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Let p be a prime such that p™ = 3 (mod 4). For any unit X of F,m, we determine the
algebraic structures of A-constacyclic codes of length 4p® over the finite commutative
chain ring Fpm + uFpm, u? = 0. If the unit A € Fpm is a square, each A-constacyclic
code of length 4p® is expressed as a direct sum of an -a-constacyclic code and an a-
constacyclic code of length 2ps. If the unit X\ is not a square, then z¢ — \g can be
decomposed into a product of two irreducible coprime quadratic polynomials which are
2 4+ vz + g and z2 — vz + §7 where /\8S = X and v* = —4)¢. By showing that the
quotient rings R a R

(et D7) M (e )y
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are local, non-chain rings, we can
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compute the number of codewords in each of A-constacyclic codes. Moreover, the duals
of such codes are also given.

Keywords: Constacyclic codes; dual codes; repeated-root codes; chain rings; local rings.
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1. Introduction

Codes over finite rings are intensive studied from the 1990s because of their new role
in algebraic coding theory and their successful applications. In an important paper
[14], Hammons et al. proved that certain good nonlinear codes such as Kerdock and
Preparata codes can be constructed from linear codes over Z4 via the Gray map.
Since then, codes over finite chain rings received attention. Since 2003, special
classes of repeated-root codes over certain classes of finite chain rings have been
studied by numerous other authors (see, for example, [1], 4], [11]).

Linear and cyclic codes over the finite commutative chain ring Fo + ulFo, where
u? = 0, are studied by a lot of researchers (see, for example, [2,[3, 5]). In general,
the class of finite rings of the form Fpm + ulF,m has been widely used as alphabets
of certain constacyclic codes. The classification of codes plays an important role in
studying their structures, but in general, it is very difficult. In a recent work [7], we
classified and gave the detailed structures of all constacyclic codes of length p® over
Fpm 4+ ulF,m; and in 2012 []], we provided that for all constacyclic codes of length
2p® over the finite field Fpm.

Recently, in [10], we established successfully the detailed structures of all con-
stacyclic codes of length 4p® over Fym +ulFpm when p™ =1 (mod 4). The key result

of the technique in [10] is the observation that, for p™ =1 (mod 4), when X is not a
square in F,m + ulF,m, any nonzero polynomial of degree < 4 over [Fpm is invertible
(Fpm +uFpm)]

in the ambient ring W‘T/Wz] We showed that this is no longer true for p™ =
(mod 4), as in this case, —1 is not a square, but there are non-invertible quadratic
W’ and moreover, z* + 1 factors into
a product of two irreducible coprime quadratic polynomials. Therefore, we cannot
use the method given in [T0] to study codes of length 4p® over Fpm + ulF,m when
p™ =3 (mod 4).

The units of R can be expressed as two types, namely, A € F,» — {0}, and
a+uf, where a, 3 are nonzero. To continue the line of study, this paper investigates
the A-constacyclic codes of length 4p® over R, where p™ = 3 (mod 4) and A €
Fpm. The remaining case of (a + uf3)-constacyclic codes is considered in our recent
paper [12].

The rest of the paper is arranged as follows. After presenting preliminary con-
cepts and results in Sec. [, Sec. B presents the main results of this paper. If \ is
not a square, then the algebraic structure of A-constacyclic codes of length 4p® over
Fpm + uFpm where p™ = 3 (mod 4) and A € Fym is investigated in Theorem B3]
We also establish the number of codewords in each of these codes (Theorem B.1T]).

polynomials in the ambient ring
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The duals of each A-constacyclic code are provided in Sec.[d] as particular cases of
our results.

2. Preliminaries

An ideal I of a ring R is called principal if it is generated by one element. A ring R
is a principal ideal ring if its ideals are principal. R is called a local ring if R/rad R
is a division ring, or equivalently, if R has a unique maximal right (left) ideal.
Furthermore, a ring R is called a chain ring if the set of all right (left) ideals of R
is linearly ordered under set-theoretic inclusion.

By [11, Proposition2.1], we have some characterizations of chain rings as follows.

Proposition 2.1 ([11, Proposition 2.1]). Let R be a finite commutative ring,
then the following conditions are equivalent:

(i) R is a local ring and the mazimal ideal M of R is principal, i.e. M = (v) for
some v € R,
(ii) R is a local principal ideal ring,
(iii) R is a chain ring whose ideals are (v%), 0 < i < w, where @ is the nilpotency
of .
For a unit A of R, the A-constacyclic (A-twisted) shift 7, on R" is the shift
TA(T0, Ty -y Tne1) = (ATp—1,T0, 1, - -+, Tn—2),

and a code C' is said to be A-constacyclic if 7\(C) = C, i.e. if C is closed under the
A-constacyclic shift 7.

The codeword ¢ = (¢, ¢1, . . ., ¢p—1) is represented its polynomial representation
c(x) =co+cir+---+c,_12" L, using the obvious one-to-one correspondence. So
F;,f” Jf\] corresponds to a A-constacyclic shift of ¢(z).
From this, we have the following result appeared in [15].

multiplication by x in the ring

Proposition 2.2. A linear code C' of length n is \-constacyclic over R if and only
) . . R[a]
if C is an ideal of e

The inner product of vectors © = (zo, Z1,...,Tn-1),¥ = Yo, Y1, -, Yn—1) € R"
is defined by

-y =2ToYo +T1yY1 + -+ Tp_1Yn—1-
Once we have specified a family of codes called the dual of a code C' to be
Ct={z|z-y=0, VyeC}.

A code C is called self-orthogonal if C C C*, and it is called self-dual if C = C+.
An important result is cited here to use later on.

Proposition 2.3. Let p be a prime and R be a finite chain ring of size p*. The
number of codewords in any linear code C of length n over R is p*, for some integer
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k€ {0,1,...,an}. Moreover, the dual code C* has p' codewords, where k+1 = an,
i.e. |C|-|CH| = |R|".

The dual of a cyclic code is a cyclic code, and the dual of a negacyclic code is
a negacyclic code. In general, we have the following implication of the dual of a
A-constacyclic code.

Proposition 2.4 ([7]). The dual of a \-constacyclic code is a A\~-constacyclic
code.

We give the definition of reciprocal polynomials.

Definition 2.5. If f(z) = ap + a1z + - - -+ a,z", where a, # 0, then the reciprocal
of f(z) is the polynomial

(@) =ar +ar—17 + ap_22® + -+ + apz’”.
Symbolically, f*(x) can be expressed by f*(z) = z"f(L). If I is an ideal of

(mRn[f]1>7 then I* = {f*(z) : f(x) € I} is also an ideal of ﬁmlm

The following result is useful in Sec.[4.

Lemma 2.6 (|13, Lemma 2.8]).
(a) If deg f > degyg, then

(f(2) + gla))* = f*(x) + a8/ I8Ig" ().
(b) (f(@)g(x))* = f*(x)g*(2).

Definition 2.7. Let I be an ideal of R. We define A(I) = {g(z)]| f(z)g(x) =
0, Vf(z) € I}. Then A(I) is called the annihilator of I, which is also an ideal
of R.

Remark 2.8. From the above definition we can see that if C' is a constacyclic code
of length n over R with associated ideal I, then the associated ideal of C is A(I)*.

Let § be a primitive element of Fpm. This means that F,m ={0,¢,...,
"2, 1 = 1}. Denote R = Fym + uFym, where u? = 0 and Ry = otdss.
Then constacyclic codes of length 4p°® over R are precisely the ideals of the ambient
ring R. To study the structure of ideals of Ry, we need to express the polynomial

%" — X as a product of irreducible polynomials over R.

3. Structure of A-Constacyclic Codes when p™ = 3 (mod 4)

If A = a?, then we have 2" — X\ = 2% — o? = (%" 4 a)(2%”" — a). And hence,
by the Chinese reminder theorem,

Rlz] Rlz]

Ry = . .
P b a) T @ )
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It follows that ideals of R are of the form A @ B, where A and B are ideals of

R[z] R[z]
e and w2 —ay

length 4p® over R. It means that any A-constacyclic code of length 4p® over R, i.e.
an ideal C of R, is represented as a direct sum of Cy and C_:

respectively, i.e. they are —a- and a-constacyclic codes of

C=C,aC._,

where C'y and C_ are ideals of (mffjﬁﬁm and (ﬂfﬂa), respectively. Thus, the clas-

sification, detailed structure, and number of codewords of constacyclic codes C' of
length 4p® over R can be obtained from that of the direct summands Cy and C_
(cf. [6]). It turns out that the dual code C+ of C' is also a direct sum of the dual
codes of the direct summands Cj: and Ct.

We now consider the main case that the unit XA is not a square in Fpm. From
now on throughout this section, we always assume that p is a (odd) prime such that
p™ = 3 (mod 4). As mentioned in [7], there exists A9 € F,m such that )\gs =\

It is easy to check that the equation %4 + Ao = 0 has two roots in F,m exactly.

We assume that v € Fpm is a root of the equation $4—4 + Ao = 0. This implies that
~4 = —4)g. We have

4 2\ 2 2 2
$4—>\o=$4+%= (mQ—&-%) — (y2)* = (x2+7x+%> <x2—7x+%).

Therefore, " — X can be expressed as
2\ P’ 2\ P’
$4ps—>\=<$2+75€+%> (xQ—VJH—%) .

To simplify notations, we put § € {—1,1}. We start with the following two lemmas.

Lemma 3.1. The polynomial 22 + 6y + l; is 1rreducible over Fpym.

Proof. Suppose that 2% + dyx + 772 is reducible over F,m, then there exists an
element 3 € Fpm such that

2
ﬂ2+5vﬂ+%20.

We can see that 3% + 673 + 'Y—; = (f+ %)2 + 772 = 0, implying that 772 = 0. This is
a contradiction. Hence, 2% + §yz + l; is irreducible over Fpm. O

Lemma 3.2. The polynomial 2 + éyx + %2 is irreducible over ——————%+
((e24672+)")

for all 6 € {1,—1}.

Proof. Suppose that 22 + §yx + l; is reducible over R. Then there exists an

element a € R such that a? + dya + l; = 0, where o = a1 + uag, aq, a3 € Fpm.

1950022-5
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We have
2
0=a’+dya+ %

2
= (a1 + uaz)? + 6y(oq + uo) + %

2
= (a? + dyaq + %) + u(20na0 + dyae).

From this, we can see that a2 + dya; + 772 =0 and 2012 + dyas = 0. If 2a1a0 +
0vyag = 0, then either ay = 0 or ay = %‘57 If ap = 0, then o = o1 € Fpm, i.e.

22 4 §yx + 'Y—; is reducible over F,m, which is a contradiction. If o; = _TM, then

That means v = 0, a contradiction. Therefore, 22 + §yx + 'Y—; is irreducible over R.
O

We now obtain A-constacyclic codes of length 4p® over R and their duals.
Theorem 3.3. Let C' be a A-constacyclic code of length 4p° over R.

(i) A-constacyclic codes of length 4p® over R can be expressed as C = Cy & Co,
where C; are ideals of the ring Rlz]

<($2+67$+§)p_5> .
(ii) |C] = [C1]|Ca].
(iii) The dual code C*+ of C is given by C+ = Cf @ C5-.
(iv) Ci = ann(C;)*.

Proof. By Lemma [B2] and the Chinese Remainder Theorem, we get the isomor-
phism
Rlz] R|x]
4ps _ - 2\P\ °
(@t =) se{—1,1} (@2 +dox + )" )

~

Hence, every A-constacyclic code C of length 4p® over R can be expressed as C =

C1 ® Co, where C; are ideals of the ring ﬁ, proving (i). It is easy to
w2+5am+"’7
check that |C| = |C1]|C2], giving (ii). By Proposition[2Z4l, we can conclude that the

1950022-6
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dual code C* of C' is given by C+ = C{ & C5-. It is well-known from [9] that if C is
a A-constacyclic code of length n over the ring R, then C+ = ann(C)*, completing
the proof of (iv). |

To investigate A-constacyclic codes of length 4p® over R, and their duals, we need

to determine all ideals of the ambient rings % The following result
((24070+2)" )

shows that any nonzero polynomial cx+d € Fpm|[z] is invertible in Riz]

()

Lemma 3.4. Any nonzero polynomial cx + d € TFpm[z] is invertible in
R[]

()

Proof. If ¢ = 0, then d # 0. This means that d is invertible in -
E

If ¢ # 0, we have
c(x+cta)™?
=c e+t e —ctd+ o) (x4 td) P (@ — cld+ )7
=c Y+ ') Yo -+ 6y)P (22 + dyx — (¢ 'd)? + Sy (e )P

9 -1

.
=c @+l e+ o) ((%) — (7' + (Mc—ld)ps)

_ps

2
= —cHz+cd)?P Yo —cld+oy)” (% + (c7td)? — (67)cld>

It implies that cz +d is invertible if and only if 772 +(c7td)? — (§y)c1d is invertible
in Fym, ie. (c71d)? — (6y)c1d + 772 is nonzero. Since x? 4 §yx + l; is irreducible

over F,m, we can see that (c71d)? — (§v)c™1d + 772 is nonzero. This follows that

cr + d is invertible in %
((e4ore+27)") .
Lemma 3.5. Let f(x) € % Then f(x) can be uniquely expressed
((e24ver)")

as

p°—1 p°—1

f(z) = Z (coiw + doi)(2* + Saz + )" +u Z (criz 4 dy;)(2* + dax + )"
=0 i=0

p°—1
= cpox + doo + (1‘2 + dax + 77) Z (COi‘r + do¢)(1’2 + dax + U)iil
i=1
p°—1
+u Z (criz 4 dy;)(x? + dax + )7,
=0

1950022-7
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where cop;, do; 14, d1; € Fpm for 0 < i < p® — 1. Moreover, f(x) is non-invertible if
and only if coo = dpo = 0.

Proof. The representation of f(x) follows from the fact that it can be viewed

as polynomials of degree less than p® over R. From (22 + dyx + 'Y;) = 0 and

u? =0 in %, we can see that (2 + dvyx + 772) is a nilpotent element
((e2+070+57)")
of % By applying Lemma [3:4] f(z) is non-invertible if and only if
((e2+070+57)")
coo = doo = 0. 0

Combining Lemmas B4 and B8 we give some characterizations of the ring

— Rle] ____in the following theorem.
(e

Theorem 3.6. The quotient ring % is a local ring with maximal ideal
(v
(22 + 6yx + 'Y—QQ, u), but not a chain ring. In particular, x® + éyx + 772 18 a nilpotent

Rlz] —, with the nilpotency index p°.

element Of m,

Proof. From Lemma [34, we can prove that the ideal (z? + dyx + 772, u) contains
— Rl&l_____ Hence, — ™ ____is a
(v g R (TS

local ring with the maximal ideal (2% + §yx + g,u) It is routine to check that

u & (2% + dyx + %2> Obviously, 22 + dyx + l; ¢ (u). Therefore, (x? + 6y + %2, u)

all the non-invertible elements of

is not a principal ideal of %7 showing that — Rl isnot a
(e 277 (e
chain ring according to Proposition 211 O
We can now determine all ideals of %
((e2+ore+3)")
Theorem 3.7. All ideals in —— 2 qre listed as follows:

< (z2+67m+§)p >

o Type 1: (Trivial ideals)
(0), (1).

e Type 2: (Principal ideals with nonmonic polynomial generators)

o @
<u <x2+67x+ %) >,

where 0 < i < p°—1.

1950022-8
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e Type 3: (principal ideals with monic polynomial generators)

2\ 7Y
(3024—5730—&—7) +u<x2+6vm+ 7) h(z) ),

where 1 < i <p*—1,0 <t <1, and either h(z) is 0 or h(zx) is a unit which can
be represented as h(x) = 3 (hojz + hij)(z® + dva + %z)j, with hoj, hij € Fpm,
and hoox + hig # 0.

e Type 4: (Nonprincipal ideals)

2

2\t w—l j
2 b 2 gl
<<sc + oyz + 7) +u ]E:O (cjz +d;) (x + dyx + ?> )

7\
u<x2+6’yx+7> )

where 1 <4 < p® —1,¢5,d; € Fpm, and w < T, where T is the smallest integer
such that

o\ T
u(x2+57x+%)

i i—1 J
€ x2+57x+l2 +uZ(cm+d<) x2+67m+l2 ;
2 7 2) /)

=0

or equivalently,

7\’ 7\’ 7\°
(x2—|—5’ya@+7> —|—u<m2+5’ym+?> h(m),u<x2+6’yx—|—7) ,

with h(z) as in Type 3, and degh(z) <w —t — 1.

Proof. First of all, it is obvious to see that ideals of Type 1 are trivial ideals. Let

Rlz C 1.
#” We proceed by establishing
((z240v247)" )
all possible forms that this nontrivial ideal I can have.

I be an arbitrary nontrivial ideal of

Case 1. I C (u): Then any element of I must be of the form quigl(cux +

du‘)(mz + dyx + 772)1, where cy3,d1; € Fpm. This shows that there exists an ele-
ment a € [ that has the smallest k& such that cixz 4+ dip # 0. Therefore,

k S
each element c(z) € I has the form c(z) = u(z?+ vz + 772) i?:;l(chm +

ik
dii) (2% + dva + 772) , showing that I C (u(z?+ dyx + 772)}“> Since a € I, we can

1950022-9
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express a as follows:

72 k)pw—l 72 1—k
— 2 . . 2 -
a—u(x +67x+7) ;(chsﬁ—dh) (JU + oyx + 2)

o\ k
:u(x2+(5’yx—|—%)

From cipx+dy, # 0, it implies that c1xz+dig —1—22241_1(clix—&—dli)(acQ—&—é'yx—&—%Q)i*k
k

p®—1 2 i—k
c1px + dig + ,_Xk;rl(cux + dli) (I2 + dyx + %) ] .

€ I. From this, we can see that I =

R tained
(e containe

in (u) are <u(m2 + dyx + l;)k>, 0 <k < p® —1, which are ideals of Type 2.

is invertible. Hence, u(z? + dyx + 772)
<u(m2 + 0y + 772) k>. Therefore, the nontrivial ideals of

Case 2. I Z (u): Let I,, denote the set of elements in I which are reduced modulo
u. By applying [8] Theorem 3.2], one can see that I, is a nonzero ideal of the

ring #jﬁzﬂ, which is a finite chain ring with ideals ((2? + dyz + :r;)j>’
xr xr =
where 0 < j < p®. Then there is an integer ¢ € {0,1,...,p° — 1} such that I, =

<(m2 + dyx + 772)Z> C WL% Thus, there exists an element
x24+0yx+ 5

p°—1 2\ J p°—1 2\ J

gl gl

c(z) = ZO (cojx + doj) (m2 + oy + 7) +u ZO (c1jz + dij) (a:2 + 0y + 7)
j= j=

((22 + 6y + 'Y—;)p\ )

where cgj, c15,doj, dij € Fpm, such that (z? + vz + %2)2 + uc(z) € I. Since

72\
(xz + 0y + 7) + uc(x)

2 [3 p571 2 J
b b
= <x2+57x+7) +u Zo(coja:+d0j) <x2+57x+7) el,
j=

and u(z? + 6y + V;)k = u[(2? + dyz + 7—;)1 + uc(x)] (2* + oy + %Q)k_i € I with
i <k <p°—1, wehave (22 + vz + 772)1 +uz;;é(cojm+doj)(x2 + oy + %2)] el
We now consider two subcases.

Case 2a. | = ((2? + dyz + l;)Z + uz;;é(cjm +d;) (2* + 6z + %z)j>7 then I can
be expressed as

_ 2 7’ ' 2 7 '
I=(l=z +5*yx+7 +ulx +5*yx+? h(z) ),

1950022-10
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where h(x) is 0 or a unit. If h(z) is a unit, then h(x) can be represented as h(z) =
2 .

Zj(hoj$+h1j)($2 +dyx+ %)], with hoj, hlj S ]Fpm and hgox + h1g 7é 0, this means

that I is of Type 3.

Case 2b. {(z? + 6y + 772)2 +u z;;})(cojx + do;) (x? + vz + 'Y—;)J> C I. Then there

exists

i i—1 J
f(z) e I\ <<Jc2 + 0y + %2) +uZ(cojx + doj) (m2 + 0yx + 7;) > .

=0

m such that
2

It follows that there is a polynomial g(x) €

0 # h(z)

2

RN i—1 7
= f(z) — g(2) (3024—5730—&—%) +uZ(Cij+doj)<m2+57m+%) el,
§=0

implying that h(x) can be expressed as
i—1 72 J i—1 72 7
h(z) = Z(hoja: + hoy) (m2 + 0z + ?> + 'LLZ(hljl’ + hi ) <m2 + vz + 7) ,
Jj=0 j=0
where hoj, hi;, hij, h'; € Fpm. Therefore, h(x) reduced modulo u is in I, = ((¢* +
oyx+ 'Y—;)Z>, and hence, hgj, h{)j =0forall0<j<i—1,ie h(z)= uZé;é(hljm—i—
2.
hi ;) (x®+6va+3)7. Since h(z) # 0, there exists the smallest integer k,0 < k <i—1,
such that hiyz + k), # 0. Then

il 2\ J
y
h(z) = u;fhljm + hllj) (1‘2 + dyx + 7)
j=

o\ k
:u<x2+5’ya@+%>

1—1 o\ J—k
X |higw + Ry, + Z (haja + hijy) (1‘2+(5’yx+ %) .
j=k+1

As huga + Wy # 0, hape + Wy, + 075 (haje + By ) (@ + §ye + 51 s an
Rla]

invertible element in —————————+, hence,
((z240v247)")
N
u (1‘2 + dyx + %)
-1
i—1 72 Jj—k
= | hipx + Ry, + Z (haja + hiy) <m2+57m+7) h(z) € 1.
Jj=k+1

1950022-11
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It has been shown that for any f(z) € I'\((2®+dyz+ 772)1 +u Z;;B(cojx+doj)(x2 +
dyx+ 72—2)j), there is an integer k with 0 < k < i—1 such that u(z?+ vz + 72—2)]c el
Put

w=minK k

f(z) eI\ <<:c2 + vz + 7;)

i1 g j
~
+uY (cojz + doy) (JEQ + 6yx + 7) >

=0

Then we have (22 + daz +n)' +u Z;;%) (cojz + doj)(z? + dyx + l;)j, u(x? + dyx +
772)“) C I. By the above construction, for any f(x) € I, there exists a polynomial
g(z) € I satisfying

N i—1 2\ J
f(@) — g(x) <m2 +ova %) +u'S (cosr + doy) <x2 I %)

=0
2 w
€<u<1~2+(5'ym+%> >

It follows that

g\ i i—1 j
'Y Y
f(z) e <<:r2 + dyx + 7) +u2(00j$+d0j) (mz—i—&yx—i— 7) ,

=0

2 w
u(m2+57m+%) >
) 72 % 1—1 ) 72 j
I= (x +5’ym+7) +uZ(cojx+doj) (x + dyx + ?> ;

§=0
2 w
U (m2 + dyx + %) >

) 2 i w—1 ) 42 J
= (1‘ +5’}/1‘+7) +UZ(Coj$+doj) (JE +5’}/1‘+7) 5

J=0
2 w
u(x2—|—5’}/x+%) >

1950022-12
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Let T be the smallest integer Sgch that u(a® + 0y + %)T € {(=* + oyz + 7))
uYjco(ese + dj)(@® + 69w + 5 )). M w > T, then

2 2

i w—1 j
I:<<m2+6vm+%> +uZ(cja:+dj) ($2+6'ym+ %) ,
3=0

2 w
u(m2+57m+%) >

) 2 @ i1 ) 2 J
= (JU +67x+7> +ujz:%(cjx+dj) (m —|—5’ym+7) :

This is a contradiction with the assumption of this case. Thus, we can conclude
that w < T, showing that I is of Type 4. O

In Theorem [3.7] the number T plays an important role in Type 4. The following
result determines the number T

Proposition 3.8. Let T be the smallest integer such that

\" 7\ 7\
u<m2+67x+?> € <x2+6’yx+?) +u(x2+67x+7) h(z) ).

Then T can be determined as follows:

e if h(z) =0,
B min{s,p® —i+t}, if h(x) #O0.

Proof. We first observe that T' < i with the reason that u(m2+(5’yx+%2)i = ul(z?+
dyx + 7—22)1 +u(x? + 6yr + %Q)th(x)] € C.If h(z) =0, then C = ((2? + dyx + 7;)Z),
showing that T' = i. Now we consider the case h(x) # 0, where h(x) is a unit. Since
u(z? + dyx + %Q)T € ((z? + dyz + 7;)Z + u(@?® + dyx + l;)th(x)), we can find a

iy satisfying u(e? + 6o+ )T = f@)l(a + 5z +
x x R

7—22)1 +u(x? + dyx + l;)th(m)] Hence, f(x) can be written as

polynomial f(z) €

p —1 2\ J p°—1
Y
f(l‘) = Z(aojm—i—boj) (xQ—&-évm—&- 7) +u Z(aljaz+b1j)

=0 =0

,y2 J
x<m2+6vm+7> ;

1950022-13
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where ag;, a1j,boj, b1; € Fpm. Then u(z? + dyx + l;)T can be expressed as follows:

oNT
u(x2+57x+%)

p°—1 42 J p°-1
= Z(aoj$+boj) (1‘24—5’}/1‘4'7) +u Z(aljx—Fblj)
j=0 Jj=0

72 J
X (a:2 + 6yx + 7)

ip -1 2\ J
g v
(x + dyx + 5 ) ]E,O (ag; + boy) <x2 + éyx + 7)

7\’ 7\’
(x2+57x+7> +u<x2+57x+7> h(z)

ipi—1 2\ J
) Z (a1 + b1j) (m + dyx + 2)

+u(m2+57m+
J=

l\'>|‘2

2 p -1 2\ J
gl
+u (m2 + dyx + 7) h(z ZO (ao;jx + boj) (a:2 + 6z + 7)

=2

1

2 7 — 2 7 7
= (x —|—(5'yac+?> ZO (ao;x + boy) (m —&-(Hm—i—?)
J

s —1 1+
+ x2+57x+f ’ pz (agjx 4+ boj) | = —HS'ya:—&—7 o
2 J J 2
Jj=p°—i

ip®—i—1

2\ J
Z (arjx + byy) (xQ + byx + %)

i 2\ J
h(JU) Z (aojx + boj) (562 + 6’}/$ + %)

2\ J
h(z) Y (agx + boy) (x2+57m+%>

—i

) 72 ip*—i—1 ) 72 j
:u(m +57x+7) Z (a1 + b1;) (a: +57x+7>

=0
72\ = LAY
+u (m2 + dyx + 7) h(x) Z (aojz + boj) (a:2 + oy + 7)
j=ps—i
1950022-14
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2 2\ > 72\’
:u(x +57x+7) ]Z:O (a1 + b1;) (x + dyx + ?>

o\ P°—i+t i—1
+u (352 + vz + %) h(x) Y (a0pe—itg@ + bope—it;)
§=0

’Y2 J
x<x2+6’yx+?> .

Therefore, T > min{i, p* — i + t}. Moreover,

7\’ 7\’ 2\
(1‘2 + oyx + ?> +u (1‘2 + oyx + ?> h(x) <x2 + oyx + 7)

2 p°—i+t
=u <x2 + dyx + %) h(z).

Hence,

72 P —i+t 72 i 72 t
u (xQ + oyx + 7) = (m2 + oyx + —) +u (m2 + oyx + 7) h(x)]

2

2\ P’ —i
x (m2 + dyx + %) [h(x)] "t e C.
Thus, T < p* — i + t, concluding that T = min{4,p* — i + t}. O

Recall that for a code C' of length n over R, their torsion and residue codes are
codes over F,m, defined as follows:

Tor(C) = {a € Fym |ua e C},
Res(C) = {a € Fy. [3b:atube C}.
The reduction modulo u from C to Res(C) is given by
¢:C — Res(C), ¢(at+ub)=a.
Clearly, ¢ is well-defined and onto, with Ker(¢) = Tor(C), and ¢(C) = Res(C).
Therefore, |Res(C)| = % We have the following result.

Proposition 3.9. Let C' be a code of length n over R, whose torsion and residue
codes are Tor(C) and Res(C). Then |C| = |Tor(C)| - |[Res(C)|.

In order to give the number of elements in each ideal I of the ring

%, we need to determine torsion and residue codes of I. By defi-
(@2 oyt 22 )°)
nition and the classification in Theorem [B7 Res(I) and Tor(I) can be readily

obtained.
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R[]

Lemma 3.10. Let I be ideals of the ring ———————5—
((22+8yz+5)P°)

, then the torsion and

residue codes of I are determined as follows:

(i) Type 1:
o If I = (0), then Res(I) = Tor(I) = (0). This implies that |Res(I)| =
|Tor(I)] = 1.
e If I = (1), then Res(I) = Tor(I) = (1). Hence, |Res(I)| = |Tor(I)| = p*™*"

(ii) Type 2: If I = (u(x?+6yx+ %2)% where 0 < i < p*—1, then Res(I) = (0) and
Tor(I) = ((z% + dyx + %2)2> Therefore, |Res(I)| = 1 and |Tor(I)| = p*™¥" =9,

(iii) Type 3: If I = {(2® + vz + 7—;)Z + u(z? + dyx + l;)th(x)>, where 1 < i <
p* — 1,0 <t < i and either h(z) is 0 or h(x) is a unit. Then Res(I) =
(2% + dvyz + 7;)Z> and Tor(I) = {(z? + vz + %Q)T>, where T is the smallest
integer such that u(x?® + dyx + l;)T € I, which is given by

T i if h(z) =0,
a min{i,p® —i+t} if h(z) #0.

From this, we have [Res(I)| = p*™*" =9 and |Tor(I)| = p>"® =1,

(iv) Type 4: If I = ((z® + dyz + 'Y—;)Z +u(2? + dyz + g)th(m)m(mQ + 6z + 7;)“),
where 1 <1 <p*—1,0 <t <1, either h(z) is 0 or h(z) is a unit, and k < T,
then Res(I) = ((x®+6yx+ 'Y—;)Z> and Tor(I) = ((x? + 6yx+ 7;)") This follows
that |Res(I)| = p*™®" =9 and |Tor(I)| = p>™®@"—*),

By multiplying the sizes of Res(I) and Tor(I) in each case, we can now give the

— RlEl a5 follows
(@2 +8yz+2 )P°) ’

number of elements in each ideal of the ring
Rla]

(@2 +8va+%)P")

elements of I, denoted by ny, is determined as follows:

Theorem 3.11. Let I be an ideal of the ring , then the number of

o IfI =(0), then ny = 1.

o If I = (1), then n; = p*™".

o If I = (u(2®+dyz+ l;)i>, where 0 < i < p° — 1, then ny = p?™ ¥ 9,

o If I ={(2®+ dyx + 772)% where 1 < i < p° — 1, then ny = p*™m® =9,

o IfI = {(x®+dyx+ %Q)i—t-u(xz—kdfyx—k %Q)th(x)), where 1 <i<p*—1,0<t <1,
and h(x) is a unit, then

s_ t
p4m(p —1) ’Lf 1<4i< psfl + 57

e 2m(p®—t) g as—1 t : s
D if p*t + B <i<p’—1.
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o IfI = <(1‘2—|—6’yx+7) + u(2? 4 dyz + 3 )th( ), u(z 2+57x+%2)“), where
1<i<p®—1,0<t<i, either h(x) is 0 orh(sc) is a unit, and

{i if hiz) =
k<T =
min{i,p* —i+t} if h(z) # 0,

then ny = p?m (20" —i=r),

4. Duals of A-Constacyclic Codes

Suppose that C' is a A-constacyclic code of length 4p® over R with the dual code as
C+. We start with a couple of lemmas.

Lemma 4.1. Let f(x) = (2% + dyo + l;)Z —uZ;:O(ajx—&—bj)( + oy + % )J be

Rle] where t < i. Then

an element of ———————,
((x2+8va+35)r®)

o= (e mes 3) - S0 () [ (e 3

k=1|j=0

7 t i— i1 o\ k
—u Z Zb]<k_j__1> (1)~ k(m + dyx + )

k=t+1 | j=0 J

t k i—i—1 2 k
_UZ Z(aﬂ” b])( kj_j ) (-1 1<JU + 0y + 2)

k=0 [ 5=0

i—1 t —_]—]. - 72 k
—u Z Z(ajm bj)< ko > (-1) (m + oyz + 2)

k=t+1 | j=0

Proof. By Lemma we have

t

2\ J
* Y i—25—
f (x):<33 +0vx + ) —Ume—kaj (xQ—&-Mm—&-?) g2t
t 2 7 g
:(m + 0y + ) —qum—i—aj (ac —1—5730—&—?)

,2 i—j—1
X (1‘2 + dyx + ?>

1950022-17
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2 7 i t 2 2 7 ’
= (m —&-(57:5—1—7) —uZ(bjm +a;z) (m + 0y + 7)

7=0
—-1 ,. . N
i1 o
Z (Z J ) (1‘2 + dyx + l) (—1)i—i—k-t
P k 2

2 ¢ ¢ 2
= <x2+67x+7) —u (bj <x2+(5fyx+ ?>+ajx—bj)
=0

2 2\ R i1 72\" ‘
o 2 YT\ (_qyi—i—k—1
x(x + oy + 2) E ( L )(JE + oy + 2) (-1)

k=0

, 42 i t , ¥ 41 i—j—1 i—i—1
:(m —&-Mm—k?) —quj (a: +57x+7) Z ( ! )

§=0 k=0

?

X

1

2 7’ * i—j—k—1 : 2 7? 7
x(x —|—(5’yx—|—7) (=1)—77% —uZ(ajac—bj) (ac —1—5730—&—7)

Jj=0

i1 2 7\ imj—k—1
X kZ:O ( L )(x +(5*yx+?> (-1)
2\ | _
= <x2+(5’yx+7) _UZ bj<k_j_1) (1) "

o i ibﬂ(;:jjill) (—1)* <m2+5m+7;>k
‘“i zk:(ajx—bj)czj;; 1) (—1)—F-1 <$2+67x+%2>k

i-1 [ ¢ i1 . 42\
—u Z Z(ajm—bj)< ko > (—1)ik-t <m2+6vm+7> g

To determine the annihilator of I, where I is an ideal of the ring ——————-——
((@2+dyz+5-)P®)

we first observe the following.

Lemma 4.2. If I = ((z®+ vz + %2)2 +u(x? +dyx + %Q)th(x), w(a? + dyx + l;)“),
then p* — i is the smallest positive integer r such that u(x? + éyx + %Q)T e A(I).
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Proof. Consider
2\ ¢ 2\t 2\ "
(1‘2 + oyx + %) +u (1‘2 + oyx + %) h(x)] u (1‘2 + oyx + %) =0.

Clearly, we must have z + 17 > p°. So we have the smallest value of r, namely, p* — .

Hence, u(z? —|—5fyx+ )P —i e AI). -

Theorem 4.3. Let the A-constacyclic code C' be associated to the ideal I = <u(m2 +
2y —:E] _ 2 ﬁ S_g

oy + 2)) f rover 2y Then A(C)* = ((z* + 0yz + )P ' u).

Proof. From C C (u) and C C {(z?+dyx+ %2)’% we have (2% +dyz+ L )” ) =
(2% + oy + %Q)ZV C Ct and (u) = (u)t C C*, implying that ((2? + éyx +
l;)psfi, u) C C*. Since the coefficient vector of (2% + dyx + l;)psfi is orthogonal
to the coefficient vector of u(z? + dvyx + 772)’ and all its negacyclic shift, the other
inclusion is proved, completing the proof. O

Theorem 4.4. Let the A-constacyclic code C' be associated to the ideal I = {(z? +

72y 2 Y2t , Rl«] .
dyr+ L) +u(a® +dyr + L) h(z)) of the ring rorer Zy) where h(x) is 0 or

h(z) is a unit. Then we can determine A(C)* as follows:

(1) If h(x) is 0, then A(C)* = ((z* + dyz + % ) —h).
(2) If1<i< % and h(x) is a unit, then .A(C) (a(x)), where

72 p°—1 72 p®—2i+t i—t—1
a(z) = <x2 + oy + ?> —u (xQ + dyx + 7) Z
) k

1 i—t—k [ 2 7_2

Zb( J_1> (-1) (a: + v+

o\ PT—2i+ti—t—1 k . .
vy 1—t—j—1
_U(I2+6’YI+2> Za] ( K )

k

IM:

% (_l)z—t—k—l ($2 +5’Y‘T+ 7)

(3) If% <1 < p*—1 and h(x) is a unit, then A(C)* = <b(x),u(x2+5’yx+%2)ps_i>
where

7, 2\ p—i—1 [k—1 T
b(z) == +(5’yx—|—7 —u Z Zb] ko1
k=1 7=0

. 72 k
x (—1)itk <x2 + 0yx + 7)
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p®—i—1 k

> a5z —1by) (l - 2__‘3_ 1)

—u
k=0 |j=0

x (—1)i7t=k=1 (x2 + 0yx + 7) .

Proof. The proof of (1) is straightforward. We will give the proof of (2). The proof

2 . 2 2 4 .
of (3) is similar. From [(2?+dyaz+ %) +u(z? +0vz+ L) h(z)] (2 +6ya+ )P~ —
u(z?® 4+ oyz + ’Y_;)ptmﬁh(a;)] = 0, we can see that

72 ps—i 72 ps—2i+t
<<:r2 + dyx + 7) —u (m2 + oyx + 7) h(m)> C A(C).

Let A(C) = (f(z),u(z*+6yz+ 772)}“% where f(z) = (22 +dvz+ l;)“+u(x2+57x+
%z)bg(m). By Lemma 4.2, p® —i is the smallest integer r suczh that u($2+6vm—l—§)r €
A(C). Hence, k = p*—i. We can see that f(z)[(2?+0va+% ) +u(a®+0va+% ) h(z)]
is equal to

2

2\ @ b
(3:2 + 0yx + %) +u <m2 + oy + %) g(x)

7Y’ 2\’
(xz + 0yx + 7) +u (xz + 0y + 7) h(x)

2 at+1 2\ a+t
= (mQ + dyx + %) +u (mz + oy + %) h(x)

X

2\ b+i
+u (a:Q + dyx + %) g(z) = 0.

We must have a 4+ > p®. So we can take a = p® — . Then we have b = p® — 2i + ¢
and g(xz) = —h(x). This concludes that

flz)={z*+ dyz + 5 +u|x®+ v+ 5 g(z) € (| 2 + oyz + 5

72 p°+t—21 72 p°®—i
—u (m2+57m+ 7) h(z),u <m2+67m+7)
and

72 ps—i 72 ps+t—2i
A(C) = <m2 + dyx + 7) —u (m2 +dyz + 7) h(z),
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Since u(z? + vz + L )p —i <(x2—|—5’ym+%2)p —u(z®+dyr+ % )p =2 (x)),
it follows that

Y2\ 2\ P Hi—2i
A(C) = <(m + 6yx + 5 ) —u <m2 + dyx + %) h(x)>

Let h(z ) = Z (ajm—&—b»)(mQ—l—&yx—i—"Q)‘ where apx+bg # 0 and a;,b; € Fpm. Since
1<i<? ,Wehavet—l—j<T min{i,p® — i + ¢t} = i. Therefore, j <i—1t — 1.

Let
72 p°—i 72 p®—2i+t
l(z) = <m2+57x+7) —u ($2+57$+7)

i—t—1 2\ J
X Z (a;x + by) (a:2 +ovx + %) .

Jj=0

By Lemma [ZT] and removing all terms u(z? + 6yx + %- )3 with j > p® — 4, it implies
that

2 pioi 2 P —2itt i—t—1
*(z) = <x2+5'yx+ 7) —u (x2—|—5'yx+ 7)
k=1

k
i—t=g =1\ itk 2 7
E b( —j—l) (-1) (x +5*yx+2

72 p®—2i+t i—t—1 k .—t—j—].
_u(m2+(5’ym+ 2) Z Za] ) ( b )

=0 |Jj=

x (—1)t=k=1 <x2 + oy + ?> .

Thus, we have

NG 2\ PRt
AC)* = <(a:2 +dyz + 7) —u (a:2 + oy + 7)

E:b gl (—1)itk x2+67x+l2 '
k—j—1 2
o\ P°—2itti—t—1 | k , ,
—t—j—1
—u <m2+5'yx+ %) E (ajx—bj)(Z k—jj )

x (—1)it=k=L <x2 + oyx + 7) .

The proof of part (2) is now complete. m|
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Theorem 4.5. Let the A-constacyclic code C be associated to the ideal

— 2 ol i 2 ol ' 2 7\
I=(lz —&—(Hm—i—? +ulx —&—(Hm—i—? h(z),u |z +5’yx+7 ,

where h(x) is 0 or h(x) is a unit. Then A(C)* is determined as follows:

If h(z) = 0, then A(C)* = ((¢® + d0yz + % )P v u(a? +5’V$+ )p i),
If h(z) is a unit, then A(C)* = (d(z), (m —|—5’yx+ )p —1) where

—~
N =
~— ~—

9 ,Y2 p°—w ) ,YQ p’—i—w+t w—t—1
d(sc)z(sc +(5’yx+?> —u(x +5’ym—|—7) Z
. k
1 i—t—k [ .2 7’
Zb( J_1> (-1) (:f + 8y +
o\ P —i—w+t w—t—1 k . .
9 vy 1—t—j—1
—u(e v ) S [ Swa-n(T 0
. 72 k
x (—1)t=k=1 ($2+57$+7) .

Proof. It is routine to check that if h(z) = 0, then A(C)* = ((z® + dyx +
2 s 2 s .

TP u(a? + dyx+ )P "), proving (1). We now give the proof of (2). A simple

calculation shows that

B ) 72 pT—w ) 72 pT—i—w—+t
I={(lz —&—(Hm—i—? —ulx +5’yx+7 h(z),

2\
u(m2+57m+7) > C A(C)

and no = p?”(+«) Then we can see that

s s

Amp p4mp

2m(itw) — * p — — 2m(itw)
» i < LA = [ < T = B ),

Therefore, ((z* 4+ vz + 2 )p @ — u(z? + dyr + 2 )p et (x), u(x? + dyr +
%z)psfﬂ = A(C). Let h(x ) = j(a;z + bi)(z? + 5730 + L )j, where agx + by # 0
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and a;,b; € Fpm. In this case j <w —t — 1. Let

72 P —w 72 p’—i—w+t w—t—1
I(x) = <x2 + oy + 7) —u (1‘2 + oy + 7) Z (ajz + bjy)
§=0

’Y2 J
x(x2+5’ya@+7) ,

by Lemma [£.1] and removing all terms u(x? + §yx + l;)] with j > p® — i, we get

) ’Y2 p°—w ) 72 P —i—wtt w—t—1
*(z) = (x —|—(5'yac+?) —u(m + oy + 7) Z

k=1

Y fi—t—j—1 AN
fr—t=J— qvi—t—k [ 2 s
X jZOb]( ki1 ) (-1) (m + 0y + 2)

72 p’—i—w+t w—t—1 k i " j 1
) —t— -
— 5 S x— b

u(a: + 0y + 2) };:O jzo(a]x ])( k- >

. 72 k
X (—1)itmkl <m2 + 8vyx + 7) :

Hence,
C+ = A(C)*
o\ P°—w o\ PP—i—wtt w—t—1
:<<x2+5*yx+%) —u<m2+57x+%> Z
k=1
k—1 ) ) k
i—t—j—1 i—t—k [ .2 v
X ij( ke -1 > (-1) x +57m+7
7=0
o\ P —i—w+t w—t—1 k .
Y i—t—j5—1
—u<x2—|—5’ya@+7> Z(ajm—bj)< k- )
k=0 7=0
. 42 k ~2 p°—i
X (—1)it=kl <m2 + 0yx + 7) U (acQ + dyx + 7) ,
completing the proof. O

In [10], we gave a new way to study the algebraic structures of A-constacyclic
codes of length 4p® over R. We proved an important observation that any nonzero
polynomial of degree less than 4 in F,m[z] is invertible in %, where A is
not a square in R. This key result was then used to obtain that the ambient
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gﬁﬁf_]& is a chain ring with maximal ideal (z* — ag), where )\gs = A\
However, as mentioned in [TI0], we only establish the algebraic structures of A-
constacyclic codes of length 4p° over R for any prime p with p™ = 1 (mod 4)
because otherwise, when p™ = 3 (mod 4), the polynomial z* — \¢ can be decom-
posed as a product of two quadratic irreducible factors. This is the reason why
the method in [I0] cannot be used for studying the M-constacyclic codes of
length 4p® for any prime p with p™ = 3 (mod 4). We can see that the unit
elements of R can be expressed as two types, namely, A € F,n» — {0}, and
« + uf, where «, 3 are nonzero. This paper considered the A-constacyclic codes
of length 4p® over R, where A € Fy,m — {0}. The class of (« + uf)-constacyclic
codes of length 4p° over R, where «, 3 are nonzero, is investigated in our other
paper [12].
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