps−1∑
j=0

(a1jx + b1j)

×
(

x2 + δγx +
γ2

2

)j

[(x2 + δγx +

γ2

2

)i

+ u

(
x2 + δγx +

γ2

2

)t

h(x)

]

=
(

x2 + δγx +
γ2

2

)i ps−1∑
j=0

(a0jx + b0j)
(

x2 + δγx +
γ2

2

)j

+ u

(
x2 + δγx +

γ2

2

)i ps−1∑
j=0

(a1jx + b1j)
(

x2 + δγx +
γ2

2

)j

+ u

(
x2 + δγx +

γ2

2

)t

h(x)
ps−1∑
j=0

(a0jx + b0j)
(

x2 + δγx +
γ2

2

)j

=
(

x2 + δγx +
γ2

2

)i ps−i−1∑
j=0

(a0jx + b0j)
(

x2 + δγx +
γ2

2

)j

+
(

x2 + δγx +
γ2

2

)ps ps−1∑
j=ps−i

(a0jx + b0j)
(

x2 + δγx +
γ2

2

)i+j−ps

+ u

(
x2 + δγx +

γ2

2

)i ps−i−1∑
j=0

(a1jx + b1j)
(

x2 + δγx +
γ2

2

)j

+ u

(
x2 + δγx +

γ2

2

)ps ps−1∑
j=ps−i

(a1jx + b1j)
(

x2 + δγx +
γ2

2

)i+j−ps

+ u

(
x2 + δγx +

γ2

2

)t

h(x)
ps−i−1∑

j=0

(a0jx + b0j)
(

x2 + δγx +
γ2

2

)j

+ u

(
x2 + δγx +

γ2

2

)t

h(x)
ps−1∑

j=ps−i

(a0jx + b0j)
(

x2 + δγx +
γ2

2

)j

= u

(
x2 + δγx +

γ2

2

)i ps−i−1∑
j=0

(a1jx + b1j)
(

x2 + δγx +
γ2

2

)j

+ u

(
x2 + δγx +

γ2

2

)t

h(x)
ps−1∑

j=ps−i

(a0jx + b0j)
(

x2 + δγx +
γ2

2

)j
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= u

(
x2 + δγx +

γ2

2

)i ps−i−1∑
j=0

(a1jx + b1j)
(

x2 + δγx +
γ2

2

)j

+ u

(
x2 + δγx +

γ2

2

)ps−i+t

h(x)
i−1∑
j=0

(a0,ps−i+jx + b0,ps−i+j)

×
(

x2 + δγx +
γ2

2

)j

.

Therefore, T ≥ min{i, ps − i + t}. Moreover,[(
x2 + δγx +

γ2

2

)i

+ u

(
x2 + δγx +

γ2

2

)t

h(x)

](
x2 + δγx +

γ2

2

)ps−i

= u

(
x2 + δγx +

γ2

2

)ps−i+t

h(x).

Hence,

u

(
x2 + δγx +

γ2

2

)ps−i+t

=

[(
x2 + δγx +

γ2

2

)i

+ u

(
x2 + δγx +

γ2

2

)t

h(x)

]

×
(

x2 + δγx +
γ2

2

)ps−i

[h(x)]−1 ∈ C.

Thus, T ≤ ps − i + t, concluding that T = min{i, ps − i + t}.

Recall that for a code C of length n over R, their torsion and residue codes are
codes over Fpm , defined as follows:

Tor(C) = {a ∈ Fn
pm |u a ∈ C},

Res(C) = {a ∈ Fn
pm | ∃b : a+ub ∈ C}.

The reduction modulo u from C to Res(C) is given by

φ : C → Res(C), φ(a+ub) = a .

Clearly, φ is well-defined and onto, with Ker(φ) = Tor(C), and φ(C) = Res(C).
Therefore, |Res(C)| = |C|

|Tor(C)| . We have the following result.

Proposition 3.9. Let C be a code of length n over R, whose torsion and residue
codes are Tor(C) and Res(C). Then |C| = |Tor(C)| · |Res(C)|.

In order to give the number of elements in each ideal I of the ring
R[x]

〈(x2+δγx+ γ2
2 )ps 〉 , we need to determine torsion and residue codes of I. By defi-

nition and the classification in Theorem 3.7, Res(I) and Tor(I) can be readily
obtained.
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Lemma 3.10. Let I be ideals of the ring R[x]

〈(x2+δγx+ γ2
2 )ps 〉 , then the torsion and

residue codes of I are determined as follows :

(i) Type 1:

• If I = 〈0〉, then Res(I) = Tor(I) = 〈0〉. This implies that |Res(I)| =
|Tor(I)| = 1.

• If I = 〈1〉, then Res(I) = Tor(I) = 〈1〉. Hence, |Res(I)| = |Tor(I)| = p2mps

(ii) Type 2: If I = 〈u(x2 +δγx+ γ2

2 )i〉, where 0 ≤ i ≤ ps−1, then Res(I) = 〈0〉 and
Tor(I) = 〈(x2 + δγx+ γ2

2 )i〉. Therefore, |Res(I)| = 1 and |Tor(I)| = p2m(ps−i).

(iii) Type 3: If I = 〈(x2 + δγx + γ2

2 )i + u(x2 + δγx + γ2

2 )th(x)〉, where 1 ≤ i ≤
ps − 1, 0 ≤ t < i and either h(x) is 0 or h(x) is a unit. Then Res(I) =
〈(x2 + δγx + γ2

2 )i〉 and Tor(I) = 〈(x2 + δγx + γ2

2 )T 〉, where T is the smallest
integer such that u(x2 + δγx + γ2

2 )T ∈ I, which is given by

T =

{
i if h(x) = 0,

min{i, ps − i + t} if h(x) �= 0.

From this, we have |Res(I)| = p2m(ps−i) and |Tor(I)| = p2m(ps−T ).

(iv) Type 4: If I = 〈(x2 + δγx + γ2

2 )i + u(x2 + δγx + γ2

2 )th(x), u(x2 + δγx + γ2

2 )κ〉,
where 1 ≤ i ≤ ps − 1, 0 ≤ t < i, either h(x) is 0 or h(x) is a unit, and κ < T,

then Res(I) = 〈(x2 +δγx+ γ2

2 )i〉 and Tor(I) = 〈(x2 +δγx+ γ2

2 )κ〉. This follows
that |Res(I)| = p2m(ps−i) and |Tor(I)| = p2m(ps−κ).

By multiplying the sizes of Res(I) and Tor(I) in each case, we can now give the
number of elements in each ideal of the ring R[x]

〈(x2+δγx+ γ2
2 )ps〉 as follows.

Theorem 3.11. Let I be an ideal of the ring R[x]

〈(x2+δγx+ γ2
2 )ps 〉

, then the number of

elements of I, denoted by nI , is determined as follows :

• If I = 〈0〉, then nI = 1.
• If I = 〈1〉, then nI = p4mps

.
• If I = 〈u(x2 + δγx + γ2

2 )i〉, where 0 ≤ i ≤ ps − 1, then nI = p2m(ps−i).

• If I = 〈(x2 + δγx + γ2

2 )i〉, where 1 ≤ i ≤ ps − 1, then nI = p4m(ps−i).

• If I = 〈(x2 + δγx+ γ2

2 )i +u(x2 + δγx+ γ2

2 )th(x)〉, where 1 ≤ i ≤ ps−1, 0 ≤ t < i,

and h(x) is a unit, then

nI =




p4m(ps−i) if 1 ≤ i ≤ ps−1 +
t

2
,

p2m(ps−t) if ps−1 +
t

2
< i ≤ ps − 1.
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• If I = 〈(x2 + δγx + γ2

2 )i + u(x2 + δγx + γ2

2 )th(x), u(x2 + δγx + γ2

2 )κ〉, where
1 ≤ i ≤ ps − 1, 0 ≤ t < i, either h(x) is 0 or h(x) is a unit, and

κ < T =

{
i if h(x) = 0,

min{i, ps − i + t} if h(x) �= 0,

then nI = p2m(2ps−i−κ).

4. Duals of λ-Constacyclic Codes

Suppose that C is a λ-constacyclic code of length 4ps over R with the dual code as
C⊥. We start with a couple of lemmas.

Lemma 4.1. Let f(x) = (x2 + δγx + γ2

2 )i − u
∑t

j=0(ajx + bj)(x2 + δγx + γ2

2 )j , be

an element of R[x]

〈(x2+δγx+ γ2
2 )ps 〉 , where t < i. Then

f�(x) =
(

x2 + δγx+
γ2

2

)i

− u

t∑
k=1


k−1∑

j=0

bj

(
i − j − 1
k − j − 1

)(−1)i−k

(
x2 + δγx +

γ2

2

)k

− u

i∑
k=t+1


 t∑

j=0

bj

(
i − j − 1
k − j − 1

) (−1)i−k

(
x2 + δγx +

γ2

2

)k

− u

t∑
k=0


 k∑

j=0

(ajx − bj)
(

i − j − 1
k − j

) (−1)i−k−1

(
x2 + δγx +

γ2

2

)k

− u
i−1∑

k=t+1


 t∑

j=0

(ajx − bj)
(

i − j − 1
k − j

) (−1)i−k−1

(
x2 + δγx +

γ2

2

)k

.

Proof. By Lemma 2.6, we have

f�(x) =
(

x2 + δγx +
γ2

2

)i

− u

t∑
j=0

(bjx + aj)
(

x2 + δγx +
γ2

2

)j

x2i−2j−1

=
(

x2 + δγx +
γ2

2

)i

− u

t∑
j=0

(bjx + aj)x
(

x2 + δγx +
γ2

2

)j

×
(

x2 + δγx +
γ2

2

)i−j−1
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=
(

x2 + δγx +
γ2

2

)i

− u

t∑
j=0

(bjx
2 + ajx)

(
x2 + δγx +

γ2

2

)j

×
i−j−1∑
k=0

(
i − j − 1

k

)(
x2 + δγx +

γ2

2

)k

(−1)i−j−k−1

=
(

x2 + δγx +
γ2

2

)i

− u

t∑
j=0

(
bj

(
x2 + δγx +

γ2

2

)
+ ajx − bj

)

×
(

x2 + δγx +
γ2

2

)j i−j−1∑
k=0

(
i − j − 1

k

)(
x2 + δγx +

γ2

2

)k

(−1)i−j−k−1

=
(

x2 + δγx +
γ2

2

)i

− u
t∑

j=0

bj

(
x2 + δγx +

γ2

2

)j+1 i−j−1∑
k=0

(
i − j − 1

k

)

×
(

x2 + δγx +
γ2

2

)k

(−1)i−j−k−1 − u
t∑

j=0

(ajx − bj)
(

x2 + δγx +
γ2

2

)j

×
i−j−1∑
k=0

(
i − j − 1

k

)(
x2 + δγx +

γ2

2

)k

(−1)i−j−k−1

=
(

x2 + δγx +
γ2

2

)i

− u
t∑

k=1


k−1∑

j=0

bj

(
i − j − 1
k − j − 1

) (−1)i−k

×
(

x2 + δγx +
γ2

2

)k

− u

i∑
k=t+1


 t∑

j=0

bj

(
i − j − 1
k − j − 1

) (−1)i−k

(
x2 + δγx +

γ2

2

)k

− u

t∑
k=0


 k∑

j=0

(ajx − bj)
(

i − j − 1
k − j

) (−1)i−k−1

(
x2 + δγx +

γ2

2

)k

− u

i−1∑
k=t+1


 t∑

j=0

(ajx − bj)
(

i − j − 1
k − j

) (−1)i−k−1

(
x2 + δγx +

γ2

2

)k

.

To determine the annihilator of I, where I is an ideal of the ring R[x]

〈(x2+δγx+ γ2
2 )ps〉 ,

we first observe the following.

Lemma 4.2. If I = 〈(x2 + δγx+ γ2

2 )i +u(x2 + δγx+ γ2

2 )th(x), u(x2 + δγx+ γ2

2 )ω〉,
then ps − i is the smallest positive integer r such that u(x2 + δγx + γ2

2 )r ∈ A(I).
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Proof. Consider[(
x2 + δγx +

γ2

2

)i

+ u

(
x2 + δγx +

γ2

2

)t

h(x)

]
u

(
x2 + δγx +

γ2

2

)r

= 0.

Clearly, we must have i+ r ≥ ps. So we have the smallest value of r, namely, ps − i.
Hence, u(x2 + δγx + γ2

2 )ps−i ∈ A(I).

Theorem 4.3. Let the λ-constacyclic code C be associated to the ideal I = 〈u(x2 +
δγx + γ2

2 )i〉 of R[x]

〈(x2+δγx+ γ2
2 )ps 〉 . Then A(C)� = 〈(x2 + δγx + γ2

2 )ps−i, u〉.

Proof. From C ⊆ 〈u〉 and C ⊆ 〈(x2 +δγx+ γ2

2 )i〉, we have 〈(x2 +δγx+ γ2

2 )ps−i〉 =
〈(x2 + δγx + γ2

2 )i〉⊥ ⊆ C⊥ and 〈u〉 = 〈u〉⊥ ⊆ C⊥, implying that 〈(x2 + δγx +
γ2

2 )ps−i, u〉 ⊆ C⊥. Since the coefficient vector of (x2 + δγx + γ2

2 )ps−i is orthogonal
to the coefficient vector of u(x2 + δγx + γ2

2 )i and all its negacyclic shift, the other
inclusion is proved, completing the proof.

Theorem 4.4. Let the λ-constacyclic code C be associated to the ideal I = 〈(x2 +
δγx+ γ2

2 )i +u(x2 + δγx+ γ2

2 )th(x)〉 of the ring R[x]

〈(x2+δγx+ γ2
2 )ps 〉 , where h(x) is 0 or

h(x) is a unit. Then we can determine A(C)� as follows :

(1) If h(x) is 0, then A(C)� = 〈(x2 + δγx + γ2

2 )ps−i〉.
(2) If 1 ≤ i ≤ ps+t

2 and h(x) is a unit, then A(C)� = 〈a(x)〉, where

a(x) =
(

x2 + δγx +
γ2

2

)ps−i

− u

(
x2 + δγx +

γ2

2

)ps−2i+t i−t−1∑
k=1

×

k−1∑

j=0

bj

(
i − t − j − 1

k − j − 1

) (−1)i−t−k

(
x2 + δγx +

γ2

2

)k

− u

(
x2 + δγx +

γ2

2

)ps−2i+t i−t−1∑
k=0


 k∑

j=0

(ajx − bj)
(

i − t − j − 1
k − j

)

× (−1)i−t−k−1

(
x2 + δγx +

γ2

2

)k

.

(3) If ps+t
2 < i ≤ ps−1 and h(x) is a unit, then A(C)� = 〈b(x), u(x2+δγx+ γ2

2 )ps−i〉
where

b(x) =
(

x2 + δγx +
γ2

2

)i−t

− u

ps−i−1∑
k=1


k−1∑

j=0

bj

(
i − t − j − 1

k − j − 1

)

× (−1)i−t−k

(
x2 + δγx +

γ2

2

)k
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− u

ps−i−1∑
k=0


 k∑

j=0

(ajx − bj)
(

i − t − j − 1
k − j

)

× (−1)i−t−k−1

(
x2 + δγx +

γ2

2

)k

.

Proof. The proof of (1) is straightforward. We will give the proof of (2). The proof
of (3) is similar. From [(x2+δγx+ γ2

2 )i+u(x2+δγx+ γ2

2 )th(x)][(x2+δγx+ γ2

2 )ps−i−
u(x2 + δγx + γ2

2 )ps−2i+th(x)] = 0, we can see that〈(
x2 + δγx +

γ2

2

)ps−i

− u

(
x2 + δγx +

γ2

2

)ps−2i+t

h(x)

〉
⊆ A(C).

Let A(C) = 〈f(x), u(x2 +δγx+ γ2

2 )k〉, where f(x) = (x2+δγx+ γ2

2 )a +u(x2+δγx+
γ2

2 )bg(x). By Lemma 4.2, ps−i is the smallest integer r such that u(x2+δγx+ γ2

2 )r ∈
A(C). Hence, k = ps−i. We can see that f(x)[(x2+δγx+γ2

2 )i+u(x2+δγx+γ2

2 )th(x)]
is equal to [(

x2 + δγx +
γ2

2

)a

+ u

(
x2 + δγx +

γ2

2

)b

g(x)

]

×
[(

x2 + δγx +
γ2

2

)i

+ u

(
x2 + δγx +

γ2

2

)t

h(x)

]

=
(

x2 + δγx +
γ2

2

)a+i

+ u

(
x2 + δγx +

γ2

2

)a+t

h(x)

+ u

(
x2 + δγx +

γ2

2

)b+i

g(x) = 0.

We must have a + i ≥ ps. So we can take a = ps − i. Then we have b = ps − 2i + t

and g(x) = −h(x). This concludes that

f(x) =
(

x2 + δγx +
γ2

2

)a

+ u

(
x2 + δγx +

γ2

2

)b

g(x) ∈
〈(

x2 + δγx +
γ2

2

)ps−i

− u

(
x2 + δγx +

γ2

2

)ps+t−2i

h(x), u
(

x2 + δγx +
γ2

2

)ps−i
〉

and

A(C) =

〈(
x2 + δγx +

γ2

2

)ps−i

− u

(
x2 + δγx +

γ2

2

)ps+t−2i

h(x),

u

(
x2 + δγx +

γ2

2

)ps−i
〉

.
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Since u(x2 + δγx + γ2

2 )ps−i ∈ 〈(x2 + δγx + γ2

2 )ps−i − u(x2 + δγx + γ2

2 )ps+t−2ih(x)〉,
it follows that

A(C) =

〈(
x2 + δγx +

γ2

2

)ps−i

− u

(
x2 + δγx +

γ2

2

)ps+t−2i

h(x)

〉
.

Let h(x) =
∑

j(ajx+bj)(x2+δγx+ γ2

2 )j , where a0x+b0 �= 0 and aj , bj ∈ Fpm . Since
1 ≤ i ≤ ps+t

2 , we have t + j < T = min{i, ps − i + t} = i. Therefore, j ≤ i − t − 1.
Let

l(x) =
(

x2 + δγx +
γ2

2

)ps−i

− u

(
x2 + δγx +

γ2

2

)ps−2i+t

×
i−t−1∑
j=0

(ajx + bj)
(

x2 + δγx +
γ2

2

)j

.

By Lemma 4.1 and removing all terms u(x2 + δγx+ γ2

2 )j with j ≥ ps − i, it implies
that

l�(x) =
(

x2 + δγx +
γ2

2

)ps−i

− u

(
x2 + δγx +

γ2

2

)ps−2i+t i−t−1∑
k=1

×

k−1∑

j=0

bj

(
i − t − j − 1

k − j − 1

) (−1)i−t−k

(
x2 + δγx +

γ2

2

)k

− u

(
x2 + δγx +

γ2

2

)ps−2i+t i−t−1∑
k=0


 k∑

j=0

(ajx − bj)
(

i − t − j − 1
k − j

)

× (−1)i−t−k−1

(
x2 + δγx +

γ2

2

)k

.

Thus, we have

A(C)� =

〈(
x2 + δγx +

γ2

2

)ps−i

− u

(
x2 + δγx +

γ2

2

)ps−2i+t i−t−1∑
k=1

×

k−1∑

j=0

bj

(
i − t − j − 1

k − j − 1

) (−1)i−t−k

(
x2 + δγx +

γ2

2

)k

− u

(
x2 + δγx +

γ2

2

)ps−2i+t i−t−1∑
k=0


 k∑

j=0

(ajx − bj)
(

i − t − j − 1
k − j

)

× (−1)i−t−k−1

(
x2 + δγx +

γ2

2

)k
〉

.

The proof of part (2) is now complete.
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Theorem 4.5. Let the λ-constacyclic code C be associated to the ideal

I =

〈(
x2 + δγx +

γ2

2

)i

+ u

(
x2 + δγx +

γ2

2

)t

h(x), u
(

x2 + δγx +
γ2

2

)ω
〉

,

where h(x) is 0 or h(x) is a unit. Then A(C)� is determined as follows :

(1) If h(x) = 0, then A(C)� = 〈(x2 + δγx + γ2

2 )ps−ω, u(x2 + δγx + γ2

2 )ps−i〉.
(2) If h(x) is a unit, then A(C)� = 〈d(x), u(x2 + δγx + γ2

2 )ps−i〉, where

d(x) =
(

x2 + δγx +
γ2

2

)ps−ω

− u

(
x2 + δγx +

γ2

2

)ps−i−ω+t ω−t−1∑
k=1

×

k−1∑

j=0

bj

(
i − t − j − 1

k − j − 1

) (−1)i−t−k

(
x2 + δγx +

γ2

2

)k

− u

(
x2 + δγx +

γ2

2

)ps−i−ω+t ω−t−1∑
k=0


 k∑

j=0

(ajx − bj)
(

i − t − j − 1
k − j

)

× (−1)i−t−k−1

(
x2 + δγx +

γ2

2

)k

.

Proof. It is routine to check that if h(x) = 0, then A(C)� = 〈(x2 + δγx +
γ2

2 )ps−ω, u(x2 + δγx+ γ2

2 )ps−i〉, proving (1). We now give the proof of (2). A simple
calculation shows that

I =

〈(
x2 + δγx +

γ2

2

)ps−ω

− u

(
x2 + δγx +

γ2

2

)ps−i−ω+t

h(x),

u

(
x2 + δγx +

γ2

2

)ps−i
〉

⊆ A(C)

and nC = p2m(i+ω). Then we can see that

p2m(i+ω) = nI ≤ |A(C)| = |A(C)�| ≤ p4mps

nI
=

p4mps

p2m(2ps−i−ω)
= p2m(i+ω).

Therefore, 〈(x2 + δγx + γ2

2 )ps−ω − u(x2 + δγx + γ2

2 )ps−i−ω+th(x), u(x2 + δγx +
γ2

2 )ps−i〉 = A(C). Let h(x) =
∑

j(ajx + bj)(x2 + δγx + γ2

2 )j , where a0x + b0 �= 0
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and aj , bj ∈ Fpm . In this case j ≤ ω − t − 1. Let

l(x) =
(

x2 + δγx +
γ2

2

)ps−ω

− u

(
x2 + δγx +

γ2

2

)ps−i−ω+t ω−t−1∑
j=0

(ajx + bj)

×
(

x2 + δγx +
γ2

2

)j

,

by Lemma 4.1 and removing all terms u(x2 + δγx + γ2

2 )j with j ≥ ps − i, we get

l�(x) =
(

x2 + δγx +
γ2

2

)ps−ω

− u

(
x2 + δγx +

γ2

2

)ps−i−ω+t ω−t−1∑
k=1

×

k−1∑

j=0

bj

(
i − t − j − 1

k − j − 1

) (−1)i−t−k

(
x2 + δγx +

γ2

2

)k

− u

(
x2 + δγx +

γ2

2

)ps−i−ω+t ω−t−1∑
k=0


 k∑

j=0

(ajx − bj)
(

i − t − j − 1
k − j

)

× (−1)i−t−k−1

(
x2 + δγx +

γ2

2

)k

.

Hence,

C⊥ = A(C)�

=

〈(
x2 + δγx +

γ2

2

)ps−ω

− u

(
x2 + δγx +

γ2

2

)ps−i−ω+t ω−t−1∑
k=1

×

k−1∑

j=0

bj

(
i − t − j − 1

k − j − 1

) (−1)i−t−k

(
x2 + δγx +

γ2

2

)k

− u

(
x2 + δγx +

γ2

2

)ps−i−ω+t ω−t−1∑
k=0


 k∑

j=0

(ajx − bj)
(

i − t − j − 1
k − j

)

× (−1)i−t−k−1

(
x2 + δγx +

γ2

2

)k

, u

(
x2 + δγx +

γ2

2

)ps−i
〉

,

completing the proof.

In [10], we gave a new way to study the algebraic structures of λ-constacyclic
codes of length 4ps over R. We proved an important observation that any nonzero
polynomial of degree less than 4 in Fpm [x] is invertible in R[x]

〈x4ps−λ〉 , where λ is
not a square in R. This key result was then used to obtain that the ambient
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ring R[x]
〈x4ps−λ〉 is a chain ring with maximal ideal 〈x4 − α0〉, where λps

0 = λ.
However, as mentioned in [10], we only establish the algebraic structures of λ-
constacyclic codes of length 4ps over R for any prime p with pm ≡ 1 (mod 4)
because otherwise, when pm ≡ 3 (mod 4), the polynomial x4 − λ0 can be decom-
posed as a product of two quadratic irreducible factors. This is the reason why
the method in [10] cannot be used for studying the λ-constacyclic codes of
length 4ps for any prime p with pm ≡ 3 (mod 4). We can see that the unit
elements of R can be expressed as two types, namely, λ ∈ Fpm − {0}, and
α + uβ, where α, β are nonzero. This paper considered the λ-constacyclic codes
of length 4ps over R, where λ ∈ Fpm − {0}. The class of (α + uβ)-constacyclic
codes of length 4ps over R, where α, β are nonzero, is investigated in our other
paper [12].
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